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Preface

As its title indicates this book is not meant to be an encyclopedic presentation
of the present state of degree theory. Likewise, the list of references is not meant
to be a complete bibliography. The choice of subjects treated is determined
partly by the fact that the book is written from the point of view of an analyst,
partly by the desire to throw light on the theory from various angles, and partly
the choice is subjective.

A detailed description of the subjects treated is contained in §10 of the follow-
ing introduction. At this point we mention, together with relevant references,
some subject matter belonging to degree theory which is not treated in this book.

(a) The Leray-Schauder degree theory in Banach spaces may be extended to
linear convex topological spaces as already noticed by Leray in [35]. A complete
self-contained treatment may be found in Nagumo’s 1951 paper [43].

(b) Already, in his 1912 paper [9], Brouwer established degree theory for
certain finite-dimensional spaces which are not linear. For later developments
in this direction and for bibliographies, see, e.g., the books by Alexandroff-Hopf
(2], by Hurewicz-Wallmann [29], and by Milnor [39]. In their 1970 paper [20]
Elworthy and Tromba established a degree theory in certain infinite-dimensional
manifolds. See also the systematic exposition by Borisovich-Zvyagin-Sapronov
[].

(c) There are various degree theories for mappings which are not of the type
treated by Leray and Schauder: a theory by Browder and Nussbaum on “inter-
twined” maps [11] and a theory of “A-proper” maps by Browder and Petryshyn
[12] in which the degree is not integer-valued but a subset of the integers. See
also [10]. Moreover, the method used in the Fenske paper [21] mentioned in §8 of
the following introduction applies also to mappings which are “a-contractions.”
Various mathematicians considered degree theory for multiple-valued maps. A
survey of these generalizations and further bibliographical data may be found in
the book [37] by Lloyd.

(d) Some important theorems based on degree theory (e.g., those contained
in §82-3 of Chapter 5 and parts of Chapters 8 and 9 of this book) and some gen-
eralizations thereof can be derived by the use of cohomology theory in infinite-

v



vi PREFACE

dimensional spaces. See the paper by Geba and Granas [22], in particular Chap-
ter IX, and the book by Granas [25], in particular Chapter 11.

(e) The axiomatic treatment of degree theory by Amann and Weiss [3].

(f) The “coincidence degree theory” of Mawhin [38].

(g) For supplementary reading and further references we mention books by the
following authors: Krasnoselskii [31], 1956, J. Cronin [14], 1964, J. T. Schwartz
[51], 1965, K. Deimling [15], 1974, E. Zeidler [54], 1976, F. Browder [10], 1976,
G. Eisenack-C. Fenske [19], 1978, N. G. Lloyd [37], 1978. We also mention
the paper [52], 1980 by H. W. Siegbert which contains an interesting exposition
of the history of finite-dimensional degree theory from Gauss via Kronecker to
Brouwer.

(h) Ever since it was established by Leray and Schauder [36], degree theory in
Banach spaces has been an important tool for the treatment of boundary value
problems (including periodicity problems) for ordinary and partial differential
equations, for integral equations, and for eigenvalue and bifurcation problems.
These applications to analysis are not treated in the present book, but the reader
will find a number of them discussed in many of the books quoted in part (g)
of this preface. See, e.g., Chapters III-VI of [31], Chapters II and IV of [14],
and Chapter 9 of [37]. The Cronin book [14] discusses, in particular, papers
up to 1962 using the “Cesari method.” For the role of degree theory in the
further development of this method, now usually referred to as the “Alternative
Method,” the reader may consult the bibliography on pp. 232-234 in Nonlinear
Phenomena in Mathematical Science, ed. V. Lakshmikantham, Academic Press,
1982.

We finish this preface with a word on the organization of this book. In addition
to the introduction the book consists of nine chapters. Each chapter (except
Chapter 1) is divided into sections and each section into subsections. (The
notation “1.2” in Chapter 3 means subsection 1.2 in that chapter; “(1.2)” refers
to a formula in that chapter. However §1.2 refers to §2 in Chapter 1.) Each
chapter is followed by notes containing some of the proofs and historical remarks.
Finally, there are two Appendixes A and B.

My thanks go to my colleagues and friends Professors Lamberto Cesari,
Charles Dolph, and R. Kannan for many encouraging conversations.

My thanks also go to Mrs. Wanita Rasey who, with great patience, converted
an often not easily decipherable handwritten script into a readable typescript.

I am obliged to the editorial board of the Mathematical Surveys and Mono-
graphs for reviewing the typescript and to the editorial staff of the American
Mathematical Society, in particular to Ms. Mary C. Lane, Lenore C. Stanoch,
and Holly Pappas for their cooperation and labor in transforming the manuscript
into a book.



APPENDIX A
The Linear Homotopy Theorem

§1. Motivation for the theorem and the method of proof
1.1. Let E be a Banach space, and let
l(z) =z — L(z) (1.1)

be a nonsingular L.-S. map, E — E. We want to define an index j(!) which
indicates how often E is covered by I(E). Since [ is a nonsingular L.-S. map, it
maps, according to §§1.11 and 1.12, F onto E in a one-to-one fashion. Therefore
we should define () as a number of absolute value 1. In order to decide for which
I to define j(I) as +1 and for which as —1, we consider the finite-dimensional
case. '

Let E = E™ be an oriented space of finite dimension n (see subsections 1.21
and 1.22 in Chapter 6 for the concept of orientation). It is then natural to define
J(1) as +1 if [ preserves the orientation (as does, e.g., the identity map I) and
as —1 otherwise. By the sections just quoted, this is equivalent to defining

j(l):{ +1 if detl >0,
-1 ifdetl <0,
where det [ denotes the determinant of {. (Note that det! # 0 since ! is supposed
to be nonsingular.) Now definition (1.2) in the form stated cannot be used in
general Banach spaces since it depends on determinants; however, it can be
reformulated in a way to become meaningful for Banach spaces. This is possible
on account of the following facts (a) and (b) which are well known in linear
algebra, being a consequence of the existence of the Jordan normal form for
n X n matrices (see, e.g., [26, §58 and §77]): (a) if L has real eigenvalues greater
than 1, say Ay > A2 > -+ > A, > 1, and if for p = 1,...,7, pu, = u(},) is the
generalized multiplicity of A,, i.e., the dimension of the subspace E* of E™ which
consists of those z € E™ for which

(1.2)

(A I=L)"z =60
for some positive integer m, then
signdet! = (—1)2:=1 He, (1.3)

199



200 THE LINEAR HOMOTOPY THEOREM

(b) if L has no real eigenvalues greater than 1, then

signdet! = +1. (1.4)
It follows from (1.3) and (1.4) that definition (1.2) is equivalent to
(1) = (—~1)En=1“" in case (a), (1.5)
+1 in case (b).

As is well known and as will be seen in the following sections, the right member
of (1.5) makes sense for an arbitrary Banach space E if [ is a nonsingular linear
L.-S. map E — E. We note that Definition 1.6 in Chapter 2 appears as a
theorem in the original Leray-Schauder theory (see [36, II. 11)).

In §2 of this appendix we recall background material from the spectral theory
of linear operators M, referring for proofs mainly to the presentation given in [18,
Chapter VII|. Since in general the spectrum of M contains complex numbers,
we deal here with a complex Banach space Z. In order to apply the theory to
the given real Banach space E, we have to “complexify” E, i.e., embed it into a
complex Banach space Z. This is done in §3. §4 discusses the index j(l) in E as
defined by (1.5) and also its definition for the complexification Z of E. Finally,
in §5, the linear homotopy theorem (cf. subsection 1.3 in Chapter 2) is proved.

§2. Background material from the spectral theory
in a complex Banach space Z

2.1. DEFINITION. Let Z be a complex Banach space, let M be a linear
bounded operator on Z, and let I denote the identity map on Z. Then the
set of complex numbers A for which the inverse Ry(M) of A\ — M exists as a
bounded operator Z — Z is called the resolvent set of M and will be denoted by
p(M). The complement (M) of p(M) in the A-plane is called the spectrum of
M. o(M) is closed and bounded. A subset o¢(M) of o(M) is called a spectral
set of M if it is open and closed with respect to o(M) [18, pp. 566, 567, 572].

2.2. For fixed M the domain of R\(M) as a function of A is the set p(M),
and its range is a subset of the family of bounded linear operators on Z. This
family is a Banach space with the linear operations defined in the obvious way
and with the norm defined [18, pp. 475, 477] by

M|} = Sup, 1M ()] (2.1)

This Banach space will be denoted by Z;, and for M fixed we consider R)(M)
as a map p(M) — Z;. The topology of Z; induced by the norm (2.1) is called
the uniform operator topology.

2.3. An example for a spectral subset of the spectrum o(M) is o(M) itself,
and so is every isolated point of o(M).

2.4. LEMMA. p(M) s open, and o(M) is a nonempty closed bounded set.
R\ (M) as a function of A is analytic at each A\ € p(M), i.e., at such A the
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deriwative of Ry(M) with respect to A ezists. Obviously
oo
> M| A=)
n=0

converges if
1Al > [|M]]. (2.2)

Moreover for such A
R\(M) = M
)‘( ) An+1’

n=0

For a proof of this lemma see [18, pp. 566, 567].

(2.3)

2.5. LEMMA. Let A be a closed not necessarily bounded subset of p(M).
Then Ry\(M) s bounded on A.

PROOF. On the bounded closed set {) | |A| < ||[M|| + 1} the boundedness of
R) (M) follows from its analyticity. But on the set {) | |A| > ||[M]| + 1} it follows
from (2.3).

2.6. DEFINITION. #(M) denotes the family of all complex-valued functions
f which are defined and analytic in some open neighborhood U of o(M). (U
may depend on f.)

2.7. Let 0g be a spectral set of M, and let Vy be an open set in the complex
A-plane containing o¢ but no point of 0 — o9 where 0 = o(M). Let f € F(M)
and let Uy be the domain of definition of f. Let I'g and I'; be two rectifiable
Jordan curves lying in Vo N Uy oriented in the counterclockwise sense and such
that og lies in the open bounded sets whose boundaries are I'yg and I';. Then

/ £ () Ru(M) dps = / £ (6)Ru (M) d. (2.4)
To r;

We note that the integrands in (2.4) are operator-valued. For the definition
of such integrals and for the proof of the “Cauchy theorem” (2.4), we refer the
reader to [18, pp. 224-227].

2.8. DEFINITION. For f € (M) we define f(M) by setting

100 = 5 [ $6)RLO0) du (25)

where T is a rectifiable Jordan curve of the following properties: (i) o(M) lies
in the bounded open domain whose boundary is I'; (ii) I is contained in the
domain Uy of definition for f; (iii) T is oriented in the counterclockwise sense.
The uniqueness of Definition 2.5 follows from Lemma 2.7.

2.9. LEMMA. Let T be a rectifiable Jordan curve satisfying conditions (i),
(i) and (iil) of subsection 2.8. Then

1
M= /F uR(M) d, (26)
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I= 2—175 fr Ru(M) du. @27)

If, moreover, f and g are elements of #(M) with domains Uy and U, resp.
and if, in addition to the above requirements, I' € Uy N Uy, then

£ - 900) = g [ o) R () d. (2.)

For the proof we refer the reader to the proof of Theorem 10, p. 468 in [18],
which contains the assertions of the present lemma.
2.10. DEFINITION. A bounded linear map P: Z — Z is called a projection
if
Pi=Pp (2.9)
2.11. LEMMA. Let o be a spectral set of M. Let I'g be as in Lemma 2.7.
Then the operator P,, defined by

1
Pao = 2—7” AO R#(M) d}l/ (210)
18 a projection.

PROOF. Let 05 = 0 — 0p. By the definition of spectral sets, there exist
bounded open sets Vo, Vg, Up, U such that o9 C Vo C Vo C Uy, 0 C Vg C
Vo C Ug with Uy and U, disjoint and such that Ty = 8V, and I'* = V* are
rectifiable Jordan curves. Let I' = I'q U T'*.

Then (2.8) holds if we set

fw) = gu) = {(1) Z 2 gz (2.11)

But with this choice of f and g we see from (2.10) that the right member of (2.8)
equals Py, since f(u) = g(u) = 0 for u € 'y, and taking account also of (2.5),
we see that f(M) = g(M) = P,,. Thus the left member of (2.8) equals P2 .

2.12. LEMMA. Let 09 and o1 be two disjoint spectral sets for M. Let Ty
and P,, be defined as in subsection 2.11, and let 'y and P,, be defined corre-
spondingly with respect to o1. Then )

P, -P,, =P, -P,, =6, (2.12)
where 01z = 0 for everyz € E.

PROOF. Since 09,01, and 02 = 0 — (01 U 02) are closed bounded sets, there
exist for 1 = 0,1, 2 bounded open sets V;, U; such that o; C V; C V; C U; with
the sets U1, U2, Us being pairwise disjoint and such that I'; = 9V is a rectifiable
Jordan curve which we assume to be oriented in the counterclockwise sense. If
we set

_J1 for ue U, _ {1 for pely,
f(“)‘{o for p € Uy U Uy, 9(“)“{0 for p € Ug U Ua,
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then with ' =T UT2 UT3

Pro = 357 . FURA(M) du = F(01),

Pa1 = %AQ(M)RM(M)dﬂ= g(M)7

and application of (2.8) yields the assertion (2.12) since f(u) - g(u) = 0 for all
ner.

2.13. LEMMA. Letog be a spectral set of M, let Py, be the projection (2.10),
and let Zy be the range of Py, t.e., Zg = Py, Z. Then MZy C Zy and op 15 the
spectrum of the restriction of M to Zy.

For a proof see [18, pp. 574, 575].
2.14. LEMMA. The restriction My, of M to Zy = Py, Z s given by

Moy [ B(M) dy (2.13)

where I'g s as in subsection 2.7.

PROOF. Let I be as in Lemma 2.9, and let V and V be the bounded open
sets whose boundaries are I'y and T" resp. Then M is given by (2.6), i.e., by
(2.5) with f(u) = p. Now 2z = Py (2) if and only if z € Zy = P,,Z. Therefore
M(z) = MP,,(z) for z € Zy. But P,, is given by (2.10) or what is the same

Pro = 317 L SOR(0) di, (2.14)

with g(u) as in (2.11). The assertion (2.13) follows now from (2.5) and (2.14) on
application of (2.8).

2.15. So far we assumed of the linear operator M only boundedness or what
is the same continuity. In the remainder of this section we require complete
continuity, i.e., we make the additional assumption that for any bounded set
B C E the closure of M(3) is compact. The definitions and assertions stated
below are classical.

Proofs may be found, e.g., in [18, p. 577f.].

2.16. The spectrum o (M) of a completely continuous linear operator M on E
is at most countable. If o(M) contains infinitely many points, then 0 is the only
accumulation point of o(M). It follows that each Ao € o(M) which is different
from 0 is a spectral set g of M. For the projection P,, defined by (2.10) we
write: 1

Py, = 3 s R, (M) du. (2.15)
For I'yg we may and will take a circle with center A9 and radius smaller than
the distance of Ag from the rest of o(M). T is supposed to be oriented in the
counterclockwise sense. We recall that the points of o(M) are also referred to
as eigenvalues of M.
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2.17. Let A\ € 0(M) and Ag # 0. Then
PyZ={z€Z|(MI-M)"=0} (2.16)

for some positive integer n. The dimension v(Ag) of the linear subspace Py, Z of
Z is finite and is called the generalized multiplicity of A¢ as an eigenvalue of M.
2.18. Let \gp € o(M) and Ao # 0. Then the equation

Aoz — M(z) =0 (2.17)

has nontrivial solutions (i.e., solutions z # 0) called eigenelements of M to the
eigenvalue \g. These eigenelements obviously form a linear subspace of E. The
dimension 7()g) of this subspace satisfies the inequality 1 < r(Ao) < v(Ao) and
is called the multiplicity of Ag as an eigenvalue of M.

2.19. LEMMA. Let M be a completely continuous linear map Z — Z and
suppose that the linear map m = I — M mapping Z onto Z 1s one-to-one. Then
the tnverse n = m™! ezists and is of the form m(§) = € — N(&), where N 1s
completely continuous on Z.

PROOF. By assumption m is a linear, continuous, and therefore bounded,
one-to-one map of Z onto Z. By a well-known theorem (see, e.g., (18, p. 57])
these properties imply that the linear map n = m™! is bounded. Now if £ =
z— M(z), then n(§) = z = £+ M(z) = € + M(n(£)). Since n is bounded,
i.e., continuous, and M is completely continuous, the map N(¢) = —M(n(¢)) is
completely continuous.

§3. The complexification Z of a real Banach space E

3.1. The construction of Z from F is analogous to the construction of complex
numbers as ordered pairs of real numbers: the elements z of Z are ordered pairs
(z,y) of points of the real Banach space E. If z; = (z;,¥;), ¢ = 1,2, are two
elements of Z, then their sum is defined by 21 + 22 = (21 + Z2,¥1 + y2), and if
¢ = a+10, a, real, is a complex number, then cz; is defined by

cz1 = (az1 — By1, oy1 + B1). (3.1)

Finally if as usual || - || denotes the norm in E, we set for the point z = (z,y) € Z
ll2llx = sup |z cosd + ysin g||. (3.2)

3.2. In the case that E is the real line, then Z is the complex plane. The
reader may verify that then ||z||; is the absolute value of the complex number z.

3.3. The number ||z||; defined by (3.2) is a norm, i.e., for points 2, 21,2, in
Z and complex number c

[zl >0 (3.3)
with the equality holding if and only if z = 6, the zero element of Z, and
llz1 + 22| < [lzal| + llz2]l, (3.4)

llezlla = lel - fi=]]-
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3.4. With the norm ||2||; the linear space Z is complete and thus a Banach
space.

The verification of the assertions contained in subsections 3.3 and 3.4 is of
course based on the corresponding properties of the Banach space E of which Z
is the complexification. We leave this verification to the reader.

3.5. It is easily verified from our definitions that ||(z,60;)|l1 = ||z||. Thus the
linear one-to-one map E into Z given by

T — (z,0) (3.6)

is norm preserving. Identifying z € E with (z,0) € Z, we consider E as a subset
of Z. This identification also allows us to write ||z|| instead of ||z||; without
ambiguity.

3.6. From the multiplication rule (2.1) we see that (6,y) = i(y, ) for any y €
E where as usual 7 = (0, 1), the imaginary unit of the complex plane. Therefore
z = (z,y) = (z,0) + (,y) = (z,0) + i(y, ), and by our above identification we
see that every z € Z may be written uniquely in the form

z=1z+1y, r€E, yekE. (3.7
3.7. For later use we note the inequality
s(lzll+llyl) < ll2ll < llzll + NIyl for z = z +3y. (3.8)

The right part of this inequality is a restatement of the triangle inequal-
ity (3.4). To prove the left part we note that ||z| = ||zcos0 + ysin0| <
sup, ||zcos ¢ + ysin@|| = ||z|| by (3.2). In the corresponding way we see that
lyll < llzll. Thus ||z]| + [lyll < 2{]2].

3.8. DEFINITION. Let L be a linear bounded operator E — E. Then the
map M:Z — Z defined for z = z + 1y by

M(2) = L(z) +1L(y) (3.9)
is called the complex extension of L.

3.9. LEMMA. (i) M 1s linear; (ii) M 1is bounded; (iii) M is completely con-
tinuous if and only if L 1is completely continuous; (iv) if L is continuous, then
m = I — M 1s nonsingular if and only if | = I — L 1s not singular (I denotes the
identity map in the respective space); (v) m(z) = 0 has a solution z # 0 if and
only if l(z) = 0 has a solution x # 0; (vi) m is not singular (i.e., m(Z) = Z) +f
and only if m is one-to-one, i.e., if z =0 is the only root of m(z) = 6.

PROOF. The proof of (i) consists of an obvious verification.
Proof of (ii). Let u be a bound for L. Then by (3.9), (3.4), and (3.8)

IM ()]l < 1L+ IL@) < wlizll + llyll) < 2ul2].

Proof of (iii). Suppose L is completely continuous. Then, by (ii), M is con-
tinuous and it remains to show that if 2, = =, + 1y, where z,, and y, are
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bounded sequences in E, then the M(z,,) converge for some subsequence zy,
of the z,. Now by (3.8) the boundedness of the 2, implies the boundedness of
the z,, and y,. It therefore follows from the complete continuity of L that for
some subsequence n; of the integers the L(z,,) and L(yn,) converge. But then
for z,, = Tn, + 1yn, the sequence M(z,,) = L(zn,) + 1L(yn,) converges. The
converse is obvious since L is a restriction of M to E.

Proof of (iv): If z = z + 1y, ¢ = £ +1n, with z,y, £, 7 elements of E, then the
equation m(z) = ¢ is equivalent to the couple of equations I(z) = &, I(y) = 7.
This obviously implies that [ maps E onto E if and only if m maps Z onto Z. We
obtain a proof of assertion (v) if in the proof of (iv) we set ¢ = £ = n = 6. Finally
assertion (vi) follows from assertions (iv) and (v) in conjunction with part (iv) of
Lemma 12 in Chapter 1, the latter being valid also for complex Banach spaces.

3.10. DEFINITION. With E considered as subset of Z (cf. subsection 3.5),
the elements of E are called the real elements of Z. If z = z + iy with z,y real,
the element Z = z — 4y is called conjugate to z and the map 2z — Z is called a
conjugation. A subspace Z; of Z is called invariant under conjugation if z € Z;
implies that z € Z;.

3.11. LEMMA. Let M be a bounded linear map Z — Z. Then M 1is the
complez extension of a linear bounded map L: E — E +f and only i+f for all 2 € Z

M(z) = M(2). (3.10)

PROOF. The necessity is obvious from Definition 3.8. Then let M be a linear
bounded map Z — Z satisfying (3.10). Now for each z € E, M(z) is an element
of Z. Therefore

M(z) = Ly(z) + 1Lo(x), (3.11)

where Li(z) and Lo(z) are elements of E.
It will be sufficient to show that La(z) = 6, for then M will be the complex
extension of L. Now by (3.11) for z = z + 1y

M(z) = M(z) +iM(y) = L1 (z) — La(y) + i(L2(z) + L1 (y)). (3.12)
This holds for all z € Z. Therefore
M(2) = Li(z) + La(y) + i(La(e) — L1 (y)). (3.13)
On the other hand, we see from (3.12) that
M(2) = Li(z) — La(y) — i(L2(z) + L1(y))- (3.14)

By assumption (3.10) the left members of (3.13) and (3.14) are equal. Comparing
the imaginary parts of the latter equalities, we see that Lo(z) = —Lo(z), i.e.,
Ly(z) = 6 as we wanted to prove.
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3.12. LEMMA. Let Z; be a linear subspace of Z and let E1 be the set of real
elements in Z,. It is asserted:

(i) of Zy is invariant under conjugation, then for each z = x + 1y € Z; the
elements z and y belong to Ey;

(i) 4f, besides satisfying the assumption of (i), Z1 is finite dimensional, then
there ezists a base for Z; which consists of elements of Ey;

(iii) a finite-dimensional subspace Zy of Z 1is invariant under conjugation if
and only if there exists a projection P: Z onto Z,, such that

P(z)=P(z2) forallze€ Z. (3.15)

PROOF. (i) If z = z+1y € Z;(x, y real), then by assumption z = z —1y € Z;.
Consequently z = (z+%)/2 and y = (2 — 2)/2¢ lie in Z; N E = E;.

Proof of (ii). E; is obviously a linear subspace of the real space E.

Moreover, if by, b, ..., b, are linearly independent elements of this subspace,
they are also linearly independent as elements of Z;. For if

2': Cjbj = 9,
J=1

with ¢; = a; +18;, a;, B; real, then

Z Ctjbj + ZZ ,ijj =4,
7=1 7=1

and thus . .
Y asbi =) Bibj =4.
7j=1 7=1

Therefore a; = 3; =0, y =1,2,...,r, on account of the independence of the b;
as elements of Ey. Thus ¢; = a; +16; = 0. This proves the independence of the
b; as elements of Z;. It follows that the subspace E; of E is finite dimensional
since Z is finite dimensional. Then let by,...,b, be a base for E;. Since the b;
are independent also as elements of Z;, it remains to show that they span Z;.
Now let 2 = z + vy € Z;. Then there exist real numbers «;, 3; such that

=Y ajb;, y=)_ Bjbj (3.16)
7=1 7=1

and thus
n
z=z41y= E(aj +10;)b;.
Jj=1
Proof of (iil). The coefficients a; in the first sum in (3.16) are obviously
linear in z for z in the finite-dimensional subspace E; of E. They are therefore

also continuous (see, e.g., (18, p. 245]). Consequently, by the Hahn-Banach
theorem, these bounded linear functions o; = o;(z) can be extended to bounded
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linear functions A;(z) defined for all z € E. We now define for j = 1,2,...,n
continuous linear functionals C; on Z by setting for 2 = z + 1y

Ci(2) = As(z) +iA5(v) (3.17)
Then
Ci(2) = ;@) (3.18)
since the A;(z) are real-valued. We now set
P(z) =) Cj(2)bj, - +(3.19)
j=1

where the b; form a real base for Z;. We then see from (3.18) that (3.15) is
satisfied. We now show that P is a projection, i.e., that (2.9) is satisfied. Since
the b, are real, we see from (3.19) and (3.17) that

n

P2(z2) = P(P(z)) Z <ZO¢(z)bl) Zb ch(z)c (&). (3.20)
=1 7=1 =1

Since b, € Eq, C;(b)) = Aj(bi) = a;(bi). But o(b;) =01if 5 # 1, and 1 for j =
as is seen from (3.16) with z = b;. Therefore )
1 ifg =1,
Cib) = {0 if 5 #1,
and we see from (3.20) and (3.19) that

n
P2(z) = ) b,C5(2) = P(2).
Jj=1
This finishes the proof that the invariance of Z; under conjugation implies the
existence of a projection P satisfying (3.15).
Conversely if such projection P exists, then for z € Z; we see that z = P(z2),
and therefore by (3.15) that Z = P(z) = P(%z) which shows that Z € Z;.

§4. On the index j of linear nonsingular L.-S. maps
on complex and real Banach spaces

4.1. DEFINITION. Let Z be a complex Banach space. Let
m(z) =z M(z) (4.1)

be a nonsingular L.-S. map Z — Z. Then with R()\) denoting the real part of
the complex number A, the index j(m) of m is defined as follows: if M has no
eigenvalues A with R(A) > 1 we set j(m) = 1. If M does have eigenalues A with
R()) > 1, we denote them by Ay, Az,...,As and define

j(m) = (~1)2i=1 ™, (4.2)

where v; = v();) is the generalized multiplicity of A; as an eigenvalue of M
(see subsection 2.17 for the definition of “generalized multiplicity,” and see §1
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for a motivation for the definition of j(m)). Note that by subsection 2.16 the
number of eigenvalues A of M with R(A) > 1 is finite and by subsection 2.17 the
generalized multiplicity by v()\) of an eigenvalue A of M is finite.

4.2. DEFINITION. Let E be a real Banach space, and let

l(z) =z - L(z) (4.3)

be a nonsingular L.-S. map E — E. An eigenvalue \g of L is then a real number
such that for some point z € E different from 6

L(z) = Aoz. (4.4)

If Z is the complexification of E and M the complex extension of L, it is clear
from §3 that )\ is an eigenvalue of L if and only if A\g is a real eigenvalue of
M. We define the generalized multiplicity of an eigenvalue Ag # 0 of L as the
dimension u(Ag) of the space

Ex, = {z € E| (Mol — L)"z = 6} (4.5)

for some integer n > 1. u(Ao) is finite, for it is clear that u(Ag) < v(Ag), the
generalized multiplicity of Ag as an eigenvalue of M (see subsection 2.17; actually
#(Ao) = v(Ao) as we will see in subsection 4.11).

4.3. DEFINITION. Let [ and L be as in subsection 4.2. We define the index
J(1) to be 1 if L has no eigenvalues > 1. If L has eigenvalues > 1, we denote
them by Ay > A2 > -+ > A, and define the index j(I) by

3(l) = (~1) 2= ¥, (46)

where p, = p(A,), p = 1,2,...,s. Note that this definition agrees with (1.5),
which was shown to agree in the finite-dimensional case with (1.2). Note also
that A = 1 is not an eigenvalue of L since [ is not singular.

4.4. DEFINITION. A linear map [ of the real Banach space E into itself is
said to be type I~ if it can be constructed as follows: let E* be a one-dimensional
subspace of E and let E? be a complementary subspace such that every z € E
can be written in the form (cf. Lemma 4 of Chapter 1)

T =2 + 2o, z; € EY, 2o € E% (4.7

Then | maps £ = 3 + o2 into —z; + zo (cf. §8 of the introduction). Maps of
type I~ in a complex Banach space Z are defined correspondingly.

Note that I(z) = z — 2z, i.e., {(z) is of the form (4.3) with L(z) = 2z;. Since
z; lies in the one-dimensional space E!, L(x) is completely continuous. Thus !
is an L.-S. map. Since obviously ! maps E onto E, the map [ is not singular.
Thus j(!) is defined for a map [ of type I~.

4.5. LEMMA.

. +1 fl =1, the identity map,
J(l)={ / e

—1 oflis of type I. (4.8)
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PROOF. If | = I then the L(z) in (4.3) equals 6 for all z. Therefore (4.4)
for  # 6 is satisfied only with Ag = 0. Thus L has no eigenvalues > 1 which
by Definition 4.3 proves the first part of assertion (4.8). Suppose now ! is of
the I~ type. Then with the notation used in (4.7), l(z) = —z; + 22 = = — 224,
i.e., L(z) = 2z; by (4.3) and the eigenvalue equation (4.4) reads 2z; = Aoz =
Ao(z1 + z2). This implies z; = 6 and A9 = 2. Thus 2 is the only eigenvalue of
L, and

3(l) = (-1)+@. (4.9)

Here p(2) is the dimension of the space given by (4.5) with Ap = 2 and L(z) =
2z;. Now for ¢ = 1,2 let P; be the projection z — z; (cf. (4.7)). Then AgJ —L =
2(Py+P;)—2P; = 2P,. Thus, by (4.5), E; consists of those z for which Py’ =0
for some integer n > 1. But for these integers P} = P, since P, is a projection,
and we see that E; = {z € E | P;(z) = 6} = E'. Thus u(2) = dimE! = 1.
This together with (4.9) proves the second part of the assertion (4.8).

Since L.-S. homotopy (see subsection 1.2 of Chapter 2) is transitive, it follows
from Lemma 4.5 that the linear homotopy theorem (stated in subsection 1.3 of
Chapter 2) is equivalent to the following one.

4.6. THEOREM. Letly andly be two linear nonsingular L.-S. maps E — E.
Then lo and l; are linearly L.-S. homotopic (see Definition 1.2 in Chapter 2) if
and only +f

J(lo) = 5(ln). (4.10)

Now for questions of continuity it is preferable to deal with the complexifica-
tion Z of E and the complex extension M of the operator L given by (4.3). For
if M changes continuously, a real eigenvalue of M may become complex. But in
this case the eigenvalue of L as an operator on E “disappears” since the concept

of a complex eigenvalue makes no sense in the real space E. We therefore state
the following theorem whose proof will be given in §5.

4.7. THEOREM. Letly andl; be as in Theorem 4.6. Let Z be the complez:-
fication of E, and for 1 = 0,1 let M; be the complex extension of L; =1 —1; on
E, and let m;(2) = z — M;(z). It is asserted that the equality

J(mo) = j(ma) (4.11)

(see Definition 4.1) holds if and only if there exists an L.-S. linear homotopy
m(z,t) =z — M(2,t), 0 <t < 1, between mo(2) = m(z,0) and m1(z) = m(z,1)
which satisfies for z € Z and t € 0,1]

M(z,t) = M(z,t). (4.12)
The remainder of §4 is devoted to showing
4.8. THEOREM. Theorems 4.6 and 4.7 are equivalent.

The proof of this theorem requires some lemmas.
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4.9. LEMMA. Let E and Z be as in Theorems 4.7 and 4.8. Let L be a
continuous linear map E — E, and let M be its complez extension. Then (i) the
spectrum o(M) of M 1is symmetric with respect to the real azis of the complez
A-plane, and (ii) for X € p(M)

Rx(M)(2) = 0D (4.13)
(see Definition 2.1).

PROOF. (i) o(M) and the resolvent set p(M) are disjoint subsets of the
A-plane whose union is the whole A-plane. Therefore assertion (i) is equivalent
to the assertion that p(M) is symmetric to the real A-axis. Let Ag € p(M).

We have to prove

Ao € p(M). (4.14)
Now by the definition of Ry(M)
(Mol = M)R,(M)(2) = 2 (4.15)
for all z € Z. But by (3.10) for u € Z
(oI = M)(u) = (Rl — M)(2).
Applying this relation with u = R),(M)(z) we see from (4.15) that
(_X()I —M)R),(M)(2) =z=.
Replacing z here by Z we see that
(Aol = M)R,,(M)(z) = 2
for all z € Z. This shows that
S(2) = g ODE) (4.16)

is a right inverse of (Aol — M). But interchanging the factors in (4.15) we
conclude that S(z) is also a left inverse of Ao — M. Thus S is an inverse of
Xol — M. Since S is bounded, the assertion (4.14) follows by definition of p(M).

Proof of (ii). By definition, R (M) is the inverse of Xol — M. Therefore by
(4.16)

R5, (M)(2) = §(2) = Ba, (M)(2).
This proves assertion (ii).

4.10. LEMMA. Let E,Z,L,M be as in Lemma 4.9. Let A\g be an isolated
point of the spectrum o(M) of M such that by Lemma 4.9 Xo s also an isolated
point of o(M). Let co be a counterclockwise-oriented circle with center Ao and
radius ro where rq 1s such that the closure of the circular disk B()g, 7o) contains
no point of o(M) other than Ao. Let cy be the counterclockwise-oriented circle
with center Ao and radius ro. Let Py, and PXO be the linear operators defined by

1

P)\ =
o 2m g,

1
R.M)dp, Py =5 /  Ru(M) dp. (4.17)
€o
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Then the ranges Zx, = Px,Z and Zx = P5 Z are conjugate to each other,
i.e., if z varies over Zy,, then Z varies over Z'Xo'

PROOF. )g and )g are spectral sets (see subsections 2.1 and 2.3). Therefore,
by subsection 2.11, P, and Py  are projections. We will show first our lemma
follows from the relation

P5 (2) = Py (2) forallzeZ. (4.18)

Indeed, since Py, is a projection, z € Zy, = Py,Z if and only if z = Py ()
or Z = Py,(2), or, by (4.18), Z = P5 (7). But since P5 is a projection, the
last equality is a necesary and sufficient condition for Z to be an element of
Ps,Z = Zs,.

Thus for the proof of our lemma it remains to verify (4.18). For this purpose
we set 4 = Ao + roe*® and A = i = Ao + roe~*® such that du = irpe® dp and
d\ = —irge*® d¢. We then see from (4.17) and (4.13) that

1 2m ) 1 27 .
Py (2) =5 | Ru(M)@)roe?dp=— | RA(M)(2)roe’ do
T Jo T Jo

i 2T 27

. 1 . .
=ar Jy PONEreTRdo= g [ BAD(E)(Siroe) d6

= | RDE D=5 [ RONED=PE

2m1 J_¢,

This proves (4.18), and thus our lemma.

4.11. COROLLARY TO LEMMA 4.10. (i) The spaces Z», and Zz have the
same dimension; thus v(\g) = v(Xo) (cf. subsection 2.17).

(ii) If Ao 1s real, then Zy, 1s invariant under conjugation.

(iii) If Ao 18 real, then the generalized multiplicity v(Xo) of Mo as an eigenvalue
of M equals the generalized multiplicity u(Mo) of Ao as an eigenvalue of L (cf.
subsections 2.17 and 4.2).

PROOF. Assertions (i) and (ii) are obvious consequences of Lemma 4.10. As
to assertion (iii) we noted already in subsection 4.2 that u(Xo) < v(Xg). It
remains to prove that

v(Xo0) < (o). (4.19)
Now it follows from assertion (ii) of our corollary and Lemma 3.12 that Z), =
Py, Z has a base by, bs,...,b, consisting of elements of E. Then
r =v(Xo),

since r and v(Ag) both equal the dimension of Z), (cf. subsection 2.17). Since
each b; € Z,, we have (also by subsection 2.17)

(ol = M)"; =0, 5=1,2,...,u(h) (4.20)

for some n. But by definition (3.9) of the extension M of L, we see that M (b;) =
L(b;) since b; € E. Thus by (4.20) (Aol — L)™; = 0, j = 1,2,...,1(Ao). The
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asserted inequality (4.19) now follows from the definition of u(Ag) given in 4.2
since g is real.

4.12. LEMMA. We use the notation of Lemma 4.10. We assume now that
the linear map l(z) = z — L(z) s a nonsingular L.-S. map E — E. Let m(z) be
its complez extension. Then

J(m) =3(1). (4.21)

PROOF. By Lemma 3.9 the nonsingularity of ! implies that m(z) = z — M(2)
is a nonsingular L.-S. map Z — Z. Thus both members of (4.21) are defined.
To prove their equality we note first: if )\g is a complex eigenvalue of M, then
so is Ap (see Lemma 4.9), and v()\o) = v(Xo) by part (i) of Corollary 4.11. Thus
v(Xo) + v(Xo) is an even number. Therefore in Definition 4.1 (see in particular
(4.2)) we may omit those v; = v();) for which A; is complex. But for a real
eigenvalue \; of M we know from part (i) of the corollary 4.11 that v();) = u(X:),
and the definition of j(I) in subsection 4.3 (see in particular (4.6)) shows that
3(m) = 3(1).

4.13. We are now ready to prove Theorem 4.8. In the present section we
show that Theorem 4.7 implies Theorem 4.6.

(a) Suppose (4.10) is satisfied. We have to show that Iy and I; are linearly
L.-S. homotopic. Let mg and m; be the complex extensions of o and l; resp.
Then, by Lemma 4.12, the equality (4.10) implies (4.11). Therefore, by Theorem
4.7 there exists a homotopy m(z,t) = z—M(z, t) of the properties asserted in that
theorem. But by Lemma 3.11 the relation (4.12) implies that for each t € [0, 1]
the map M|z, t) is the complex extension of a bounded linear map L(z,t): E — E
which by Lemma 3.9 is completely continuous and such that I(z,t) = z — L(=z,t)
is nonsingular. This I(z,t) gives the desired homotopy between lo and [;.

(b) Assume now that g and I, are linearly L.-S. homotopic. We have to prove
(4.10). By assumption there exists a linear L.-S. homotopy I(z,t) = ¢ — L(z, 1)
connecting o with {;. For each t € [0, 1] let m(z,t) = 2— M(z,t) be the complex
extension of [(z,t). Then m(z,t) is an L.-S. homotopy connecting mq(2) =
m(2,0) with m; = m(z,1) which by Lemma 3.11 satisfies (4.12). The assertion
(4.10) follows now from Theorem 4.7 in conjunction with Lemma 4.12.

4.14. In this section we show that Theorem 4.6 implies Theorem 4.7.

(a) For s = 0,1 let m;(2) = 2z — M;(z) be a linear nonsingular L.-S. map
Z — Z which is the complex extension of the linear nonsingular L.-S. map
l;(z) = z—L;(z): E — E, and suppose that (4.11) holds. Now by Lemma 4.12 the
relation (4.11) implies (4.10). Consequently by Theorem 4.6 there exists a linear
L.-S. homotopy !(z,t) = z— L(z,t) connecting lo = I(z,0) with [; = I(z,1). Then
the complex extension m(z,t) = z — M(z,t) of I(z,t) is a linear L.-S. homotopy
which connects mg with m; and which, by Lemma 3.11, satisfies (4.12).

(b) Again, for ¢ = 0,1, let m;(z) = 2z — M;(z) be a nonsingular linear L.-S.
map Z — Z which is the extension of a linear nonsingular L.-S. map [;(z) =
z — Li(z):E — E. Suppose now there exists a linear L.-S. homotopy which
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connects mo with m; and satisfies (4.12). From the latter relation and from
Lemma 3.11 we conclude that there exists a linear L.-S. homotopy which connects
lp and l; and that therefore by Theorem 4.6, j(lo) = j(I1). The asserted relation
(4.11) follows now from Lemma 4.12.

§5. Proof of the linear homotopy theorem

5.1. The linear homotopy theorem (see subsection 1.3 of Chapter 2) is, as
already stated in the last paragraph of subsection 4.5, equivalent to Theorem 4.6,
which in turn, by Theorem 4.8, is equivalent to Theorem 4.7. It is thus sufficient
to prove Theorem 4.7. We start by proving that if a homotopy m¢(2) = m(z,t)
of the properties stated in that theorem exists, then (4.11) is true. To do this
we will show that j(m;) is constant for ¢ € [0, 1]. Since j(m.) is integer-valued
it will be sufficient to prove the “continuity” of that number or, more precisely,
to prove the following theorem.

5.2. THEOREM. Let Z be the complezification of the real Banach space E,
and let mo(2) = z — Mo(2) be the complez extension of the nonsingular linear
L.-S. map lp(z) = =z — Lo(z) mapping E into E. Then there exists a positive
number €g of the following property: if m(z) = z— M(z) 1s the complez extension
of a linear nonsingular L.-S. map I: E — E and if

[m —mo|| = || M — Mol|| < e < &0, (5.1)
then
3(m) = j(mo). (5.2)

For the proof we need the following well-known elementary lemma.

5.3. LEMMA. Let Z be an arbitrary complex Banach space, and let ng be
a bounded linear map Z — Z which has a bounded everywhere-defined inverse
ng . Then every linear bounded map n: Z — Z satisfying

I = noll < llng I~ (5.3)
has a bounded everywhere-defined inverse. (As the following proof shows, the
lemma 13 also valid in a real Banach space E.)

PROOF. Suppose first that ng = I. Then the assumption (5.3) reads

Iln—1I|| <1, (5.4)
from which it easily follows that
o0
ny =Y (I-n) (5.5)
i=0

converges (with (I —n)? = I). Moreover, writing n = I — (I — n), one sees that
nny =nin = I, and thus ny = n~L.
In the general case we see from (5.3) that

I = ngnll = [Ing* (no — n)|| < lIng [l lIno —nl| < 1. (5.6)



THE LINEAR HOMOTOPY THEOREM 215

1 1

Thus (5.4) is satisfied if n is replaced by ng'n. Thus ny = (ng'n)~! exists
and (ngny)n = na(ng'n) = I. This shows that nong! is a left inverse of n.
Similarly, we see from the inequality ||[I — nng'|| < 1, which is proved the same
way as (5.6), that n has a left inverse. But the existence of a left and a right
inverse proves the existence of a unique inverse.

5.4. PROOF OF THEOREM 5.2. We distinguish two cases: (A) My has no
eigenvalues A with real part R(A) > 1; (B) M, does have such eigenvalues.

Proof in case (A). We define the subset A = A(Mp) of the A-plane by A =
{A| R(A) > 1}. Then A is a closed subset of p(Mp). Therefore by Lemma 2.5
there exists a positive number pg such that

|RA(Mo)|| < mo/2 for X € A. (5.7)
We now claim that if M is a linear completely continuous map Z — Z satisfying
1M — Mol| < 3(ko/2)7, (5.8)

then
A C p(M). (5.9)

Indeed if ng(z) = Az — Mp(2) and n(z) = Az — M(z) with A € A, then by (5.8),
by (5.7), and by the definition of R)

In = noll = |M — Mol| < (40/2)™" < |RA(Mo)[ ™! = [Ing*|”*. (5.10)

But by Lemma 5.3 this inequality implies that n=! = R, (M) exists, as a bounded
operator, i.e., that A € p(M) as asserted.

It is now easy to see that (5.8) implies the asserted equality (5.2). Indeed
j(mo) = 1 by Definition 4.1. But by definition of A we see from (5.9) that no
eigenvalue A of M has a real part > 1. Thus, again by Definition 4.1, j(m) = 1.

Proof in case (B). o(Mp) is closed and bounded (see subsection 2.1). Moreover
by Lemma 3.9 Mj is completely continuous and therefore (see subsection 2.16)
zero is the only accumulation point of o(M). It follows that o(Mp) contains
only a finite number of points A with R(A) > 1. Moreover, if we denote them by
A, 29,..., A0, then there exists a positive number r of the following properties:
if fori =1,2,...,s, d; is the open circular disk with center A and radius r, then
(a) A? is the only eigenvalue of My in the closed disk d;; (b) the d; are disjoint;
(c) for those 4 for which R(A?) > 1 the disk d; is contained in the open half plane
R(A) > 1; (d) for those 7 for which A is not real the disk d; does not intersect
the real axis; (e) for those A € o(Mp) for which R(A) < 1 we have R(\) < 1—r;
(f) 0 < r < 1. In our present case (B) we define

A=AM)={ RN 21-r}- ] d;. (5.11)
j=1
Then A is a closed subset of p(Mp). As in case (A) we conclude from this the

existence of a positive po such that (5.7) holds and for completely continuous
linear M satisfying (5.8) the inclusion (5.9) holds.
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To prove that (5.1) with small enough ¢ implies the assertion (5.2), we choose
our notation in such a way that A3, A3,...,A? are real and A%, |, A%, 5,..., A0 are
complex, 0 < r < s (r = 0 means that there are no real numbers among the A?,
and r = s that all of them are real; in any case s > 1 by assumption). Since My
is the complex extension of a completely continuous operator Ly: E — E, we see
from Lemma 4.9 and the corollary to Lemma 4.11 that if X is one of the complex
eigenvalues A2 ;,...,\§ ofMp, then so is A and vO(A) = v°(X), where 10())
denotes the generalized multiplicity of A as an eigenvalue of My. Consequently
by definition (4.2) of j(m)

§(mo) = (—1)20=1 70D, (5.12)

where it is understood that the sum stands for zero if r = 0. Suppose now that
M is the complex extension of a linear completely continuous operator L: £ — E
and that M satisfies (5.8). Then (5.9) is true and therefore by definition (5.11)
of A

sM)N{A RN 21-rycJdi=Udi+ U 4.
Jj=1 Jj=1 J=r+1
Now by property (d) of the radius r of the disks d;, these disks do not intersect
the real axis for j = r + 1,...,s. Thus the eigenvalues of M contained in these
disks are complex, and the argument used to establish (5.12) shows that

j(m) = (-1)2v™,

where the sum is extended over those eigenvalues A of M which lie in one of the
d; for y =1,2,...,r and where () denotes the generalized multiplicity of A as
an eigenvalue of M. Thus if )\{, )\g, ceey )\{j are those eigenvalues of M which lie
indj for j=1,2,...,r, then

§(m) = (—1)25=1 Lt V0D, (5.13)

Comparison of (5.12) with (5.13) shows that our assertion (5.2) will be proved

once it is shown that
T
vA) =>"v(N), j=12...,r (5.14)
1=1
We recall that here the multiplicity v at the left refers to My while the v’s at
the right refer to M.
Now by subsection 2.17 and (2.15)

v(A)) =dimPPZ,  j=1,2...,7, (5.15)

where )
P)=— Mo)d 5.16
0= i, (M) (5.16)
with the circle 9d; oriented in the counterclockwise sense. In the same way we
see that

V()\‘g) =dimp1_j, 1=1,2,...,1j, (5.17)
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where
1

Pl = _—
271 ad;i

1

(M) dp (5.18)

and where d{ is a circular disk with center )\{ and a radius so small that the

closures d, are disjoint and lie in d;.
The assertion (5.14) now reads

5
dmP{Z =) dimP{Z, j=12,..,r (5.19)
i=1
If we set i
Pl=_— '=1,2,... :
27Ti ij RM(M) d.u’7 J 1, 27 ) (5 20)

we see from the “Cauchy theorem” (2.4) that
Pi(Z2)=> PiZ (5.21)
=1

and from this equality together with Lemma 2.12 that P37 is the direct sum of
the spaces P{Z,P}Z,..., P,ij , and that therefore

dimP'Z = dim P} Z. (5.22)
=1

Thus the assertion (5.19) may be written as

dmP)Z=dimP’Z, j=12,...,r (5.23)
We will prove that if uo is as in (5.7), if €1 = (10/2) 7! (cf. (5.8)), if
— =2 oo o)-
e2=uy _min [P} 4 (5.24)
and if
Eo = min(€1/2, 52), (5.25)

then (5.1) implies (5.23) (and thus (5.2)). For the proof we need two lemmas; the
first is related to Lemma 5.3 while the second is due to J. Schwartz [50, p. 424].

5.5. LEMMA. Let ng(z) be as in Lemma 5.3, and let n be a linear bounded
map Z — Z satisfying
lIn = noll < (2[lng ). (5.26)

Then n~1 exists and satisfies
[n=t =ng |l < 2llng *|*[In — noll (5.27)
5.6. LEMMA. Let Qo and Q1 be projections Z — Z. Suppose that

1Q1 — Qoll < 311Qoll . (5.28)
Then the dimension &y of QoZ equals the dimension 6, of Q12.
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5.7. We postpone the proof of the two preceding lemmas and prove that (5.1)
implies (5.23). Let ng(z) = uz — Mp(2) and n(z) = uz — M(z). Then by (5.8)
and (5.7)

lIn(2) — no(2)]| = | M(2) = Mo(2)l| < 3(n0/2)~*

< 3IRL(Mo)| ™ = ZlImg 1172,

i.e., (5.26) is satisfied. Therefore by Lemma 5.5 the inequality (5.27) holds:

[Ru(M) ~ Ryu(Mo)|| < 2||Ru(Mo)|I*|M — Mo.
Thus by (5.1), (5.25) and (5.24)

IRu(M) = Ru(Mo)] < 2IRu(Mo)?5° _min |22,
and by (5.7)
IBu(M) — Ru(Mo)ll < }__min P9I, (5.29)

But by (5.20) and (5.16)

. 1
7 _ POl = —
1P7 = Pfl| = o

/ Ru(M) - RM(MO) du
od;

27
<gr [ IR - ROl do

Therefore by (5.29) (recalling that 0 < r < 1) we see that || P? —P?|| < 11
But by Lemma 5.6 this inequality implies the assertion (5.23).

It remains to prove Lemmas 5.5 and 5.6.

5.8. PROOF OF LEMMA 5.5. That the inequality (5.26) implies the exis-
tence of n~! follows from Lemma 5.3. Moreover it follows easily from the proof
for that lemma (see in particular (5.5) and (5.6)) that

n"Ing = (ngln)! Z(I ngtn)?
or -
n~l= Z(I ng n)in, 1
i=0
Thus
[o o]
n~! —ng! E(I ngn)ngt = (I —ng'n) Z(I —ngn)kngt.
7=1 k=0
Therefore

In=* = ng | < llng [l - 1 = ng ™l ZHI ng n|*

_ Ing il 11 = ng ] Ing *1%llno —nll
1= I =ng'nll = 1~ Ing™|l-[Ino — n]
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This inequality together with the assumption (5.26) proves the assertion

(5.27).
5.9. PROOF OF LEMMA 5.6. We will establish the inequalities
Qo — QoQull
<1, 5.30
Q1 - @1 Qol (550

and then show that they imply our lemma. Since Q3 = Qo we see that

Qo — QoQ1ll = [[Qo(Qo — @)l < l|Qoll - |Qo0 — Q1.

By assumption (5.28) this inequality implies the first of the two inequalities
(5.30). To prove the second one, we note that ||Qo|| > 1 since Qo is the identity
on its range QoZ. Using this and again the assumption (5.28), we see that

Q11 = 11Qo + Q1 — Qoll < [IQoll + 11Q1 — Qoll
< 1 Qoll + 1/(2(1Qoll) < I Qoll + (I Qoll /2.
Thus
Q1 < 2/|Qoll- (5.31)

Since Q? = @, we see that

Q1 — Q1Qo|l = |Q1(Q1 — Qo) < Q1] - |Q1 — Qoll-

But if follows from (5.31) and from (5.28) that here the right member is less
than 1. This proves the second of the equalities (5.30).

To derive the lemma from (5.30), we set Zp = QoZ, Z; = Q1Z, and denote
by (QoQ1)o the restriction of QoQ1 to Zg. Then (QoQ1)o maps Zy — Zy, while
Qo restricted to Zg is the identity on Zy. Therefore the first of the inequal-
ities (5.30) implies by Lemma 5.3 that (QoQ1)o has an inverse on Zy. Thus
Zp C range of(QoQ1)o C range of QoQ1 C range of Q1, and Zp C @12 = Z;.
Therefore §p = dim Zg < §; = dim Z;. In a similar way one derives from the
second of the inequalities (5.30) that 8, < . Thus §; = é as asserted.

5.10. We finished the proof that the equality (4.11) is necessary for the exis-
tence of the homotopy described in Theorem 4.7. We now turn to the sufficiency
proof. We recall that A = 1 is not an eigenvalue of the complex extension My
of Lo since mg = I — My is not singular. We consider first the special case
that Mp has no real eigenvalues > 1. In this case it follows from Lemma 4.12
and Definition 4.3 that j(mg) = j(lp) = 1 = j(I). Therefore in the special case
considered we have to prove

5.11. LEMMA. Let My satisfy the assumption of Theorem 4.7. In addition
1t 18 assumed that My has no real eigenvalues A > 1. Then there ezists a linear
L.-S. homotopy which connects mo with I and which satisfies (4.12).

PROOF. For t € [0,1] we set m(z,t) = z — (1 — t)Mp(z). That M(z,t) =
(1 — t)My(2) satisfies (4.12) is clear from Lemma 3.11. It remains to show
that m(2z) = m(z,t) is nonsingular for all t € [0,1]. For t = 0 and t = 1
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the nonsingularity is obvious since m(z,0) = mo(z) and m(z,1) = I. Suppose
then my,(2) to be singular for some to in the open interval (0,1). Then zy —
(1—t9)Mo(20) = 2o for some zp # 6, or M(2p) = Aozp with g = (1—¢t9)~1 > 1.
This contradicts our assumption that My has no real eigenvalues > 1.

5.12. We suppose now that My has real eigenvalues greater than 1. We
denote them by A; > Ay > -+ > A,. Let 09 = 00(Mp) be their union, and let
o1 = 01(Mp) be the complement of oq in o(Mp):

o(Mp) = oo Uoy. (5.32)

Let
Py = P,,, P, =P, (5.33)

be the projections defined in Lemma 2.11 (cf. also subsection 2.12), and let
Zo=PyZ, Z,=PZ. (5.34)
Then as will be shown in subsection 5.13
Z =12y + Z; (direct sum) (5.35)

with Zy being finite-dimensional. Corresponding to the decomposition (5.34) we
set

M = PoMy,  Mj = PiMp. (5.36)
We will show that
MY 0
M, = 0 5.37

(see subsection 5.15) and that op is the spectrum of M§ and oy the spectrum
of M} (see subsection 5.16). Thus M{ has no real eigenvalues > 1, and Lemma
5.11 may be applied to m{ = I, — M}, where I; denotes the identity map on Z;.
Discussion of the “finite-dimensional” part M§ of Mp will begin in subsection
5.20.

5.13. PROOF OF (5.35). Let Vp and V; be open sets in the A-plane con-
taining o¢ and o, resp. with V and V; disjoint. Let I'g = 8V and I'; = 9Vj,
where I'g and I'; are supposed to be rectifiable Jordan curves oriented in the
counterclockwise sense. Then by subsections 2.11 and 2.12, by (5.33) and by
Lemma 2.9

1
[=Py+P = / R.(Mo)du, To+Ti. (5.38)
2me r
This shows that every z € Z can be represented by
z2=120+ 21, 20 € Zy, 21 € Z;. (5.39)

The uniqueness of this representation follows from (2.12).
To establish (5.37) we prove the following lemma.
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5.14. LEMMA.

1
M = g [ #Ru(Mo) du = MoP, (5.40)
1
Mg = 2 uR,(Mo) du = Mo Py, (5.41)
™ r:
where M§ and M} are the operators defined in (5.36). Moreover, for z € Z,
Mo(2) = M2(20) + M3 (2), (5.42)
Mg(zl) = 0, M& (20) = 0, (5.43)
with 29,21 as in (5.39).
PROOF. Let 1t v
— or 4 € Vo,
f(w) {0 for ueVy,
where Vy and V; are as in subsection 5.13. Then by (2.10) and (5.33)
Po= gz [ RlMo)du= o [ SR i
and from (5.32) and Lemma 2.9 we see that
1
My =— R, (M) du.
prel) M u(Mo) du
Therefore from (2.8) with g(u) = w on Vo UV,
1 1
PoMy = MoPo = — f(W)uRL(Mo) dp = ——/ 1R, (M) dp. (5.44)
2mi Jrour, 271 Jr,

By definition (5.36) this equality proves (5.40). Assertion (5.41) is proved cor-
respondingly.
To prove (5.42) we note that by (5.39) and (5.34)

Moy(2) = Mo(20 + 21) = Mo(20) + Mo(21)
= Mo(Po2) + Mo(Plz) = My Po(z0) + MoP1(21)-
By (5.40) and (5.41) this proves (5.42). Finally by (5.36), (5.44), and (2.12)
Mg(zl) = PQMQ(Z]_) = M0P0(21) = MQPQP]_(Z) =

This proves the first of the relations (5.43). The second one follows similarly.
5.15. PROOF OF (5.37). Since PoMp = MyPy by (5.44) and since Py My =
MyP; is established the same way,

P(]MQ(Z) M()PQ(Z)
My(z) = = .
o(2) (PlMo(z) MoPy(2)
Therefore by the direct decomposition (5.39)

_ [ MoPy(20) MoPo(21)
e = (Yoo Jomied ).
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This relation proves (5.37) as we see from (5.40), (5.41), and (5.43).

5.16. Proof that oy 13 the spectrum of M{ and o, is the spectrum of M. It
follows from (5.42) and (5.43) that, restricted to Zo, Mo = M, and, restricted
to Z1, Mo = M}. Our assertion now follows from subsection 2.13.

This finishes the proof of the assertions contained in subsection 5.12. We next
prove

5.17. LEMMA. (i) Zp and Z; are invariant under conjugation (see Definition
3.10); (ii) Zo s finite dimensional.

PROOF. (i) Let A;, 7 = 1,2,...,s, be as in subsection 5.12. Let d; be a
circular disk with center A; of radius so small that the closures d; are disjoint
and lie in Vp (cf. subsection 5.13). Let the boundary dd; of d; be oriented in the
counterclockwise sense, and let

1 .
Q= 3 /‘;dj R, (M) du, 7=12,...,s. (5.45)

Since the A; are the only eigenvalues of My in Vp, it follows from the Cauchy
theorem 2.7 and from 5.12 that

-]
Po=) Q; (5.46)
J=1
and .
Zo=PZ=>) Q;Z. (5.47)
7j=1

Since each A; is a spectral set for My, each @, is a projection by Lemma 2.11,
and by the Corollary 4.11 to Lemma 4.10 each of the spaces Q;Z is invariant
under conjugation since A; is real. Thus we see from (5.47) that Z is invariant
under conjugation. Since Z also is invariant under conjugation, being the com-
plexification of a real Banach space E, it now follows that Z; also is invariant
under conjugation.

(i) By Lemma 2.12 Q;Q, = 0 for 7 # j. It follows that the decomposition
(5.47) is direct. Therefore

dim Zo = Zs:dlmQJZ()
J=1
But by 2.17 the dimension of Q,Zp is the finite number v(A;). Thus
dim Zy = i v(Aj). (5.48)
=1
5.18. Let Iy and I; be the identityjmaps on Zy and Z; resp., and let, as
always, I denote the identity map on Z. Then

0
T mg 0
mop = I Mo ( 0 m(l,) y (5.49)
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where
md=1Ih— M), m}=I—M}. (5.50)

This is an immediate consequence of (5.37).

5.19. LEMMA. There ezists an L.-S. homotopy m}(z1,t) = z1 — M@ (21,1),
21 € Z1, t € 0,1], connecting m} with I and satisfying

M(}(Es t)= M(%(za t).

PROOF. The lemma will be proved once it is shown that M{ satisfies the
assumption made in Theorem 5.11 for My. That is, we have to verify: (i) Z; is
the complexification of a real Banach space Ey; (ii)ym} = I — M} and I; are
the complex extensions of linear nonsingular L.-S. maps on Ej; (iii) MY has no
real eigenvalues > 1. Now (i) follows from the fact that Z; is invariant under
conjugation (Lemma 5.17). The assertion of (ii), that I; is the complex extension
of the identity on Ej, is obvious. To prove that M} is the complex extension of
a linear continuous map L} on Ej, it is by Lemma 3.11 sufficient to prove the
relation

M} (z) = Mi(2), zZ € Zy. (5.51)
But this relation follows from the fact that M} (z) = My(z) for z € Z;, by (5.41)

and that My(Z) = Mp(z) since My is by assumption the extension of a linear
continuous map on E. That L} is completely continuous follows from Lemma
3.9 since M} (2z) = My(z) is completely continuous by assumption. Finally, that
1§ = I — L} is nonsingular follows also from Lemma 3.9 since otherwise, by that
lemma, m} and therefore mp would be singular. Finally that assertion (iii) is
true was already noticed in the lines directly following (5.37).

5.20. Our next goal is to prove that mg = I — My is L.-S. homotopic (with
a homotopy satisfying (4.12)) to either I or to a map of type I~ (see Definition
4.4). It follows from subsection 5.19 and (5.49) that mg is L.-S. homotopic (with
the condition (4.12)) to

0
o= 0 0 ,  mdy=Iy— M. (5.52)
0 I

It will therefore be sufficient to prove the corresponding assertion for the map
mJ which maps the finite-dimensional space Zg onto Zj (cf. Lemma 5.17). Our
first step in this direction will be to prove

5.21. LEMMA. There erists a real base by, ba,...,bn of Zy such that
md(b;) = —b;,  j=12,...,N, (5.53)
where N s the dimension of Zg (cf. (5.48)).

PROOF. As shown in the proof of part (ii) of Lemma 5.17 the decomposition
of Zy given by (5.47) is direct. Therefore a basis for Z; is obtained by putting
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together the bases for each of the spaces Q;Zp, 7 = 1,2,...,s. But by subsection
2.17 and by assertion (iii) of Corollary 4.11

dim Q;Z = v()j) = u(Ay)- (5.54)

Now let Ag be one of the A;, and let Qo be the corresponding Q;. QoZo is
invariant under conjugation (see Corollary 4.11). It follows that Q¢Zp is the
complexification of a real Banach space Ey of the same dimension, and every
base of Ey is a real base of Zj (cf. Lemma 3.12). Therefore if Ly is the linear map
Ey — Ej of which the map M (restricted to QoZp) is the complex extension,
it will for the proof of our lemma be sufficient to show that there exists a base
b1,...,bn, of Eg such that

lo(bs) = —b;, J=12,..., Ny, (5.55)
where
lo(z) = z — Lo(z), z € Ey. (5.56)
Let ny be the “index of nilpotency” of the map QoZp — QoZp given by
Ixo = Aolo — Lo, (5.57)

i.e., the smallest positive integer n for which (4.5) holds for all z € Q9Zy. Then
by a well-known theorem of linear algebra (see, e.g., (26, p. 111]) there exist
integers r,n2,ng,...,n, and elements 31, B2,...,3, such that ny > ngy > ... >
n, and such that the elements

-1 -1 -1
,Blal/\oﬂlv"'yl?; Bl,""ﬁml)\oﬂps“'yl;lg ﬁp"--aﬂr,l/\oﬂ‘ra""l;; ﬁ'r

(5.58)
form a base for Ey, while
Babr=026=-=16 =0. (5.59)
Thus Ejy is the direct sum of spaces Eo, with bases
By =DBp By =1roBl.... B =127 B,. (5.60)
We then see from (5.58) that
boBy =B B2 =03, 1Byt =B, (5.61)
while by (5.59)
lf\‘gﬂ; =4. (5.62)

But from (5.56) and (5.57)
lo= (1= 2X0)lo+Ix,,
and therefore from (5.61), (5.62),
0By = (1= 20)B, + B3, -+, 1By = (1= do) By + By,
lo? = (1~ X)), (5.63)
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We now define for z € Ep, and ¢ € (0, 1] a homotopy I, = {(z,t) by setting

LBy =[(1~-Xo)(1 - t) + (-1)t]B; + (1 - 1)B3,

S - i (5.64)
1B =[(1=Ao)(1—t) + (-1)t]Bp" " + (1 - )Bp",
leBp” = [(1 = Xo)(1 —t) + (1)t} 35"
Obviously (5.63) and (5.64) agree for t = 0, while for ¢ = 1 by (5.64)
WA =-p, j=12,...,n, (5.65)

Recalling that Ao > 1 we see that [(1 — Ag)(1 — t) + (—1)t] is the linear convex
combination of the points —1 and 1 — A\g < 0, and therefore does not contain the
point 0. This shows that [ is not singular for all ¢ € [0,1]. Thus lp and l; are
homotopic and (5.65) proves our lemma

5.22. We will now prove the assertion stated in subsection 5.20 as our “next
goal.” By subsection 5.20 and Lemma 5.21 this assertion obviously follows from
the following lemma.

5.23. LEMMA. Let Zy be a complex Banach space of finite dimension N
which is the complezification of a real Banach space Eg. Let mQ be a nonsingular
linear map Zy — Zy. Suppose there exists a real base by, bg,...,bn tn Zy for
which (5.54) holds. Then m3 1s L.-S. homotopic if (4.12) holds to the identity I
if N is even and to a map of type I~ 1f N is odd.

PROOF. If N is even, we set N = 2p and define m{(z,t) for t € [0, 1] and for
1=12,...,pby

mQ(bgi—1,t) = bg;—1 cos(1l — t)m — by; sin(1 ~ t)m,

) , (5.66)
mg(bai, t) = bo;—1 sin(1 — ¢)m + bg; cos(1 — t)m.

Then md(z,0) = m3(z) by (5.54), while mJ(z,1) sends b, into b; for j =
1,2,...,N, ie, md(z1) is the identity map. Moreover m{(z,t) is not singu-
lar, the determinant of (5.66) being 1.

If N is odd, we change our notation by denoting the given base of Zy by
bo, b1, ...,bn. We then set mQ(bo,t) = —bo, while m§(b;,t) for j = 1,2,...,N =
2p is given by (5.66). We thus obtain a nonsingular homotopy m$(z, t) connecting
the map m§(z) given by m3(b;) = —b; for 5 =0, 1,..., N with the map given by
mQ(bo, 1) = by, m(b;,1) = b;, j =1,2,..., N. The latter map is by definition
of the I~ type.

5.23. We thus proved the assertion of subsection 5.20. It is clear that the
identity map I on Z is not homotopic to a map m of type I~ since for such m
the equality j(m) = 7(I) would hold (see 5.10). But by (4.21) and Lemma 4.5
this leads to the contradiction +1 = —1. Thus to finish the proof of Theorem
4.7 it remains to prove that two maps of the I~ type are L.-S. homotopic.
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5.24. LEMMA. Let mgo(2) = z — Mp(z) and M1(z) = z — My(2) be linear
L.-S. maps Z — Z of type I~ which are complez extensions of the real maps ly
and ly resp. Then there exists an L.-S. homotopy m(z,t) = z—M(z,t) connecting
mo with my and satisfying the condition (4.12).

PROOF. Again let E denote the real Banach space of which Z is the com-
plexification. ly and /; are then L.-S. linear maps E — E of type I™. It is easily
seen that it will be sufficient to show that lp and [, are L.-S. homotopic.

By Definition 4.4 there exists for ¢ = 0, 1 a direct decomposition E = E} + E3,
where E? is a one-dimensional subspace, and there exists a corresponding unique
representation for ¢ € £

T =zi+13, ¢ € Et, «b € E},
such that
lo(z) = —29 + 23 = z — 229, li(z) = = — 2z}, (5.67)
Now let € and e! be unit elements in E9 and E7 resp.:
€%l = lle*]| = 1. (5.68)
Then by (5.67)
lo(e%) = —€°, li(e') = —€l,

lO(m) =T — 2a($)eo, ll(.’l?) - — 2ﬂ($)€1, (569)

where a and [ are real-valued continuous functionals on E satisfying
o(e?) = Be!) = 1. (5.70)

For the proof that the maps (5.69) are L.-S. homotopic, we distinguish three
cases:

(A) e =e';

(B) €% = —e;

(C) €° and €! are linearly independent.

Case (A). We set

v(z) = (1 - t)a(z) + tB(z), t€[0,1], (5.71)
and
li(z) =  — 27;(z)€. (5.72)

It is clear that for t = 0 and ¢ = 1 this definition agrees with the one given by
(5.69). It remains to verify that l; is nonsingular for each t € [0, 1]. If this were
not true, then lz(Z) = 6 for some t € [0,1] and Z € E different from 0, i.e., by
(5.72), T = aeP for some real a # 0. Since [; is linear, we see that l;(e?) = 6, and
therefore from (5.72) that €9(1 — 2v;(e%)) = 0. Thus

2v(e%) = 1. (5.72a)

But since e® = ¢! by assumption, we see from (5.70) and (5.71) that y;(e°) =
(1 -7?)a(e®) +B(e!) = 1 in contradiction to (5.72a).
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Case (B). This case reduces to case (A) since, by (5.69), l1(z) = z — 28(z)e°
with (z) = B(~z), and since B(e?) = B(—€°) = B(e!) = 1.

Case (C). Let E; be the two-dimensional subspace of E spanned by ¢ and
el, and let E3 be a complementary subspace to E; such that every = € E has
the unique representation

T =2+ 3, o € Es, z3 € E3. (5.73)
Now let 7; be the rotation in Fy determined by
71(€°) = €° cos(tm/2) + el sin(tm/2),

i 0<t<l. (5.74)
7i(e!) = —esin(tr/2) + €' cos(tn/2).
We note that
71(e%) = €. (5.75)
We extend 7; to a map 7; on E by setting, for z € E and ¢t € [0, 1],
ri(z) = = — Py(z) + 7:(P2(z)), (5.76)

where P, is the projection z = z3 + 3 — z2 (cf. (5.73)). This is indeed an
extension of 7; since z = P,(z) for z € E;. (5.76) is obviously an L.-S. map. To
show that it is nonsingular we will prove that r; ! exists: let y = r4(x). Since
P} = P; and since r;(P,(z)) € E2, we see from (5.76) that Py(y) = 7:(Ps(z)),
and since 7; obviously has an inverse, it follows that

Py(z) = #; 1 (Pa(v))- (5.77)

On the other hand, if P; is the projection z = z + 23 — z3, we see from (5.76)
that P3(z) = Ps(y). Thus by (5.77) z = Py(z) + P3(z) = #; }(P2(y)) + Ps(v)
which shows that the inverse r; ! exists. We therefore may define for z € E and
te0,1]

I(z,t) = = — 2a(r; (z))r:(e°) (5.78)
with o as in (5.69). Then
l(zs 0) = lO(x)a (579)
since 7o is the identity map. Moreover by (5.75)
lz,1) = z — 2a(r;}(z))e! = = — 204 ()€, (5.80)
where
a1(z) = a(r7*(2))- (5.81)

To show that lp(z) and I(z,1) are L.-S. homotopic we have, because of (5.80),
only to show that (z,t) is not singular. If this were not true, then by (5.78)

z = 20(r; 1 (z))rs (%) (5.82)

for some = € E with = # 6 and some t € [0,1]. Thus £ = ar;(e®) with a #
0. Substitution in (5.82) and cancelling a shows that 1 = 2a(r; 'ri(eg)) =
2a(e%) which contradicts (5.70). Now we want to prove that lp and [y (see (5.69)
and (5.70)) are L.-S. homotopic. Since we just proved that lo and [(-,1) are
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L.-S. homotopic, it remains to show that {; and {(-,1) are L.-S. homotopic. But
comparing (5.80) with the definition (5.69) of I; we see that we are in case (A)
provided that
ai(et) = 1. (5.83)
Now by (5.81), (5.75) and (5.70), a3 (e!) = a(ry1(e!)) = a(Fi (e!)) = a(ef) = 1.
This finishes the proof of the linear homotopy theorem.

§6. Two multiplication theorems for the indices

6.1. THEOREM. Let E be a real Banach space, and ly and l; be two nonsin-
gular L.-S. maps E — E. Then

J(ol1) = j(lo) - 5(1a)- (6.1)
PROOF. Let I be the identity map on F and let |~ be a fixed L.-S. map of
type I~ on E. Then by Lemma 4.5

J(I) = +1, Jj(7)=-1. (6.2)
By the linear homotopy theorem each of the maps ly and /; is L.-S. homotopic
to exactly one of the maps I and /~. Denoting L.-S. homotopy by the symbol
“~" there are four cases:
(i) lo~1, i~ 1
(ll) lop~1, Iy ~1—;

[i) lo~li=, ly~T; (6:3)
(iv) lo~1, Iy ~1.
Then
loly ~I-I=1 in case (i),
loly ~I-17 =1 in case (ii),
loly ~I"I'=1" in case (iii),
loly ~1717 =1 in case (iv).
By Theorem 4.6 and by (8.2) this implies
j(loll) =+1 in case (i),
J(lol) = =1 in case (ii), (6.4)

J(loly) = =1 in case (iii),
J(loly) =41 in case (iv).
On the other hand we see from (6.3), from Theorem 4.6 and from (6.2) that
i) =1, Jj(l1) =1  in case (i),
.7(10) =1, ](ll) = -1 incase (ll),
7o) = -1, J(l1) =41 in case (iii),
7o) = -1, J(l1) = -1 1in case (iv).
Comparison of (6.4) with (6.5) makes the assertion (6.1) evident.

(6.5)
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6.2. THEOREM. Letl be a nonsingular L.-S. map E — E. Let E = E; + E,
such that every h € E has the unique representation

h = hy + ha, h, € Ey, hy € Ej. (66)
Let l; and ly be the restrictions of | to E1 and E3 resp., and suppose that
l1(h1) 0
I(h) = . 6.7
*) ( 0 lz(h2)> ¢
Then
J(0) =3(l1) - 5 (l2). (6.8)

PROOF. It is clear that /; and l5 are linear nonsingular L.-S. maps E; — E
and E — E; resp. Thus the right member of (6.8) is defined. Now let

(u o0 (L o
m1—<0 I2), m2——(0 12>, (69)

where I; and I, are the identity maps on F; and E; resp. Then | = myms.
Therefore, by Theorem 6.1, j(I) = j(m;) - j(m2). It remains to verify that

jl) =3(m1),  j(l2) = j(m2). (6.10)

By Definition 4.3 of the index 7, it will for the proof of the first of these equalities
be sufficient to show:

(i) a real number A # 0 is an eigenvalue of My = I —m, if and only if A is an
eigenvalue of Ly = I; — ly;

(ii) for such an eigenvalue A # 0

Hi; () = pmy (A), (6.11)
where yy, (A) and gy, (A) denote the generalized multiplicity of A as an eigenvalue
of L; and M; resp. (see Definition 4.2).

Proof of (i). Let A # 0 be an eigenvalue of My = I — m;. Then there exists
an h # 0 such that (I — my)h = Ah or by (6.9) and (6.6) such that

Lihy = Ahy (6.12)

and Ohg = Ahs. This implies he = 6 since A # 0. Thus h = hy, and (6.12) shows .
that ) is an eigenvalue of L;. The converse follows even more easily.

Proof of (ii). Let A # 0 be an eigenvalue of L; and therefore, by (i), an
eigenvalue of My = I — m;. By (6.9)

A = M, = (/\Il—Ll 0 )

0 Al

and for any positive integer n

(M - My)" = (Wl . Afh) '
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From this, from (6.6) and from X # 0 it follows that for h € E, (A — M;)"h =6
if and only if (A[; — L1)"h; = 6 and hy = 6. This implies (6.11) by Definition
4.2, and therefore, by Definition 4.3, proves the first of our assertions (6.10).
The second one is proved correspondingly.

6.3. COROLLARY TO THEOREM 6.2. Let E, Ey, Eg, h, hy, hy be as in The-
orem 6.2, and for 1 = 1,2 let w; be the projection h = h; + ho — h;. Let m be
a nonsingular L.-S. map E — E. Let m; denote the restriction of mym to E,
and let mg denote the restriction of mom to E5. We assume

mom(E;) = 0. (6.13)
Then
J(m) = j(m) - 5(my). (6.14)
PROOF. Let miz(h2) = mym(hz). Then
_ m (h ) m 2(h2)
m(h) = ( 1 mlz(hz) ) , (6.15)

We note first that m is nonsingular, for otherwise mg(hg) = 0 for some hg # 6.
Then m(h) = 0 for h = ho since then hy = 0 and mj2(hg) = mym(h2) = 6. This
contradicts the assumed nonsingularity of m. Similarly one sees that my is not
singular.

Now let for ¢t € [0, 1]

mt(h) = ("“g’“) tzzz;’?) . (6.16)

We prove that for each ¢ this map is not singular by showing that for arbitrary
k € E the equation
mt(h) =k (6.17)
has a solution. Now if k = k; + ko with k; € E;, then by (6.16) the equation
(6.17) is equivalent to
ml(hl) + tm12(h2) =k, m(hz) = ks.

Since m; and mg are nonsingular, this system obviously has a solution. We thus
see from (6.16) and (6.15) that m = m! is L.-S. homotopic to the map

[ ma(ha) 6
]

Consequently by Theorem 4.6, j(m) = 7(mP). But j(m®) = 7(m;) - j(m2) by
Theorem 6.2. This proves the assertion (6.14).



APPENDIX B

Proof of the Sard-Smale Theorem 4.4 of Chapter 2

1. THE THEOREM OF SARD. Let R™ and R™ be real Euclidean spaces
of finite dimension n and m resp. Let U be an open subset of R™, and let
feCr(U): U — R™, where r is a positive integer satisfying

r > max(0,n — m). (1)

Then the set of critical values of f (see Definition 17 in Chapter 1) s of Lebesgue
measure 0.

For a proof of and further literature on Sard’s theorem we refer the reader to
1, §15).

2. COROLLARY TO SARD’S THEOREM. Let E™ and E™ be (real) Banach
spaces of finite dimension n and m resp. Let (1 be a bounded open set in E™ and
f€CT(Q) (cf. §1.16) where r is a positive integer satisfying (1). Then the set of
points in E™ which are regular values for f (see §1.17) is dense in E™.

This is an obvious consequence of Theorem 1 since on the one hand a subset
of R™ of measure 0 contains no open set and therefore its complement contains
a point in every open subset of R™ and is thus dense in R™, while on the other
hand every finite-dimensional Banach space is linearly isomorphic to a Euclidean
space of the same dimension (see, e.g., [18, p. 245]).

3. The proof given below for the Sard-Smale theorem is an adaptation to the
simpler Banach space case of the proof given in [1, §16] for Smale’s generalization
of Sard’s theorem to certain Banach manifolds. Using the preceding corollary
we will prove a “local version” of the Sard-Smale theorem in Lemma 4 for maps
of a very special form. The lemma in §5 will allow us to show that the local
theorem holds also for the more general maps treated in §6. The latter result
implies the Sard-Smale theorem as shown in §7.

4. LEMMA. LetIl;, K, and K* be Banach spaces, where K 1s finite dimen-
stonal and where
dim K* = dim K — p, (2)

231
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with p being a positive integer. Let II and ¥ be the Banach spaces defined as the
direct products

I=1,+K, T =I,+K* (3)
(cf. §81.3). Let V be a bounded open subset of II. Let 1) be a C®-map V — &
where s 18 an integer satisfying

s>p+1. (4)
We suppose moreover that the map ¢: V — W = (V) 13 of the special form
Y(¢) = ¢ + x(¢), (5)
where
s=¢+q, el pek, (6)

and where the map x: V — K* 1s completely continuous.
Now if ¢© is a point of V, then there exists an open neighborhood Vo of ¢°
such that
VocVocCV (7)
and such that the set R(1,) of those points of & which are reqular values for the
restriction 1y of 1 to Vo is dense and open.

PROOF. Let ¢® = ¢) +k° ¢ € II;, k° € K. Since ¢° is an element of
the open set V, there obviously exist positive numbers ¢; and €5 such that the
“rectangular” neighborhood Vp = Vi X V; satisfies (7) if

Vi={a €| lla-ll<er}, Ve={keK|[k-k<e}. (8

We will show first that the set R(1o) of regular values for the restriction g of 9
to Vp is dense in X. For this purpose we consider an arbitrary point & = ¢; + k"
in ¥ where ¢; € II; and % € K*. We have to show that every neighborhood N
of @ contains a point which is a regular value for 1)9. Now this is obvious if the
equation

Yol() =7 =3, +k 9)
has no solution in Vj since then, by definition, 7 is a regular value of ¥y. Suppose
now (9) has a solution & +k, & € Vi, k € Vo. Then by (5) and (9), & = ¢, and

X@ +k) =F" (10)
Now for ¢, € V; we define a map xz, : V2 C K into K* by setting
Xz, (k) = x(S1 + k). (11)

From (2) and (4) we see that this map satisfies the assumption of the Corollary
2 (with E™ = K*, E™ = K). Therefore by that corollary every neighborhood
Ny C K* of k&~ contains a regular value k* for Xz, We will show that for such
k* the point 0 = ¢, + k* € L is a regular value for 1g. This will obviously prove
our assertion that every neighborhood N of @ =¢; + %" contains a regular value
for ¥o. Now if the equation

Xz, (k) =k~ (12)
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has no solution k C V3, then the equation

Yo(¢) =1 + & (13)

has no solution ¢ € Vj as is seen from (5) and (11). Thus in this case §; + k* is
a regular value for .

Suppose now (12) has a solution k € V5. Then since k* is a regular value for
Xz, the differential Dx¢, (k;&), « € K, is nonsingular. On the other hand, ¢ =
¢y +k is the corresponding solution of (13), and with h = A4k, A €Il;, k € K,
we see from (5) that

Drolsih) = <Dx(/\s‘; D DxG n)) | .

But Dx(s; k) = Dxg, (k; k) by (11). This shows that the differential (14) is not
singular and therefore that ¢, + k* is a regular value for g for every solution
¢ €Vy x Vs of (13).

This finishes the proof that R(vo) is dense in . Now let Uy be a rectangular
neighborhood of ¢® whose closure Uy is a subset of V. As follows directly from
the definition of “regular value,” the relation Uy C V; implies that the set of
regular values for the restriction ¥, of % to Up contains the set R(1)p) and is
therefore dense in ¥. In other words, changing our notation, we can choose the
rectangular neighborhood Vj of ¢ satisfying (7) in such a way that R(v,) is
dense in X.

To prove our lemma it remains to show that R(¢,) is open or, what is the
same, that its complement, the set S(3) of singular values for 9, is closed. Now
it follows directly from the definition of “singular value” that S(ty) = ¥o(S1) if
S; denotes the set of singular points of ¥ in V. But to prove that S; is closed,
it will be sufficient to show that S; is closed as follows from the special form
(5) of 9 (cf. the proof of part (ii) of §1.10). The proof that S; is closed is quite
similar to the proof of part (ii) of Lemma 19 in Chapter 1: let ¢!,¢?,... be a
convergent sequence of points in S;. We have to prove that

¢ = lim g‘i € 5.
11— 00
Since ¢* € 8; C V and since V is a closed set, we see that
ceVocCV.

Now if ¢ ¢ S; the differential D%(S; h) would not be singular, i.e., ¢ C V would
be a regular point for 1. But then, by the continuity of the differential and by
Lemma 5.3 of Appendix A, all points of some neighborhood of ¢ would be regular
points for . This contradicts the fact that every neighborhood of ¢ contains
infinitely many of the singular points ¢*.

5. LEMMA. Let IT be a Banach space, let E be a subspace of I of finite
codimension p, let Z be an open bounded subset of I, and let ¢ = @(z) be an
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L.-S. map Z — E. We suppose that ¢ € C*(Z) for some integer s > 1. Let 2
be a point of Z and
lo(n) = D¢(z0; 7). (15)
Moreover, let K denote the kernel of lg, i.e., K = {n € I1 | lo(n) = 0}. Then the
following assertions (i) and (ii) are made:
(i) K 1is finite dimensional, and there exists a subspace II; of II such that
I=1,+K. (16)

Moreover if R C E 1s the range of ly, then there ezists a finite-dimensional
subspace K* of E with the properties:

(a) E = R+K*; (b) dimK* =dimK —p. (17)
Thus every y € E has the unique representation
y=r+k*=m1(y) + m2(y), re€R, k* € K*, (18)

where w1 and mwo are the projections y — r and y — k* resp.
(i) Let X be the direct sum of II; and K* (see part (ii) of §1.3):

Y =I+K* (19)
such that each point o € £ has the unique representation
0 =01 403 =7r(0) + 73 (0), o1 €Iy, 03 € K*, (20)

where T¥ and 75 are the projections o — o1 and 0 — oo resp. It is asserted:
there erists a linear L.-S. 1somorphism h of E onto £ and an L.-S. C? isomor-
phism hy of some neighborhood U C Z C 11 of zy onto some neighborhood V C I1
of h1(z0) such that the map

v(s) = hé(h1'()), <€V, (21)
18 of the form (5) where ¢,¢1,¢2 and x are as described in the lines following (5).

PROOF. (i) That K is finite dimensional follows from Lemmas 12 and 18 in
Chapter 1, and the existence of a II; satisfying (16) follows from Lemma 4 in
Chapter 1. Since ¢ is an L.-S. map whose domain is the subset Z of IT and whose
range lies in the subspace E of II, it may also be considered as an L.-S. map
Z — T1. Therefore, by Lemma 12 of Chapter 1 there exists a finite-dimensional
subspace K7 of II such that

I = R+Kj. (22)
Now ENR = R since R C E. Therefore intersecting both members of (22)
with E we see that the finite-dimensional space K* = E N K7 satisfies (17a).
Since p is the codimension of E in II, comparison of (22) with (17a) shows that
dim K* = dim K} — p. But by §1.12, dim K} = dim K. This proves (17b).

Proof of (ii). We note first that the restriction of /o to II; maps II; onto R.
Indeed, if r is a given element of R, there exists by definition of R a z € II such
that lo(z) = r. But by (16)

z=1z+k, z €y, ke K. (23)



PROOF OF THE SARD-SMALE THEOREM 4.4 OF CHAPTER 2 235

Since lp(k) = 0 by definition of K, we see that lg(z;) = r. Thus lp as a map
II; — R is a nonsingular L.-S. map II; onto R. It follows from the argument
given for the proof of part (v) of §1.12 that this map has an inverse m: R — II,
which is a nonsingular L.-S. map. Now every y € E has the decomposition (18).
If for r = m1(y), k* = m2(y) we define

h{y) = m(r) + k*, (24)

we obtain a map of E onto the space I defined by (19). Since m(r) is linear and
L.-S. and since K* is finite dimensional, it follows that h is a linear nonsingular
L.-S. map.
Using the decomposition (16) we set for 2 =23 +k€ 2,z €I}, k€ K,
hi(z) = mm1¢(2) + k. (25)
Since ¢(z) € E, it follows from (18) that w1¢(2) € R. Therefore the first term of
the right member of (25) is an element of II;, and hq(2) € I by (16). Moreover
since ¢ and m are L.-S. mappings and since K is finite dimensional, we see from
(25) that hy is an L.-S. map.

We prove next that h; maps some open neighborhood U of 2y onto some open
neighborhood V' of h;(2) and that hl"l € C*(V). For this purpose it will by
the inversion theorem in §1.21 be sufficient to show that the differential of h; at
2p is the identity map on II, i.e., that

Dhy(z0;m) = 1 (26)
for all
n=m+k€ell, mell, ke K (27)
(cf. (16)). Now since m and m; are linear, we see from (25) that
Dhy(z;m) = mmDé(2;m) + & (28)

for all z € Z. But for z = 2y we see from (15) and from (27) that D¢(2o;n) =
lo(n) = lo(n1) since k € K and, therefore, lo(k) = 6. Since R is the range of lp, we
see from (18) that w1 Dé(z0,7n) = m1lo(n1) = lo(n1). But lg(n1) is the restriction
of lp to TI; and, by definition, m is its inverse. Therefore mm; Dd(29;n) =
mlo(n1) = n1. Thus by (28) Dh1(29;n) = n1 + &, which by (27) proves (26).
Then let U and V be sets of the properties stated above. We set .
¢ = ha(2). (29)
If 2 varies over U, then ¢ varies over V. Since ¢ € Il we may write ¢ = ¢; + ¢,
¢1 €04, ¢ € K (cf. (16)). Then by (25) and (20)
1= mW1¢(Z) e, ¢@=keK. (30)

Now if
¥(s) =hohi'(), €V, (31)
then with z = h71(¢) by (24), (18) and (30)

¥(¢) = ho(2) = mm19(2) + m2(2) = ¢1 + madhT(5).
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With x(¢) = meéh7!(¢) this equality shows that 1 is of the asserted form (5).
Obviously x(¢) is bounded and lies in K*. Since K* is finite dimensional, we see
that  is completely continuous. Thus assertion (ii) of Lemma 4 is proved.

6. LEMMA. With the notation used in Lemma 5 we suppose that the as-
sumptions of that lemma are satisfied. In addition we strengthen the assumption
that ¢ € C*(Z) with s > 1 by requiring that

s>p+1. (32)

It is asserted that corresponding to each point zg € Z there exists an open set
Uy which in addition to satisfying

e€lpcUpcC?Z (33)

has the following property: if ¢y is the restriction of ¢ to Up, then the set R(d,)
of points in E which are regular values for ¢, is dense and open.

PROOF. It follows from Lemma 5 together with the assumption (32) that all
assumptions of Lemma 4 are satisfied. Consequently, the point

¢® = hi(z0) €T (34)

has an open neighborhood V4 with the properties asserted in that lemma. We
claim that then the set
Up = h71(Vo) (35)

has the properties asserted in the present lemma. In the first place Uy is open
and Up = h7* (V) as follows from Theorem 2.3 in Chapter 5. Next the following
two assertions hold:

(a) for yo € E the equation ¢(z) = yo has a solution z € Uy if and only if for
o0 = h(yo) € ¥ the equation (¢) = o has a solution ¢ € Vy;

(b) for 2z € Uy the differential D¢(2o;-) is not singular if and only if the
differential Di(h1(20);-) is not singular.

(a) follows directly from the relation (21) between ¢ and ¢ and the properties
of h and h;. '

(b) holds for the same reasons in conjunction with the chain rule. But (a)
and (b) together imply that R(¢y) = h~1R(¢;).

Now R(3,) is dense and open by Lemma 4. Therefore h~* R(1),) is dense and
open since h~! is a linear one-to-one L.-S. map ¥ onto E.

7. Proof of the Sard-Smale theorem 4.4 of Chapter 2. Let yp be an arbitrary
point of E. We have to prove that every neighborhood (in E) of yp contains a
regular value for ¢. Now if the equation

é(2) = yo, Yo € E—¢(02), (36)

has no solution, then, by definition, yg is a regular value for ¢ and every neigh-
borhood of yo contains a regular value, e.g., yo.

Suppose now that the set Cp of roots of (36) is not empty. Cp is compact by
Lemma 10 in Chapter 1, and every zp has a neighborhood Uy of the property
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asserted in Lemma 6. As zg varies over Cp, these neighborhoods form an open
covering of this compact set. Consequently there exists a finite subcovering, say,
U3, U8E,...,U§ such that (cf. (33)) fori =1,2,...,q

q
UscUycz; CocU=) Ui (37)

i=1
If ¢, is the restriction of ¢ to U}, then by Lemma 6 the set R(¢;) of regular

values for ¢, is dense and open in E. Consequently by Baire’s density theorem
(see e.g. [2; p. 108, Theorem V’]) the set

q
A=[)R(%) (38)
=1

is dense in E, and therefore in every neighborhood of y3. We show next the
existence of an open neighborhood Ny of yg such that

¢~} (No) CU. (39)

Indeed, otherwise, there would exist a sequence of positive numbers §,, converging
to 0, of points y,, € B(yo, 6, ), and of points z, such that

¢(xl/) =Y, T, € 7’ (40)

but
z, ¢ U. (41)

Now since the y, converge to yo and since ¢ is an L.-S. map, it is easy to see
that a subsequence of the z, converges to a point zo which by (40) satisfies
¢(z0) = o, ie.,
To € ¢_1(y0) = Cp. (42)
But by (41)
zo ¢ U (43)
since U is open. But by (42) and (37), zo € Co C U which contradicts (43).
Then let Ny be a neighborhood of yo satisfying (39), and let A; = A N Np.
A; is not empty since A is dense and Ny open in E. We now show that every
point y; of A; is a regular value for ¢. If the equation

¢(2) =1 (44)

has no solutions, there is nothing to prove. But if it has a solution, then every
solution lies in U by (39), and therefore, by (37), in some of the sets U§, say for
1=1,2,...,q1 with 7 < ¢; < q. Consider now for such ¢ a solution z € Ug. Then
#(z) =¢i(z) =y €A = ﬂ;’-=1 R(¢;) C R(¢:), and D¢(2;h) is not singular.

This finishes the proof that every point of NgN A is a regular value for ¢, and
therefore it finishes the proof of the Sard-Smale theorem since an Ny satisfying
(39) can be chosen as a subset of a given neighborhood of yp.
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Antipodal points, 138
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Banach space, 13
Barycenter, 125
Barycentric subdivision, 125
Base of a vector space generated by
a set, 24
Bilinear map, 18
Borsuk
theorem on odd maps, 192
Antipodensatz, 198
Borsuk-Ulam theorem, 198

Cauchy theorem (for operator-valued
integrands), 201

Central projection, 146, 147

Chain rule for differentials, 18

Codimension, 14

Co-kernel, 17

Compact set, 15

Complementary space, 13

Complete continuity, 15, 203

Complex extension of a linear “real”
operator, 205

Complexification of a real Banach
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Component of an open set, 23

Conjugation, 206

Connected set, 21
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Convex
hull, 22
set, 21
Coordinate transformation, 100, 101
CT-map, 19
Critical
point, 19
value, 19

Differential, 18
Direct
sum, 13
summand, 13
Dugundji extension theorem, 22

Eigenelement, 204
Eigenvalue:
definition, 203
generalized multiplicity of, 204
multiplicity of, 204
Extension theorem for odd
maps, 185

Face of a simplex, 115
Finite layer map, 28
F(M), definition of, 201
Fredholm alternative, 17

General position of a point set, 113
Generating set for a vector space, 24
Great circle, great sphere, 138
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Half-space, 117

Homotopy extension theorem, 176

Hopf extension theorem, 172

Hopf-Krasnoselskii homotopy
theorem, 173

Hull of planes in E™, 113

I~ type map, 209
Independence of points in E™, 112
Index
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Intersection interpretation of degree
and winding number, 84, 153
Invariance of domain, theorem of, 98
Inversion theorem, 20

Jordan-Leray theorem, 104

Kernel of a linear map, 17
Krasnoselskii’s lemma, 19

Layer map, 28
Leray-Schauder’s
first lemma, 64
second lemma, 66
Leray-Schauder (L.-S.) maps, 15
generalized (g.L.-S.), 69
Linear
homotopy theorem, 26, 210
L.-S. homotopy, 26

Mazur lemma, 22
Multiplication theorem for
indices, 228

Nonsingular linear map, 17

Order with respect to a point, 147
Orientation

of E™, 116

of a simplex, 115, 116

of a sphere, 139

Poincaré-Bohl theorem, 76, 78
Polygon, simple polygon, 21
Precompact, 22

Product of Banach spaces, 13
Projection, 14, 202

Ray, 21
Real elements of a complexified
Banach space, 204
Regular
linear map, 17
point, 19
value, 19
Resolvent set, 200
Rouché theorem, 78

Sard theorem, 231
Sard-Smale theorem, 40
Segment, 21
Simplex, 114
Simplicial
approximation, 126
map, 123, 153
set, 123
Singular
linear map, 17
point, 19
value, 19
(2-) Smooth Banach space, 63
Spectral set, 200
Spectrum, 200
Sphere, 138
Star, 125
domain, 79
Stereographic projection, 139
Subspace, 13
Sum theorem, 28

Tangent space, tangent plane, 139
Transversal, 22

Vector space generated by a set, 24

Winding number, 77
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