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Preface

The origins of this monograph lie, firstly, in the pioneering contributions from
H. Weyl, J. von Neumann, M.H. Stone, E.C. Titchmarsh, K. Kodaira to the the-
ory of linear differential operators in Hilbert function spaces and, secondly, in the
significant contributions made by the Ukrainian (former Soviet Union) mathemati-
cians M.G. Krein, M.A. Naimark and I.M. Glazman to the study of boundary value
problems for linear, ordinary quasi-differential equations on any real interval.

The results of Glazman in his seminal memoir of 1950, influenced by both
Krein and Naimark, led to the now-named GKN theorem within the general the-
ory of quasi-differential operators (which include and generalize the classical linear
ordinary differential operators) in Hilbert function spaces. The significant contribu-
tion from Glazman, mirrored in part by the work (also in 1950) of Kodaira, led to
the then new formulation of boundary conditions required to construct self-adjoint
differential operators, representing the boundary value problem. The original GKN
theorem is stated for real-valued, thereby necessarily of even order, quasi-differential
expressions; the theorem gives an elegant, necessary and sufficient condition for La-
grange symmetric differential expressions to generate self-adjoint operators in the
appropriate Hilbert space of functions on the prescribed real interval.

The Glazman idea is to represent the homogeneous boundary conditions in
terms of the skew-symmetric, sesquilinear form associated with the quasi-differential
expression and the corresponding Green’s formula; the quasi-differential expressions
are now known to define a real symplectic space, and the boundary conditions to
correspond to Lagrangian subspaces of this symplectic space, as recently recognized
and realized by the current authors. The properties of these real symplectic spaces,
and their geometry and symplectic linear algebra, have long been advanced by
mathematicians and physicists in a number of different applications; in particular
in Lagrangian analytical dynamics and quantum theory.

The original GKN theory was confined to the real-valued, quasi-differential
expressions of arbitrary even order. However complex-valued quasi-differential ex-
pressions, of arbitrary (positive) integer order, had been studied earlier by Halperin
and Shin, and later by Everitt and Zettl. In the years following the untimely death
of Glazman in 1968 these complex expressions have been extensively studied, with
particular reference to the Lagrange symmetric (formally self-adjoint) expressions.
This formulation of the GKN Theorem has consequently been extended to these
complex quasi-differential expressions of arbitrary integer order; however this ex-
tension has required the introduction and study of linear complex symplectic ge-
ometries and the algebra of their Lagrangian subspaces, as defined and described
in these pages. The consequences of this study are to be seen in the contents of
this monograph.
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Two special comments are called for in respect of these complex symplectic
spaces:

1. The complex spaces have a much richer structure and range of properties in
comparison with the real spaces. Real symplectic spaces exist in even dimensions
only, and moreover there is a unique real space (up to symplectic isomorphism) in
each such even dimension. Every real symplectic space can be complexified to a
complex symplectic space of the same even (complex) dimension. However there
exist even-order complex symplectic spaces that are not the complexification of any
real space, and there exist different complex symplectic spaces of each odd integer
order.

2. The complex, Lagrange symmetric, quasi-differential expressions, of arbi-
trary positive integer order n, also have additional structures in comparison with
the corresponding real expressions. The most significant property, in this respect,
is that the complex expressions lead to minimal, closed symmetric operators, de-
fined in the appropriate Hilbert function space, which can have unequal deficiency
indices; these indices are now re-interpreted as algebraic invariants of the corre-
sponding complex symplectic space [see Section III, Theorem 1]. Of course, such
a minimal symmetric operator has self-adjoint extensions if and only if the two
deficiency indices are of the same value, say a non-negative integer d, which is less
than or equal to the order n. In fact, an informal paraphrase of our new version of
the GKN Theorem asserts (for a precise statement see Section II, Theorem 1):

Each such self-adjoint operator is specified explicitly by a Lagrangian d-space
within the corresponding boundary complex symplectic 2d-space, and conversely each
Lagrangian d-space corresponds to exactly one such self-adjoint operator.

However in our detailed analysis of the kinds of boundary conditions that can
occur we partition the basic interval into left and right sub-intervals, on each of
which the restricted differential operator may have unequal deficiency indices. Thus
the full range for the deficiency indices, equal or not, plays an important role in the
theory (compare Section V, Proposition 1 with the Weyl-Kodaira formulas and the
Deficiency Index Conjecture 2).

It can be argued that complex symplectic spaces have richer structures in or-
der to support the extensive properties of complex quasi-differential expressions;
vice versa there is a case to state that these complex differential expressions force
the structure of the complex symplectic spaces to exist in order to support their
properties.

The two main and significant consequences of writing this research monograph
are:

1. There is now a complete and connected account of the geometric and alge-
braic structure of real and complex symplectic spaces and their Lagrangian sub-
spaces, for all integer orders, with special attention to the algebraic properties of
direct sum decompositions such as are relevant for the study of boundary condi-
tions, especially with regard to properties of separation or coupling at the boundary
endpoints.

2. There is a complete account of the canonical form of all possible symmet-
ric boundary conditions (with respect to separation or coupling at the endpoints)
for the extended GKN theory of Lagrange symmetric, linear, quasi- differential
expressions (real or complex) of all integer orders on arbitrary real intervals.

In addition to this main text there are two substantial appendices. The first
deals with the canonical form of classical ordinary differential expressions when
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these are considered as quasi-differential expressions and then settles certain tech-
nical questions concerning adjoint operators; the second treats the problems of the
complexification of real symplectic spaces, and the analysis of self-adjoint operators
which are non-real yet arise from real differential expressions.

In all these areas the authors have made significant and extensive new contri-
butions, in addition to re-organizing established theories into a satisfying synthesis
with the results within this monograph. As an illustration of our approach and of
some of the new results, we offer here two very specific and explicit findings:

(i) The balanced intersection principle (Section III, Theorem 3 for precise de-
tails) provides an algebraic criterion for describing and classifying the divers kinds
of self-adjoint boundary conditions for quasi-differential expressions of arbitrary
integer order, and for all boundary value problems whether regular on compact in-
tervals or singular on general intervals. In particular the coupling grade is defined
for each Lagrangian d-space (and hence for the corresponding self-adjoint opera-
tor) and from this we deduce the minimal number of coupled boundary conditions
necessary in the specification of the operator domain. For a regular problem of
arbitrary positive order, on a compact interval, there is always the same number of
separated boundary conditions at the left endpoint as at the right endpoint of the
interval (assuming that minimal coupling is employed).

For singular problems this is not necessarily the case; however there is an arith-
metic formula relating the number of separated boundary conditions at each of the
two endpoints with the invariants of the left and right endpoint complex sympletic
spaces. For example, consider a Lagrange symmetric real quasi-differential expres-
sion of order four on the closed half-line [0,00). We find [see Table 3 and Example
3 of Section V] that the common deficiency index d can take the values 2,3 or 4,
which generalizes the limit-point and limit-circle classifications that Weyl defined
for second-order differential expressions. As an indication of the explicit nature of
our calculations and tabulations, we mention that it is then possible to have three
(independent) boundary conditions, when d = 3, to define a self-adjoint operator,
with one separated at the left end and two coupling the ends, but it is impossible
to define a self-adjoint operator by one separated condition at the left end and two
separated at the right end.

(ii) Lagrange symmetric quasi-differential expressions that are real can deter-
mine self-adjoint operators that are real (definable by real boundary conditions)
or else complex operators that are non-real. An investigation of this phenomenon
is conducted in Appendix B, where the complexification of real symplectic spaces,
and the associated concept of self-conjugate Lagrangian subspace, are described in
great detail.

We provide an affirmative answer [Appendix B, Theorem 3] to a long-standing
open question concerning the existence of real differential expressions of even
order > 4, for which there are non-real self-adjoint differential operators speci-
fied by strictly separated boundary conditions, i.e. complex Lagrangian subspaces
which are not self-conjugate and which have coupling grade zero; in fact, we prove
the existence of such Lagrangian subspaces of every possible prescribed coupling
grade. This is somewhat surprising because it is well known that for order n = 2
strictly separated boundary conditions can produce only real operators (that is, any
such given complex boundary conditions can always be replaced by real boundary
conditions). Our analyses and examples are entirely explicit for regular problems on
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compact intervals; moreover corresponding explicit results also hold in the general
singular case.

In undertaking this project we have reviewed the theory of both differential
and quasi-differential expressions and have assembled all relevant information in
the opening sections of this monograph to provide a convenient source of reference.
In particular we have put together details of the connections between classical
differential expressions and the extended class of quasi-differential expressions.

In respect of symmetric boundary problems for these differential expressions,
and the associated self-adjoint differential operators, there is complete generality;
regular problems on compact intervals and the more general singular problems
are all treated in full detail. From the algebraic data all the classification results
for boundary conditions then follow; thereby the infinite dimensional functional
analysis is reduced to finite dimensional linear symplectic algebra.

The introduction of these algebraic and geometric methods has led to the dis-
covery of new kinds of qualitative insight into the topology of the boundary value
problem in terms of the Lagrange-Grassmannian manifold.

The axiomatic formulation of these mathematical structures leads immediately
to applications for other types of boundary value problems such as the multi-interval
or interfacial conditions of the multi-particle systems of quantum mechanics, or the
general theory of linear elliptic partial differential equations; these applications
depend on the extension of the ideas considered in this monograph to infinite di-
mensional, complex sympletic spaces.

In concluding this work we have to survive a disappointment. It had been our
hope at the start of these labors that the algebra of complex sympletic spaces would
throw new light on the “deficiency index conjecture” for complex quasi-differential
operators. This has not been the case and the so-called range conjecture, formulated
precisely in this work, remains unsolved. We have little doubt that the conjecture is
true. While our analysis and classification of symmetric boundary conditions do not
rest on the validity of this conjecture, we have occasionally used it (with appropriate
warnings) to give insight and guidance into the search for new properties and inter-
relations among classes of such boundary value problems.

Acknowledgments. The authors express their indebtedness to David Race
and Tony Zettl for their contributions to the study of linear ordinary differential ex-
pressions and boundary value problems; their results have significantly contributed
to the content of this monograph.

W. Norrie Everitt
DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF BIRMINGHAM, BIRMINGHAM,
B15 2TT, ENGLAND

Lawrence Markus
SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA 55455 USA
and

MATHEMATICS INSTITUTE, UNIVERSITY OF WARWICK, COVENTRY, CV4 TAL, ENGLAND
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APPENDIX A

Constructions for quasi-differential operators

In this Appendix we shall construct and exhibit explicit formulas for quasi-
differential expressions M 4, and the corresponding Shin-Zettl matrices A € Z,,(9),
needed to represent various prescribed classical differential expressions M, following
the concepts and notations introduced in Section I.

We recall, from Section I:

ExaAMPLE 1. Classical differential expression of order n > 2,

(A1) My] = poty™ + pr1y™ Y+ 4 pry’ + poy,

with complex coeflicients p; € Llloc(f]) for j = 0,1,...,n — 1, and furthermore
Pn € AC)oc(J) with p,(x) # 0 for all  on the real interval J.

The domain of M (as a linear transformation D(M) — Ll (7)) is:

(A.2) DM)={y:7—C|y"™ € ACioc(J) forr=0,1,--- ,n—1}.

EXAMPLE 2. Quasi-differential expression for A € Z,,(J) of order n > 2,
(A.3) Maly] ="y}
with domain D(M4) (also denoted D(A)),

(A4) DA ={y:I-C|yl € ACioc(d) forr=0,1,...,n—1}.

Following a general construction for A € Z,(J), exhibiting the existence of M4
for each such M, we shall give further illustrations to show that such A € Z,,(J) are
not unique. Then we also construct matrices A € Z,(J) for which the correspond-
ing quasi-differential expression M4 does not represent any classical differential
expression M of the form described above in Example 1.

In all these constructions we pay special attention to the case when M4 (or
correspondingly M) is formally self-adjoint on J, as in Section I(1.8),

(A5) /j (Malf)3 - f¥algl}de = 0,

for all f,g € Do(M,) (also denoted Dy(A)) where
(A.6) Do(Ma) ={y € D(M4) | compact supp y lies interior to J}.

This definition Section I(1.8), following the treatment of Frentzen [FR], [ER], is not
easily interpreted as an explicit condition on the entries of the matrix A € Z,,(J)—
especially when these entries are non-differentiable on J. However, there is an

109
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important special case when A is Lagrange symmetric, see Section 1.(2.13) with
further details in [EV]:

(A.7) A=At (where AT := —A; ' A*A,,, as in Section 1(2.14))
whereupon

(A.8) My= M} (where M} := My+),

and from this it follows that M4 is formally self-adjoint. A partial converse, given
by Frentzen [FR], [ER], is the much more difficult result, stated here without proof:

PROPOSITION 1. Let Mp, for B € Z,(J), be formally self-adjoint. Then there
erists a matriz A € Z,(J) such that A = A", with

Mp = My on D(B) = D(A) (for n even)

and
Mg =Mz or Mg = —My4 on D(B) = D(A) (for n odd).

Hence, if we are interested only in the quasi-differential expression Mpg, as an
operator on D(B), then we can replace B by A = A* without any loss of generality
(and by dealing with —Mp, if necessary, when n is odd). However, we should
note that the quasi-derivatives y[Br] may not be equal to the corresponding yg] for
r=0,1,...,n—1in Proposition 1. Furthermore it can happen that D(B) # D(B™)
(although clearly D(A) = D(AT) for A = A'), and we shall demonstrate these
phenomena later.

At the end of this Appendix we present a proof of the Density Theorem (see
Section I(1.15)):

(A.9)
Let A= A" € Z,(J), so M4 is formally self-adjoint on J.

Then the corresponding linear manifold
Do(T1) = D(T1) N Dy(A) is dense in the Hilbert space L?(J;w).
Having outlined our program, we now proceed with:

ExHIBIT 1. Construct A € Z,(J) so My = M on D(A) = D(M), when M is
given as in Example 1 above:

My = pny™ +pno1y" "V + -+ p1y + poy, for y € D(M).
We define the required n x n matrix A € Z,(J) by

(A.10)
) 1 0 0 0 .- 0 0 ]
0 0 1 0 0 - 0 0
: 0 0 1 0 :
A= ,
1 0 0
0 1 0
0 0 0 0 0 impy!
L—t""po —i""p1 —i "p2 —i " "pn_2 (P —Pn-1)Pn" ]

where all entries not specified or indicated are zero.
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This “nearly companion” matrix A in (A.10), in which we have incorporated
the factors ¢™ in anticipation of the desired equality

(A.11) Maly) =iy} = My,
1

clearly belongs to Z,(J) since p,,! € L] (J) and p,(z)~" vanishes for no z € J. In
fact, p,,! € ACioc(J), because p, € ACioc(J) and p,(z) # 0 on J.

We compute the quasi-derivatives ygl to find:

(A.12) yz]:y(r) forr=0,1,...,n—2
and then
(A.13) YD = g =y,
Hence
(A.14) D(M) =D(May).
Moreover
=y T poy + o1y o P2y ™D — (0 — pa1)py T pay Y
)
Malyl ="y} = (™) + {poy + pry/ + -+ + poay ™D} = ply™ Y
and then

Malyl ="y = M[y]  for y € D(M) = D(A), as required.

However, even if M is formally self-adjoint on J, the “nearly companion” matrix
A of Exhibit 1 (A.10) fails to satisfy the condition A = A", and a different choice
of the matrix A € Z,(J) will be presented later, with M4 = M.

ExHIBIT 2. Constructions demonstrating the non-uniqueness of A € Z,(J9),
such that M, = M, and the non-existence of M for certain M s—particularly in
low orders n = 2,3, 4.

Consider first the classical differential operator of order n = 2, see [DS],

(A.15) Myl = (p1y') + poy + il(qoy)" + q0¥/'],

which is the most general self-adjoint operator with suitably smooth coefficients py,
po, qo (real functions, say, p1 and gy € ACioc(J), and po € L], (J)—with p;(z) # 0
for z € J). If we set p = —p1, ¢ = pg and gy = 0, we obtain the real Sturm-Liouville

operator

(A.16) Myl =—-(y) +qy,  forye D(M),

(A.17) DM)={y:J—C|yand y € ACi,(J)}.

We shall construct various matrices A € Z(J) to represent M, that is, M4[y] =
Mly] on D(A) = D(M). These constructions will accompany Propositions 2 and 3.
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REMARK. Note the change of notation from Example 1, for the coefficients of

(A.18) My] = p1y” + [P} + 2iqoly’ + [po + igp)y,

in order to conform to the usual literature [DS] on self-adjoint differential operators
with complex coefficients.

PROPOSITION 2. Consider the most general matriz in Z3(J):

_(r !
(A.19) A—(q _f+i5>

for complez p~t,q,7,6.
Then A = A" if and only if the two conditions hold:

(A.20) (i) p and q are real
(i) 6=0.
Furthermore, consider the most general “smooth” matriz in Z5(J):
(A.21) B= (" P ez (as above)
. =\q —rtis 2 as above),

with p~1(z) # 0 in C?(J) and the other entries in C*(J).
Then the quasi-differential expression Mpg is formally self-adjoint if and only
if the two conditions hold:

(A.22) (iii) p and 6 are real
(iv) Img= @ + (pd)(Rer).

PRrROOF. It is trivial that each matrix A € Z5(J) has the given form. Then we
compute
i6 p!
q =T ) .

0 sop and g are real. But this

+

At = —AFTATA, = (’"

Thus A = AT ifand only if p=p, g =¢q, §
conclusion yields (i) and (ii) above.

Next consider the most general smooth matrix B € Z5(J) with complex entries
p~!, q, r, § such that p(x) # 0 for all z € J, and p € C?(J) with the other entries
in C1(7).

Compute the corresponding quasi-derivatives y[g] and the quasi-differential ex-
pression

Mply] =%y fory € D(B).
Here
v =, ¥ =ry+p7 Y sy =p(y —ry).
Hence D(B) ={y:J — C |y and ¢’ in ACoc(J)}. Furthermore

v =yl —qy — (7 + i)y
SO
Myl = —yiy = —py" + [p(r — 7) +ip6 — p'ly/ + [(pr)' — ipr§ + g + prily,
and then define the classical differential operator M = Mp on D(B).
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Now recall Lagrange’s necessary and sufficient condition that M = M™ be
formally self-adjoint—namely, the three equalities:

p=p
Re[p(r —7) +ip6 —p'| = —p
2Tm[(pr) —ipré + q + prr] = Im[p(r — 7) + ipd — p']’.

/

The first of these equalities is equivalent to the assertion that:
p(z) # 0 is real on J.

The second can be then re-written Re[ipd] = 0, which is equivalent to the
assertion
6 is real on J.

On this basis the third equality is equivalent to the assertion
6 I
Imgq = % + (p6)(Rer).

Thus the Lagrange conditions, that M = Mg be formally self-adjoint, are equivalent
to the two conditions (iii) and (iv) of the second part of the proposition. O

In the case of real matrices in Z(J), the Proposition 2 yields the general forms

(A.23) A= (r r

q =T

1
) so A= A", (in A.19);

and also the same form for B, (in (A.21)) with real smooth entries, such that Mg
is formally self-adjoint. Thus a real smooth matrix B € Z5(J) yields a formally
self-adjoint quasi-differential expression if and only if B = B™T.

As a particular instance, where r = 0,

0 pt
(A.23x%) B = < ) , with real smooth p(z) # 0 and ¢ on J,
q O

defines the classical Sturm-Liouville operator M = Mp,
Myl =-(py)' +qy  on D(M), (as in (A.16)),

where D(M) = D(B)—since yg] = py’ with p and p~! € AC)c(J). But we can
consider more general types of Sturm-Liouville operators, upon extending the do-
main D(M), by allowing arbitrary real p € AC\,.(J) which vanish at certain points,
yet with p~! € Ll (J)—say p(z) = \/|z] on I = R. More spectacularly, take
p(x) > 0 to be everywhere continuous but nowhere differentiable on J. In this last
case Mp is a well defined quasi-differential expression that does not correspond to

any classical differential expression M—because
yg] =py & AC)oc(J) for some choices of y' € AC)o.(7).

To illustrate the possibilities of the non-uniqueness of A € Z5(J) for which
the corresponding quasi-differential expressions realize a given classical differential
expression M, we start with the complex self-adjoint operator

Mly) = (p1y') + poy +il(qoy) + qoy’] (as in (A.15)),
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where the real coefficients pq, pg, go are suitably smooth and p;(z) # 0 for z € J.
Namely, for each real number ¢ define

: -1 —1
(A.24) A= [po(-i-zé];g +cc)2p)1p;1 (—igo Z_T_l c)pll} € Z»(J).
Then a direct computation yields A, = A} and
(A.25) My, =M on D(M4_ ) = D(M), as in (A.15).

The case ¢ = 0 is often written as

-1

(A.26) (b 7))
where p = —p1, ¢ = po + qufl, and ir = qopl_1 are all real. The restriction to

the corresponding real case (A.23), where ¢y = 0, also produces illustrations of the
non- uniqueness (for A.16), for real values of ¢ in M4, and ¢ = 0 yields (A.23x%).

As before, upon weakening the smoothness hypotheses in (A.25)—say take go
to be continuous but nowhere differentiable on J (even allowing pg and py in C*(7)),
we obtain quasi-differential expressions M4, which do not equal any classical dif-
ferential expression of the type prescribed in Example 1 above.

The significance of this family A. of Shin-Zettl matrices in Z3(J) is explained
in the following proposition.

PROPOSITION 3. Let ¢(p1,po,q0); ¥(p1,P0sq0), x(P1,Po,q) and w(p1,po,qo)
be complex rational functions of the three variables (p1,po,qo). Assume that for

each triple of real smooth functions pi(x) # 0, po, go € C*(J), the matriz
(A.27) Alz) = (‘;E;’g ’”&i;) — At (z) € Z(9),
where p(x) = p(p1(x), po(x), q0(x)) and similarly for ¥(z), x(x), and w(x).
Assume also that for each such matriz A = A(x)
(A.:28) Malyl = 2y = (21} + poy + il(a0)’ + g0y
for all y € C>=(J).
Then there exists a real constant ¢ so
(A.29)
e(p1,p0,90) = (—igo — 7", Y(p1,po,90) = —11
X(P1,90,90) = po + (g5 + )i, wp1,po, q0) = (—igo + c)py
and (A.27) reduces to the matriz in (A.24).

PROOF. For each triple (p1(z), po(x),go(z)) construct the matrix A = A(x) €
Z5(J) with the corresponding quasi-derivatives

y = vly' — ey

Y3 =¥y — oyl + Yl — o'y — oyl — xy — wily' — py]
and then set

(A.30) Maly) = —y2 = piy” +Phy + poy + ilghy + 2909’1,

for all smooth y € C>(J).
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For each such fixed triple (p1, po, go), the values y, 3/, y” can be treated as three
real independent variables, at each x € J. Thus the coefficient of ¢/ must define an
identity for x € J, namely:

(A.31) —¥(p1(2),po(2), 90(x)) = p1(x)  so ¥(p1,po,q0) = —p1-
Next the coefficient of ¥’ yields the identity for z € J
=¥+ ¥y +wip = pl + 2igo

where , o o o ,

Vi(z) = éalh(l') + a—popo(m) + ‘871;‘10(3”) = —pi(2).
Then
(A32)  p+w=-2igp;'  so w(p1,Po,q0) = —¢(P1,P0,90) — 2iqopy -
Further the coefficient of y yields the identity
(A.33) Vo + ¢’ + x — wibp = po + igp.

But the six variables p1, po, go, P}, o, ¢ can be assigned independently at each z € J,
so (A.33) then implies that

Oy dp 1 Oy 1
2= =0, - =—pp; ', 5 =P
dpo op P10 Bao !
SO
(A.34) ©(p1,p0,q0) = —igop; - — cpy for a complex constant c.

Finally the hypotheses A = A" € Z5(J), in accord with Proposition 2, imply
that
w=—@ and x is real.
Elementary calculations then verify that

Imp = —qopl‘l7 S0 ¢ is necessarily a real number.
Also
(=p1)’ + X — P19 = po + igp.
Therefore
X = po + P1p@ = po + a5 + ¢’Ip7 Y,
and the proposition is proved. a

The matrix (A.27) with (A.29) reduces to the familiar format A, in (A.24), and
in the real case when gy = 0,

—ep! ——
(A.35) A, = P 1 (real constant c).
DPo +¢“py P,

Each of these real matrices A. € Z5(J) determines a quasi-differential expression
M 4, which is equal to the classical Sturm-Liouville differential operator (A.16).

We next turn to a few examples of order n = 3 and n = 4 to illustrate these
properties of nonuniqueness, and other unusual phenomena, for self-adjoint differ-
ential and quasi-differential expressions. Moreover the case n = 3 will serve as a
prototype for all higher odd order cases, and n = 4 for higher even order cases—as
exhibited later—although certain peculiarities arise in these very low orders.
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Consider the general classical differential expression, formally self-adjoint of
order n = 3, [DS]:

(A36) Myl = (my) + (poy) + il(@y)® + (@y™®)'] +il(q0v) + (q0¥)],

where the real functions pi,po,q1,qo are suitably smooth on J (say, p; € C!,
po € COq1 € C? qy € C') with g1(z) # 0 for all z € J. We can re-write
(A.36) in the customary form for a classical differential expression

(A.37) M[y] = Psy'® + Poy'? + Py’ + Poy,
where the complex coefficients are
(A.38) Py = 2iq1, Py = p + 3iq}, P, = p +iq\> + 2iqo, Py = po + id).

Then we use the nearly companion format (A.10) to compute the appropriate matrix
B € Z3(3) so Mp = M on D(B) = D(M), namely we find

(A.39) L _
0 1 0 —(P, - P)P; ' Py 0
B=| 0 0 —iPy ! and Bt = iPy 0 1
—iPy —iP, (P} — P)P;! —iP, 0 0
It is clear that B # BT (except for trivial cases, ¢ = —1/2, p1 = 0, g0 = 0),

and also Mg # Mg+ (even though D(B) = D(B™), as can be seen by a direct
compution and examination of the corresponding quasi-derivatives relative to B
and BY).

Since M is formally self-adjoint, so is Mg = M, even though B # B™. However,
by Proposition 1, there must exist a matrix A € Z3(J) with A = A", and either
M =Msor —M = M4 on D(M) = D(A). This required choice of the sign for + M
is apparent in the next construction for a convenient description of such a matrix
A, which we denote by As.

For the given self-adjoint classical differential expression +M of (A.36), we
define the corresponding matrix Az € Z3(J):

0 51 0
(A.40) As= | @b p1/2q1 B
—ipo  qofh 0

where 31 = (—2q1)""/? > 0. That is, we choose the one of M or —M so that
q1(z) < 0 for all z € J, and then f3; is a real positive function of class C%(J).

It is easy to compute that A3 = A] and D(A3) = D(M). Indeed the quasi-
derivatives, relative to As, are (omitting the subscript Az for simplicity):

y =ty

¥ = BB Y ~ a0y — L (5]
q1

SO

Yy =716 Y — gobiy + iy

Now note the identity, which will be used again in higher order cases:

(A.41) BB = —dy - 209" = —(ay') — auy”.



BOUNDARY VALUE PROBLEMS AND SYMPLECTIC ALGEBRA 117

Then continue to compute
v = —(qy) - a1y’ — qoy + ip1y’

and

Y =y +ipoy — qoBry!.

It is easy to see that if y,7',y” are all AC),(J), then so are yl¥, ¢yl 4P ¢
AC)oc(I)—and vice versa.
Hence we conclude that

(A.42)
Ma,[y] =%y = (p1/) + (poy) + il(@1y)? + (@y®)'] +i[(a0y) + (03]

and

(A.43)
Myl = Ma,[y] for ally € D(M) = D(A3),

as required.

Of course, we can use the matrix As € Z3(J) to extend the definition of the
classical differential expression (A.36) to allow weaker conditions of regularity on
the real functions p1, po, ¢1, g0 —for instance:

(A.44) (i) q(z) <0onJ with |g|71/2 € LL ()
(11) q0|qlt_1/2 € £Jlloc(j)
(111) p1qf1 and Po € £’Iloc(j)'

As a final example of these low order classical differential operators, we consider
the general self-adjoint classical differential expression of order n = 4. Again we
take the familiar [DS] self-adjoint expression with complex coefficients:

(A.45) M[y) = (p2y")" + (p1y) + (poy) +il(@1y)® + (q1y™) ] +il(q0y) + (q0¥")),

involving the real smooth functions po € C?, p; € C', py € C! and also real
g1 € C?, qo € C' on J. Then the usual format for M, as a classical differential
expression, becomes:

(A.46) My = Piy™ + Py + Poy® + Pry’ + Poy

where the complex coefficients are

(A47) P, = po, P = 2])/2 + 2iq1, Py = p/2/ +p1+ 32(]/1
Py =p) +iq) + 2igo, Py = po + iqo.

Then the nearly companion matrix B € Z4(J), of the format (A.10), satisfying
Mp =M on D(B) = D(M), is

0o 1 0 0
o 0 1 0
(A.48) B=| o o o Pt
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Of course, Mgly] = M|y] for ally € D(B) = D(M), so Mg is formally self-adjoint—
despite the fact that B # BT, and moreover it can be shown that D(B) # D(B™).
However, by Proposition 1, there must exist a matrix A € Z4(J) with M4 = M on
D(A) = D(M) and such that A = A*. We next present a convenient choice for
such a matrix A € Z4(J), which we denote as Aj:

0 1 0 0
0 —iqip;y " pyt 0
(A.49) Ay = 1 1
—igp —[p1+dip;’] —iqpy 1
—Po —1iqo 0 0

This matrix Ay, for the order n = 4, will serve as the prototype for the cor-
responding matrices A = AT = Z,(J), for even orders n > 4, as described in
Exhibit 3 later. Accordingly, we illustrate the techniques for the computations of
the appropriate quasi-derivatives relative to A4, in order to demonstrate that the
classical differential expression M of (A.45) can be written as the quasi-differential
expression M4,:

(A.50) Myl = Ma,ly]  on D(M) = D(Ay),
with A4 = AZ_
The usual computations, show that Ay = A € Z;(J), and further that the

corresponding quasi-derivatives are (again surpressing the subscript A4 for simplic-
ity):

Y = (poy D) +i(qy) +igoy + [p1 + ¢ips 'y +iqps pey® +iqiy]

SO
v = (p2y®) + (119) + il(@1y) + @1y™®] + iqoy.
Hence
y =B 4 poy + igey’
and

Ma,[y) = 'y =(29)? + (119')' + (poy)
+il(q1y)® + (@y®)] + il(g0y) + (90¥'))-
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Also y,y/,y",y®) are all in ACo(7), if and only if y[°, 31, I 4B are all in
ACioc(9), so D(M) = D(A4). Thus (A.50) is valid.

ExHIBIT 3. Construct A = AT € Z,(J), so M4 = M (or, possibly, My = —M
when n is odd), for any given general classical differential expression M, of order
n > 2, formally self-adjoint, and with suitably smooth complex coefficients on the
real interval J.

As indicated above, the cases for n even and odd are somewhat different, and
we shall treat these separately. Also certain peculiarities arise for low order n, but
we have already covered these cases n = 2, 3, 4—and so we examine only the general
format valid for larger n.

Thus consider first the general formally self-adjoint classical differential expres-
sion M of even order n = 2m > 6, with suitably smooth complex coefficients on
the real interval J. As is well-known [DS], we can write M in the special format.

m m—1
(A.51) My = ey +i ) [(ay™) ) + (gry
r=0 r=0
in terms of the real smooth functions p,,, pm—1,---,P1,P0 and ¢m_1,--.,q1,qo. For

definiteness we assume
(A.52)
pr € CT(J) forr =0,1,...,m;
and
g € C"M () forr=0,1,...,m — 1.

The initial leading terms for M are

Py ™)™ +i[(gm-1y ™)™ 4 (grory™) Y],

and, as usual we assume that

(A.53) pm(z) #0 for all z € J.

Next construct the required even ordered matrix A, = A} € Z,(J) (where
n = 2m is even) such that M4, = M on D(A.) = D(M), and for this we introduce
the notation in [ER]. For even order n = 2m > 6 the matrix for M in (A.51) has
the format A, where
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(A.54)
ro 1 0 0 0 07
0 1 0 0 0
0 0 0 1 0 0
0 1 0 0
A, = . 0 PBm—1 Qm 0
. iBm—2 Cm—1 iBm—1 1
Qm—2 iBm—2 0 0
0 131 s . . 1
o o1 61 0 1
L g B0 0 . . . . 0 0.

The terms i/3,,_1 are on the main diagonal, which otherwise consists of zeros;
and the term a, is on the first superdiagonal, which otherwise consists of 1’s. All
other entries not specified or indicated are zero.

Here
(A.55) Q= (=1)™p ! (so o € C™ and oy, (x) # 0 on J)

A1 = (1) (1 + 93 1)

ap = (—1)m+1pk (0<k<m-2),
and

Brm-1=—qm-1Py,"

Be=(-1)""q  (0<k<m-2).
Since all the entries am,,...,ap, Bm-1,...,00 are real continuous functions
on J, and ap,(z) # 0, it follows that A, € Z,(J)—also A, is real if and only if
Qm—-1 = Qm—2 = -+- = qo = 0, that is, M is real.

It is easy to verify that
(A.56) Ao = AT = —AJTAZA,, or ApA. = (AL ALY,

since A, A, is obtained from A. by reversing the order of the rows, and changing
signs in alternate rows.

Next we compute the appropriate quasi-derivatives, relative to A, of (A.54), in
order to verify that

(A.57) ylo" = o/ 1] so yll =4/
U = 412 s0 42 = @
ylm=2 — yfm=1] s0 =11 = y(m=1)
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Further

y[m 1) 'L,B m 1]+a y[m],

= ifm zy'" F b oy ™Y By 4y

y[m+1] = lﬂm—3y[m_3] + am—2y[m_2] + iﬂm—Qy[m_l] + y[m+2]a
and continue

Y = iyt gy By 4yt

Y = i syt gy B gy 4y
so finally the next to last row determines 3™,

Y= = iByy + ary + iB1y® +ynY

and then

y" =y 4 (1) poy + (—1)™igoy-

Next re-write and examine the critical rows:

! m— 1
ylm=1" = _dm=l, (=) | (_qym __ylm]
m Pm
SO
(1)Y= pry™ + igm 1y ™Y,
y[m]' _ Z.(_1)m+1qm_2y(m—2) + (__1)m+l(pm_1 + qil_l/pm)y(m—Q)
+ i(_l)m-l-lqm_-l y[m] + y[m+1]
DPm
SO
Y = (=)™ Py ™) + (=) i(gm oy ™Y
2
4 (—l)m’tqm_zy(m_2) + (_1)m ( B q‘;,—l) y(m~1)
m -qm— m m m,; m—
+ (D)™ (= D)™y ™ + (= 1) iy ™)
Pm
and

(—l)my[m+1] = (pmy(m)), + (pm-ly(m_l))
+ i{{( @19 + (@19 + (g2 ™ )]}
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The next step of computing y/™2 sets the future pattern, since the exceptional
elements a,,, &1, Bm—1 are not involved—and a similar pattern holds to y["_”.

That is, we note
yim = y“"*”' — i3y "™ = oy = i oy
y[m+2 m{ y(m) (2) +( 1y(m—l)/}
+ (D™ Gno19 ™)+ (Gn1y ™Y+ (mo2y™ D))

+ (= 1)™igm—3y ™) + (=1)"igm—2y ™ + (=1) " prm_oy(™ 2.
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Thus

(_l)my[m+2] = {(pmy(m))@) + (pm—ly(m_l))/ +pm—2y(m_2)}
+i{[(gm-19"") P + (gm-1y"™)]
+[(gm—29"") + (@m-29" )] + [(gm-sy ™V}
Thus, in passing from y[™ 1 to (™2 we impose one additional order of differen-
tiation on all the p-terms and g-terms of y[mH], then add one additional p-term
and two additional ¢g-terms to extend the pattern. Hence we proceed step-by-step
until yn—1 = ylm+m-1l.
(_1)my[n—1] = {(pmy(m))(m—l) + (pm_ly(m—l))(m—Z) + -+ (1)}

+ i{[(gm—1y ™) 4 gy ™) ]

+ [(@m-2y ™) 4 (gray )] 4

+ (@) + (@y™)] + [(q0v)]}-
Then

yI =y gy —iBoy’ =y 4 (1) poy + (—1)™igoy’
(=1)™y™ = {(pmy ™)™ + (Pr—1y ™™ 4t (p1y!) + (oy)}
+ i{[(qm_ly(m_l))(m) + (qm_ly(m))(m—l)]
+ [(qm_gy(m—%)(m—l) + (qm_zy(m—l))(m—2)] 4.
+1(@y)® + (@y®)] + [(90y) + (q0)]}-

Hence, since (—1)" = (=1)7" = i?™ = i", Ma,[y] = i"y&?j, as required for all

suitably smooth y. But we still must verify that D(A.) = D(M).
However a careful study of the prior formulas shows that:

if v,y 0", ...,y are all in AC,c(9),
(A.58) then also the quasi-derivatives, relative to A,
YOy gy are all in ACc(9).

This conclusion follows directly from the assumed smoothness properties of the
functions p, and g,. It is trivial for y["l on 7 = 0,1,...,m — 1, and thereafter the
formulas for y["l, for r =m,m+1,...,n — 1, give the required smoothness at each
step.
The converse also holds by similar arguments using the inductive nature of the
successive steps—say relating y(™ to v,v',y”,...,y"~" in the definition of y["!.
Hence we conclude that for the case of even order n, we have verified that

(A.59) Ma. [yl = M[y] on D(A.) = D(M).

The second construction in this Exhibit 3 treats the general formally self-adjoint
classical differential expression M of odd order n = 2m + 1 > 5, with suitably
smooth complex coefficients on the real interval J. In this case we can write M in
the special format [DS]:

m m

(A.60) Myl = (™) 40> (g ™) + (gy )],

r=0 r=0
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involving the real smooth functions p,,, pm—1,---,P1,po and real ¢,,, ..., q1,qo. For
definiteness we assume

(A.61) pr€C”, ¢ eC™™ onJ, forr=0,...,m, and also

(A.62) (=1)™gm(z) >0 forall z €7,

(otherwise replace M by —M to attain this sign convention). We note that for n
odd, M must have some non-real coefficients.

Then, for M in (A.60) with odd order n = 2m+1 > 5, we define the odd order
matrix Ag = A € Z,(J) (see [ER]) and then verify that

(A.63) Maoly] = Mly]  on D(Ag) = D(M).

For odd order n = 2m + 1 > 5 the matrix for M in (A.60) has the format Ag
where

(A.64)
r o 1 0 0 07
0 0 1 0 0 0
0 0 0 1 0 0
0 Bm 0
Ao = Bm—1 1Qm Bm
1Qm—1 Bm—1 0
0 B1 tag : . 1
Bo i A 0 1
Licg Bo 0 . . . 0 0

The term iq,, is on the main diagonal, which otherwise consists of zeros; and
the terms (3, are on the first superdiagonal, which otherwise consists of 1’s. All
other entries not specified or indicated are zero.

Here

(A.65)
B =[(=1)"2¢m] />0 (s0 B € C™" and Bn(z) > 0 on J)
IBm—l = (_1)m+1qm—lﬂm
B =(-1)"*g,  for (0<k<m-2)

and
Ay = pm(z‘Zm)_l
ar = (=1)"py for (0 <k<m-—-1).
Since all the entries a,,,...,aq and B, ..., By are real continuous functions on J,

and B, (z) # 0, it follows that Ay € Z, (7).
It is easy to verify that

Ag = AT = =P AGA,, or (AwAg) = —(AnAg)”.

We now proceed to verify (A.63) by computing the appropriate quasi-derivatives,
relative to the matrix Ag of (A.64).
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Here we compute (again surpressing the subscript Ag):

(A.66) Yo =y, so gyl =y

y[ll’ - y[QI, 50 y[2] =y

y[m—2]' — y[mfll7 SO y[mfl} — y(mfl).
Further

Yy = B 1y i y™ 4 Byl
SO

y = B (B ™) = By — g,y ™}
Recall that B = [(—1)™2gm] /2, Bn-1 = (=1)"'¢m_18, and the identity
(see (A.41)):
(A.67) BB Y ™Y = (1)l y'™ + 2qmy ™YY
= (=1)"™{(@ny"™) + gmy "V}

Then we can write

(=)™ = (g y ™) + (@ny ™) + [gm1y ™ Y] — ipy™,

and we recognize this expression as the beginning of the construction anticipated
for yl"l.
Continue to compute directly from y™ 1’ namely

ylmt2 = mt1) g oy (m=2) oy g ylm]

SO

(=12 = [(gmy ™) + (@my ™ DY)+ (@19 D) + (g 1y'™)]
+ [gm—2y 2] = {(Pmy ™) + Py}
Now all the similar successive calculations, from y[™*+2 to the “last full row”

labeled by y!"=2" and involving the term y[™~1l follow the same pattern, since the

exceptional terms (,,, B -1, @y no longer enter these formulas. Hence we continue
to find

(=)™ = [(grmy™™) ™ + (gry T Y]
+ [(qm_ly(m—l))(m—l) + (qm_ly(m))(m%)]
o+ @y + (@y®)] + [qy]
Then

[n—1]"

Y =y —iagy — Boy’ =y + (—1)™{qoy’ — ipey},
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and thus, for suitably smooth y,

m

Mgyl = "y =3 0oy 443 [(gy™) Y + (gD
r=0 r=0

But just as in the case of even orders n, we can show that (see (A.58)):

(A.68) v, v,y ...,y are all in ACioc(7)
if and only if the quasi-derivatives relative to Ay
y[O],y[l], o ,y["_l] are all in AC)oc(7).

Hence the required result (A.63) holds:
(A.69) Ma,[y] = Mly] on D(Ao) = D(M).

Thus, in this Exhibit 3, we have displayed for each formally self-adjoint classical
(smooth) differential operator M of order n > 2, a suitable Shin-Zettl matrix
A= A"t € Z,(J) such that the corresponding quasi-differential expression satisfies

Maly] = Mly]  fory € D(A) = D(M),
(or M4 = —M for some cases when n is odd).

EXHIBIT 4. Another symmetric differential expression, also a general format
for the formally self-adjoint classical differential operator of order n > 2, with
smooth complex coefficients, is given by (after E. Coddington, with minor nota-
tional modifications [CLI]):

(A.70)
Mly] = i"gn(- - (an(gn9)) ) + 1" gn1 (-~ (gn-1(gn-19)") -+’
+ o+ P 2(q2(920)) +ig (1) + qoy-

The complex ¢, € C" for r = 0,1,...,n on the real interval J, must further satisfy
the conditions

[g-(x)]" ' eR with ¢,(z) # 0 for all x € J.

Thus the (n + 1)-st power of g, the n-th power of g,_1,..., the first power of g,
are all real for z € J. The domain of M is

D(M) = {y :J—-C I yaylvy”7 e 7y(n~1) in ACIoc(j)}~

Then M describes the most general classical differential operator of order
n > 2, with smooth complex coefficients, which is formally self-adjoint in the sense
of Section I (1.8); and accordingly there exist representations of M by M4, for
A=A" € Z,(J) (or of —M in some cases with n odd). There does not seem to be
any simple direct method of constructing such a matrix A in terms of the functions
Gnsqn-1,"" ,qo of (A.70). However we can attempt to resolve this difficulty by
“unwrapping” the differential expression (A.70) for M to recover the usual classical
expression

Myl = by,
r=0
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with b, € AC),c(J) and b,(x) # 0 for all z € J, and otherwise b, € Ll (J) for

loc
r=0,1,...,n—1. This procedure is too awkward and cumbersome for large values

of n, but we shall illustrate the concept for n = 2.
Thus consider the formally self-adjoint expression (A.70) for n = 2,

(A.71) My] = —q2(q2(q2y)") +iq1(q1y) + oy

where
(g2(x))® # 0 is real, and also (¢;)? and g are real on J.
Then compute

(A.72) Myl = —(q2)*y" + [—(q2)a5 — 245(q2)” + i(q1)?]y/
+ [—a2(23)” = (22)°¢5 + iqrq} + qoly.

Now we seek B = BT € Z5(J) in the familiar form (A.26) for the Sturm-
Liouville operator, namely take

(A.73) BZ[; p_ﬂ

where p, g, and ir are real on J. In this case
(A.74) Mgly] = —py” + [=p" +p(r = M)y + [(pr)" + q + rrply.
Upon equating like coefficients in (A.72) and (A.74) we obtain the desired formulas:

p=(q)* r=1i(q)*[2(¢)"]"
q=q0— @(05)* — (02)°a5 + (q1)" [4a2)"] ",

at each x € J. This last result allows us to relax the original differentiability
conditions on ¢s, g1, qo to the weaker demands:

42,45 and q1 € ACioc(7) (with ga(x) # 0 on J)
Q0 € Liyc(9),

which guarantee that B = Bt € Z,(J).

The last topic in this Appendix A is an analysis and proof of the Density
Theorem for quasi-differential expressions M4, for any given Shin-Zettl matrix
A € Z,(7), as described in Sections I(1.15), 1I(1.3 (vii)), and above in (A.3), (A.4),
(A.5), (A.6), and (A.7); and applications to basic results on adjoint operators.

In order to re-state the setting for this theorem, consider the complex Hilbert
space L2(J; w), relative to a real weight function w € L], .(J) with w(z) > 0 a.e.onJ,
where J is any prescribed nondegenerate real interval, say with endpoints —oo < a <
b < +oo—as in Section I above. Then for any given Shin-Zettl matrix A € Z,(J)
(satisfying conditions (a1) and (ag) of Section I (2.3)—but not necessarily (ag) of
Section I (2.13)), we construct the quasi-differential expression (as in Example 2 in
Section I, and as we recalled earlier in this appendix):

(A.3) Maly] = "y,
on the domain D(M4) or D(A) specified by

(A.4) D(A) ={y:7—C |yl € ACi(9) for r =0,1,...,n—1}.
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As in Section I, w™'M, generates a maximal linear operator T} on the domain
D(Ty) C L2(T;w):

(A.75) D(Ty) = {y € D(A) | y and w™ ' May] in L*(T;w)}.

In this Appendix A we shall show that the set (compare Section I (1.11) and
Section I (1.15)):

(A.76) Do(T1) = {y € D(T1) | (suppy) lies in a compact set interior to J}

is dense in the Hilbert space £2(J;w), under appropriate hypotheses—as asserted
later in The Density Theorem 1.

LEMMA 1. Let A € Z,(J) and w € L], (J) be a positive weight on the interval
J, so the quasi-differeniial expression w™ M4 generates a mazimal linear operator
Ty on D(Ty) C L2(J;w), as above. Then Dy(T), as in (A.76), is an infinite

dimensional linear manifold in L*(J;w).

PROOF. It is clear that Do(T1) C D(T1) C L£2(J;w) is a linear manifold in the
complex Hilbert space £2(J;w); however it is not obvious that it is non-trivial (not
the zero only).

Fix any non-degenerate compact interval [a, 8] lying interior to J, and we shall
prove the stronger result that the linear manifold Do([a, 8]) C Do(T1), where

(A.77) Do([av, 8]) := {y € D(T1) | (suppy) C [, B]},

is an infinite dimensional linear manifold in £2(J;w).
To construct functions in D(A) consider the quasi-differential control system

(A.78) ygll =wyp, for controllers p € L5 (7),
(so wp € L} (J), which is sufficient for the usual existence and uniqueness theo-
rems) or equally well, the linear differential control system
0
0
(A.79) ya=Ayat+| i |e
0
w
0
yi(@)
with responses ya(z) = : € C™ for all x € J. Take the initial data
n—1
ui )

for (A.79) to be ya(a) = 0, and select an arbitrary vector ¢ # 0 in C" and an

intermediate point 7 in (a, 5). Then it is known [EM] that there exists a controller
v € L([a,7]) so that the corresponding solution of (A.79) on @ < z < + is the
response y4(x;c) with ya(y;¢) = ¢. Then further continue the controller ¢ on

[v, B], with ¢ € L2°([v, 8]), so that ya(z;c) is defined on o < z < 8 with

yalesc) =0, yalyic) = ¢, ya(Bs¢c) =0.
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Finally continue to define p(z) = 0 for = outside [, 8] on J, and thus ¢ € L£>°(7),
and ya(z; c) is defined for all z € J.

Clearly y(z; ¢) € ACic(J) 50 y(w: ¢) = yy) (3 ¢) € D(A), and also (suppy) C

(@, B]. Moreover
[w™ Maly][*w = |¢*w| € L ([, B])
SO
y(z; ¢) € D(T1), and furthermore y(z, ¢) € Do([ex, A]).

Finally replace the single intermediate point v by an arbitrary finite number of
points, say v for k =1,2,...,¢,

a<y <7 <<y <pB,

and also take an arbitrary assignment of complex values ¢y, ¢s, ..., ¢, € C and write
c=(c1,¢ca,...,¢) € C’. Following [EM], choose the required controller ¢ € £°°(J)
so that the corresponding response y4(x;cy,...,c¢) = ya(x;c) lies in AC)o(J) and

satisfies the conditions

ya(z;c) =0 for z < a and for x > F on J,

~

y(z;c) = yf] (z; ¢) satisfies y(yk,c) =c, for k=1,...,L.
Just as before y(z;¢) € D(A) and also y(z;c) € D(T) with suppy C [«, 5]. There-
fore y(z;¢) € Do([ax, H]).
Since the finite set of values ¢y, ¢a, ..., ¢, € C is arbitrary,

dim Dy ([e, F]) > ¢, for arbitrary £ > 1,

as required. O

As indicated by the procedures in Lemma 1, we shall consider several spaces
of complex functions defined on the compact interval [a, 5] that lies interior to J—
for instance AC([a, 8]), L' ([, B]), L2([a, B);w), £L°°([r, []), etc., in the familiar
notations.

We note that the controllability methods, see [EM], applied in the proof of
Lemma 1 have been employed in special cases by Naimark, leading to his result
[NA, Ch. V 17.3, Lemma 2] which we refer to as the “patching lemma”. For easy
reference we reformulate this particular result as a corollary, which is an immediate
consequence of the calculations of our Lemma 1 above.

COROLLARY 1 (Patching Lemma). In the terminology of Lemma 1 above, pre-
scribe data:
£eC" neC™ atpoints v1 < 2 interior to J.
Then there exists an n-vector function ya(z) for x € [y1,72], with compo-
nents y[;;_l] € AC([v,72]) such that yzau(%) = & and yz‘l]('yz) = n, for
r=1,2,...,n. Furthermore y = yg)] satisfies

w Maly] € £2([y1, 72 w).
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Using this formulation of the “patching lemma”, it is clear that we can “patch
together” appropriate functions on disjoint subintervals of J to construct functions
in D(T1). We next use these techniques to produce extensions of complex-valued
functions, defined on a compact interval [a, 5] C J, to functions defined on the
full interval J—while preserving important global properties, as indicated in the
following remarks.

REMARK 1. Let z(z) be a complex function defined for z € [a, 8], interior to J,
where the quasi-derivatives (relative to A € Z,(7)):

ZZ]EAC([C!,BD forr=0,1,...,n— 1.

Also assume that
8 8
/ |z*wdx < oo and / lw™t Ma[2]|*wdz < oco.
o 3

Then there exists an extension (non-unique) of z to a function defined on J and
there belonging to Do (T1).

To construct the required extension, say z(x) on J, choose a compact interval
[ — &, 8+ ¢], for some small € > 0, which lies interior to J. We then define 2(x) as
the solution of the quasi-differential equation (A.78)

yKl] = wp, with initial data éz](a) = zz](a) forr=0,1,...,n -1

1
loc

Here we shall select the controller ¢(x) on J so that wyp € L
following scheme:

(7), according to the

(i) o(x) = w‘lz[:] (z) for @ < z < 3, and note that

B B 3 1/2 B 1/2
(/ |wg0\dx):/ w1/2|g0w1/2|dac§</ wdm) </ |w_1le}|2wdx> <00.

Then 2(z) = z(z) on [a, 5] by the uniqueness theorem for (A.78).

(i) ¢ € L= on [ —¢,0] and on [, 8+ ¢], as in Lemma 1, so as to control Z(z)
from

2(a) = 2"M() to éx](a —e)=0

BB =41 to HBra=0, forr=01..n-1

(i) ¢(z) = 0 outside [ —¢,8+¢] on J, so 2(z) = 0 for £ < a — ¢ and for
x>0B+eonl.

Then it is easy to observe that 2‘[2‘"] € AC(J), and moreover
/|2|2wda: < 00, /}wilMA[éHdea: < 00,
9 J
so 2 € Do(T1), as required.

We shall denote Z by the same symbol z, and refer to the extension of z in
Do(T1).
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REMARK 2. Define the complex Hilbert space L2([a, 8];w) C L%(J;w) by
(A.80) L2([a, B];w] := {z € L*(T;w) | 2 = 0 a.e. outside [, 3]}

It is then trivial that each complex function z on [a, ] with

3
/ |2|?w dz < oo,
[e3

can be extended (say, identically zero outside [a, 3]) to determine a function (still
called z on J) with z € L2([a, B];w).

DEFINITION 1. Let H4([a, 8]) C L£2([a, B];w) consist of all solutions z(z), for
z € [a, 3], of the homogeneous quasi-differential equation

Malz] =0 ona<z<p,
with the convention that we set
2(z) =0 for z outside [a, 3],
so z € L2([a, B; w).

Also define the linear manifold Ry([r, 8]) C £2([a, B];w) as the image of the
maximal linear operator T}, as generated by w~'M, (as in Lemma 1), when re-
stricted to the domain Dy([e, 8]) C D(T1), see (A.77); that is,

(A.81) Ty = Do(la, B]) = Ro([ex, B]) : y — w™' Maly].

For the remainder of this discussion we assume that A = AT € Z,,(J), so that
My is formally self-adjoint. In this case w™'M, generates a symmetric minimal
operator Ty on D(Ty) C L2(J;w), as defined earlier in Section I(1.17), as well as
the maximal operator T} (these facts are not needed here).

LEMMA 2. Let A = AT € Z,(J) so the quasi-differential expression My 1is
formally self-adjoint. Then for each compact interval [, 8] interior to I, using the
notations of Definition 1,

(A.82) L%([er, Bl;w) = Ro([er, B]) @ Ha(la, B])

is an orthogonal direct sum decomposition of the Hilbert space L2 (|, B]; w) into two
closed subspaces. Thus

:RO([a»ﬁ)]) = }C/\([avﬂ])L
and

Ro([ev, B)* = Ha([ev, B])
in L2([a, B]; w).
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PROOF. (See [NA, page 62] for a special case, with the general case treated
below.)

The Lagrange-Green identity Section II(1.3 (iii)), under the assumption
A = AT, becomes

8 )
(A.83) / w M [hgw dz — / hw Malglwdz = [k gl 4 (8) — [ g, (@)

for each pair of functions h,g € D(Ty). Furthermore if g € Dy([e, §)], then the
boundary form [h,g] 4(z) = 0 for z < « and for > § in J—because the quasi-

derivatives gg](a;) =0, for r = 0,1,...,n — 1, outside [, 5]. In this case, where
g e DO([aa /8]),

B B
(A.84) / MIhlgde = / hiTa[gldz.

Now take any function f € Ro([a, £]), that is,
w'Malyl = f  or Maly] = wf,

for some y € Do([e, 5]). We must show that f is orthogonal to Ha([e, f]) in
L2 ([a, B]; w).

Let z(z) be any solution of the homogeneous quasi-differential equation
Mylz) =0 on a <z < 3. We can extend z(z) for z € J, with either z € Dy(T}) or
with z € 3 ([e, B])—whichever is convenient—and both choices agree for calcula-
tions restricted to [a, 8]. Hence we can compute (from (A.83))

B B
/wad:vz/ w ' May|Zwdzx

B
= / yMA[Z]d.'L‘ + [[y, z]]A(ﬂ) - ﬂy’ z]]A(a)'

But since M 4[z]=0 on [«, §], and since y € Dy ([a, 3]) so [y, 2] 4 (8) =y, 2] 4 (@) =0,
we obtain

B
(A.85) / fZwdz =0

However z stands for any function in H4 ([, 8]), so (A.85) asserts that f is
orthogonal to H4[a, 8]) in L%([a, B);w). Hence

(A.86) Ro([er, B]) € Ha([e, B))*.

For the converse, take f € H4 (o, 8])t C L?([er, B];w). We must now show
that f € Ro([e, 5]), that is, there exists a function § € Do([e, F]) such that
w Mg = f.

For this purpose fix a basis z1, 29, . . ., 2, of solutions of the homogeneous quasi-
differential equation:

Malz] =0 ona<z<pf,

with the prescribed initial conditions at z = f:

(A.87) () =68 (Kronecker-6)
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for k =1,2,...,nand v = 1,2,...,n. Consider each z, extended as zero out-
side [a, 8], so z, € Ha(lo,8]) for v = 1,2,...,n. Then our assumption on
f € Ha([a, B])* guarantees that

B
/ fZ,wdr=0 foreach v =1,2,...,n.

We next define §(z) on a < « < [ as the unique solution of the quasi-differential
equation

(A.88) Maly] = wf, fora <z <8,
with the initial data at * = «
Qfﬁl](a)zo fork=1,2,...,n.

Note that the existence of f(x) follows because wf € L([a,f]); namely,
lwf| = |w'/?||w'/?f| and so ff lwfldz < (ffwda:)l/2(ff |f|?wdz)'/? < co. The
extension of §(z) = 0, for z outside [a, 8], must be still be verified to be absolutely
continuous on J, in order that § € Do([a, 5]).

We note that for any extension of g(x) such that § € Do(T1), and any extension
of z, € Dy(T1),

B8 8
0:/ fil,wdac:/ w M a[g)Z,w dx

(A.89) ,
- / g Malewdz + [5, 2] 4(8) — [§ 2] ().

Because Malz,] = 0 on [, (], and [g, z,] 4(o) = 0, (since @%71](a) = 0), we
conclude that

(A.90) [9,2.]4(8) =0 forv=1,2,...,n.

But we treat (A.90) as a system of n homogeneous linear (algebraic) equations

in the n unknowns 'g[fgu(ﬁ). Therefore, using (A.87), we find that

(A.91) g @) =0  fork=1,2,...,n

This implies that every extension of §(z) from [a, 3] to J, with § € Dy(T}), neces-
sarily satisfies

(A.92) @ =g =0  fork=1,2,...,n

Hence we conclude that the global solution of (A.88) (with f = 0 outside [a, [])
is §(z) on J, with g(z) = 0 for = outside [, 3]. Therefore g(x) € Do([e, B]), as
required, and furthermore f = w™tMa[j] € Ro([a, B])-

Thus H4([er, B))* C Ro([ev, B]) and so, with (A.86),

(A.93) Ro([a, B]) = Ha(la, B)* in £2([a, B]; w).

But H 4 ([a, 5]) is finite dimensional and hence closed, and therefore Ry ([a, 3])
is also a closed subspace of L?([a, 8]; w), and they are orthogonally complementary
subspaces. |
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DENSITY THEOREM 1. Let A = AT € Z,(J) so the quasi-differential expression
M 4 is formally self-adjoint, and let the positive weight w € L] (J) on the interval J,
so w™ M4 generates a mazimal linear operator Ty on D(Ty) C L%(J;w), as above.
Then
Do(T1) is dense in L2(J;w).

PROOF. It is sufficient to prove that:
for each compact interval [, 3] interior to J, Do([a, 3]) is dense in L2([e, B]; w).

From this assertion the conclusion of the theorem follows immediately from the clas-
sical approximation of functions in £?(J;w) by functions in various L2([a, 3]; w)—
say, for a sequence of compact intervals [, 3] expanding to exhaust J.

Accordingly fix any one such compact interval [a, 8] interior to J. Then let
h € L%([a, B); w) satisfy

B
(A.94) (h,y) = / hjwdz =0 for all y € Do([e, B]).

We shall show that this implies h = 0 (a.e), and consequently that Do ([e, §]) must
be dense in £2([a, 8]; w), which will prove the Density Theorem.
Let Z be any solution of the quasi-differential equation

(A.95) wlMalz] = h ona<z<p,
and extend % over J so 2 € Do(T1). Then for each y € Dy([e, 5])

I¢] B
(A.96) (h,y):/ w"lMA[é]zjwdx:/ 2w "M ylw dx (see A.84).

Of course, the same result (A.96) holds if we use the extension Z(z) = 0 for z
outside [, ], with 2 € L2([a, B];w). Then (A.96) implies that 2 is orthogonal to
Ro ([, B]) in L2([e, B]; w) and, by Lemma 2, we have 2 € Ha([e, 3]).

But 2 € H (e, B]) means that Ma[2] = 0 on a < z < 3, and consequently
w(z)h(z) =0 on [, 8]. Since w(z) > 0 a.e. on [«, 8], we conclude that h = 0 a.e. on
[, B], as required. The final result is that Do([a, 3]) is dense in L2([a, 8];w), and
hence the Density Theorem is proved. O

As in the Density Theorem 1, we again consider A = A" € Z,(J) determin-
ing the formally self-adjoint quasi-differential expression M4 on the real interval
J, which bears the given positive weight function w. Then w~'M, generates the
corresponding minimal and maximal operators Ty on D(Ty) and Ty on D(Ty), as
defined in Section I (1.17) and (1.11), respectively, in the complex Hilbert space
L?%(J; w)—according to the notations listed in Section II (1.1) (1.2) (1.3). In par-
ticular, for convenience we recall that

D(A) = {f:9 - C|f] € ACi(9) for r =0,1,...,n — 1}
D(Ty) = {f € D(A)|f and T f in L2(J;w)}
D(To) = {f € D(TV)|[f : D(T1)]a = 0}.

In the Density Theorem 1, we proved that the linear manifold (see Section
1(1.15))

(A.97) Do(Th) :={f € D(T1)] supp f lies in a compact set interior to J}
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is dense in £2(J;w). We now denote the restriction of T} to Do(T}) by Ty, that is,
D(Tyo) := Do(T1) and we observe that

(A.98) Too € To € Ty on Do(T1) € D(To) € D(Th),

where all these operators are restrictions of T;. In the following Theorem 2 we shall
prove that the adjoint operators satisfy

(A.99) Ty =Ty, 5 =Ty
and that Ty is a symmetric operator whose closure is
(A.100) Too = To.

LEMMA 1. Let A= A" € Z,(J) and consider the minimal and mazimal oper-
ators Ty on D(Ty) and Ty on D(Ty), respectively, as generated by w™ My in the
complex Hilbert space L?(J;w), as before. Then, for each function F € L%(J;w)
there exists a function y € D(A) on J such that

Tvy=F on J.

PRrOOF. Consider the quasi-differential equation for y,
(A.101) Tvy=For yZL] =4 "wk onlJ.

Note that for each compact interval [, 8] interior to J

3 3 3 /2, g 1/2
/|wF|dx = /w1/2|w1/2F|dI < /wdm /|F|2wdx < 00,
@ [ed

[e% «

so the coefficient i~ "wF € L} (J). Therefore, upon regarding this quasi-differential
equation (A.101) as a first-order matrix ordinary differential system (see Section
1.2), we conclude that there exist solutions, each defined on all J and in class D(A).
That is, for each such solution y, the quasi-derivatives

vy =y !

all exist on J and belong to AC),c(J). O
THEOREM 2. Let A = A" € Z,(J) and consider the minimal and mazimal
operators Ty on D(Ty) and Ty on D(Ty), respectively, as generated by w= M4 in

the complex Hilbert space L?(J;w), as before. Also consider the restriction Ty of
T to the domain Dy(Ty), so

(A102) T()O Q TO g T1 on Do(Tl) Q D(Tg) Q 'D(Tl),

respectively, where each operator is a restriction of T .
Then the adjoint operators exist in L2(J;w) and satisfy

(A.103) Ty =T¢ =Ty and T} =Ty,

Hence, both Ty and T are closed operators with dense domains in L2(J;w). Also,
the minimal closure of the symmetric operator Tyo is Tog = Tp.
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PROOF. Since Dy(T}) = D(Too) is dense in L2(J;w), the adjoints Tg,, T, Tt
all exist as closed operators in £2(J;w). Moreover, by elementary arguments [DS]
(A.104) D(TY) € D(T}) € D(Ti),
and each of T}, T, 1§, is a restriction of T(,.

We first prove that T, = Tj. Recall that the condition for a function
f € L2(J;w) to belong to D(Ty,) is that there exists some (unique) F € L2(J;w)
for which the scalar products satisfy

(f7Tlg) = (Fvg)a for a'ug E‘DO(TI) Eg({I’OO)
According to Lemma 1 above, there exists y € D(A) so
Tiy = F and yK] € ACyc(J), forr=0,1,...,n—1.
Then, on each compact interval [a, (] interior to J,
B B8 I}
/yTgwdm = /legwda: = /Fgwda:,

for every g € Do([a, B]), that is, provided supp g lies in [, 3] (see notation in
Lemma 2 before Theorem 1 above). Hence

163 8
/ JTiguwdz = / yTigwdz,

[e]

for all g € Dy([ar, B]). We note that this implies that:
f — y is orthogonal to Ro([a, A]) in L*([a, B]; w)

where Ry ([e, 8]) is the T)-image of the domain Dy([a, 5]).
By Lemma 2 of Theorem 1

f‘y:Z on [avﬁL

where z is some solution of the homogeneous equation M4[z] = 0 or ZKL] =0onl.
Since z € D(A) on J, we conclude that

fX] € AC(le,8]) forr=0,1,...,n—1.
But [a, 8] is an arbitrary compact interval interior to J, so we conclude that
feDA) onld

Moreover,
T\f=Ty onl.
We summarize the argument thus far. For each f € D(Tj,) we find that
f € D(A) and Ty f = Tyy = F on J. Therefore both f and T} f belong to L2(J;w)
which means that f € D(T}). Also we note that
(f,Tig) = (11 ], 9); for all g € Do(T1) = D(Too).

Thus, we have shown that

D(Ty) € D(Th)  and  Tgof =Thf
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But the reverse inclusion is trivial. Because for any h € D(T}) we always have
(h,T1g9) = (Thh,g), for all g € Do(Th).
That is, because A = AT we know that
[h:gla=(Tih,g) — (h,T1g) =0
for all h € D(Ty) and g € Do(T1). Therefore
D(T3o) = D(Th) and Ty f =Thf, for f e D(Th).

Accordingly, T is a closed operator in £2(J;w).
Next, consider T; on the domain D(T§) C D(Th). But for each f € D(T1) we
have
[f:9la=(T1f,9) — (f,Trg) =0,  forall g € D(Ty).
Therefore, D(Ty) C D(T¢) so

D(TY) =D(Ty) and T f =Tif, for f € D(Ty).

Now the definition of Ty on D(Ty), see Section I (1.17), leads directly to the
conclusion that Ty is a closed operator in the Hilbert space £2(J;w). This is an
elementary argument now that it is known that 73 is closed.

Furthermore, the general theory of adjoint operators in Hilbert space, [DS] and
[WE], then guarantees that

(A.105) T0*=Ty orIy =Ty on D(IT)=D(Tp).

Also  Tg; = Too, s

(A.106) Too = Ty = To,

as required. O

Note that the proof of The Density Theorem 1 does not depend on the prop-
erties of the minimal and maximal operators, Ty and T3, but consists essentially
of an analysis of quasi-differential equations and their solutions. In Theorem 2 the
basic properties of Ty and T; are established, with respect to the closure and the
adjoint relationships. Thus, through Theorems 1 and 2 above, the foundations of
the von Neumann theory [DS] for self-adjoint extensions of the symmetric operator
Ty have been established, in accord with the assertions made in Section I.1.



APPENDIX B

Complexification of real symplectic spaces,
and the real GK N-Theorem for real operators

In classical mechanics and geometry [AM] [MH] a real symplectic space Sg
is defined as a real vector space, together with a real bilinear form [:]g that is
skew-symmetric and nondegenerate. As a generalization of this concept we have
defined a complex symplectic space S (see Sections I (2.32) and III (1.1)) as a
complex vector space, together with a complex semibilinear form [:] that is skew-
Hermitian and nondegenerate. In each case we define a Lagrangian subspace as
one on which the symplectic form vanishes identically. In this Appendix B we
formulate results on the existence and uniqueness of the complexification of any
real symplectic space Si to a complex symplectic space S, and we then apply these
ideas to assert and demonstrate a “real version” of the Glazman-Krein-Naimark
(GK N)-Theorem (see Section II, Theorem 1) holding for self-adjoint real operators
generated by real quasi-differential expressions. Finally we apply this real GK N-
Theorem to the boundary value problems for real quasi-differential operators, and
relate these considerations to the global differential geometry of real Lagrangian
Grassmannians.

DEFINITION 1. Let S be a complex symplectic space, with complex symplectic

form [;]. A complex conjugation in S is an involutory bijective map on S:
(B.1) 7y — 7, with Z;=2,,

such that

(B.2) W2y + poZo = nZy + o2z, [Z1: 2] =21 1 Za),

for all vectors Z1, Z5 € S and all complex scalars pq, ps € C.

REMARK. One should not confuse the conjugation of complex numbers
u=a+if — i =a—if with the involutory conjugation map of vectors Z — Z.
In particular, it is easy to show that the 1-dimensional complex symplectic space C,
with [1: 1] = ¢, does not admit any involutory conjugation—since each real vector
r would then have to satisfy [r : r] = 0, see Proposition 1 below.

The concept of an isomorphism between two complex symplectlc spaces Sand
S has been introduced previously; namely, a map F' of S onto S,

F:85—S

which is a vector-space isomorphism (over C) preserving the corresponding sym-
plectic products. We further assert that F' is an isomorphism between two such
complex symplectic spaces S and S, each with a distinguished complex conjugation,

137
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in case F' also commutes with the respective conjugation maps,

(B.3) F(Z)=F(2) forall Z € S.

DEFINITION 2. Let S, with the symplectic form [:], be a complex symplectic
space having a prescribed complex conjugation.

A vector Z; € S is called real in case Z; is invariant (or fixed) under the
conjugation map, that is,

Zy = 7y,
and we denote the set of all such real vectors in S by

(B.4) Sh,={ZeS|2Z=2}

Furthermore the set S%, together with the algebraic operations inherited from
S—for instance, see (B.2),

(B.5) a1 Z1 +agZy € Sy, [Z1: Zo|g = [Z1,Z2] €R

for all Zy,Z, € S% and real scalars a;, ap € R—specifies the real symplectic space
S% of all real vectors of S.

REMARK. It is trivial that S} is, in fact, a real symplectic space, and we can
further describe it as

Sp={Z€S|ReZ=2}={Z€S|ImZ =0}.
Here we introduce the familiar notation
(B.6) ReZz%(Z—}—Z), ImZzQLi(Z—Z)zRe(—iZ),

so Re Z and Im Z are real vectors in S% for each Z € S. Furthermore

(B.7) Z=ReZ+ilmZ Z=ReZ—ilmZ,
SO
(B.8) S, ={ReZ| Z € S}.

We shall verify that the complex symplectic space S, with its prescribed com-
plex conjugation, is determined uniquely as the complexification of the real sym-
plectic space S}, in the sense of the following definition and proposition.

DEFINITION 3. The complexification of a real symplectic space Sg is a complex
symplectic space S, together with a distinguished complex conjugation, such that
the real vectors S of S constitute a real symplectic space that is isomorphic with
Sk.

Often we omit the explicit specification of the complex conjugation in S, when
this is apparent from the context.
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PROPOSITION 1. Let Sg, together with a real symplectic form [:]r, be a real
symplectic space. Then there exists a complex symplectic space S, together with a
complex symplectic form [:] and a specified complex conjugation, such that S is a
complezification of Sg; that is, there exists an isomorphism (see (B.11) below) of
the real symplectic space S, of all real vectors of S, onto Sg. Furthermore, the
complexification S of Sg is unique in the following sense:

Let S be any complexification of Sr. Then S is isomorphic to S, as complex
symplectic spaces with complex conjugations.

Also

(B.9) (real) dim Sp = (complez) dim S,
and, if either is infinite then so is the other.

PROOF. A complexification S of S has already been constructed in Section
ITI.1. Recall that a vector Z of S is an ordered pair (X,Y) with X,Y € Sg; with
vector addition in S componentwise, and the multiplication by complex scalars and
the computation of the complex symplectic form [:] as in Section III (1.2) and (1.3).
As before, we introduce the convenient notation Z = X +4¢Y € S for X,Y in Skg.
The complex involutory conjugation in S, see Section III (1.4), (1.5), is given by

Z=X+iY -7 =X —1iY.
In this notation
(B.10) X=ReZ=3(Z+Z)andY =ImZ = 5(Z — Z) = Re(—i2),

are real vectors in S, and the real symplectic space Sy of all such real vectors in S
is given by

Sr={Z=X+iY €S|Y =0}.
It is then obvious that the map

(B.11) Sy —Sr:Z=X+i0— X

is a natural isomorphism between these two real symplectic spaces. In addition,
(real) dim Sk = (complex) dim S, see Section III (1.7).

It remains to demonstrate the required uniqueness of this complexification S
of Sg. Let S be any other complex symplectic space with a specified complex
conjugation, such that the corresponding set .SA’}% of real vectors constitutes a real
symplectic space isomorphic with Sg. Since 5’}3 is isomorphic with Sg, it is also
isomorphic with Si; and we fix this isomorphism and indicate it by

(B.12) Sk — S X — X.

We must extend this map to a surjective isomorphism of S onto S, as complex
symplectic spaces with conjugation.
Each vector Z € S can be written as

Z=X+1iY for X,Y € S},

and X,Y are unique; namely X = ReZ,Y = Im Z, as in (B.10). Similarly each
vector of S can be expressed uniquely in terms of its real and imaginary parts,
relative to the conjugation involution in S. Then consider the map

(B.13) S—8, Z=X+i¥ -Z=X+iY,
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with X,Y € S} and X,Y € S}, as in (B.12). Since the map in (B.12) is surjective
onto 5';3, the map in (B.13) is surjective onto 5.

Clearly (B.13) defines an isomorphism of S onto S, since the algebraic and
conjugation operations in S, and also in 5’, are defined explicitly in terms of the

corresponding operations in the isomorphic spaces S% and S’}c, respectively, i.e.
compare the formulas in Section IIT (1.2), (1.3), and (1.4). O

REMARK 1. Recall that a real symplectic space of finite dimension D must
have D = 2m even, and is then unique (up to isomorphism). We denote this real
symplectic space by R?™. The complexification of R>™ is the complex symplectic
space C*™ with Ez = 0, see Theorem 1 in Section III.1 above.

REMARK 2. The complexification of a real vector space Vg to a complex vector
space V¢, with a complex conjugation involution, can be constructed in an analo-
gous manner—and this complexification is unique in the sense of Proposition 1.

For example, the real vector space R” has the complexification C”, with the
usual conjugation of complex vectors of CP, for each integer D > 1.

As another example, the complex Hilbert space £2(J;w) of Section I.1 is the
complexification of the real Hilbert space

(B.14) L5(w) = {f e L2(Tw) | f = f}.

As indicated, the relevant complex conjugation involution in £2(J;w) is the familiar
conjugation of complex-valued functions. Hence the real vectors in £2(J;w) are just
the real-valued functions (or equivalence classes of such functions agreeing a.e. on J).
As a warning, we mention the possibility of introducing some different conjugation
involution in L?(J; w)—say,

f+ig— —f+ig, for f,geL?-{(fJ;w),

so then the “real vectors” would have the form ig for g € £%(J;w). Needless to say,
we shall not do this, but we shall always use the standard complex conjugation in
L2%(J;w), and also in other complex vector spaces of complex-valued functions on J.

The next two corollaries are obvious consequences of the constructions in
Proposition 1, and are presented only as convenient summaries, useful for the sub-
sequent examples (B.17) through (B.28).

COROLLARY 1. A complex symplectic space S, with a complex conjugation, s
necessarily the complezification of some real symplectic space; namely St, the real
vectors in S.

Further, a complex symplectic space S with finite dimension D, admits a com-
plex conjugation if and only if S has invariants dim S = D even, and excess Ex = 0.
In this case S is the complezification of the real symplectic space RP.

COROLLARY 2. Let S be a complex symplectic space with a complex symplectic
form [:] and with a prescribed complex conjugation. Let Sp,, with the real symplectic
form [:Jg as in (B.4) and (B.5), be the corresponding real symplectic space of all
real vectors in S. Assume

(real) dim S, = (complez)dim S = D < oo

for an even integer D.
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Fiz any basis of Sy to define an isomorphism of S onto the real symplectic
space RP, and then the real symplectic form in Sy is specified via a real skew-
symmetric, nonsingular D x D matriz H. This same “real basis” serves also as a
basis for S to define an isomorphism of S onto CP, with the corresponding sym-
plectic form specified by the same real matriz H.

Furthermore, using such a real basis, the complex conjugation in S maps each
vector u = (uy,ug,...,up) € S by

u— 4= (U, da,...,Up),
and hence u € Sy, if and only if all the components of u are real.

In this way we observe that the symplectic invariants of a real symplectic space
Sgr, with dim Sg = D < o0, are the same as the corresponding symplectic invariants
of its complexification S.

Now let us return briefly to the real symplectic space R?>™ and its complexifi-
cation C?™. In R?™ the real symplectic form is given by

(B.15) [u:v]r = uHv" = (U1, ..., Uz )H(v1,. .., v2m)",

for the real row 2m-vectors u,v € R*™, and an appropriate real 2m x 2m matrix
H (depending on the chosen basis and coordinates in R*™) such that

(B.16) H=—H' detH+#0.

It is a classical result [AM] of elementary matrix theory that there always exists a
canonical basis {e!,e?,...,e™;emT! ... e?} in R?™ for which H has the format
K, (see Section III(1.12)),

(B.17) K = (_(1). 16") , foreach m > 1.

From the existence of such a canonical basis it follows that a real symplectic space
cannot have an odd dimension, and moreover any two real symplectic spaces of
finite dimension 2m > 2 are necessarily isomorphic.

In the real symplectic space R*™, the symplectic product (B.15) has a spe-
cial expression in the corresponding canonical coordinates (using the corresponding
matrix (B.17)), namely

m

(B.18) [u:v]g = Z(urva — Uyt Vr ).

r=1

In C?™ with the complex symplectic structure generated by the complexification
of the real symplectic space R?™, the symplectic product of two complex row
2m-vectors u,v € C*>™ is given by

(B.19) [u:v] = uHv* = (uy,...,uom)Hv1,...,v9m)",

where the complex 2m x 2m matrix H (depending on the chosen basis and complex
coordinates in C2™) is such that

(B.20) H=—H* detH #0.
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But the same canonical basis for R*™ (considered as “real vectors” in C?™) yields
the formula for the symplectic products in C?™

m

(B.21) [w:v] =D (Urbmir = UmirDr).

r=1

Other convenient bases in R2™ are available so as to choose H in the format
(B.22)

. 0 1 0 1 0 1 .
H—dlag{(_l 0),(_1 0),...,(_1 0)}, (m-copies, for all m > 1),

or also

(B.23)
=™
(-

H=(-1)° ( 1)7n—1 , for m = 2s even.

0 ' DT

These special bases,and corresponding expressions for H, can also serve equally
well in the complexification of R>™ to the corresponding complex symplectic space
c?m,

However, in C?>™ (as the complexification of the real symplectic space R?™)
there are other useful complex bases in terms of which H becomes other formats
than K (see Section III.1, especially Theorem 1), for instance H can be replaced
by the format:

N i1, 0
(B.24) K= , form >1,
0 —il,
or else
Im 0
(B.25) J =" , form>1,
0 —-Jn
where
0 0 0 (=™
(™0
(B.26) Im =
0 (+1)
(-1) 0 0

(J can be examined separately in the cases where m is even, or m is odd—as in
Section III.1).

NOTE 1. In the complex symplectic space C>™, with the symplectic form pre-
scribed by the 2m x 2m skew-Hermitian matrix J given by (B.25) and (B.26),
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the symplectic product of vectors u = (u1, U, ..., Um,Um+1,---,U2m), and v =
(v1,V2, -, Um, Um+1, - - -, U2 ) is computed by

m—1
(B.27) [u:v] =uJv* =™ Z (=) {u2m—rTmt1+r — Um—rD14r}-

r=0

When m = 2s is even, then J in (B.25) reduces to the real skew-symmetric matrix
H in (B.23) and then

m—1

(B.28) [u:v] =uHv* = (-1)° Z (=) {u2m—rTm+1+r — Um—rV14r s
r=0

with the real case u = 4, v = ¥ of special interest.

The motivation for the symplectic form (B.27) is the regular boundary value
problem, Maly] = Awy, as in Section I(1.1), for given A = AT € Z,(J) and
w(z) > 0 in L] (J)—where we assume that J = [a, b] is compact so the deficiency
index d = n. Then the endpoint space 8 = D(T})/D(T}) (see Section II (1.3), (1.4)
and Section IV) is a complex symplectic 2n-space, isomorphic with C?" (complex-

ification of R?") under the map

F={r+D@m)} — (V) fHa),.... 5 a), )., 7 0)).

Further, the symplectic product of two such vectors f,§ € 8 can be expressed in
the coordinates of C?" according to

n—1
(B29) [f:gla=/7g"=i" Y (-1 (A )l ®) - 11T (@)gl (@)
r=0
Hence the symplectic product in § can be computed in terms of the skew-Hermitian
matrix J of (B.25).

However there is a confusion of notation (e.g. fLO] (a) corresponds to ui, ff](b)
corresponds to u;,+1, n corresponds to m, etc.). We have used the dimension 2m
for the general algebraic treatment of symplectic spaces, and 2n for the space 8§
arising from quasi-differential expressions of order n. Further we have here written
m = 2s when m is even, yet we later shall often write n = 2m when n is even (in
accord with current literature), and care must be taken appropriately - although
the use of a consistent notation within each discussion and topic should minimize
any confusions.

Finally we remark that C2™, and also CP for each dimension D > 1, bears
many non-isomorphic complex symplectic structures—see Examples at the end of
Section 1.2, and also Theorem 1 of Section III. For instance, consider the complex
symplectic space CP with some arbitrarily prescribed complex symplectic structure,
say specified by some skew-Hermitian, nonsingular D x D matrix H. Then H can
always be chosen (in appropriate complex coordinates in C?) to have the format
K, where

) i, 0
(B.30) K=" ,
0 —il,

and p = ¢ if and only if C?? is the comglexiﬁcation of R??, see Section III, Theo-
rem 1. We shall often use this notation K for all such diagonal matrices with p > 0
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terms of (+¢) and ¢ = D — p > 0 terms of (—7), in some arrangement along the
diagonal.
We next turn to the study of Lagrangian subspaces of an arbitrary complex

symplectic space S which is the complexification of some given real symplectic space
Sk.

PROPOSITION 2. Consider a real symplectic space Sr with real symplectic form

[:]r, and its complezification S with complex symplectic form [:], as before.

(1) Then for each Lagrangian subspace L C S the conjugate (with respect to the
complex conjugation in S)

L={Z|ZeL}
is also a Lagrangian subspace of S.
(2) For each real Lagrangian subspace Lr C Sgr the complezification Lc C S,
Le={Z=X+1Y | X,Y € Lg}
is a Lagrangian subspace of S. Furthermore
Lec=Lc={Z=X—iY | X,Y € Lg},

so L¢ is self-conjugate. Different real Lagrangian subspaces of Sg have
different complexifications in S.

(8) In fact, a complex Lagrangian subspace Ly C S is self-conjugate (that is,
Ly = Ly) if and only if Ly is the complezification of a real Lagrangian
subspace Lr C Sg, namely Lr = L1 N Sy = Ly N Sg (identifying Sg =
Sk C S, as usual).

Proor. Conclusions (1) and (2) are trivial. In order to demonstrate (3) let
L, = L, be a self-conjugate Lagrangian subspace of the complex symplectic space
S. Then X =ReZ = 3(Z+Z)and Y =ImZ = -(Z — Z) both belong to Ly, for
each Z = X +1iY € L.

Now consider the Lagrangian subspace Lg =L, NSk, (identifying Sp =Sy C.S),
consisting of all the real vectors in L;. But X and Y are each real vectors in Lg,
so L is the complexification of Lg, as required. O

COROLLARY 1. Under the circumstances of Proposition 2,
(real) dim Sg = (complex) dim S
(real) dim Lr = (complex) dim L¢
(complex) dim L = (complex) dim L
(and in each case, if one is infinite so is the other).

It should be noted that, under the conditions of Proposition 2, [Z : Z] = 0 for
each vector Z € S. This follows easily because we can write Z = X + 1Y, with
X,Y real vectors in Sy, and then
[Z:Z]=[X+iY : X —iY]=[X: X|g - [Y : Y]g +i{[Y : X]g +[X : Y]r} =0.

Yet it does not follow that Z € L implies Z € L. It may happen that L # L, so
that L is not the complexification of any real Lagrangian subspace of S%, and we
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give illustrations of this phenomenon later in the study of GKN-Theory for real
quasi-differential expressions.

We shall next apply these algebraic results of Proposition 2 to formulate and
demonstrate a real version of the complex GK N-Theorem which was previously
propounded in Section II Theorem 1. That is, we prove a real version of the
G K N-Theorem corresponding to real operators and real boundary conditions (as
expressed by real Lagrangian spaces)—see [NA]. For this purpose we shall require
that the Shin-Zettl matrix A = AT € Z,,(J) shall be real-valued and of even order
n = 2m, so that the quasi-differential expression M4[y] = z‘"yKL], and also w1 My
for real w(z) > 0 in L] (7)), are formal differential operators with real coefficients
on the interval J. In this situation M, is also formally self-adjoint, and hence
w~!M, generates maximal and minimal operators T} on D(T}) and Ty on D(Ty),
respectively, in addition to self-adjoint operators T on D(T') in the complex Hilbert
space L2(J;w), (note: the deficiency index d = d* > 0 automatically in this real
case)—see Section II (1.1), (1.2), (1.3).

Under these conditions the complex GK N-Theorem is certainly valid and as-
serts the existence of a natural one-to-one correspondence

(B.31) {T} < {L},

between the set {T'} of all self-adjoint operators T'on D(T), as generated by w~'M4
in £2(J;w), and the set {L} of all Lagrangian d-spaces L in the complex symplectic
2d-space 8 = D(T1)/D(Ty). Namely, take the natural correspondence T « L as
defined by

(B.32) UD(T)=L and D(T)=V"'L,
where
(B.33) UD(Ty) — 8 = D(T1)/D(Th), f— ¥f =f={f+D(Tv)}

is the natural projection (set) map—see Section II (1.5) and Theorem 1.

We seek to refine this GK N-correspondence (B.31) to “real operators”
Tr € {T} and “real Lagrangian d-spaces” Lp corresponding to self-conjugate La-
grangian d-spaces Lc = Lo € {L}, under the hypothesis that A = At € Z,,(J) is
a real n X n matrix with even order n = 2m—and, with this goal in mind, we next
present the required definitions and special constructs. However, we remark that
even under this “reality hypothesis” there can exist self-adjoint non-real operators,
as generated by w~!M 4 in £2(J;w), corresponding to complex boundary conditions
(specified by complex Lagrangian d-spaces in §). This phenomenon will be illus-
trated later in this Appendix B by an elementary example of a real Sturm-Liouville
operator with n = 2—and then investigated for higher order quasi-differential ex-
pressions with various kinds of boundary conditions.

DEFINITION 4. A linear operator 7 in the complex Hilbert space L£2(J;w) is a
real operator in case:

(1) The domain D, of 7 is self-conjugate, that is,
feD, ifandonlyif feD,,

and
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(2) 7 commutes with the (usual) complex conjugation in £2(J;w), that is,
7f =g implies7f =g, forall feD,.
In particular, a real operator 7 maps real functions into real functions.

PROPOSITION 3. Consider the quasi-differential expression w~'My, where
A= A= A" € Z,(9) is a real Shin-Zettl matriz of even order n = 2m, and
w € L} (J) is a positive weight function on the real interval J—as before. Then
M is formally self-adjoint, and w='M4 has real coefficients (as a formal differ-
ential expression).

Let Ty on D(Ty) and Ty on D(Tp) be the mazimal and minimal operators,
respectively, with deficiency indices 0 < d~,d* < n, as generated by w—'M, on
the complex Hilbert space L2(J;w). Also let § = D(Ty)/D(Ty) be the corresponding
complex symplectic space with endpoint decomposition 8 =8_&8,, so [S_:8,]4=0.

Then, under these circumstances, Ty and Ty are real operators on L%(J;w) with

(B.34) D(Ty) =D(T1), D(Tp) = D(Tv),

and

d-=d".
In addition

§=8, 8i=384

are all complex symplectic spaces with complex conjugation (defined, as usual, by
the complex conjugation f — f for f € D(Ty)). Hence 8§ has finite dimension
2d = 2d* < 2n and excess Ex = 0. Similarly the excess for 84 is Ex. = 0, and
the corresponding symplectic invariants satisfy

A_+A =A=d

PROOF. Since w™'My, is a real linear quasi-differential operator on D(T;) C
L2%(J;w), it is clear that D(Ty) = D(T}) and thereon T f = T\ f, so T} is a real
operator on L£2(J;w). From the formula, for f = fg +if; € D(Ty) (with real
fr, fr € D(T1)),

[f: D(T)]a = [fr+if1 : D(T)]a = [fr : D(T1)]a + ilfr : D(T1)]a,
it follows that f = fr + iff € D(Tp) if and only if its conjugate function

f = fr—1ifr € D(Ty). Hence D(Ty) = D(Tp), and Ty is a real operator on
L2(T;w).

Now take f = {f +D(Tv)} € 8 and define the complex conjugation involution
on § by using the map f — {f + D(Tp)} = {f + D(Tp)} = f € 8. Then it is
easy to verify that 8 is a complex symplectic space with a complex conjugation (see
Lemma 1 below for further details), and moreover each of the symplectic subspaces
8_ and 8. is individually invariant under this conjugation and hence also inherits
the complex conjugation involution.

But the deficiency spaces specified by w='M,4 in L2(J;w) satisfy D~ = D+,
from which it is obvious that d~ = d* = d. Thus dim 8§ = 2d < 2n and its excess
is Ex = 0 (see Corollary 1 to Proposition 1 above). It also follows that each of
the complex symplectic subspaces S1 has finite dimension dim 8+ = 2A_, so then
A_+ A, = A =d, as required. O
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REMARKS. Let B € Z,(J) be a real Shin-Zettl matrix. Then the quasi-
differential expression Mp[y] = i"ygl] has real coefficients (so it is real for all real
y € D(B)) if and only if n = 2m is even. As an aside note the interesting example

By € Z3(9):

110
Bi=B=Bf=| 1 0 1]|¢€2)) with Mp,[y] =iy},
00 1

but Mp, is not a real operator on £2(J), in the sense of Definition 4.

Now return to a general real Shin-Zettl matrix B = B € Z3,,(J) and assume
that Mp is formally self-adjoint. By Proposition 1 of Appendix A, there exists a
matrix A = At € Zy,,,(J) for which M4 = Mp on D(A) = D(B). We would wish
to take A to be real (as guaranteed for smooth B by the formulas of Appendix A),
but the general case is unclear and still awaits a re-interpretation of the Theorem
of Frentzen [FR] in Appendix A.

With this caution we henceforth follow the pattern of the previous complex
cases, but study quasi-differential expressions M, with the assumption that

A=A= A" € Zy,,(J), hence by-passing any need for extensions of [FR].

DEFINITION 5. Consider a real matrix A = AT € Z,,(J) of even order n > 2, so
M 4 is formally self-adjoint and has real coefficients. Let the maximal and minimal
operators Ty on D(Ty)and Ty on D(Tp), respectively, be generated by w™1M, in
the complex Hilbert space £2(J;w), as in Proposition 3 above.

Then define the real Hilbert space (see (B.14))

LR(Tw) = {f € L2(Tw) | f = [}
and the corresponding real linear submanifolds
(B.35) Dr(T1) = D(T1) N LR(T;w)
Dr(To) = D(To) N LE(T;w),
and the quotient or identification space

(B.36) Sk = Dr(T1)/Dr(Tp).

We note that Dr(Ty) and Dg(Ty) consist of all the real functions in D(T})
and D(Ty), respectively. Moreover, under these circumstances we can alternatively
define

(B.37)
Dr(Ty) ={f:T>R| fil € AC1e(9) forr=0,1,...,n—1,
and both f and w™'Ma[f] € L%(T;w)},

and, noting (B.34),

(B.38)
Dr(To) ={f € Dr(T1) | [f : gJa=0 for all g € Dr(T1)}

Also we recognize that Sg is a real vector space, with the natural algebraic
operations performed on the cosets

(B.39) hr = {h+Dgr(Ty)}  for each h € Dr(T}),
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so that the projection map

(B40) \I’R:DR(Tl)%SR:'DR(Tl)/ﬂR(To)
h— \I/Rh = }ALR = {h‘\L DR(T())}

is a linear map of Dr(T1) onto Sg. As before, we use the notations ¥g and \1/1-21
for the corresponding induced maps on subsets of Dr(7T7) or S8g, respectively.

In the next lemma we show that Sg is a real symplectic 2d-space. Then in the
subsequent real GK N-Theorem we shall demonstrate the existence of a natural
one-to-one correspondence between the self-adjoint real operators, generated by
w™M4 in £L2(J;w), and the real Lagrangian d-spaces in Sz. But first we must
clarify the relation between 8p and 8; compare (B.33) and (B.40).

LEMMA 1. Consider a real matriz A = A* € Z,(J), of even order n > 2,
and the corresponding formally self-adjoint quasi-differential expression My, so
w™ 1M, generates the mazimal and minimal operators Ty on D(Ty) and Ty on
D(Ty), respectively, with deficiency indez 0 < d < 0 in L2(J;w) - as in Proposition 3
above.

Then 8 = D(T1)/D(Th) is a complex symplectic 2d-space with complex conjuga-
tion (with algebraic operations inherited from D(Ty)). An element f = {f +D(Tp)}
is real in § if and only if f — f € D(Ty), or, equally well, f contains a real function,
say h = h € Dr(T1), so f = h = {h+ D(Ty)}. As in (B.6) and (B.7) the real
vectors of & constitute a real symplectic 2d-space 8, whose complexification is 8.

Further, Sp = Dr(T1)/Dr(To) is a real symplectic 2d-space (with algebraic
operations inherited from D(T1}). If a coset {h+ Dr(To)} of Sk intersects a coset
{9+ D(Tv)} of 8 (as subsets of D(T1)), then

{h+Dr(To} C {g+D(To)} = {h+D(Tv)},

and in this way {h+Dgr(To)} specifies the unique element {h+D(Ty)} € 8. There-
fore the natural map of Sg into 8,

(B.41) Sk — 8%, hg = {h+Dr(Ty)} — h={h+ D(T)}

is a symplectic isomorphism of S onto 8'%, (and we use (B.41) to identify S with
8%).

PROOF. According to the GKN-Theorem 1 and Lemma 1 in Section II,
8§ = D(Th)/D(Tp) is a complex symplectic 2d-space, with the complex symplec-
tic product of vectors f = {f 4+ D(Tp)} and § = {g + D(Tp)},

(B.42) (f:9la=[f+D(To): g+ D(Tp))a = f : ga,

for all f,g € D(T1). Now define the complex conjugation in 8 by

(B.43) F={f+DT)} = {f + D(T)},

noting that D(Ty) = D(Th).

A vector f = {f + D(Tp)} € § is real just in case {f + D(Ty)} =
{f+D(Tp)}, which holds if and only if f— f € D(Tp), or equally well, f—1(f+f) =
$(f — f) € D(Tp). But the function h = 3(f + f) is real; hence the vector fis
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real in 8 if and only if {f + D(To} = {h + D(Top)}, with h € Dg(T1). As previ-
ously discussed, see (B.6) and (B.7) and Proposition 1 above, the real vectors of §
constitute a real symplectic 2d-space 8z whose complexification is 8.

Next consider the real vector space 8 = Dgr(Ty)/Dr(Ty), with vectors
kp = {k + Dr(Th)}, ig = {€ + Dg(Ty)} for real functions k,¢ € Dr(Ty), and
define the real bilinear form

(B.44) (kg :lgla =[k+ Dr(To) : £+ Dr(To)]a = [k : 4.
Since [k : ] 4 is defined already on D(T}), it is clear that this bilinear product is
well-defined on 8 g, and furthermore it is skew-symmetric, (kg : £gla = —[¢r : kr]a.

We now verify that this real bilinear form is nondegenerate on the real vector
space Sg. Accordingly, suppose [kg : £g]a = 0 for all £ = {£+ Dgr(Tv)} € Sk.
But using the reality of the matrix A and the function k, we compute

[k: D(TW)]a = [k : Dr(Th) +iDr(T1)]a = [k : Dr(T1)]a — i[k : Dr(T1)ja =0,

and so [k : D(T})]a = 0. This implies that k € D(Tp), so k € Dr(Ty) and kg =0
in 8. This proves that the skew-symmetric bilinear form [:] 4 is nondegenerate on
S8g, and we conclude that Sy is a real symplectic space.

We still wish to relate the real symplectic space 8g to the real vectors 8% C 8.
For this purpose assume that a coset

hr ={h+Dgr(Ty)} € 8 intersects a coset §j = {g+ D(Tp)} € 8

(with h € Dg(Th) and g € D(T1)—and both these cosets interpreted as subsets of
D(T1)). Then {h + D(To)} meets {g + D(To)} within D(T}), and hence these two
cosets are the same element in 8 = D(71)/D(Tp). In this case

{h+Dr(To)} C {h+D(To)} = {9 + D(To)}.

Since h is real, the coset {h + D(Tp)} is necessarily a real vector in 8% C 8.
In this way we define a linear map of 8 onto 8% C 8,

hr = {h+ Dr(To)} — h = {h + D(Tv)},

as in (BA41). If h =0 in 8, then h € D(Ty) so h € Dg(Tp) and hence hp = 0 in
S8pg. Thus the map (B.41) is injective, and so it defines a (natural) isomorphism of
8r onto 8, as real vector spaces and also as real symplectic spaces. O

The next lemma re-casts the results of Proposition 2 so as to apply to the real
and complex symplectic spaces Sg and 8, respectively.

LEMMA 2. Consider a real matric A = AT € Z,(J) of even order n > 2, and
the corresponding formally self-adjoint quasi-differential expression M4, so w1 M4
generates the mazimal and minimal operators Ty on D(Ty) and Ty on D(Tp), re-
spectively, with deficiency index 0 < d < n in L2(J;w)—as before. Consider also
the complex symplectic 2d-space 8§ = D(T1)/D(Tp), with complex conjugation in-
volution and real vectors 87 C 8, so 8% is a real symplectic 2d-space. Identify
S8r = Dr(T1)/Dr(T,) with 8 as in Lemma 1.

Then each real Lagrangian d-space Lr C Sg has a complezification Lo which
1s a self-conjugate complex Lagrangian d-space in 8. Moreover, each such self-
conjugate complex Lagrangian d-space in 8 is the complexification of exactly one
real Lagrangian d-space in Sg.



150 W. NORRIE EVERITT AND LAWRENCE MARKUS

In this way there is established a one-to-one correspondence
(B.45) {Lr} < {Lc}

between the set {Lr} of all real Lagrangian d-space in Sg, and the set {Lc} of all
self-conjugate complex Lagrangian d-spaces in §.

PRrOOF. These conclusions follow immediately from Proposition 2, upon the
identification of the isomorphic real symplectic spaces 8 and 8, C 8, as prescribed
in Lemma 1 above. O

The next theorem is the principal goal of this Appendix B, and it gives the real
version of the complex GK N-Theorem 1 of Section II—but under additional reality
assumptions: namely, assuming a real matrix A = AT € Z,(J) of even order n > 2
so that the corresponding quasi-differential expression M4[y] = i”y[:] is a formally
self-adjoint quasi-differential operator with real coefficients on the interval J. Then,
with a given real weight function w(z) > 0in L (J), w™' M4 generates self-adjoint
operators T on D(T) in the complex Hilbert space £?(J;w)—since necessarily the
deficiency index d = d* = d~—see Section II (1.3).

The complex GK N-Theorem then applies, and asserts, as we recall from Sec-
tion II, the existence of the one-to-one correspondence {T'} «— {L}, see (B.31),
(B.32), (B.33), between all such self-adjoint operators T' € {T'}, and all complex

Lagrangian d-spaces L € {L} of the complex symplectic 2d-space 8.

THEOREM 1. (Real GKN). Consider the quasi-differential expression

w Mafy) = i"w ™y

on the real interval 3, as defined by a real matriz A = A € Z,(J) of even order
n > 2, and with the given real weight function w(z) > 0 in L, (). Let Ty on D(T})
and Ty on D(Ty) be the mazimal and minimal operators, respectively, as generated
by w™ My, in the complex Hilbert space L?(J;w) (recall that the deficiency index
0 < d < n—as in Section II (1.3)).

Then for this real case in the GKN-Theorem (where we refer to the general

GKN-correspondence {T'} < {L} of (B.31)):

(1) Tr € {T} is a self-adjoint real operator on D(Tg) C L2(J;w) if and only if
the corresponding complex Lagrangian d-space Lo € {L} is self-conjugate, that is,
Lc = L¢ in the complex symplectic 2d-space 8§ = D(T1)/D(Ty).

Furthermore, the real operator Tr can always be determined by real boundary
conditions, as next follows:

(2)  There exists a natural one-to-one correspondence between the set {Tr} of
all self-adjoint real operators Tr on D(Tg) (as generated by w™' M, in L2(J;w)),
and the set {Lr} of all real Lagrangian d-spaces Lg in the real symplectic 2d-space
SR = DR(TI)/DR(TO) Namely:

For each T € {Tr} take the corresponding Ly € {Lgr} to be the unique real
Lagrangian d-space in Sg, whose complezification Lo = Lc in 8 is defined by

UD(Ty) = Le-.
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Conversely, for each real Lagrangian d-space Lp in Sg the complezification
Le = Le in 8 determines Tg € {Tr} by

D(TR) = U 'L,

where
U:D(Ty) — 8
is the natural projection (set) map (B.33).

In more detail, for each set of d real functions f!, f2,..., f¢ in Dr(T), such
that {f}%, ey ff%} constitutes a basis for Lr C Si (and consequently [f" : f5]4 =0
for 1 < r,s <d), the domain D(TR) of the corresponding self-adjoint real operator
TR is

D(Tr) ={feDTM)|[f:f]la=0 fors=1,...,d}
or equally well,

D(Tr) = c1f' +cof? + -+ caf ! + D(To),
where ¢, co, ..., cq are arbitrary complex constants, as in (B.50).

PRrROOF. Take a self-adjoint real operator Tr € {T'} with the domain D(Tg) C
D(T1), as generated by w2 M4 on L2(J;w). Then the complex GK N-Theorem 1 of
Section IT asserts that there is determined a complex Lagrangian d-space L € {L}
in the complex symplectic 2d-space 8 = D(T})/D(Ty), according to (B.32)

(B46) \I/D(TR) =Lc and @(TR) = ‘I’—ch.
But this natural projection (set) map
(B.47) ViD(T) =8, f—f={f+D(T)},

carries the conjugate f to W f = {f 4 D(Ty)}. That is, ¥ preserves the conjugation
operations that are given on the two complex vector spaces D(T}) and S. Since Tg
is a real operator D(Tr) = D(TRr), and hence Lc = L is self-conjugate in 8.

On the other hand, take any such self-conjugate Lo = Lo € {L} in 8. Then
the corresponding self-adjoint operator T' € {T'} has a domain D(T) C D(Th)
specified by D(T) = U~ L. That is, D(T) is the union in £L2(J;w) of all the cosets
f={f+D(T)} for f € Le. But {f +D(Ty)} = {f + D(Ty)} also belongs to
Lc = L, and hence D(T) = D(T) is self-conjugate in L2(J;w). Further, w1 M,
has real coefficients, since A = AT is real of even order n > 2, and therefore T is a
real operator in accord with Definition 4 above, and we denote it by Tr to match
the conclusion (1) of this theorem.

Now conclusion (2) is an easy consequence of the complex GK N-Theorem,
especially the existence of the bi-unique correspondence {T'} < {L}. Namely, this
same GK N-correspondence, when restricted to {Tr} C {T}, establishes a one-
to-one correspondence between {Tr} and the set {Lc} of all complex Lagrangian
d-space which are self-conjugate in 8.

However, in Lemma 2 above, we have defined a natural one-to-one correspon-
dence (B.45) {Lr} < {Lc} between the real Lagrangian d-spaces Lg of 8g, and
the self-conjugate complex Lagrangian d-spaces Lo in 8. In this bijective corre-
spondence Lo = L¢ is the complexification of a unique Lg, and Ly is the unique
real Lagrangian d-space in Sg which has L¢ as its complexification.




152 W. NORRIE EVERITT AND LAWRENCE MARKUS

These two bijective correspondences combine to produce the required one-to-
one correspondence

(B.48) {Tr} < {Lr},

as asserted in the conclusion (2) in this theorem. O

REMARK. Let w™'My be a quasi-differential expression for a given complex
matrix A = AT € Z,(J) of order n > 2, with the corresponding deficiency index
0 < d < n—as in the complex GK N-Theorem 1 of Section II. Then the boundary
value problem (or eigenvalue problem for A € C),

Maly] = Awy, on real interval J,

is self-adjoint on some linear domain D(T') C L?(J;w); that is the operator T =
w1 M, is self-adjoint, in case there exist complex functions f,...,f¢ € D(T})
such that f L, fd constitute a basis for a Lagrangian d-space L of the complex
symplectic space § = D(T1)/D(Tp). This can also be stated as:

[f7: f°la=0 for 1 <r,s <d,

and {f"} are linearly independent over C, (mod D(7p)). In terms of this basis the
linear domain for T is precisely

(B.49) DT =carf' +caf?+ - +caf® + D(Ty),

where the complex constants ¢1,co, ..., cq range over C.

Incidentally, such a basis for L can also be specified by an appropriate set of d
linearly independent functionals on §, that is, by d linearly independent homoge-
neous complex boundary conditions that vanish on D(Ty)—as explained earlier in
Sections IT1.2 and again in Section IV.

We compare this construction with the corresponding construction for the real
version of the GK N-Theorem 1 above, where A = AT € Z,,(J) is a real matrix of
even order n > 2. Then we can determine every self-adjoint real operator Tr on
D(Tr) C L2(J;w) by a selection of d real functions f1, f2,..., f¢ € Dr(T1) such
that fh = {f* + Dr(To)}, -, f& = {f*+ Dr(Ty)} constitute a basis for a real
Lagrangian d-space Ly in the real symplectic 2d-space Sg = Dr(T1)/Dr(Ty). This
can also be stated as:

[f":f°la=0 forl<r s<d,

and f1,..., f% are linearly independent over R, (mod Dg(Tp))-
But the complexification Lc = L¢ of Ly has the basis f! = {f1+D(Tp)},. ..,
4= {f4+ D(Tp)} over C, (mod D(Ty)). Hence, here

(B.50) D(Tr) =1 f' +eaf? + -+ caf® + D(Ty),

where again the complex constants ci,ca, ..., cq range over C.

We shall later note how such a basis of real functions f*, f2,..., f¢ € Dr(Ty)
can be specified by d linearly independent homogeneous real boundary conditions
that vanish on Dy (7).
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REMARKS ON REAL OPERATORS. A real operator 7 on the complex Hilbert
space L2(J;w), as in Definition 4, defines a linear operator on the real Hilbert space
L%(J; w), by the restriction to real functions. Moreover, each linear operator on
L% (J;w) extends to a unique real operator on the complex Hilbert space £2(J;w).

If we wish to consider the real operator T in (B.50) as a self-adjoint operator on
the real Hilbert space L% (J;w), then its domain would consist of the real functions
in D(Tg), namely

(B5OR) DR(TR) = lel + Cgf2 —+ .4 Cdfd + DR(TO),

where the constants ci,co,...,cq are now restricted to be real. However, we shall
consider only operators defined on the complex Hilbert space £2(J;w).

We have seen that the further developments in the general GKN-Theory, and
the corresponding boundary value problems, have been guided by the theory of
complex symplectic spaces, as in Sections III and IV. These methods also apply
to the theory of real quasi-differential expressions via real symplectic spaces—but
significantly, they require that we consider their complexifications. However, these
results may be easier to obtain and simpler to state in the real cases, since each
real symplectic space S of finite dimension D must have D = 2m even, and excess
Exz =0, so S is thus symplectically isomorphic to the standard R”. For instance,
the real symplectic space Sg, in the real GKN-Theorem 1, has the even dimension
2d (for the corresponding deficiency index d = d*) and also its endpoint decompo-
sition 8 = Sp_ @ Sgr+ leads always to the real symplectic subspaces Sgpi of even
dimensions—according to Proposition 5 below.

However, it is often possible, even advantageous, to establish interesting ver-
sions of these results for real boundary value problems without any explicit reference
to their complexifications—and with the conclusions phrased entirely within real
analysis, just as for the real GKN-Theorem 1. Since these concepts and arguments
in both the real and complex cases are generally parallel, we merely state some
of the most important of those propositions of real symplectic geometry, which
correspond to the main body of theory of Sections IIT and IV.

PROPOSITION 4. Let S, together with a real symplectic form [|r, be a real
symplectic space of finite dimension D = 2A. Assume given a prescribed direct
sum decomposition

S:S_@S+, with [S* :S+]R:O,
where the real symplectic subspaces Sy have
dim Sy =2A4, so A_+ A, =A.

Further let L be a real Lagrangian A-space in S.
Then

0<A_ —dimLNS_-=A; —dimLNS; = min{A_,A;}.
Moreover, in the special case where
dim Sy = A (so A =AL),

then
0<dimLNS_=dimLNnS; <A..
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The proof of the proposition (which may be denoted as the real version of
the balanced intersection principle) follows closely the argument of Theorem 3 in
Section ITI.1 since the methods of linear algebra only are involved. Moreover, other
results of complex symplectic algebra in Section III.1 are also much easier, or even
trivial, in the real case—for instance the analogues of Theorems 1 and 2 there.
Accordingly, we do not present these arguments or statements here.

REMARK. As in Section III.1, but now in accord with the circumstances of
Proposition 4 above, we define the coupling grade of a real Lagrangian A-space L
in the real symplectic 2A-space S = S_ & S, , namely

(B.51) gradeL=A_—-dimLNS_ =A; —-dimLNS,.

As before, a non-zero vector v € S is separated at the left (or at the right) in
case v € S_ (or v € §}); otherwise v is a coupled vector.

Then L is strictly separated in case grade L=0, that is, L=span{LNS_, LNS,.}
so that L has a basis of vectors, each of which is separated. Also L is totally coupled
in case grade L =A_ = A4, thatis LN S_ = L NS, =0 so that every basis of L
consists of vectors, each of which is coupled.

It is easy to see that if the real symplectic 2A-space S = S_ @& Sy, and the
real Lagrangian A-space L C S, are all complexified to S¢ = Sc_ @ Scy and Lg,
respectively, then grade L = grade L.

Proposition 4 can be applied to the analysis of real boundary value problems,

say
Maly] = Mwy (as in Section I(1.1))
where A= A=At e Z, (J) is a real Shin-Zettl matrix of even order n = 2m, and
with the real weight function w(z) > 0in L}, (J), as before. Then the corresponding
(real) endpoint space
8r = Dr(T1)/Dr(Tp),

is a real symplectic 2d-space, for the deficiency index 0 < d < n as in the notation
of the real GKN-Theorem 1 above.

In order to construct the left and right endpoint decomposition of Sg, in analogy
to Definition 4 in Section III.2, we define

(B.52) Dr+(Ty) = D+(T1) N Dr(Th)

and the real endpoint spaces

(B.53) Sr+ = VrDry,

in terms of the natural projection (set) map (B.40)

(B.54) Up:Dr(Th) — 8r = Dr(Th)/Dr(Ty)
f = ¥rf=fr={f+Dr(T)}.

Thus Sg_ can be thought of as “real functions supported near the left endpoint a,”
and Sp+ as “the real functions supported near the right endpoint b” of J.

In this terminology we can now assert the analogue of Theorem 5 in Section
I11.2, which provides the general endpoint space decomposition for the real sym-
plectic space Sg.
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PROPOSITION 5. Consider the real symplectic 2d-space Sg = Dr(T1)/Dr(To),
determined as the endpoint space for a real quasi-differential expression w™'My4.
Here A=A = At € Z,(J) is a real matriz of even order n = 2m, w € L}, (J) is
the positive weight function on the real interval J, and 0 < d < n is the deficiency
index, as in Theorem 1.

Then Sr has a natural direct sum decomposition
(B.55) Sp =8gr_ ®Sgry, with [SR_ 58R+]A =0,

where the left and right endpoint spaces Sp— and Sg., respectively, are each real
symplectic subspaces;

dimSp_ =2A_, dimSp, =2A,

and A_ + Ay = A =d (in terms of the usual symplectic invariants of Theorem 1
in Section III.1).

In the special case where J = [a,b] is compact, so the corresponding boundary
value problem is regular, then

A=d=n and A_=A,=m.

The proof of Proposition 5 follows just as in the analogous complex case, once
we observe that the patching lemma of Naimark [INA], or the corresponding con-
trollability results [EM] introduced in Appendix A above, remains valid within the
framework of real analysis.

Further, classifications of real Lagrangian d-spaces Lr C 8k can be ordered by
means of the coupling grade of Lg

grade Lp = Ayx —dim Lg NSk,
as in Proposition 4 and the subsequent discussion (B.51).

COROLLARY 1 (For real GKN-Theorem 1). Consider the quasi-differential ex-
pression w— My on the real interval 3, as defined by the real matric A = A =
At € Z,(9) of even order n = 2m > 2, and by the given positive weight function
w € Ll _(7), as in Theorem 1. Define the real symplectic 2d-space

loc
8r = Dr(T1)/Dr(Th) = Sr_ ® Sk, .,

where the left and right endpoint spaces Sp_ and Sg., respectively, are real sym-
plectic subspaces with

dimSp_ =2A_, dimSg, =2A,  (s0 A_+A,=A=d),

as in Proposition 5 above.
Let Ly C Sg be a real Lagrangian d-space with

gradeL; = Ay —dimLr N8g, =4,

for an assigned integer 0 < £ < min{A_, A, }.
Then each basis of Ly contains:
at most (A_ — £) vectors in §_
(each separated at left of ),

at most (A — £) vectors in 84
(each separated at right of J),
and
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at least (Nec-coupling Ly = 2£) wvectors
(each coupled on 7).

Furthermore there exists a minimally coupled basis {g}%,gﬁ,...,g,d{} of the
d-space Ly C Sg, in which precisely 2¢ vectors are each coupled, and hence pre-
cisely (A_ —£) vectors are each separated at the left, and precisely (A — ) vectors
are each separated at the right of the interval J. In fact, we can choose the corre-
sponding representative functions g, g2, ...,g% in Dr(Ty) such that:

the first (A_ — £) of these functions lie in Dr_(T})
(each vanishes in a neighborhood of the right end of J),

the next (AL — £) of these functions lie in Dry (T})
(each vanishes in a neighborhood of the left end of J)

the last 2¢ of these functions lie neither in Dg_(T1) nor Dr(Th)
(each has a support which meets every neighborhood of the left end of J,
and also every neighborhood of the right end of J—in non-empty inter-
sections).

The proof of Corollary 1 follows immediately from the real GKN-Theorem 1,
Proposition 5—and the conceptual developments in Theorem 7 of Section II11.2.
The problem of the existence of real Lagrangian d-spaces L, C Sg, with grade
Ly = ¢ assigned on 0 < ¢ < min{A_, A}, is discussed later in Theorem 3 and the
subsequent Note 2 at the end of this Appendix B.

We can also define the real Lagrangian d-space Ly C Sg, as in Corollary 1,
in terms of real linear functionals on the 2d-space 8g (namely, elements of the
dual space Sﬁ). Recall that a real boundary condition for the quasi-differential
expression w~ 1M, (as in Theorem 1) is a real linear functional w on the linear
2d-space 8g = Dr(T1)/Dr(Ty) (or more precisely, the null space of w, abbreviated
as “the solutions of w = 0”).

Accordingly, consider any linear functional

(B.56) w:8r —R

(or equally well, a real linear functional on Dg(T}) which vanishes on Dg(Tp)). We
denote the set of all such boundary conditions as the dual space Sﬁ.

Just as in Definition 5 and Theorem 6 of Section II1.2 we define the duality
map

(B.57) Sk —»Sﬁ cv— 7
where the real linear functional v# is given by
(B.58) v#[fr] =[v: frla  forall fr €8,

and we use the map to induce a real symplectic product on the real linear space Sﬁ.
Then the duality map is a real symplectic isomorphism carrying 8gp = Sg_ ® Sgyt
onto Sﬁ = Sﬁw & Sﬁ;. Further, the real symplectic subspaces Sﬁi, the images of
Sk, respectively, can also be recognized as annihilators (or nullifiers), as before:

(B.59) 8% =N(Sg4) and 8%, = N(8g_).

Thus a real boundary condition can be specified by either a functional v# € st, or
equally well by the corresponding vector v € Sg, just as in Section II1.2.
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Now let us turn to the regular boundary value problem
Maly] = dwy (spectral parameter A € C),

where A = A = A" = Z,(J) is a real Shin-Zettl matrix of even order n = 2m, and
with the positive weight function w, both in £!(J) on the compact interval I = [a, b]
as in Section IV (1.1), (1.2), (1.3). Then the results of the real GKN-Theorem 1,
and Propositions 4 and 5 above, remain valid—but special properties hold for the
real endpoint spaces Sg = Dg(T1)/Dr(To) = Sr— ® Sgr+.

These real endpoint spaces Sr+ can be defined quite explicitly for regular
boundary value problems, as in Section IV where the interval J = [a, b] is com-
pact and where A and w both lie in £'(J). In such a case

(B.60)
S ={fresr| ') = £ = = f7 7 (6) = 0}, and
Sre ={fresn| f(a)=fi(a) = = f{7V(a) = 0}.
because
Dr(To) = {f € Dr(Ty) | f{(a) = fI'(b) =0, forr=0,1,...,n — 1}.

For the case of a regular boundary value problem on the compact interval
J = [a, b] the evaluation map, see Section IV,

(B.61) Vgr: fr={f+Dr(To)} — (f(@),.... F7 @), F®),..., f5 o))

is a symplectic isomorphism of Sg = Sr_ & Sr+ onto the real symplectic space
R?" = R?™ @ R?™. With these coordinates in Sz we can write the symplectic
product as follows

(B.62) (fr: Grla = frHGY,

where the real skew-symmetric matrix (see(B.23))

0 S0 (1)
. (=1) 0
(B.63) H = (—1)" (I{)n —2171> , and Hy, = 0 1)’ L

In this way we compute (see (B.28)),

n—1

(=0 B ) - £ @)l (a))

M

(B.64)  [fr:grla=(-1)"
0

for each fr = {f + Dr(To)}, 9r = {9 + Dr(To)} in 8g, with f,g € Dr(T1).
Furthermore the skew-symmetric matrices (—1)"H,, and (—1)™*!H,,, immediately
yield the symplectic forms on the corresponding subspaces 8z_ and Sk, in Sg.
For the regular boundary value problem, as described in Proposition 5, in the
special case where J = [a,b] is compact so A_ = A, = m and d = n = 2m,
examples of such Lagrangian n-spaces of all possible coupling grades are shown
to exist in Section III.1 Theorem 4—(while Section III.1 deals with complex La-
grangian spaces, these particular examples are also valid, where meaningful, for
the real case). Furthermore, it is important to emphasize that these examples of

r
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Section III.1, although described entirely in terms of abstract algebra, also yield
valid constructions for real operators Tg, once A=A = At € Zom(J) and w1 My
have been specified on J = [a, b].

We now re-formulate and summarize these conclusions in the next theorem,
which is the real version of Theorem 2 in Section IV.

THEOREM 2 (Real GKN-Theorem: Regular Case).
Consider the real quasi-differential expression

(B.65) wMaly] = i"w_lyzl]

defined on the real compact interval I = [a,b], in terms of the real matriz
A= A= A" € Z,(9) of even order n = 2m, and the positive weight function
w, both in L1(J), as for a regular real boundary value problem on J.

Let Ty on D(T1) and Ty on D(Ty) be the mazimal and minimal operators,
respectively, as generated by w—'Ma on the complex Hilbert space L*(J;w)—as in
the real GKN-Theorem 1. Then the real symplectic 2n-space 8g = Dr(T1)/Dr(To)
has the direct sum decomposition into the left and right endpoint spaces, as before:

(B66) SR = SR— ) SR+, with [SRV : SR+]A = 0’

where the real symplectic spaces Sg+ have the common dimension
2A_ =2A4 =2m =n.
Each real Lagrangian n-space Lr C Sp has a coupling grade

(B.67) gradeLg =m —dimLr N 8p,,

which is an integer £ € [0,m]; and moreover for each integer £ € [0,m] there exists
(at least) one real Lagrangian n-space, say Ly with

grade Ly = /.

According to the real GKN-Theorem 1 above, there exists a natural one-to-one
correspondence between the self-adjoint real operators, as generated by w™ M4 on
L%(J;w), and the real Lagrangian n-spaces in Sg. For each such real Lagrangian
n-space in Sg, say Ly with grade Ly = ¢, the corresponding self-adjoint real operator,
say Tre, is specified by its domain

(B.68) D(Tre) ={feDT) | [f:fla=0 fors=1,2,...,n},
or equally well,

D(Tre) = c1f' +cof? + -+ cuf™ +D(T0),

where f1,f?,...,f" are any set of n real functions in Dg(Ty) such that
{f}?, f]%, . ,fg} constitutes a basis for Ly, and c1,ca,...,c, are arbitrary complex
constants, as in (B.50).

Furthermore,

dimL,NS8g+ =m —¥{, for{=0,1,2,...,m,
s0

(B.69) Ly is strictly separated if and only if £ =0,
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and
(B.70) Ly is totally coupled if and only if £ = m.

In the special case of a regular problem where J = [a, b] is compact, the annihi-
lator relations (B.57), (B.58), (B.59) can be demonstrated by explicit calculations in
terms of the coordinates in 8 induced via the evaluation isomorphism (B.61) with
R?". For instance, take any vector v € Sg_, written in the notation (motivated by
the formula (B.72) below)

(B.71) v={(=1)"(an-1, —Qn-2,0n_3,...,01, —qp,0,0,...,0),

where the real coordinates (—1)™ap—1,...,(—1)™(—ap) are not all zero. In this
situation we can compute (B.62), (B.63), (B.64):

(B.72)  v*[fa] =[v: frla = aofl (@) + ar fi (@) + -+ an1 77 @)

for each vector fr = (ff] (@),..., fg“l](a), ff](b), ce f/[f*l] (b)) in 8 (where fr =
{f +Dgr(Ty)} is represented by the real function f € Dg(Ty), as usual). But since
v fR] involves the quasi-derivatives of f only at the left endpoint a of J = [a, b],
we see that v# annihilates all fz € Sg+. In this way we can easily verify directly
that

Sﬁ, = N(Sg+), and similarly 8?; = N(8r-).

Thus for v € §z_ the functional v# ¢ Sﬁ;, and these are each separated at
the left endpoint a of J = [a,b]. But this fact is emphasized by the real boundary
condition corresponding to v#, namely,

(B.73) v*[frl =0 or agfy(a)+ - +anafi (@) =0.

Similar conclusions hold in case v € Sgy, so vi_ € wa = N(8g-), and then
the corresponding boundary condition involves data only at the right endpoint b of
J = [a,b]. In this case v, and v* the corresponding boundary condition, are each
separated at the right endpoint b of J = [a, b], that is,

(B.74) v#[fr] =0 or BofW(b)+ -+ Burfi (k) =0,

where the real constants 3y, 31,. .., 8.—1 are not all zero. If v is neither separated
at the left nor at the right endpoint of J, then the boundary condition corresponding
to v# involves data at both ends @ and b of J. Then v (or v#) is called nonseparated
or coupled, and

v#(fr] = a0 fV @) + - + an1 ST @) + Bof ) + -+ Bu ST (D),

where at least one a; # 0 and one B # 0, for 0 < j, k < n —1. When A is
smooth, the boundary condition can then be expressed as a linear combination of
the ordinary derivatives f(%(a),..., f™ D(a), f©O(b),..., f=1(b), but the real
constant coeflicients then depend on the matrix A, and the analogous conditions
hold for separation or coupling.

From these notations and comments concerning boundary conditions the fol-
lowing corollary is immediate.
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COROLLARY 1. For each integer £ = 0,1,2,...,m consider the real Lagrangian
n-space Ly C Sg with coupling grade ¢, as in Theorem 2. Let Tre on domain
D(Tre) be the corresponding self-adjoint real operator, on the complex Hilbert space
L2(J;w), as generated by the real quasi-differential expression w~ My, with
A=A= A" € Z,() of even order n = 2m on the compact interval J = [a,b], in
accord with Theorems 1 and 2 above.

Then there exists a basis of n linearly independent real boundary conditions (a
basis for LZ(’E ) whose solutions in Sg are precisely the vectors of Ly, and thus whose
solutions in Dg(Ty) then span D(Try) (mod D(Tp)), as in (B.68).

Moreover there exists a minimally coupled basis of n boundary conditions (basis
for Lz&’é ) with precisely

(B.75) m — £ separated at the left endpoint of J,
m — { separated at the right endpoint of J,
2¢ coupled (nonseparated).

Furthermore, every basis of n boundary conditions (basis of Lf) must contain at
least 2¢ coupled boundary conditions.

REMARK. Of course, a minimally coupled basis for Lz@'t can be also interpreted
as a minimally coupled basis for Ly, compare Corollary 1 to Theorem 1—also see
Theorem 2 of Section IV.

PRrROOF. According to the argument in Corollary 1 of Theorem 6 in Section
I11.2,

L¥ =N(Ly) and Ly = N(L¥).
Hence for each basis of Lf (or the corresponding set of n linearly independent real
boundary conditions), L, is precisely the set of solutions (annihilators) of these n
boundary conditions.
But grade Ly = m — dim Ly, N 8g+ = £ if and only if

dimL,NSg_ =m—+{ and dimL,NSg+ =m —¥.

Therefore there exists a basis for L, which contains m — £ vectors in Sg_ and also
m—{ vectors in Sg., with each of the remaining vectors lying in neither the left nor
right endpoint space. But then the dual basis in Lf& has the required properties:

m — { separated at the left endpoint of J,
m — { separated at the right endpoint of J,
2¢ coupled (nonseparated).

Of course, a perturbation of this basis can create a basis for Lf& with more basis
vectors nonseparated, even all basis vectors nonseparated or coupled. However,
every basis for Lf must contain at least 2¢ nonseparated boundary conditions, as
required. O

The next topic in this Appendix B deals with the self-adjoint but non-real
operators T', as generated by the real quasi-differential expression w™ My on the
complex Hilbert space £2(J;w)—where the real matrix A = A = At € Z,(J) is

of even order n = 2m, and the positive weight function w € L} _(J) on the real
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interval J, as before. Such a formally self-adjoint real quasi-differential expression
w~t M4 can generate self-adjoint operators 7' on D(T) C D(T}), that are not real,
through the use of certain complex non-real boundary conditions.

We first clarify this phenomenon for the classical Sturm-Liouville differential
operator of order n = 2, and then proceed to the more general self-adjoint real
quasi-differential operators of order n > 4.

PROPOSITION 6. Consider the Sturm-Liouville real quasi-differential operator
of order n =2m = 2,

(B.76) Maly) = -5 = —(0y')’ + av,
_ -1
(B.77) where A=A=A" = (2 g ) € Z»(J)

for smooth real coefficients p,q with p(x) # 0 on the compact interval J[a,b].

Then the quasi-differential expression w= My, for given positive weight function

w € LY(J), has real coefficients, so the corresponding mazimal and minimal opera-

tors Ty on D(Ty) and Ty on D(Ty), respectively, are both real operators in L2(J;w).
As usual, define the endpoint real symplectic 4-space.

(B.78) 8r = Dr(T1)/Dr(To) =8r_ & Sk,
and its complezification, which is isomorphic to the complex symplectic 4-space
(B.79) S§=8_®8;, with [S_:84]a=0.

Then necessarily
(B.SO) dim SR:t = 2, dim Si =2.

Let Lg be a real Lagrangian 2-space in Sg, so Lr determines a self-adjoint real
operator T on D(Tg) C D(T), as generated by w™ M4 in L%(J;w)—according to
the real GKN-Theorem 1 above.

Then either:

(i) grade Lr =0 (Lg is strictly separated);

In this case Lr can be defined as the annihilator of an independent pair
of real boundary conditions, one of which is separated at the left endpoint a
of J and the other is separated at the right endpoint b of J,
or else:

(ii) grade Lr =1 (Lg is totally coupled);

In this case each basis of real boundary conditions defining Lr must
consist of two boundary conditions each of which is coupled.

Next let Lo be a complex Lagrangian 2-space in 8 so Lo determines a self-
adjoint operator T on D(T) C D(T}), as generated by w—'Ma, according to the
general GKN-Theorem 1 of Section I1.

Then either:

(iii) grade Lc =0 (L¢ is strictly separated);

In this case L¢ is defined by some basis of complex boundary conditions,
each of which is separated in the sense of (i) above. More surprisingly, Lo
is necessarily the complexification of some real Lagrangian 2-space in Sg,
and hence Lc = L¢ and is defined by a basis of real boundary conditions,
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each of which is separated. Moreover, the self-adjoint operator T on D(T)
s necessarily a real operator,
or else:

(iv) grade Lc =1 (L¢ is totally coupled).

In this case L¢ is defined by a basis of complex boundary conditions,
each of which is coupled in the sense of (ii) above. Moreover, L may or
may not be the complexification of a real Lagrangian 2-space.

If Lc = L¢, then it is such a complezification, and T on D(T) is a real operator.

If Lc # L¢, then it is not a complezification, and then T on D(T) is not a
real operator.

Ezamples of both kinds exist.

Proor. Conclusions (i) and (ii) are trivial consequences of Corollary 1 of The-
orem 2 above. Accordingly we consider only the cases (iii) and (iv) for a complex
Lagrangian 2-space L¢ in the complex symplectic 4-space § =8_ & 8.

Since J = [a,b] is compact, the evaluation isomorphisms of § with C%, as in
Section IV, identifies

(B.81) =4 +D(m)} with (F(a), £ (a), £ (0), £5(8)) € C*.
Then the symplectic product can be computed by

(B.82) [f:9la=fHg", with H=

oo O
OO O
_= o OO
o= OO

for the complex 4-vectors f and g € 8.

The real skew-symmetric matrix H also defines the symplectic product in
Sr = Sr_®SR+, as well as in its complexification § = §_@8... Thus there is a com-
plex conjugation in 8, with real vectors Sg, and each vector u = (uy,uq,uz,uq) € 8
has the conjugate @ = (u1, Uz, U3, u4) € 8. Then u is real just in case all its compo-
nents are real numbers.

Now assume that grade Lo = 0, so that dim LcNS_ =1 and dim Lo NSy = 1.
Take vectors u_ = (uy,us,0,0) as a basis for Lc N8_ and vy = (0,0,v1,v2) as a
basis for Lc N 8,. We can choose u_ = (1,1,0,0) € §_ (or possibly (0,1,0,0))
after a suitable multiplication by a complex scalar.

But w_ is a neutral vector in the Lagrangian 2-space L¢, and so

we =) () 5)an =n-1=0

Hence 7 is a real number, and so u_ € Sg_ is a real base vector for Lo NS_.

A similar calculation shows that we can take v, to be a real base vector for
Len8., and thus {u_, v, } is a real basis (lying in 8g) for the complex Lagrangian
2-space L¢.

Now observe that the conjugation in 8§ carries

clu_ +covy to ciu— + cuy = Ciu- + Cvy € L,
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for complex constants ¢; and co. Hence Lo = L is self-conjugate in 8, as required.
Clearly L¢ is thus the complexification of a real Lagrangian 2-space, say L}, C Sg,

(B.83) Ly ={riu_+mrwy}  forr,rm R,

with grade L’; = 0; and conclusion (iii) is proved.

Finally we exhibit two examples for complex Lagrangian 2-spaces Lo C 8 with
grade Lc = 1, say Ly, with L, = E, and also L{. with L/, # L—’C’. The other
conclusions in (iv) then follow from Proposition 2 above.

For example take L, defined by the basis of vectors (1,0,1,0) and (0,1,0,1) in
8§ = 8_ @84 ~ C*. Because this basis consists of real vectors in 8, L, = L, is
self-conjugate and so L, is the complexification of a real Lagrangian 2-plane in Sg.
Moreover it is obvious that Ly, N8_ = L, N84 = 0 so that grade Ly, = 1 and L,
is totally coupled.

For the next example take L. defined by the basis of vectors u = (1, 0,1, 0) and
v = (0, 1,0,7)—or equally well by the boundary conditions

(B.84) Moy =iff@, o) =il ).

But @ = (1,0,-i,0) ¢ L/, so LY. # L. Again it is obvious that L{. N §_ =
LY. N84 =0, so L{. is totally coupled, yet it determines a self-adjoint operator T
on D(T') which is not real. a

The situation in Proposition 6 (iv)—where certain complex boundary condi-
tions, necessarily coupled for the real Sturm-Liouville differential operator with
n = 2, determine a self-adjoint operator T' on D(T) that is not real in L2?(J;w)—
can be illustrated more explicitly as follows. Take p(z) = ¢(z) = w(z) = 1 in
J =[0,1]. Then the function

(B.85) y(z) = %[cos mx+ 1] + %[cos (1l —z)+ 1]
lies in the domain D(T), yet § & D(T). Hence D(T) # D(T) and T is not a real
operator.

Analogous examples are easily constructed for self-adjoint real quasi-differential
expressions of even orders n > 4.

On the other hand the phenomenon in Proposition 6 (iii)—where complex
boundary conditions which are strictly separated force the corresponding self-
adjoint operator T on D(T) to be a real operator in £2(J;w)—is peculiar to the
order n = 2, and fails for higher orders n > 4.

The next example illustrates this failure for n = 4, and then the subsequent
theorem demonstrates the corresponding result for all even n > 4.

EXAMPLE 1. Let w™!'M4 be a real quasi-differential expression, where the real
matrix A = A = At € Z,(J) has even order n = 2m = 4, and the positive weight
function w € L'(J) on the compact interval J = [a,b]. Also consider the real
endpoint space 8z = Dr(T1)/Dr(Ty) = Sr_ ® Sr, , and its complexification

8 =D(T1)/D(Ty) =8 & 8,, with[$_:8,]a =0,

as usual. Then 8 is a complex symplectic 8-space, with complex conjugation that
leaves the left and right endpoint spaces 8.1 invariant. Thus each of 8. is a complex
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symplectic 4-space which is the complexification of the corresponding real endpoint
space Sp+.

Under these conditions we shall construct explicitly a complex Lagrangian
4-space Ly C 8 such that:

(B.86) grade Lo =0 (so dimLoN 84 =2)
and yet
(B.87) Lo # Lo (so Ly is not self-conjugate).

Hence Ly is strictly separated, yet still defines a self-adjoint operator T on
D(T) € D(Ty) C L%(J;w), which is not a real operator. We shall further de-
scribe Lo in terms of separated complex boundary conditions at the endpoints of
J = [a,b], in the customary manner.

Let the evaluation isomorphism of § onto C® define the complex coordinates
for each vector f = {f 4+ D(Ty)} € § according to:

B.88) [ (fa), £Ya), P (@), f(a), £ ), £ ), 1Y D), £ 0)),

as in Section IV above. The corresponding skew-Hermitian matrix for evaluating
the symplectic products in 8§ is (see (B.63):

0 0 0 1

(Hy 0 [ 00 -1 0

(B.89) H = <0 —H4) , where Hy = 01 0 0
-1 0 0

Using these evaluation coordinates in 8, we compute
(B.90) [f:9la=fHg*, for fandgeSs.
More particularly, if f € 8_ so that

0 1 2 3
o) = o) = o) = 10 =0,
and similarly for g € S_, then
(B.91)
L 0 1 2 3 0 1 2 3 «
[F: 8la = (F2(@), 1 (@), £ (@), £ (@) Ha(g (a), 61 (0), 65 (@), 6 (@))".
Analogous formulas hold for f,g¢€ S84+. As usual [S_ :84]4 =0.
Now we specify the required Lagrangian 4-space Ly C S by assigning the fol-
lowing four vectors as a basis for Ly:
(B.92) u_ = (i+1,0,i—1,0,0,0,0,0)
v_ =(0,i+1,0,i—1,0,0,0,0)
uy = (0,0,0,0,i+1,0,i —1,0)
vy = (0,0,0,0,0,i+ 1,0, — 1).

The motivations and notations for this choice of basis for Lg arose in Proposition
6 (iv), specifically in formula (B.84). In particular we use the special calculation,

—-Hy 0 .
H,Qt = 2 , B.63),
@ = (7 5) wn @)
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1 0 -1 0
for the real orthogonal matrix Q = % (1) (1) (1) A(l)
01 0 1

It is then straightforward to verify that Ly is a complex Lagrangian 4-space in
S, and also that
dim Lo N8+ =2, so grade Ly = 0.
Thus Ly is strictly separated in 8§ =8_ @ 8.
Moreover the vector u_ has the conjugate

4. =(-t+1,0,—i—1,0,0,0,0,0),
because H is real; and we note that
u_ € Lo but u_ ¢ L.

Hence Ly # Lo and Lg is not self-conjugate, so L is not the complexification of
any real Lagrangian subspace of Sg.

As an alternative to the description of Ly through basis vectors, we can specify
Ly by means of boundary conditions (linear functionals on §). For instance, Lg
consists of all functions (mod D(Tp)) satisfying

B.93)  (-Df(@)=G+DfP),  (-Df(e)=G+1)f ()
and
(= D0 = @+ D), G- DF0) = G+ 1DF ),
where the first pair of these boundary conditions are separated at the left endpoint
a, and the second pair are separated at the right endpoint b of J.

As a classical treatment of this special example, let us write these boundary
conditions for L, as generated by a Shin-Zett]l matrix, see Appendix A (A.49),

0 1 0 0
. 0 0 p;b 0
_ A+ 2
(B.94) A=A=4"=| | o 0 1]
-po O 0 0

for smooth real functions pg, p1,p2 with pa(z) # 0 for x € J = [a,b]. In this case
the quasi-differential expression M4 (say, take w(z) = 1 for z € J) reduces to the
classical real linear differential operator

(B.95) My] = (p2y")" + (11¥") + poy,

for all suitably smooth functions y € D(A). The usual formulas for the quasi-

[r]

derivatives y,’ are related to the ordinary derivatives y("), for r = 0,1,2,3,4,

according to

v =y gt =y = poy” T = (poy”) + o1y

and

Y = (p2y")" + (11y') + poy.
Hence the prior boundary conditions specifying the complex Lagrangian 4-space
Lo C 8 are now

(B.96) (i = Dy(a) = (i + pa(a)y”(a)
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(i—1)y'(a) = (i + 1)[py(a)y"(a) + p2(a)y” (a) + p1(a)y'(a)]
at the left endpoint, and also

(B.97) (i = D)y(b) = (i + 1)p2(b)y" (b)

(i = 1)y'(b) = (i + 1) [p5(b)y" (b) + p2(b)y™ (b) + p1 (b)Y’ ()]
at the right endpoint b of J.
With these explicit results we conclude our analyses of this Example 1.

In the next theorem we demonstrate the existence of various kinds of La-
grangian n-spaces within the complex symplectic 2n-space § = §_ @& 8., as de-
termined by a formally self-adjoint real quasi-differential expression w™!M4 on a
compact interval J = [a,b]. However, we do not calculate the explicit descrip-
tions of these Lagrangian m-spaces in terms of boundary conditions involving the
quasi-derivatives, as was done in the preceding Example 1.

THEOREM 3. Let w M, be a real quasi-differential expression, where the real
matric A = A = AT € Z,(J) has even order n = 2m > 4, and the positive weight
function w € LY(J) on the compact interval J = [a, b].

Let Ty on D(T1) and Ty on D(Ty) be the mazimal and minimal operators,
respectively, as generated by w—'My4 on the complexr Hilbert space L2(J;w). Also
let

S =D(T1)/D(Tp) = 8- ® 84, with [S_ : 8:]4 =0,
be the endpoint complex symplectic 2n-space with complex conjugation which leaves
invariant the left and right endpoint n spaces 8+. Then the corresponding real
symplectic 2n-space is

SR:DR(TO/DR(T()):SR7@SR+, with [SR_ ISR+]A:0,

(with notations as in the general GKN-Theorem 1 of Section II, and the real GKN
Theorem 1 above).

Then for each integer £ = 0,1,2,...,m there exist complex Lagrangian n-spaces
L, and L}, each of grade £ in 8, that is

(B.98) dimL; N8y =dimL; N8+ =m — ¥,
and such that
(B.99) L,=L, but L] #LJ.

Hence L), is the complezification of a real Lagrangian n-space in Sg, but L} is not.

As before, in each case L, or L] can be defined by n linearly independent
complex boundary conditions at the endpoints of J (corresponding to a minimally
coupled basis), with

(B.100) m—£ separated at the left endpoint of J,
m—/ separated at the right endpoint of J,
20 coupled,

and moreover every other basis of n boundary conditions for L, or L] must have
at least 20 coupled.
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For each fired £ = 0,1,2,...,m this basis of n boundary conditions for L} can
be chosen to be real, and hence L), determines a self-adjoint operator Tg on D(Tg),
as generated by w—'M4—and Tg is a real operator in L2(J;w).

On the other hand, for each fited ¢ = 0,1,2,...,m these n boundary conditions
for LY cannot all be real, and Ly determines a self-adjoint operator T on D(T), as
generated by w™rMa—and T is definitely not a real operator in L2(J;w).

In particular L{ is strictly separated, yet the corresponding self-adjoint operator
T is not real in L2(J;w).

PROOF. We first review some of the constructions and notations of Section
II1.1 Theorem 4, referring to Lj, since these techniques will then be modified in the
construction of L7.

Take a canonical basis for Sg. C §_,

(B.101) {et,e? ... e™; emT em T2 e},
which are n independent real vectors in S_ such that:
(B.102) [e/ :ef4 =0, [emTIemTR =0
and , '
e/ : em+k]A = &% for 1< j,k<m.
Then spanf{e!,e?,...,e™} and span{e™*! e™*2 .. e"} are each Lagrangian

m-spaces in §_, and they are canonical duals of one another.
Further take another such canonical basis of real vectors on 8, namely

(B.103) {entl et ety enimEl entmd2 - e2ny
with

(B.104) [e" T s e TR, =0, [e" T FT L en R, =0
and

[en?7 en MRy = §7F for 1 < j k, < m.
As we previously explained in Section III.1,
(B.105) Ly = span{e!,e?, ... e et et . ent )
is a complex Lagrangian n-space in 8, and is such that
dimLyN8_ =dim L{N 8, =m,
so Lj is strictly separated and
grade Ly, = 0.

In addition Lj = Lj since Lg has a basis of real vectors in 8.

Next for each integer £ = 1,2,...,m we proceed to specify a real basis for the
complex Lagrangian n-space Lj. Namely, we take the following four sets of real
vectors to constitute the basis of Lj in §:

(B.106) [eh,e?, ... em ), (m — £) vectors in §_
{enth ent? et (m — ) vectors in 8.

(omit these 2(m — ¢) vectors when £ = m),
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and then

{6m—é+1 + en+m7€+1’ . e™ + en+m}
and also
{en72+1 _ en+2m—€+1’ o e — e?n}

(these last 2¢ vectors span a subspace that meets each of S_ and 8, only at the
origin). The schematic Diagram 1 illustrates the arrangement of these four group
of basis vectors within § =8_ & 8.

em—¢ entm—t

1

}
|
o000 X O o
+l

I

|

i

-
I
T 7
|
|
I

|€1 em, em+1 en | en+l ent+m  en+m+ 1 6‘2"|

DIAGRAM 1

A straightforward calculation, using the prescribed symplectic products, shows
that these 2(m — £) + 2¢ = 2m = n real vectors span a Lagrangian n-space L, C 8
with

(B.107) grade L), = £ and L}, = L.

Now we modify the previous construction of Lj, by minor changes to produce
the other Lagrangian n-spaces L} for each fixed £ =1,2,3,...,n. Later we return
to resolve the more difficult case of the strictly separated Lagrangian n-space Lj,
by means of the techniques illustrated in Example 1 above.

We use the same real canonical bases for 4 as given above, but we now select
the basis for L} to consist of the following four sets of vectors:

(B.108)
{el,e?, ..., em Y, (m — £) vectors in S_
{entt ent? et (m — f) vectors in 8
(omit these 2(m — £) vectors if £ =m),
and then
{emflﬁ-l + en+m7£+1’ o ’emfl + en+m—1, em + ien+m}
and also

/L _ _ — .
{en €,1_6n+n (-}-1"“,671 1_6277, 1,6”—262n}.
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As before, it is easy to verify that these 2(m —¢) 4+ 2¢ = 2m = n vectors are linearly
independent in 8. Furthermore the verification that L} is a Lagrangian n-space is
routine, and involves only one new calculation

(B.109) [ +ie™T™ s e™ —ie®"] 4 = [e™ : e"]a +i2[e"T™ 1 e?"]4 = 0.
From the designation of the basis for L] we see that

dimLyN8_ =dimLy N8 =m—¢
)

grade Ly =m —dimLj N8 =¢.

However the complex Lagrangian n-space L} is not self-conjugate in 8, since
the base vector

e™ +ie"t™ ¢ L]/, but its complex conjugate e™ — ie" "™ & L.

Here the complex conjugation in § carries e™ + ie™™™ to its complex conjugate
e™ —ie™ ™™ since the given base vectors of S are all real, and we also use the fact
that the vectors ™ and e"t™ occur in L} only in the combination e™ + ie™*™.

There still remains the question of the existence of the complex Lagrangian
n-space L{ with grade L = 0 and with L # L7 in 8. That is, we must construct
a strictly separated Lagrangian n-space L{ which is not self-conjugate and hence
which is not the complexification of any real Lagrangian n-space in 8g. By Propo-
sition 6 we know that no such L{ exists for n = 2, but in Example 1 above we did
construct such a Lagrangian n-space L{j for n = 4.

We now proceed to construct the required complex Lagrangian n-space Lj for
all even orders n = 2m > 6, so m > 3. Use the same given real canonical bases for
S_ and 8 as before, but now we define certain other complex symplectic subspaces
of 8, as indicated in the schematic Diagram 2.

8
|
|
s | S, -
|
o) | | s |
- |
i T oo i
| oo Coxe oo |
| L’—f‘—+ | + | ( _1) |
n—4
| S ! B !
| | | | |
| el e | em+1 en | ent+l ent+m | ent+m+l e2n |

DIAGRAM 2
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Namely, define

(B.110) 8W = span{e!,e? ™t emt2)
ng) — Span{e"“, en+2, en+m+1’ en+7n+2}

(recall n = 2m > 6 so m + 2 < n), and again

(B.111) g4 =span{e®,...,e™ ™3 .. e}
S(f_él) =span{e" 3, ... "t en T3 e,

Now each of these four complex symplectic subspaces of 8 is invariant under
the complex conjugation of 8, and hence inherits this conjugation so as to specify
the corresponding real symplectic subspace of Sg. In this sense the bases given for
ng ) and 8&? ~*) are each real, and furthermore each such basis contains all of the
canonical duals of its members. Hence we can now define the complex symplectic
spaces

(B.112)

s — W g Sf), with [8(_4) : S(f)]A =0
and
(B.113)

s = 8 g g yigh 8 L s, = 0.
The dimension of these complex symplectic spaces are then
dim8* =8, and dim8{’ =
dim 8™~ = 2(n — 4), and d1m8§?—4) =n—4.

Also they each have excess zero, since they admit a complex conjugation.
Note that §(*) is isomorphic, as a complex symplectic space with complex con-
jugation, to the complex symplectic space analysed in the Example 1 above. As in

Example 1, there exists a complex Lagrangian 4-space L(()4) c 8™ such that L(()4) is
strictly separated within §(*) = sWa S(f), that is, grade L(()4) = 0, and furthermore
Lé4) ” L(4).

Next consider the complex symplectic space
8= =g g g0 with (87 . (Y], =0,

Use the techniques employed in the first part of this theorem to construct a complex
Lagrangian (n — 4)-space L(()"_4) which is strictly separated in 8(*~% (without any
regard to demands on self-conjugacy of L'~ *).

Finally define the required complex Lagrangian n-space L{j C 8 by

(B.114) A span{L(()4) <” 4)} L(4) & L(" 9,
Clearly L is strictly separated in 8 = 8§_ @ 8, (see Diagram 2 as a guide), and so
(B.115) grade Ly =
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Also
(B.116) LY # L7, since LS # LY.

Therefore L{ is the required Lagrangian n-space which is strictly separated in
8§ =8_ & S, yet which is not self-conjugate.

Thus the constructions for L} and L} as in (B.98) and (B.99) are completed, and
the remaining conclusions in (B.100) are immediate consequences. In particular,
the Lagrangian n-space Lg of 8, with

grade Ly = 0, yet Lj # LY,

can be defined by n complex boundary conditions; which cannot be all real, but
which can be chosen so that m are separated at the left endpoint a, and m are
separated at the right endpoint b of J = [a,b]. Furthermore, since Lj # L7,
the self-adjoint operator T' on D(T') C D(T}), generated by w~!M4 and uniquely
determined by L{, is definitely not a real operator in L£2(J;w). O

NOTE 2. Return briefly to the general singular boundary value problem for the
real quasi-differential expression w=!M4, with real matrix A = A = AT € Z,(J)
of even order n > 2 and positive weight function w € L (J)—as in Theorem 3
above—but on a non-compact interval J. Then the real sympletic 2d-space Sy has

a direct sum decomposition
Sr=8kr- ®8r+, [Skr—:8r+]Ja=0,

in which the real symplectic subspaces Sg_ and Sg4 can have different dimensions
2A_ and 2A,, respectively. Here

dim Sy = 2A = 2A_ +2A .,

where the deficiency index d = A < n. If A_ = A, then the analysis and the
results are just as in Theorem 3 above, with AL playing the role of m. Otherwise,
we assume Ay # A_, and for definiteness Ay > A_ > 0.

Nevertheless, the constructions for complex Lagrangian A-spaces L,, with
grade L, = ¢ within the complexification

S=8_®8,, [S_:8,]a=0,

can be achieved for £ = 0,1,2,..., min{A_, A}, according to Theorem 4 of Section
III.1.

However, we now can modify the arguments of our preceding Theorem 3 (say,
with AL > A_ > 2) to obtain the corresponding Lagrangian A-spaces L} and L},
real and non-real respectively,

L,=I; but L} #Lj.

for every grade £ = 0,1,2,...,A_. [Note that if AL > 2 but A_ = 0 or 1, then
both real and non-real Lagrangian A-spaces exist with all grades < A_; and the
special properties of the special cases AL =1 and A_ = 0 or 1 have already been
treated in earlier examples.]

We extend the techniques of Theorem 3 by writing

8, =802 @ giAA)
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where the complex symplectic subspaces have the indicated dimensions (2A_) and
2(A4 —A_), and each has excess zero. Then apply the constructions in Theorem 3

to the complex symplectic space S_ & SfA‘) to obtain complex Lagrangian spaces
LEQA’) of dimension (2A_), and with grade of £ =0,1,2,...,A_ in S_ & SfA’).

Afterward, take the direct sum of such a Lagrangian subspace LEQA’) with a La-
grangian subspace of Si(A*_A’) having the dimension (A — A). The resulting
Lagrangian space L; C 8 has dimension A = 2A_)+ (A —A_)=A_+4+A,, and

moreover
dimL,NS_ =¢, dimL,N8; =0+ (AL —AL)
o)
grade Ly = A_ — ¢, for {=0,1,2,...,A_.

We can select LE,QA’) so as to produce either the real Lj or the non-real L, as
required, and the corresponding conclusions of Theorem 3 also hold in this singular
boundary value problem.

Based on the treatment of the real boundary value problem for real quasi-
differential operators w™!M,, with A = A = At € Z,(J) for n = 2m even, as is
described in the regular case in Theorems 2 and 3 above, and in the singular case in
the subsequent Note 2, we next tabulate all the kinds of boundary conditions that
arise for real self-adjoint operators. In this analysis we follow the earlier Theorem 7
of Section III1.2, and Theorem 2 of Section IV for the descriptions and calculations
for minimally coupled bases of the appropriate (real or complex) Lagrangian spaces.
In particular the table of symplectic invariants in Theorem 1 of Section V, with the
subsequent remarks on the real cases, and the exhaustive results in the Examples 2
and 3 of Section V, all provide a complete guide for the following examples below.

ExAMPLE 2. Consider a real quasi-differential expression w~' M4 of even order
n = 2m > 2, with both positive weight w and A = A = AT € Z,(J) in L!(J) on
the compact interval J = [a, b], so as to specify a regular boundary value problem.
Then, just as in Section IV, the endpoint real symplectic 2n-space Sg has the
decomposition.

Sr=8r_ D 8R+ with [SR‘ : 8R+]A =0,
and the corresponding symplectic invariants are

dim 8 = 2n, Ex =0, A=d=n
dim SRi =n, Ea:i = O, Aj: =m.

Here d = d*, and Ex = 0, Ezy = 0, because w—'M, is a real quasi-differential
expression.

We use these invariants to describe all possible kinds of minimally coupled
boundary conditions (BC) that can define real Lagrangian n-spaces L in Sg, and
hence self-adjoint real operators Tr on D(TR), as generated by w= M4 on L?(J;w).
We follow the format of Example 1 in Section IV, and comment that each such
case for prescribed n and grade L does actually arise for some existent real quasi-
differential expression w~'M,4 on J = [a,b]; and we tabulate these for n < 6.
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n=2s0 Ay =m =1, and dim L N8z+ = m— grade L.
grade L = 0 so Nec-coupling L = 2 grade L = 0.
1 separated at left, 1 separated at right, O coupled BC.
grade L = 1 so Nec-coupling L = 2.
0 separated at left, O separated at right, 2 coupled BC.

n=4s0 Ay =m=2.
grade L = 0: 2 left, 2 right, 0 coupled BC.
grade L = 1: 1 left, 1 right, 2 coupled BC.
grade L = 2: 0 left, 0 right, 4 coupled BC.

n==6so Ay =m=3.
grade L = 0: 3 left, 3 right, 0 coupled BC.
grade L = 1: 2 left, 2 right, 2 coupled BC.
grade L = 2: 1 left, 1 right, 4 coupled BC.
grade L = 3: 0 left, 0 right, 6 coupled BC.

ExAMPLE 3. Consider a real quasi-differential expression w~! M4 of even order
n = 2m > 2, with positive weight w and A = A = AT € Z,(J) both in L] (J)
on the interval J = (a,b), so as to specify a singular boundary value problem in
the sense of Section V. Then the endpoint real symplectic 2d-space Sg has the
decomposition

SR=SR_@SR+ with [SR_:8R+]A=0,

and the corresponding symplectic invariants are

dim8gr = 2d, Ex =0, A=d<n
dim8r_ = 2dy —n, Ex_ =0, A_=dy—m
dim8gy = 2d, —n, Ez, =0, AL =d.—m

(See Proposition 5 above, and apply the real version of Theorem 7 in Section III.2).
Here d = d*, dy = df, d, = dF, and m < dy,d, < n, with Ez = Ez_ = Ex, =0,
according to the reality assumptions.

Now use dy + d. = d+n for d = 1,2,...,n (omit the trivial case d = 0
where there are no boundary conditions) and we describe all possible kinds of min-
imally coupled boundary conditions (BC) that can define real Lagrangian d-spaces
L C 8g, and hence self-adjoint real operators Tr on D(TR), as generated by w1 M4
in £2(J;w). We follow the format of Example 2 of Section V, and comment that
each possible pair of deficiency indices {dy, d,} (satisfying the Weyl-Kodaira condi-
tions above) does actually arise from a real quasi-differential expression w™'M4 on
J = (a,b), (see [AG,App. 2] and [GZ]); and we tabulate these cases for n < 6 in
terms of n, d, {d¢,d.}, Ay and dim LN 8gy = Ay — grade L.

n=2som=1,d=1,dy+d,=3,A_=d;—1,A, =d, — 1.
{de,d.} ={1,2},50 A_=0,A; =1

grade L = 0: 0 left, 1 right, 0 coupled BC
{de,dr} ={2,1}, 50 A_=1,A. =0

grade L = 0: 1 left, O right, 0 coupled BC
n=2som=1,d=2,dy+d =4,A_=dy—1,A, =d, — 1.
{de,d;} ={2,2},s0 A_=1,A; =1




174

W. NORRIE EVERITT AND LAWRENCE MARKUS

grade L = 0: 1 left, 1 right, 0 coupled BC
grade L = 1: 0 left, 0 right, 2 coupled BC.

n=4som=2,d=1,d¢+d, =5,A_=dy—2,A, =d, — 2.
{de,dr} ={2,3}, 50 A_=0,A; =1
grade L = 0: 0 left, 1 right, 0 coupled BC.

{de,d,} ={3,2},s0 A_=1,A, =0
grade L = 0: 1 left, 0 right, 0 coupled BC.

n=4som=2,d=2,dy+d. =6,A_=dy—2,A, =d, —2.
{de,d,} ={2,4},s0 A_ =0, A, =2
grade L = 0: 0 left, 2 right, 0 coupled BC.

{de,d;}=1{3,3},s0 A_=1,Ay =1
grade L = 0: 1 left, 1 right, 0 coupled BC.
grade L = 1: 0 left, 0 right, 2 coupled BC.

{de,d-} ={4,2},s0 A_ =2, AL =0
grade L = 0: 2 left, 0 right, 0 coupled BC.

n=4som=2,d=3,d¢+d, =7,A_=dy—2,A, =d, — 2.
{de,dr}={3,4},s0 A_ =1, AL =2

grade L = 0: 1 left, 2 right, 0 coupled BC.

grade L = 1: 0 left, 1 right, 2 coupled BC.

{de,d,} ={4,3},s0 A_ =2, AL =1
grade L = 0: 2 left, 1 right, 0 coupled BC.
grade L = 1: 1 left, 0 right, 2 coupled BC.

n=4som=2,d=4,dp+d. =8A_=dy—2,A, =d, — 2.
{de,d} ={4,4},s0 A_ =2, A4 =2

grade L = 0: 2 left, 2 right, 0 coupled BC.

grade L = 1: 1 left, 1 right, 2 coupled BC.

grade L = 2: 0 left, 0 right, 4 coupled BC.

n=6som=3,d=1,d¢+d.=7,A_=dy—3,A; =d, — 3.

{de,dr} ={3,4},s0 A_ =0, Ay =1
grade L = 0: 0 left, 1 right, 0 coupled BC.

{de,d-} ={4,3},s0 A_ =1, AL =0
grade L = 0: 1 left, O right, 0 coupled BC.

n=6som=3,d=2,d/+d, =8 A_=dy—3,Ay =d, — 3.
{de,d,} ={3,5},50 A_=0,AL =2
grade L = 0: 0 left, 2 right, 0 coupled BC.

{de,d.} ={4,4},s0 A_ =1, AL =1
grade L = 0: 1 left, 1 right, 0 coupled BC.
grade L = 1: 0 left, O right, 2 coupled BC.

{de,d,} ={5,3}, 50 A_ =2, AL =0

grade L = 0: 2 left, 0 right, 0 coupled BC.
n=6som=3,d=3,dy+d.=9,A_=dy—3,A, =d, — 3.
{de,d} ={3,6},s0 A_=0,A, =3

grade L = 0: 0 left, 3 right, O coupled BC.
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{de,d-} ={4,5},s0 A_ =1, AL =2
grade L = 0: 1 left, 2 right, 0 coupled BC.
grade L = 1: 0 left, 1 right, 2 coupled BC.

{de,d,} ={5,4},s0 A_ =2, A, =1
grade L = 0: 2 left, 1 right, 0 coupled BC.
grade L = 1: 1 left, 0 right, 2 coupled BC.

{dfadr} = {613}3 so A_ = 37 A+ =0
grade L = 0: 3 left, 0 right, 0 coupled BC.

n=6som=3,d=4,d;+d, =10,A_ =dy —3,A, =d, — 3.
{de,d} ={4,6},s0 A_=1,A; =3

grade L = 0: 1 left, 3 right, 0 coupled BC.

grade L = 1: 0 left, 2 right, 2 coupled BC.

{de,dr} ={5,5},s0 A_ =2, A, =2
grade L = 0: 2 left, 2 right, 0 coupled BC.
grade L = 1: 1 left, 1 right, 2 coupled BC.
grade L = 2: 0 left, 0 right, 4 coupled BC.

{de,d,} ={6,4},s0 A_ =3, A; =1
grade L = 0: 3 left, 1 right, 0 coupled BC.
grade L = 1: 2 left, 0 right, 2 coupled BC.

n=6som=3,d=5,dy+d, =11,A_ =d;—3,A, =d, — 3.
{de,d;} ={5,6},s0 A_ =2, A, =3

grade L = 0: 2 left, 3 right, 0 coupled BC.

grade L = 1: 1 left, 2 right, 2 coupled BC.

grade L = 2: 0 left, 1 right, 4 coupled BC.

{de,d,} ={6,5},s0 A_ =3, Ay =2
grade L = 0: 3 left, 2 right, 0 coupled BC.
grade L = 1: 2 left, 1 right, 2 coupled BC.
grade L = 2: 1 left, 0 right, 4 coupled BC.

n=6som=3,d=6,dy+d-=12,A_ =d;—3,A, =d, — 3.
{d¢,d} = {6,6},s0 A_ =3, A, =3

grade L = 0: 3 left, 3 right, 0 coupled BC.

grade L = 1: 2 left, 2 right, 2 coupled BC.

grade L = 2: 1 left, 1 right, 4 coupled BC.

grade L = 3: 0 left, O right, 6 coupled BC.

ExAMPLE 4. As a modification of the analysis and classification scheme of
Example 3 above, we next consider the real quasi-differential expression w=' M4 of
even order n = 2m > 2, with positive weight w and A = A = AT € Z,(J), but
now in L{, (J) where J = [a, b), so the boundary value problem is regular at the left

endpoint a of J. Then, in the notation of Example 3,

dim S = 2d, FEx =0, A=d<n
dim8z_ = n, Ex_ =0, A= m
dim8g4+ = 2d —n, Ez, =0, Ap=d-—m
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since dp = dei =n,d, = df =d, and m < d < n. Again we tabulate all cases
arising (algebraically) for n < 6, and each such possibility can actually arise from
some real quasi-differential expression w='M4 on J = [a, b).

n=2som=1d=1,A_=1,A, =d-1=0.
grade L = 0: 1 left, 0 right, 0 coupled BC.

n=2,d=2,A_=1,A, =1
grade L = 0: 1 left, 1 right, O coupled BC.
grade L = 1: 0 left, 0 right, 2 coupled BC.

n=4som=2,d=2,A_=2,A, =0.
grade L = 0: 2 left, 0 right, 0 coupled BC.

n=4,d=3,A_=2A, =1
grade L = 0: 2 left, 1 right, 0 coupled BC.
grade L = 1: 1 left, 0 right, 2 coupled BC.

n=4sod=4, A =2 A, =2
grade L = 0: 2 left, 2 right, 0 coupled BC.
grade L = 1: 1 left, 1 right, 2 coupled BC.
grade L = 2: 0 left, 0 right, 4 coupled BC.

n=6som=3d=3,A_=3,A. =0
grade L = 0: 3 left, 0 right, 0 coupled BC

n=6sod=4,A_=3A, =1.
grade L = 0: 3 left, 1 right, 0 coupled BC.
grade L = 1: 2 left, 0 right, 2 coupled BC.

n=6sod=5 A_=3AL =2.
grade L = 0: 3 left, 2 right, 0 coupled BC.
grade L = 1: 2 left, 1 right, 2 coupled BC.
grade L = 2: 1 left, 0 right, 4 coupled BC.

n=6,d=6,A_ =3, A, =3
grade L = 0: 3 left, 3 right, 0 coupled BC
grade L = 1: 2 left, 2 right, 2 coupled BC
grade L = 2: 1 left, 1 right, 4 coupled BC
grade L = 3: 0 left, O right, 6 coupled BC

As the final topic in this Appendix B, we indicate briefly an approach to the
real boundary value problem through the methods of global differential topology—
compare the parallel treatment for the complex case at the end of Section III.2
above.

The set of all (non-oriented) real linear k-spaces through the origin in R?" is the
real Grassmannian, denoted by Grassgy(k,2n). This real Grassmannian can thus
be constructed as a homogeneous space whereon the real orthogonal group O(2n)
acts transitively so that

(B.117) Grassg(k,2n) = O(2n)/[O(k) x O(2n — k)],

since the stability subsgroup O(k) x O(2n — k) C O(2n) consists of all real matrices
diag{F, G} with F' € O(k) and G = O(2n—k). In this way we define the topology on
Grassg(k, 2n) as that of a homogeneous space of O(2n) or, equally well, by means of
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convenient coordinate charts, say with Pliicker coordinates. Then Grassg(k,2n) is
a (connected) compact real-analytic manifold [ST]. In the case of greatest interest
to us, when k = n,

(B.118) dim Grassg(n, 2n) = n?,

and this n2-manifold is not simply connected but has a fundamental group Z., see
[ST]. For example, when n = 2 we have

dim Grassg(2,4) = 4.

Next we impose the (unique) real symplectic structure on R?”, and define the
real Lagrangian Grassmannian

(B.119) Laggr(n,2n) C Grassg(n,2n)

which consists of all real Lagrangian n-spaces in R?". It can be shown that
Lagp(n,2n) is a (connected) compact real-analytic submanifold of Grassg(n,2n).
In fact,

(B.120) Lagg(n,2n) = U(n)/O(n),

and so it has dimension n(n + 1)/2, and has the fundamental group Z, see [MS].

We shall not pursue further these introductory remarks on the global geom-
etry of the real Lagrangian Grassmannians, but merely comment that this study
has applications to parametrized families of self-adjoint boundary conditions for
any specified formally self-adjoint real quasi-differential expression of even order
n = 2m. We illustrate one simple application for the regular real Sturm-Liouville
problem, following the line of development in Proposition 6 above.

PRrROPOSITION 7. Consider the Sturm-Liouville real quasi-differential operator
of order n = 2m = 2,
2
Malyl = 4§ = —(wy')' + qv,
where

~ -1
A=A=A+=<2 y )EZQ(J)a

for smooth real coefficients p,q with p(x) # 0 on the compact interval J = |[a, b).
Then the quasi-differential expression w™1M, for a given positive weight function
w € LY(J), specifies the endpoint real symplectic 4-space (as in Proposition 6):

SrR=8r_® SR+ ~ R%.
Consider the corresponding real Lagrangian Grassmannian
Lagg(2,4) = U(2)/0(2),

which is a compact 3-manifold. Then the set of all strictly separated real Lagrangian
2-spaces in Sg ~ R* constitutes a 2-dimensional submanifold of Lagg(2,4), which
is topologically a torus surface T%. The set of all totally coupled real Lagrangian
2-spaces in Sg constitutes an open-dense submanifold of Lagg(2,4), namely, the
complement of T? C Lagg(2,4).
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PRrROOF. Let Ly be a real Lagrangian 2-space with grade Ly = 0 in Sg. That is,
Ly is strictly separated so dim Ly N8k = 1. Then there exist linearly independent
vectors v_ € LoN8gr_ and vy € LyNSgy which form a basis for Ly in 8z. That is,
v_ and v, (or equally well, their 1-dimensional subspaces ¢_ and £, respectively)
span Lg.

On the other hand, each such pair of lines £_. and £, through the origin in the
2-planes Sp_ and Sg;, respectively, determine exactly one such 2-space which is
necessarily a real Lagrangian 2-space that is strictly separated in 8g. But, trivially,
the set of all lines through the origin in R? is homeomorphic to a circle S'. Hence
the set of all strictly separated real Lagrangian 2-spaces in Sg is topologically the
product of two circles St x S1, which is a torus surface T? in Lagp(2,4).

Since every real Lagrangian 2-space in 8p has a coupling grade of either 0
or 1, the set of all totally coupled Lagrangian 2-spaces is the complement of the
set of all strictly separated Lagrangians within Lagg(2,4). As a consequence, the
set of all totally coupled real Lagrangian 2-spaces in Sg fills the complement of
T? C Lagg(2,4), which is an open-dense 3-manifold in Lagy(2,4). O

In the sense of Proposition 7 the totally coupled real Lagrangian 2-spaces in
S, for the regular real Sturm-Liouville problem, describe the “generic case”, and
the strictly separated real Lagrangian 2-spaces are non-generic.
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