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Preface 

In March of 1984 the message began to travel. Louis de Branges was claiming 
a proof of the Bieberbach conjecture. And his method had come from totally 
unexpected sources: operator theory and special functions. The story seemed 
fantastic at the time, but it turned out to be true. 

This achievement provided the impetus for an international conference at 
Purdue University during the week of March 11-14, 1985: the Symposium on 
the Occasion of the Proof of the Bieberbach Conjecture. Its purpose was to 
consider the impact of de Branges's work and to make a broad survey of some 
topics of current study in complex function theory. It was not possible to cover 
all of the interesting work now taking place, but we hoped our selection would 
provide some illumination of the past as well as some indications as to where the 
subject might be headed. 

Fifteen mathematicians spoke on various aspects of complex analysis and re
lated areas. Thirteen of their lectures are recorded here, most in expanded form. 
Unfortunately, the lectures by E. Bombieri and W. K. Hayman are not included. 
However, two additional papers are presented by Soviet mathematicians who 
were unable to attend the conference: I. M. Milin and N. K. Nikol'skii (the lat
ter in collaboration with V. I. Vasyunin). At the end of the volume are some 
personal accounts of the story of de Branges's proof, its evolution and eventual 
confirmation by the group of geometric function theorists in Leningrad, as told 
by some of the principal characters in the drama. Milin's discussion provides 
additional information about these events. (Another contemporary account by 
O. M. Fomenko and G. V. Kuz'mina [24] has appeared elsewhere. Further per
sonal accounts have been given by C. H. FitzGerald [22], Ch. Pommerenke [69], 
and others.) 

Ludwig Bieberbach proposed his famous conjecture in 1916 [9, p. 946]: If 
f[z) = z + a^z1 + a$zs + • • • is analytic and univalent in the unit disk, then 
\an\ < n for all n, with equality occurring (only) for rotations of the "Koebe 
function" 

k(z) = z(\ - z)~2 = z + 2z2 + 3z3 + --. 

vii 
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Its simple elegance attracted the efforts of many mathematicians over the course 
of 68 years, and they devised a number of different techniques to obtain partial 
solutions. The Bieberbach conjecture became one of the most famous unsolved 
problems of mathematics. Some of the people who contributed to its solution 
are represented in photographs on the frontispiece. 

Riemann founded the field of geometric function theory around 1850 with his 
fundamental mapping theorem. Only after the turn of the century, however, did 
Koebe and others take the first steps toward a theory of univalent (=schlicht) 
functions. Koebe [44, 45, 46] formalized the study of normalized families of uni
valent functions (such as the class S) and obtained primitive forms of the basic 
distortion and covering theorems. At about the same time, Montel [63] intro
duced the concept of a normal family of analytic functions, and Caratheodory 
[14] established his important kernel theorem on sequences of univalent func
tions. 

Bieberbach [9] proved his conjecture for n = 2, using the area principle which 
had just been established by T. H. Gronwall [29]. The inequality I02I < 2 led 
easily to sharp forms of Koebe's distortion and covering theorems. 

Charles Loewner (Karl Lowner) [54] brought a new level of sophistication 
to the subject with his 1923 paper representing slit mappings in terms of a 
differential equation. The Caratheodory convergence theorem shows that the slit 
mappings are dense in S. As an application of his method, Loewner proved the 
Bieberbach conjecture for the third coefficient. It was this method, as interpreted 
by de Branges, which finally gave the full solution. 

G. M. Goluzin, the founder of the present school of geometric function theory 
in Leningrad, refined Loewner's method and used it to obtain the sharp form 
of the rotation theorem, as well as the "Goluzin inequalities" on the values of a 
function / E S at prescribed points of the disk. His monograph [27] has been 
very influential. 

Around the time of Loewner's work, Littlewood [51] considered integral means 
of functions in S and proved the uniform bound \an\ < en. Some years later, 
Bazilevich [8] made a further study of these means and proved \an\ < en/2 + C, 
where C is an absolute constant. Hayman [32, 33] showed that a = l im|a n | /n 
exists for each / E S and that a < 1 unless / is a rotation of the Koebe function. 
This result does not follow from de Branges's theorem, nor does Hayman's related 
result [36] that | | a n+i | - \an\ | is bounded by an absolute constant. In addition, 
Hayman's analysis applies to more general notions of univalence, where many 
other methods seem to fail. More recently, Baernstein [3] completed Littlewood's 
program by showing that / \f(reie)\*> dO < f \k(rei9)\*> dO for all / E S (0 < r < 1, 
0 < p < oo), where k is the Koebe function. 

Littlewood and Paley [52] proved that the coefficients of odd functions in S 
are bounded by a universal constant. They conjectured that the best bound 
is 1 because the square-root transform of the Koebe function is z/(l — z2) = 
1 -f z3 -f z5 -f • • •. However, Fekete and Szego [20] promptly used Loewner's 
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method to disprove this for 05. Shortly afterwards, in 1936, M. S. Robertson 
[70] conjectured that the Littlewood-Paley conjecture holds on the average: 

1 + M 2 + la5|2 H 1" |«2n-l|2 < n 
for all odd functions in 5. He observed that this easily implies the Bieberbach 
conjecture. Robertson used Loewner's method to prove his conjecture for n = 3. 
Much later, Robertson [71] observed that his conjecture implies a conjecture of 
Rogosinski [72] on the coefficients of subordinate functions. 

During the same period, Schiffer developed a calculus of variations for families 
of univalent functions. His method of boundary variation [73, 74], applicable to 
very general extremal problems, showed that any function in S which maximizes 
| on | must map the disk onto the complement of a single analytic arc [76] which 
lies on a trajectory of a certain quadratic differential. The omitted arc was found 
to have monotonic modulus and other nice properties. Bieberbach's conjecture 
asserted that it must be a radial half-line. In 1955, Garabedian and Schiffer 
[25] finally succeeded in using this approach, in combination with Loewner's 
method, to prove |a4| < 4. Garabedian discusses variational methods in his 
present article. 

Beginning about 1950, Jenkins [40, 41, 42, 43] developed his general coef
ficient theorem, which has had notable success in solving a variety of extremal 
problems for univalent functions. Rooted in ideas of Grotzsch and Teichmuller, 
the method applies to domains slit along trajectories of quadratic differentials; 
its setting thus complements that of the variational method. Jenkins discusses 
one aspect of the method in his article. 

While Schiffer was perfecting the variational method, Grunsky was working 
on generalizations of the area theorem. The Grunsky inequalities [30] give re
strictions on the coefficients of 

log/(£^(£)=_ggCnm2„r 
^ n=0m=0 

for n, m > 1 which are necessary and sufficient for the univalence of / . The Grun
sky inequalities received relatively little attention until 1960, when Charzyflski 
and Schiffer [15] used them to give an elementary proof of I04I < 4. This brought 
Grunsky's inequalities into the limelight. Pederson [65] and Ozawa [64] indepen
dently used them to prove |oe| < 6. Garabedian and Schiffer [26] strengthened 
the Grunsky inequalities, and Pederson and Schiffer [66] used the stronger result 
to prove |o5| < 5. 

During this period there were many other applications of area methods to 
obtain extensions of the Grunsky inequalities and related results. The book of 
N. A. Lebedev [48] describes these developments. 

The Grunsky inequalities essentially give information on the coefficients of the 
logarithm of a function f e S. During the 1960's, I. M. Milin [57, 58, 59, 60, 
61 , 62] systematically developed a technique for exponentiating the Grunsky 
inequalities to get more direct access to the coefficients of / . One consequence 
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was the general bound \an\ < 1.243n. His method made important use of some 
general inequalities on the coefficients of exponentiated power series which he 
obtained jointly with Lebedev [49, 59, 62]. Milin considered the logarithmic 
coefficients of / , defined by 

log^=2f>A 

and obtained good estimates on their average growth. These results led him to 
conjecture that 

f>-fc+i)fc|7fc|2<x>-fc+i)l 
k=l k=l 

for all n. On the basis of one of the Lebedev-Milin inequalities, Milin's conjecture 
is easily seen to imply Robertson's conjecture, and so to imply the Bieberbach 
conjecture. Elsewhere in this volume, Milin describes the evolution of these 
ideas. 

The Goluzin inequalities are easily derived from the Grunsky inequalities. 
In 1972, FitzGerald [21] found a way to exponentiate the Goluzin inequalities, 
removing the logarithms. This led him to a proof that \an\ < y/7/6n < 1.081 n. 

Finally came the work of de Branges [13]. Developing some of his earlier ideas 
[10, 11, 12], he used a variant of the Loewner method, together with a care
ful analysis of related composition operators, to prove Milin's conjecture. His 
argument depended on proving the monotonicity of a set of solutions to an initial-
value problem. By a remarkable coincidence, the required result, equivalent to 
the positivity of certain sums of Jacobi polynomials, was already contained in 
a recent paper of Askey and Gasper [2]. The proof by de Branges was refor
mulated during his visit to Leningrad in collaboration with I. M. Milin, E. G. 
Emel'yanov, A. Z. Grinshpan, and others. FitzGerald and Pommerenke [23] 
then gave another version of the proof. 

While the resolution of the Bieberbach conjecture removes the most famous 
unsolved problem on univalent functions, many interesting problems remain and 
the field continues to develop in many directions. Detailed accounts of work 
up to 1983 may be found in the books of Hayman [33], Jenkins [41], Goluzin 
[27], Milin [62], Lebedev [48], Pommerenke [68], Schober [77], Aleksandrov 
[1], Duren [18], and Goodman [28], and in the survey articles of Hayman [37], 
Duren [17], Pfluger [67], and Baernstein [4]. We wish to mention some very 
recent work. 

First of all, there is the work of N. G. Makarov [55] on the relation between 
the harmonic measure and the HausdorfF measure of sets on a Jordan curve. 
Along the way, he found a remarkable "log log log" law on the radial growth 
of the derivative of a univalent function. This gives very precise bounds on 
the pointwise behavior (a.e.) of \f'{reie)\, but there remain interesting open 
questions about the growth of the integral means / \f'(rel9)\p dO, especially for 
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negative p. Makarov [56] used ergodic theory to disprove a previous conjecture 
that the Koebe function maximizes these integral means, at least in order of 
magnitude, for p > ^. All of this is discussed in Pommerenke's article in this 
volume. 

Hamilton [31] has discovered significant results on extreme points and support 
points of the class S. These are discussed in his article in this volume. The 
main idea is to consider linear functionals continuous on S but not necessarily 
continuous on the full space of analytic functions. Duren and Leung [19] present 
an alternate approach to Hamilton's construction of extreme points which are 
not support points, and they give additional information on generalized support 
points. Leung and Schober [78, 50] have studied support points of the class E 
and have found new evidence in favor of the conjecture that the omitted arcs 
have maximum branching. 

Much recent effort has been devoted to the related study of harmonic map
pings in the unit disk. Harmonic mappings have long been investigated by dif
ferential geometers in particular because of their role in the theory of minimal 
surfaces. The paper by Clunie and Sheil-Small [16] shows that despite many ob
stacles part of the classical (Koebe-Bieberbach) theory of analytic mappings does 
extend to harmonic mappings. More recent developments appear, for example, 
in the work of Hengartner and Schober [38, 39]. 

We mention also the ingenious work of J. L. Lewis [53] in which methods 
used in the study of free-boundary problems in partial differential equations are 
adapted to give a partial solution of A. W. Goodman's "minimum area" problem. 
Further information is given in the papers of Barnard [5] and Barnard and Lewis 
[6]. 

Finally, because of the role of special functions in de Branges's proof, there 
has been an active search for other connections of this type. For instance, Koorn-
winder [47] has used a stronger form of the Askey-Gasper inequality to generalize 
the Milin inequality. These developments are discussed in the articles of Askey 
and Gasper and of de Branges in this volume. 

Less than six months' time separated the first planning for the Symposium 
and its realization. The organizing committee consisted of the four undersigned 
editors and Glenn Schober. Financial support was provided by the National Sci
ence Foundation, the Institute for Mathematics and its Applications (University 
of Minnesota), and Purdue University. We are grateful to the sponsors for their 
prompt and vigorous support, and to the staff of Purdue University for their hos
pitality. We thank all of the speakers for their enthusiastic response to an unusual 
challenge. The care and effort they devoted to their talks and manuscripts is 
clearly evident. Finally, we express our appreciation to the 170 mathematicians 
who joined us to celebrate the passing of one milestone in function theory, and 
to anticipate a promising future. 

Albert Baernstein II David Drasin 
Peter Duren Albert Marden 
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