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IAS/Park City 
Mathematics Institute 

The IAS/Park City Mathematics Institute (PCMI) was founded in 
1991 as part of the "Regional Geometry Institute" initiative of the 
National Science Foundation. In mid-1993 the program found an in
stitutional home at the Institute for Advanced Study (IAS) in Prince
ton, New Jersey. The PCMI continues to hold summer programs in 
Park City, Utah. 

The IAS/Park City Mathematics Institute encourages both re
search and education in mathematics and fosters interaction between 
the two. The three-week summer institute offers programs for re
searchers and postdoctoral scholars, graduate students, undergradu
ate students, high school teachers, mathematics education research
ers, and undergraduate faculty. One of PCMI's main goals is to make 
all of the participants aware of the total spectrum of activities that 
occur in mathematics education and research: we wish to involve pro
fessional mathematicians in education and to bring modern concepts 
in mathematics to the attention of educators. To that end the sum
mer institute features general sessions designed to encourage interac
tion among the various groups. In-year activities at sites around the 
country form an integral part of the High School Teacher Program. 
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viii IAS/Park City Mathematics Institute 

Each summer a different topic is chosen as the focus of the Re
search Program and Graduate Summer School. Activities in the Un
dergraduate Program deal with this topic as well. Lecture notes from 
the Graduate Summer School are published each year in the IAS/Park 
City Mathematics Series. Course materials from the Undergraduate 
Program, such as the current volume, are now being published as 
part of the IAS/Park City Mathematical Subseries in the Student 
Mathematical Library. We are happy to make available more of the 
excellent resources which have been developed as part of the PCMI. 

John Polking, Series Editor 
February 20, 2006 



Preface 

This book is based on a series of fifteen advanced undergraduate lec
tures I gave at the Park City Mathematics Institute (PCMI) during 
the summer of 2001. A separate book based on the program of grad
uate lectures is being published in the Park City Mathematics Series. 

My charge was to give students exposure to some of the important 
ideas related to modern enumerative geometry as it has evolved in re
cent years. My goals were to provide some background in and inspira
tion from classical enumerative geometry, to explain the rudiments of 
stable maps and Gromov-Witten theory, and to explain connections 
to string theory in physics. 

The students were quite good, as I had been told to expect. Stu
dents were selected from a competitive application process. Further
more, PCMI runs two series of undergraduate lectures: an "elemen
tary" lecture series and an "advanced" lecture series. The students 
self-select which lecture series they will attend, so my lectures were 
populated by the strongest of this already talented group of under
graduates. The elementary lectures were given by Ruth Gornet on 
the subject of differential geometry. 

While my experience with the undergraduate students was close 
to my expectations, there was however a big surprise: my lectures 
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were heavily attended by graduate students. Graduate students re
peatedly told me that my lectures helped them solidify their knowl
edge of Gromov-Witten theory, as I presented a more leisurely intro
duction than they had seen before, made clearer than they had seen 
before how Gromov-Witten theory builds upon classical enumerative 
geometry, gave many examples, and connected to physics more than 
they had seen before. For this reason, while writing this book pri
marily for advanced undergraduates, I am keeping graduate students 
in mind as an important secondary audience. 

Designing the course was a bit of a challenge. I could assume 
that the students were smart and willing to work hard and that they 
had "mathematical maturity", but I could not assume exposure to any 
specific area of mathematics beyond a standard undergraduate course 
in linear algebra. For that reason, the lectures contained introductory 
material on abstract algebra, geometry, analysis, and topology. Most 
of the participating students already knew some of these topics, but 
few knew all of them. Thus the lectures served both as a review and 
as an introduction to a range of areas in undergraduate mathematics. 

The incorporation of physics presented another challenge, as I 
could not assume anything more than exposure to a first undergrad
uate physics course. Here, I did not even pretend to be pedagog
ical or complete. I cut corners by explaining a range of relevant 
ideas of physics via the simplest examples, emphasizing connections 
to enumerative geometry throughout. While the physics lectures were 
undoubtedly the most difficult part of the course for the students, I 
hoped that they would get a firm impression of the myriad connections 
between geometry and physics through this very brief introduction. 
I have similar hopes for the reader of this book. 

It has certainly been gratifying to see a number of "my" PCMI 
undergraduate students currently pursuing graduate studies in this re
search area, near and dear to my own heart. But the PCMI program 
has a broader purpose—to give students a research experience that 
will benefit them in their chosen careers. I propose that the model 
adopted here for undergraduate training—shooting for some reason
ably advanced ideas from graduate level mathematics while filling in 
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a broad range of topics en route—is a good way to help advanced un
dergraduates integrate what they have learned and prepare for their 
careers. Whether or not they pursue graduate studies in the particu
lar focus areas seems secondary to me, even though I am quite fond 
of the subject area of this book. 

Turning the lectures into a book introduced another set of chal
lenges. Undergraduate students reading this book will probably not 
have the benefit of lectures at which they can ask questions as they 
go along. In addition, the PCMI students were helped by an expert 
teaching assistant, Artur Elezi. Since I assume that the reader will 
not have direct access to a faculty member, I have added much back
ground material that was left out of the lectures, while trying to keep 
the informal feel throughout. I added material on differential geome
try which was not needed in the original lectures since this topic was 
covered in Ruth Gornet's lectures. Even so, the reader is warned that 
this book is not self-contained. In particular, working through this 
book is not a substitute for a more thorough and more pedagogical 
treatment of any of the background topics reviewed here. I have cer
tainly cut out much important foundational material to streamline 
the process of getting to the desired results. Even worse, sometimes 
for the sake of expediency I have given very nonstandard treatments 
of subjects. Some of these have a somewhat clumsy feel to them. This 
is especially true of the ad hoc treatment I have given of the beautiful 
subject of algebraic geometry. An undergraduate student interested 
in algebraic geometry reading this book is urged to consult the refer
ences provided. A graduate student interested in algebraic geometry 
reading this book is urged to provide the standard definitions of all of 
the concepts which have been introduced here in an ad hoc fashion. 

Each of the chapters of the book corresponds reasonably closely 
to one of the lectures, the exception being that the material from a lec
ture entitled "More on bundles" has been divided up and distributed 
through other chapters, so that there are only fourteen chapters re
placing fifteen lectures. Since material has been added beyond the 
content of the original lectures, each chapter contains substantially 
more than one lecture's worth of material. 
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As I have indicated above, this book will be quite challenging 
for an undergraduate student, and, to be honest, will possibly be too 
hard to understand completely in a few spots, especially the physics-
related material near the end. But I encourage all undergraduate 
students to "go for it" and persist with the difficult parts. If you 
reach for the stars, you will at least get to the moon. That said, 
students would likely get more out of the book if they could consult 
a faculty member or graduate student when needed, as in a directed 
reading class. 
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singular, 81 , 82 

homology class of a submanifold, 72, 
79 

homology group, 72 
homomorphism 

image of, 69 
kernel of, 69 

hyperplane, 9, see also hypersurface 
at infinity, 11 

hyperplane bundle, 90 
hypersurface, 8, 14, 20, 42, 45 

defining equation of, 8 
degree of, 8 
singular, 20 
smooth, 20, 21 

in projective space, 52, 54 

image, see homomorphism, image of 
implicit function theorem, 175 
infinitesimal symmetry, see action, 

symmetry of, infinitesimal 
intersection multiplicity, 15, 16, 

21-23, 25, 39 
intersection pairing, 78, 100, 190 
intersection product , 73, 78, 79, 180 
intersection theory, 17, 18, 21 
irreducible rat ional curve, see 

rat ional curve 

Jacobian, 64, 66 

Kahler 
form, 169 
manifold, 163, 164 
metric, 163 

kernel, see homomorphism, kernel of 
kinetic energy, 140 

Lagrangian 
functional, 137, 140 
mechanics, 136-141 

limit, 46 
limit point, 46 
line, 9, 52-53 

in P 3 , see also Grassmannian 
intersection of four, 97 

in cubic surface, 109 
in quintic threefold, 30, 102, 

106-109, 178 
in the plane, 17 

intersection of two, 2, 8, 11, 16, 
18 

line bundle, 88-93 
O(d) , 90 
direct sum, 106 
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dual, 91 
holomorphic section of, 90 

zero locus of, 90 
isomorphism of, 89 
tensor product of, 91 
trivialization of, 89 

line pair, 38 
local coordinates, 50 

M ( P n , d ) , see s table map, moduli 
space of 

M o , n ( I , /?), see stable map, to 
general X 

manifold, 50, 145 
C°° , 57-59 

example of, 58-59 
at las for, see at las 
compact oriented, 77 
complex, see complex manifold 
example of, 51-54 
orientable, 64—66 

manifold with boundary, 54-55, 76 
orientation on, see orientation, on 

manifold with boundary 
meromorphic form, 175, see also 

holomorphic, form 
mirror manifold, 132 
mirror symmetry, 30, 132, 176, 178, 

194 
mirror theorem, 30, 179, see also 

quintic threefold 
moduli space of stable maps, see 

stable map , moduli space of 
momentum, 140, 141 
morphism 

from a tree of P ^ s to P n , see t ree 
of P ^ s , morphism to P 7 1 

in a category, see also category, 
morphism in 

multiple cover, see rat ional curve, in 
quintic threefold, multiple cover 
of 

n-point function, 148, 189, 191, see 
also correlation function 

Nd, 130, 131, 170, 178, 194, see also 
Gromov-Wit ten invariant and 
Np 

N0, 170, 188 
Newton's law, 135-136, 139, 144 
Noether 's method, 140, 143 
Noether 's theorem, 139 
normal bundle, 116, 117, 120-123 

0(d), 90 
open cover, 45 
open set, 43, 44, see also topological 

space, open subset of 
orientation, 60, 64, 73 

on manifold with boundary, 66 
oriented t r iangulat ion, 72 

p-form, 68, see also differential form 
holomorphic, 173 

P™, 82, see also complex projective 
space 

cohomology of, 83-84 
hypersurface in, see hypersurface 

P 1 , see complex projective line 
big quan tum cohomology of, see 

big quan tum cohomology, 
product , of P 1 

P , see complex projective plane 
big quan tum cohomology of, see 

big quan tum cohomology, 
product , of P 2 

quan tum cohomology of, see 
quan tum cohomology, of P 2 

( P 2 ) * , 17 

pair of pants , 180, 182, 183 
pairing 

between homology and 
cohomology, 74 

intersection, see intersection 
pairing 

parametr iza t ion of a curve, 14, 19 
parametr ized rational curve, 19, 20, 

31, 37, 38, 41 
par t i t ion function, 147, 150, 155 
pa th integral, 142, 144, 151, 165, 166, 

170, 189 
localization principle, 152-155, 165, 

191 
measure, 168 
supersymmetr ic , 156 

deformation invariance of, 155 
period, 178 
Pfaffian, 156 
Pieri 's formula, 101 
Planck 's constant h, 142 
plane curve, 14, 25 

enumerat ive geometry of, see also 
enumerat ive geometry, in the 
plane 

Poincare duality, 75 
point at infinity, 4-5 
polynomial 

critical points of, 153-155 
homogeneous, 5, 19 

dehomogenization, 6, 88 
homogenization, 6, 25 
root of in one variable, 2 -3 , 6, 155 

potent ial energy, 136, 140, 143 
potent ial function, 147 

Gromov-Wit ten , see 
Gromov-Wit ten potential 
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principle of conservation of number, 
13, 15, see also enumerative 
geometry-

probability ampli tude, 142 
projective variety, 35 

irreducible, 35 
projectivization, 7-8, 11, 52 
pullback 

of differential form, 87, 186 
of vector bundle, 128 

quan tum cohomology, 179, 183, 189, 
see also topological quan tum 
field theory, (1 + l)-dimensional 

big, see big quantum cohomology 
of P 2 , 190 
product , 181, 189-190 

associativity of, 182, 190, 196 
quantum electrodynamics, 146 
quantum field theory 

topological, see topological 
quan tum field theory 

quantum gravity, 142 
quantum mechanics, 141, 147 
quintic mirror, 176-177, see also 

mirror symmetry 
quintic threefold, 27, 132, 166, 170, 

173-175, 188, 189, 194 
as a Calabi-Yau threefold, 174 
Gromov-Wit ten invariants of, see 

Nd 

lines in, see line, in quintic 
threefold 

quotient bundle, 116 
quotient group, 70 

rational curve, 19, 20, 25, 125, see 
also parametr ized rational curve 

degree of, 19 
in quintic threefold, 27-31 , 

125-134, 171, 178 
multiple cover of, 130-131 

real vector bundle, see vector bundle, 
real 

residue, 175, 184 
Riemann surface of genus g, see 

surface of genus g 
Riemannian metric, 158, 159, 163, 

171 

Schubert cycle, 95, 99-100, 107, 108, 
see also Grassmannian 

several complex variables, 161 
simplex, see s tandard n-simplex 
singular chain, 71, see also homology, 

singular 
singular point , 21 
smooth point, 21 
solutions at infinity, 5, 10, 45 

spacetime, 145 
sphere, 44, 66 
splitt ing principle, see Chern class, 

spli t t ing principle 
spring, 136, 140 
stable map, 31, 36, 37, 40, 125, 130, 

131 
automorphism of, 36, 126-127, 133 
degree of, 36 
isomorphism of, 36, 37 
moduli space of, 37-39, 125, 166, 

185 
expected dimension of, 187 

to general X, 185-186 
stack, 37, 49, 127 

automorphism of, 129 
s tandard n-simplex, 45, 65, 66, 71 

orientation on, 66 
string theory, 1, 30-31 , 141, 142, 

157-172, 175 
A-model, see A-model 
B-model, see B-model 
bosonic, 157, 163 

action, 160, 163, 171 
superstr ing, 163 

subgroup, 69, see also abelian group 
submanifold, 53-54 

degree of, see degree, of subvariety 
of P n 

superstr ing theory, 163 
supersymmetry, 151, see also action, 

supersymmetr ic 
surface of genus g, 45, 55 
symmetry 

conformal, 141 
of action, see action, symmetry of 

tangency, 15, 19, 21, 22, 41 , 42 
tangent bundle, 117, 120 

holomorphic, 162 
of P n , 118-123 
real, 171 

tangent space, 63, 64 
topological gravity, 166, 181 
topological manifold, see manifold 
topological quan tum field theory, 78, 

179-183, 194 
(1 + l)-dimensional , 179-182, see 

also quan tum cohomology 
(2 -f l ) -dimensional , 183 

topological space, 43 
closed subset of, 43 
compact , 5, 45, 46, 55 
example of, 44-45, 55 
neighborhood of a point in, 43 
open subset of, 43 
subspace of, 44 

topological string ampl i tude , 128, see 
also A-model, correlation 
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function and Gromov-Wit ten 
invariant 

torsion, 74, 78, 100 
T Q F T , see topological quan tum field 

theory 
transi t ion function 

of a line bundle, 89 
of a manifold, 51, 57, 60, 89 
of a vector bundle, 102, 103, 115 

transversal intersection, 73, 109, see 
also intersection theory 

tree o f P l ! s , 31-36, 125 
component of, 32 
morphism to P n , 35-36, 42, see 

also s table map 
node of, 32 

variational derivative, 137-138 
vector bundle, 102-109, 146 

geometric, 103-105, 109 
holomorphic section of, 103, 104, 

109, 114 
zero locus of, 105, 114-115, 130 

isomorphism of, 102, 105 
on a stack, 127, 129 
real, 158 
symmetric power of, 107 
trivialization of, 102 

virtual fundamental class, 186, 188 

wedge product , 60 
world-sheet, 30, 158 
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