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Preface 

The field of mirror symmetry has exploded onto the mathematical scene in recent 
years. This is a part of an increasing connection between quantum field theory and 
many branches of mathematics. 

It has sometimes been said that quantum field theory combines 20th century 
physics with 21st century mathematics. Physicists have gained much experience 
with mathematical manipulations in situations which have not yet been mathe
matically justified. They are able to do this in part because experiment can help 
them differentiate between which manipulations are feasible, and which are clearly 
wrong. Those manipulations that survive all known tests are presumed to be valid 
until evidence emerges to the contrary. 

Based on this evidence, physicists are confident about the validity of mirror 
symmetry. One of the tools they use with great virtuosity is the Feynman path in
tegral, which performs integration with complex measures over infinite dimensional 
spaces, such as the space of C°° maps from a Riemann surface to a Calabi-Yau 
threefold. This is not rigorous mathematics, yet these methods led to the 1991 
paper of Candelas, de la Ossa, Green and Parkes [CdGP] containing some aston
ishing predictions about rational curves on the quintic threefold. These predictions 
went far beyond anything algebraic geometry could prove at the time. 

The challenge for mathematicians was to understand what was going on and, 
more importantly, to prove some of the predictions made by the physicists. In this 
book, we will see that algebraic geometers have made substantial progress, though 
there is still a long way to go. The process of creating a mathematical foundation 
for aspects of mirror symmetry has given impetus to new fields of algebraic geom
etry. Examples include quantum cohomology, Kontsevich's definition of a stable 
map, the complexified Kahler moduli space of a Calabi-Yau threefold, Batyrev's du
ality between certain toric varieties, and Givental's notion of quantum differential 
equations. Mirror symmetry has also led to advances in deformation theory leading 
to the theory of the virtual fundamental class, as well as a previously unknown 
connection between algebraic and symplectic deformation theory. Even though we 
still don't know what mirror symmetry really "is", the predictions that mirror sym
metry makes about Gromov-Witten invariants can now be proved mathematically 
in many cases. 

Goal of the Book 

Perhaps the greatest obstacle facing a mathematician who wants to learn about 
mirror symmetry is knowing where to start. Currently, many references are scat
tered throughout journals, and many mathematical ideas exist solely in the physics 
literature, which is difficult for mathematicians to read. Our primary goal is to give 
an introduction to the algebro-geometric aspects of mirror symmetry. We include 

xiii 
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sufficient detail so that the reader will have the major ideas and definitions spelled 
out, and explicit references to the literature when space constraints prohibit more 
detail. We explain both the rigorous mathematics as well as the intuitions bor
rowed from physics which are not yet theorems. We do this because we have two 
primary target audiences in mind: mathematicians wanting to learn about mirror 
symmetry, and physicists who know about mirror symmetry wanting to learn about 
the mathematical aspects of the subject. 

Mirror symmetry is connected to several branches of mathematics (and there 
are even broader connections between physical theories in various dimensions and 
many areas of mathematics). We focus on the connection between algebraic ge
ometry and mirror symmetry, although we discuss closely related areas such as 
symplectic geometry. By restricting our focus in this way, we hope to give a rea
sonably self-contained introduction to the subject. 

The book begins with a general introduction to the ideas of mirror symmetry in 
Chapter 1. Then Chapter 2 discusses the quintic threefold and explains how mirror 
symmetry leads to the enumerative predictions of [CdGP]. Chapter 3 reviews toric 
geometry, and Chapter 4 describes mirror constructions due to Batyrev, Batyrev-
Borisov, and Voisin-Borcea. The next four chapters (Chapters 5, 6, 7 and 8) flesh 
out the mathematics needed to formulate a precise version of mirror symmetry. 
These chapters cover maximally unipotent monodromy, Yukawa couplings, com
plex and Kahler moduli, the mirror map, Gromov-Witten invariants, and quantum 
cohomology. This will enable us to state some Mirror Conjectures at the end of 
Chapter 8. 

The next three chapters (Chapters 9, 10 and 11) are dedicated to proving some 
instances of mirror symmetry. Equivariant cohomology and localization play a cru
cial role in the proofs, so that these are reviewed in Chapter 9. These methods also 
give powerful tools for computing Gromov-Witten invariants. In order to explain 
Givental's approach to the Mirror Theorem, we need the gravitational correlators 
and quantum differential equations discussed in Chapter 10. Finally, Chapter 11 de
scribes the work of Lian, Liu and Yau [LLY] and Givental [Givental2, Givental4] 
on the Mirror Theorem. 

The mathematics discussed in Chapters 1-11 is wonderful but highly nontrivial. 
Later in the preface we will give some guidance for how to read these chapters. 

The book concludes with Chapter 12, which brings together all of the open 
problems mentioned in earlier chapters and discusses some of the many aspects of 
mirror symmetry not covered in the text. Finally, there are appendices on singular 
varieties and physical theories. 

We tried to make the bibliography fairly complete, but it has been difficult to 
keep up with the amazing number of high-quality papers being written on mirror 
symmetry and related subjects. We apologize to our colleagues for the many recent 
papers not listed in the bibliography. 

Relation to Physics 

For mathematicians, one frustration of mirror symmetry is the difficulty of 
getting insight into the physicist's intuition. There is no question of the power of 
this intuition, for it is what led to the discovery of the mirror phenomenon. But 
getting access to it requires a substantial study of quantum field theory. A glance at 
Appendix B, which discusses some of the physical theories involved, will indicate the 
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magnitude of this task. Understanding the physics literature on mirror symmetry 
requires an extensive background, more than provided in this book. Appendix B 
has the more modest goal of introducing the reader to some of the topics in the 
physics literature which are relevant to mirror symmetry. 

While this book was written to address the mathematics of mirror symmetry, 
we also hope to show how the mathematics reflects the spirit of the physics. With 
this thought in mind, we begin Chapter 1 with a discussion of the physics which 
led to mirror symmetry. We use terminology from physics freely, though we don't 
assume that the reader knows any quantum field theory. The idea is to convey 
the sense that mirror symmetry is completely natural from the point of view of 
certain conformal field theories. This is the most "physical" chapter of the book. 
Subsequent chapters will concentrate on the mathematics, though we will pause 
occasionally to comment on the relationship between the mathematics and the 
physics. 

An important aspect of the role of physics is that mathematically sophisti
cated physicists helped discover the mathematical foundation for mirror symmetry. 
Algebraic geometers can take pride in the wonderful theories they created to ex
plain parts of mirror symmetry, but at the same time we should also recognize 
that physicists provided more than just predictions—they often suggested the ap
propriate objects to study, accompanied in some cases by mathematically rigorous 
descriptions. This will become clear by checking the references given in the text— 
a surprising number, even in the purely mathematical parts of the book, refer to 
physics papers. There is no question of the debt we owe to our colleagues in physics. 

How to Read the Book 

Mirror symmetry is a wonderful story, but its telling requires lots of details in 
many different areas of algebraic geometry. It is easy to get lost, especially if you 
try to read the book cover-to-cover. Fortunately, this isn't the only way to read 
the book. 

Our basic suggestion is that you should begin with Chapters 1 and 2. As al
ready mentioned, Chapter 1 explains some of the physics, and it also introduces 
two key ideas, the A-model of a Calabi-Yau manifold V, which encodes the enu-
merative information we want, and the B-model of the mirror V°, which we can 
compute using Hodge theory. Then Chapter 2 shows what this looks like in the 
case of the quintic threefold V C P4 and in the process derives the enumerative 
predictions made in [CdGP]. This chapter ends with a preview of the proofs of 
mirror symmetry from Chapter 11. 

After reading the first two chapters, there are various ways you can proceed, 
depending on your mathematical interests and expertise. To help you choose, here 
is a description of some of the highlights of the remaining chapters: 

Chapter 3. Readers familiar with toric geometry can skip most of this chapter. 
Section 3.5 introduces reflexive polytopes, which are used in the Batyrev mirror 
construction. 

Chapter 4. Section 4.1 describes the Batyrev mirror construction and gives 
some evidence for the mirror relation. Section 4.2 explains how this applies to the 
quintic threefold. K3 surfaces are used in Section 4.4 to construct some interesting 
mirror pairs of Calabi-Yau threefolds. 
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Chapter 5. Maximally unipotent monodromy is an important part of mirror 
symmetry and is defined in Section 5.2. Readers interested in computational tech
niques for projective hyper surf aces, toric hypersurfaces and hypergeometric equa
tions should look at Sections 5.3, 5.4 and 5.5, while those interested in the Hodge 
theory of Calabi-Yau threefolds should read Section 5.6 very carefully. 

Chapter 6. We consider complex moduli in Section 6.1 and Kahler moduli in 
Section 6.2. The two discussions are interwoven because of the relation between 
the two predicted by mirror symmetry. The main example we work out concerns 
toric hypersurfaces, so that the reader will need the Batyrev mirror construction 
from Chapter 4. Readers interested in moduli of Calabi-Yau manifolds, Kahler 
cones, and the global aspects of mirror symmetry will want to read these sections 
carefully. Section 6.3 discusses the mirror map and has more on hypergeometric 
equations, which are used to construct the mirror map in the toric case. 

Chapter 7. With the exception of some examples, Chapter 7 is independent 
of the earlier chapters. The main objects of study are Gromov-Witten invariants. 
Sections 7.1.1, 7.1.2 and 7.3.1 are essential reading. Otherwise: 

• The discussion of the virtual fundamental class in Sections 7.1.3-7.1.6 is 
more technical and can be skipped at the first reading. The one exception is 
Example 7.1.6.1, which gives an important formula for some Gromov-Witten 
invariants of the quintic threefold. The virtual fundamental class is used in 
various places in Chapters 9, 10 and 11. 

• Readers interested in symplectic geometry should read Sections 7,2 and 7.4.4 
carefully. 

• Readers interested in enumerative geometry will want to look at Section 7.4. 
Some of the examples given here will be revisited in Chapter 8. 

One surprise in Section 7.4.4 is the subtle relation between the instanton number 
nio and the number of degree 10 rational curves on the quintic threefold. 

Chapter 8. This chapter uses the Gromov-Witten invariants of Chapter 7 to 
define the two flavors of quantum cohomology, small and big. Everyone should read 
Section 8.1.1 for the small quantum product and Section 8.1.2 for some examples. 
Also, some knowledge of the Gromov-Witten potential is also useful. This is covered 
in Sections 8.2.2, 8.3.1 and 8.3.3. Then: 

• Readers interested in enumerative geometry should read Sections 8.1, 8.2 
and 8.3 carefully. 

• Readers interested in Hodge theory will want to look at Section 8.5, which 
uses quantum cohomology to construct the A-variation of Hodge structure 
on the cohomology of a Calabi-Yau manifold. 

A highlight of the chapter is Section 8.6, which formulates various Hodge-theoretic 
versions of the mirror conjecture. 

Chapter 9. Sections 9.1 and 9.2.1 are required reading for anyone wanting 
to understand the proofs of mirror symmetry given in Chapter 11. This especially 
includes Example 9.2.1.3, which computes the Gromov-Witten invariant (io,o,d) 
using an equivariant version of the formula given in Example 7.1.6.1. Sections 9.2.2 
and 9.2.3 prove some of the assertions about Gromov-Witten invariants of Calabi-
Yau threefolds made in Section 7.4.4 and require a detailed knowledge of the virtual 
fundamental class. 
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Chapter 10. Readers only interested in the [LLY] approach to the Mirror 
Theorem can skip this chapter. For Givental's approach, however, the reader will 
need to read about gravitational correlators (Section 10.1.1-10.1.3), flat sections of 
the Givental connection (Section 10.2.1), and the J-function and quantum differ
ential equations (Section 10.3). For readers with an interest in Hodge theory, the 
A-model variation of Hodge structure is discussed in Sections 10.2.2 and 10.3.2. 
This leads to a nice connection between Picard-Fuchs operators and relations in 
quantum cohomology. 

Chapter 11. Here we discuss the recent proofs of the Mirror Theorem. There 
are two approaches to consider: 

• The [LLY] approach to the Mirror Theorem for the quintic threefold is 
covered in Section 11.1. This requires knowledge of the essential sections of 
Chapters 7, 8 and 9 mentioned earlier. 

• For Givental's version of the Mirror Theorem, one needs in addition the 
sections of Chapter 10 indicated above. In Sections 11.2.1, 11.2.3 and 11.2.4, 
we discuss the Mirror Theorem for nef complete intersections in P n , and 
then in Section 11.2.5 we consider what happens when the ambient space is 
a smooth toric variety. 

In particular, we explain how both of these approaches prove all of the predic
tions for the quintic threefold made in Chapter 2. Another very interesting case 
is presented in Example 11.2.5.1, which concerns Calabi-Yau threefolds which are 
minimal desingularizations of degree 8 hypersurfaces in P(l, 1, 2, 2, 2). This exam
ple of a toric hypersurface makes numerous appearances in Chapters 3, 5, 6 and 8, 
so that the reader will need to look back at these earlier examples in order to fully 
appreciate what we do in Example 11.2.5.1. 

We should also mention that in many cases, our proofs are not complete, for 
we often refer to the literature for certain details of the argument. The same 
applies to background material. For some topics (such as equivariant cohomology 
in Chapter 9) we review the basic facts, while for others (such as algebraic stacks 
in Chapter 7) we give references to the literature. We hope that this unevenness in 
the level is not too unsettling to the reader. 
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Notation 

Here is some of the notation we will use in the book. 

General Notation: 

M Complex or symplectic manifold 

X and V Algebraic variety and Calabi-Yau variety 

@x and Tx Tangent sheaf and bundle of X 

UJX and Kx Canonical bundle and divisor of X 

(lp
x Zariski p-forms on an orbifold X 

M(X) Mori cone of effective 1-cycles on X 

Ak{X) kth Chow group of X 

(a, b) or g(a, b) Cup product pairing on cohomology 

P n and P(#o5 • • • 5 Qn) Projective space and weighted projective space 

Toric Varieties and Polytopes (Chapter 3): 

E and E(l) Fan and its 1-dimensional cones 

A and A° Polytope and its polar (or dual) polytope 

L(A) Laurent polynomials with exponents in A 

X% and P A Toric variety of the fan E and the polytope A 

cpl(E) Cone of convex support functions on E 

Hodge Theory and Yukawa Couplings (Chapter 5): 

V = VGM Gauss-Manin connection 

J7* and W. Hodge and weight nitrations 

H and Hz Hodge bundle J70 and its integer subsheaf 

Tj and Nj Monodromy transformation and its logarithm 

(W' t̂~» ^t~) = ^3k Normalized Yukawa coupling or B-model correlation 
function 
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Complex and Kahler Moduli (Chapter 6): 

A4 and A4 Complex moduli and a compactification 

A^poiy and A4po\y Polynomial moduli and a compactification 

•Msimp and .Msimp Simplified moduli and a compactification 

K(V) and K(V)c Kahler cone and complexified Kahler space 

KM. and JCA4 Kahler moduli and a compactification 

/CMtoric and /CMtoric Toric Kahler moduli and a compactification 

Gromov-Witten Invariants and Quantum Cohomology (Chapters 7 and 8): 

Mg,n(X, /?) and Coarse moduli space and fine moduli stack of 

Mg,n(X) /3) n-pointed genus g stable maps of class f3 

Virtual fundamental class 

Gromov-Witten class and invariant 

Instanton number in general and for the quintic 
threefold 

0-pointed genus 0 Gromov-Witten invariant in 
general and for the quintic threefold 

Small and big quantum product (*smaii is sometimes 
denoted *) 

Three-point function or A-model correlation 
function 

Genus 0 Gromov-Witten potential 

A-model connection 

Chern Classes and Equivariant Cohomology (Chapter 9): 

Ci(£) and cf(£) Chern class and equivariant Chern class of £ 

Euler{£) and EulerT(£) Euler class and equivariant Euler class of £ 

Jx Equivariant integral 

Ao,... , An and h Ring generators of H*(BT) and H*(BC*), which 

generate H*(BG) for G = C* x T, T = (C*)n + 1 

H and p Hyperplane class and equivariant hyperplane class 

go, • •. , Qn Fixed points of standard T-action on P n 

[Mg, „(X,/3)]virt 

? ( a i , . . . 

np and rid 

Nd = 
= ( J0,0,/3) 
z (^0,0,d) 

*smaii and * 

(a, b, 

*(7) 
V = 

c) 

y G W 

, an) and 

and 



NOTATION 

Gravitational Correlators and the J-Function (Chapter 10): 

(7"di7i> • • • »Tdnln)g,p Gravitational correlator 

<7i) • • • »7n)<?,/3 Alternate notation for (J^n,/?) (71 > • • • > 7n) 

((^i7i> • • • ^ Tdnln))g Genus # gravitational coupling 

^f r av(7) Genus # gravitational Gromov-Witten potential 

*grav Gravitational quantum product 

S79 and V^ Givental connection and dual Givental connection 

Sj Flat section of the Givental connection 

« ^ » 0 Symbolic notation for E ~ = o f t ' ( n + 1 ) < ^ n r a , r i ) > 0 

J = Jx Givental J-function of the smooth variety X 

The Mirror Theorem (Chapter 11): 

V = 0|=1Opn(ai) Vector bundle used in the Mirror Theorem 

Vd and Vd k Bundle on M 0 o(Pn, d) and M 0 fc(Pn, d) induced 
byV 

Md and JVd Compact notation for M 0 0OP1 x P71, (1, d)) and 
P (# 0 (P \Op i (d ) ) d + 1 ) 

p^ r Fixed points of G-action on A^, G = C* x T 

K Equivariant hyperplane class in iJ^(A^) 

KT and KG Field of fractions of H*(BT) and H*(BG) 

P and Q Important Euler data 

HG[B](t) Cohomology-valued function of B = {Bd} 

fy(t) The mirror map 

Jv and «A> Givental's cohomology-valued functions 

V'dkl A certain subbundle of Vdjk used in defining Jy 

*x Modified quantum product on H*(Fn) determined 
by a complete intersection X cFn 

Jv Cohomology-valued function used in the Quantum 

Hyperplane Section Principle 

IT and JT Equivariant versions of Jv and Jy 

Ziy A collection of functions for 0 < % < n which 
determine JT uniquely 

Our conventions for citations are explained at the beginning of the Bibliography. 



APPENDIX A 

Singular Varieties 

Although complex manifolds are an important part of mirror symmetry, there 
are many situations where singular varieties occur naturally. For example, the 
Batyrev construction from Chapter 4 deals with potentially singular hypersurfaces 
in simplicial toric varieties. This appendix will review the types of singularities we 
will encounter. 

All varieties considered in this book are Cohen-Macaulay, which means that all 
of the local rings are Cohen-Macaulay. The key feature of a Cohen-Macaulay variety 
X is that it has a dualizing sheaf, usually denoted uox- When X is smooth, UJX is 
the usual sheaf f^, where d = dim(X), and because of this, we will often write 
the dualizing sheaf of a general Cohen-Macaulay variety as ft^. Cohen-Macaulay 
varieties are nice because they behave well with respect to duality theory—see 
[Oda] for a careful discussion. Another notation for flj^ — ux is Ox(Kx), where 
Kx is the canonical divisor. Note that in general, Kx is only a Weil divisor. 

By standard commutative algebra, the dualizing sheaf cux of a Cohen-Macaulay 
variety X is a line bundle <=> Kx is a Cartier divisor <̂> all of the local rings are 
Gorenstein. In this case, we say that X is Gorenstein. 

A . l . Canonical and Terminal Singularities 

A point of a normal variety X is a canonical singularity provided that rKx is 
Cartier near the point for some positive integer r and there is a local resolution of 
singularities / : Y —> X such that 

(A.l) rKY = r(rKx) + J2aiE^ 
i 

where the sum is over all exceptional divisors Ei of / and ai > 0 for all i. Further
more, if a,i > 0 for all i, then the singularity is terminal. If X is Gorenstein, then 
we can take r — 1 in the above equation. 

These types of singularities arise naturally when studying canonical models and 
minimal models of threefolds and higher dimensional varieties. More background 
on the singularities themselves can be found in [Reidl] and [Reid4]. For Calabi-
Yau varieties, their relevance is obvious because the canonical class plays such a 
prominent role in the definition of Calabi-Yau. For example, a minimal Calabi-
Yau variety V, as defined in Definition 1.4.1, has Gorenstein Q-factorial terminal 
singularities. It follows that if V is not smooth, then any resolution / : W —» V is 
no longer Calabi-Yau. This is because the singularities of V are terminal, so that 
Kw — Ky -f- J2i aiEi is nontrivial since Ky = 0 and a$ > 0. 

Another source of these singularities comes from toric varieties. In [Reidl], 
it is shown that Gorenstein toric varieties have at worst canonical singularities. 
Below, we will see that the same is true for Gorenstein orbifolds. 
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A.2. Orbifolds 

We begin by recalling what it means for a variety to be an orbifold. 

DEFINITION A.2.1. A d- dimensional variety X is an orbifold if every p G l 
has a neighborhood analytically equivalent to 0 G U/G, where G C GL(d, C) is a 
finite subgroup with no complex reflections other than the identity and U C Cd is a 
G-stable neighborhood of the origin. 

In this definition, a complex reflection is an element of GL(d, C) of finite order 
such that d — 1 of its eigenvalues are equal to 1. The group G in Definition A.2.1 
is called a small subgroup of GL(d, C), and (U/G, 0) is called a local chart of X at 
p. Note that G is unique up to conjugacy by a theorem of [Prill]. 

The terms orbifold and V-manifold are interchangeable, and are the same as 
being quasi-smooth. For a toric variety, these are equivalent to being simplicial, 
and here, the group G is Abelian. Thus a simplicial toric variety has at worst finite 
Abelian quotient singularities. 

A key intuition is that "over Q", orbifolds behave like manifolds. For example, 
the singular cohomology of a compact orbifold satisfies Poincare duality, but only 
with Q coefficients. Similarly, for a complete toric variety, the combinatorial de
scription of H* (X, Z) when X is smooth works for H* (X, Q) when X is simplicial. 

We next study Gorenstein orbifolds. It is well known that every Gorenstein 
orbifold has at worst canonical singularities [Reidl]. However, we also have the 
following folklore result, which says that in the terminal case, a Gorenstein orbifold 
has rather small singularities. 

PROPOSITION A.2.2. If a Gorenstein orbifold has at worst terminal singulari
ties, then its singular locus has codimension > 4. 

P R O O F . We can reduce to Cd /G, where G is a small subgroup. Given g £ G 
of order r, let ( be a primitive r th root of unity and write the eigenvalues of g as 
(ai where 0 < ai < r. By [Reidl], Gorenstein implies YM=I ai = ® m ° d r, and by 
[Reid2], terminal implies Yl7=i ai > r-

According to [Prill], the singular locus of Cn/G is the set 

{x e Cn : g(x) = x for some g G G - {1}}/G. 

If the singular locus has codimension < 4, then we can find g ^ 1 in G whose 
eigenvalues (suitably reordered) are (a, (b, £c, 1 , . . . , 1 . Then the Gorenstein and 
terminal conditions imply r|(a + 6+c) and a-h&-f c > r. It follows that a-\-b+c = 2r. 
Then, applying the terminal criterion to g~l easily yields a contradiction. We leave 
the details to the reader. • 

When the orbifold is also toric, Proposition A.2.2 is proved in [Batyrev4, 
Thm. 2.2.9]. In dimension three, the proposition has the following immediate corol
lary. 

COROLLARY A.2.3. A 3-dimensional Gorenstein orbifold with at worst termi
nal singularities is smooth. • 

In terms of the definition of Calabi-Yau from Chapter 1, we see that an orb
ifold V of dimension d is Calabi-Yau if and only if its canonical class is trivial 
and Hl(V,0) = 0 for i = 1 , . . . , d — 1. This is because trivial canonical class im
plies Gorenstein, which for an orbifold implies canonical. Furthermore, the above 
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corollary shows that a 3-dimensional minimal Calabi-Yau orbifold is smooth, since 
minimal implies that the singularities are at worst terminal. 

We next define a suborbifold of an orbifold. 
DEFINITION A.2.4. Given an orbifold X, a subvariety Y C X is a suborbifold 

if for every p G W there is a local chart (U/G,0) of X at p such that the inverse 
image ofY in U is smooth at 0. 

It is easy to see that a suborbifold of an orbifold is again an orbifold. However, 
the converse is not true: a subvariety of X which is an orbifold need not be a 
suborbifold. This is because the singularities of a suborbifold are intimately related 
to the singularities of the ambient space. 

A.3. Differential Forms on Orbifolds 

There is a nice theory of differential forms for orbifolds. Given p e l , consider 
a local chart (C//G, 0). Then a C°° form on U/G is defined to be a G-invariant 
C°° form on U. There is a natural notion of patching of forms defined on different 
charts. This enables us to define the de Rham cohomology groups H^R(X,R), 
which are isomorphic to the usual ones (see [Satake]). 

We can also do Hodge theory on orbifolds. Holomorphic p-forms on an orbifold 
are defined using local charts (U/G, 0) and are called Zariski p-forms on X. They 
determine a sheaf we will denote OPx. The Zariski sheaves have the following simple 
characterization. 

PROPOSITION A.3.1. If X is an orbifold and j : X0 c X is the inclusion of the 
smooth locus of X, then Slp

x = j*(Qx ) , where Q?x is the usual sheaf of holomorphic 
p-forms on the complex manifold XQ . 

An orbifold X is Cohen-Macaulay, and one can show that if d = dim(X), then 
ftx is the dualizing sheaf of X. Thus our notation is consistent with the previous 
section. The sheaves Vtp

x have various other nice properties, including: 
• There is a differential d : £lp

x —>• Vtp
x such that (ftx ,d) is a resolution of 

the constant sheaf Cx • 
• There is a natural product Vtp

x ® flq
x —» Slp

x
q such that the natural map 

£lp
x —» Hom c , x (Q^ p , Qx) is an isomorphism. 

We can also define Hodge groups Hp,q(X), and the Dolbeault theorem 
Hq(X,np

x)~Hp'q(X) 

applies in this situation (see [Bailyl]). For an orbifold, the natural map to inter
section cohomology 

i T ( X , Q ) - ^ Z f T ( X , Q ) 

is an isomorphism. Since the intersection homology of a projective variety has a 
natural Hodge structure (see [Saito]), we see that Hk(X, C) = (Bp+q=kHp,q(X) has 
a pure Hodge structure (but only over Q) and satisfies the Hard Lefschetz theorem. 
This has interesting consequences for the combinatorics of simplicial polytopes (see 
[Fulton3, Section 5.6]). Other references for the Hodge theory of orbifolds are 
[Steenbrinkl, Steenbrink2]. 

A Kahler form on an orbifold is a real, smooth (1, l)-form which is positive at 
every point (on a chart (U/G, 0), this means its pullback to U is positive). For 
more details about Kahler forms on orbifolds, see [AGM1, Baily2]. 
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A.4. The Tangent Sheaf of an Orbifold 

Any algebraic variety X has a tangent sheaf Ox- When X is smooth, we 
also know that Ox is dual to f^, and that HX{X, Ox) classifies infinitesimal 
deformations of X. The first of these facts continues to hold when X is an orbifold. 

PROPOSITION A.4.1. If X is an orbifold, then Ox — Hom^, (O^, O x). 

P R O O F . Let Q^ be the sheaf of Kahler 1-forms on X. The universal property 
of £lx

x implies Ox — HomCox (Q]x ,Ox)- If j : X0 —> X is the inclusion of the 
smooth part of X, then the argument of page 128 of [Oda] shows that we can 
compute Hom(nx(—,Ox) by restricting to XQ. From here, the proposition follows 
easily. • 

As for H1 (X, Ox), recall that the infinitesimal deformations of a general variety 
X are classified by Ext1 ( 0 ^ , Ox)- For an arbitrary orbifold, this may differ from 
i71(X, Gx). But there is one case where they agree. 

PROPOSITION A.4.2. If X is a Gorenstein orbifold with at worst terminal sin
gularities, then 7J1(X, ©x) classifies infinitesimal deformations of X. 

PROOF. A result of [Schlessinger] implies that Ext1 (Q]x, Ox) vanishes for 
an orbifold if its singularities have codimension at least three. This is true by 
Proposition A.2.2, and then the result follows immediately from the local to global 
spectral sequence for Ext. • 

By [Batyrev4, Thm. 2.2.9], this proposition is also true for varieties, not nec
essarily orbifolds, which have at worst terminal toroidal singularities. 

For an arbitrary orbifold X, one can also prove that Ox = j*©x0
 a n d that 

£7X is the double dual of f2x . When X is a Gorenstein orbifold, the isomorphism 
O^ - 1 ~ H o m c , x ( Q x , O x ) and Proposition A.4.1 imply that 

(A.2) f^-1 - 9 x ® ^ . 

We can apply this to Calabi-Yau varieties as follows. 

PROPOSITION A.4.3. The infinitesimal deformations of a minimal Calabi-Yau 
orbifold V of dimension d are classified by 

P R O O F . A minimal Calabi-Yau orbifold has Gorenstein terminal singularities, 
so that i^fV, Oy) classifies infinitesimal deformations by Proposition A.4.2. Then 
we are done by (A.2) since Oy is trivial. • 

A.5. Symplectic Orbifolds 

Finally, one can define orbifolds in the C°° category, and there is also the notion 
of a orbifold diffeomorphism. Then a symplectic orbifold is a C°° orbifold with a 
closed, nondegenerate 2-form (this is defined using local charts). Furthermore, the 
process of symplectic reduction works naturally in this case. See [Audin, II-3.6] 
for the details. 



APPENDIX B 

Physical Theories 

In this appendix, we summarize some of the key points of physical theories 
mentioned in this book. The first section gives background on some basic physical 
theories, leading up to quantum field theory by the progression 

Classical Classical Quantum 
Mechanics Field Theory Field Theory 

Each of these theories has a Lagrangian and a Hamiltonian formulation. In quan
tum field theory, we will see that Lagrangians are better suited for path integrals 
while Hamiltonians lead to an algebra of self-adjoint operators on a Hilbert space. 
We can easily pass from a Lagrangian to a Hamiltonian formulation, so we will 
always start with a Lagrangian. 

It will be helpful if the reader has some familiarity with the rudiments of clas
sical mechanics (as in [Arnold]). We will discuss classical field theory, quantum 
field theory and some gauge theory. The remaining sections of the appendix will de
scribe nonlinear sigma models, conformal field theories, Landau-Ginzburg theories, 
gauged linear sigma models, and finally topological quantum field theories. 

We refer the interested reader to the lecture notes [DEFJKMMW] from the 
1996-97 IAS Quantum Field Theory program for a more detailed and more math
ematical treatment of some of the theories considered in this appendix. 

B. l . General Field Theories 

In this section, we explain what a field theory is. We do not attempt to be self-
contained, but rather will give some simple examples of the kind of theories that 
are mentioned in the main text while omitting some essential background material. 
For more details, see [Rabin], whose treatment we follow closely but not exactly. 

We will start with a classical theory of fields on a spacetime M. Typical 
examples of M can be 4-dimensional Minkowski space or the world sheet of a 
string (i.e., a Riemann surface). A classical field on M will be loosely defined as 
either a function, a differential form, a section of a bundle on M, or a connection 
on a bundle. It is not desirable at this point to limit the scope of our discussion 
by making a more precise definition. We will obscure this further by sometimes 
speaking of fields as if they were functions. 

Physical dynamics is determined by the Lagrangian density, which is a func
tional of the fields and their derivatives.1 The choice of Lagrangian is greatly 
constrained by symmetries, and is determined by the particular physics that the 
field theory is supposed to model. The basic principle of dynamics is that the fields 

1This is imprecise, since we need to be able to integrate the Lagrangian density. The reader 
will note that we will always multiply the Lagrangian density by a suitable volume form before 
integrating. 
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must be minima of the action, which is an integral of the Lagrangian density over 
volumes V C M. The classical field equations can then be determined from the 
Euler-Lagrange equations for the action integral, assuming the values of the fields 
at different points are treated as independent dynamical variables. This will need 
to be modified when the Lagrangian has symmetries, as we will discuss later in this 
section. 

As our first illustration, we take M = M 4 to be Minkowski 4-space. To set 
notation, we use coordinates x = (x 0 ,^ 1 ,^ 2 ,^ 3 ) on M, with x° denoting time. 
Sometimes, we will write instead x — (t, x), with x denoting the spatial variables 
and t denoting time. We further let 8i = 8/8xl, and put 8 = (80,81,82,83). We 
also will use the Lorentzian inner product on M 4 of signature (1,3), so that for 
example, the wave operator 8$ — J2i=i 8f can be denoted by • = 8- 8. The symbol 
d4x will denote the Euclidean volume density on M. 

We now consider a scalar field of mass m. Mathematically, this is a real valued 
function <p(x) on M 4 . This field satisfies the Klein-Gordon equation 

(B.l) (D + m2)0(x) = O. 

This equation can also be obtained from the action over V C M, which is defined 
to be 

(B.2) S = S(</>) = \ f d4x(8(f) • dcj) - m202) = / d4xC(<P, <90), 
2 Jv Jv 

where 

(B.3) C{<t>, 8(f)) = hd^>'B<t>- m2cj)2) 

is the Lagrangian density. As usual, <p is stationary for the action S provided that 
we have the Euler-Lagrange equation 

(B.4) ** £ . J * _ = 0 > 
H 5(8<t)) 

where SC/Scj) and 5£/5(d<fi) denote variational derivatives. Applying this to (B.3) 
yields (B.l). 

We next recall the Hamiltonian formulation of classical mechanics. We start 
with a Lagrangian function L = L(q,q,t), where q — qi(t) are coordinates, t is 
time, and the dot denotes a time derivative. Intrinsically, L is a function on the 
tangent bundle TM of M. The conjugate momentum of qi is defined to be pi = 
8L/8qi, which is natural terminology since for a free point particle in the presence 
of a potential, the conjugate momentum of the coordinate function qi is just the 
corresponding component of the momentum. Note that (pi,qi) form a system of 
local coordinates on the cotangent bundle T^. The manifold T ^ has a canonical 
symplectic structure, which in local coordinates is described by the form 

Lj = ^ d p i Adqi. 

i 

The equation pi = dL/dqi locally defines a map TM —> TM which we assume to be 
an isomorphism. 

We define the Hamiltonian via 

H = ^jTpiqi - L. 
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The Hamiltonian is a function on T^ , where we have used the above isomorphism 
to interpret L as being defined on T^. Then Hamilton's equations are 

. _ dE_ . _ _dE 
Qi Tj 5 Pi ^ 5 

opi oqi 
though for our purposes, the equivalent equations 

(B.5) J,_n,fll_g(_____j, 
where A = ^ or £>z, are easier to generalize. The expression [A, iJ] is an example 
of a Poisson bracket. Intrinsically, the symplectic form UJ defines an isomorphism 
/ : TM —> TM , and the Poisson bracket of two functions / , g may be rewritten as 

lf,g] = (df,I(dg)}. 
Hamilton's equations are a consequence of the Euler-Lagrange equations for the 

action L. Notice also that we have the commutation relations (using the Poisson 
bracket defined above) 

faiQj] = \PuPj] = 0 
( R 6 ) r l x 

[quPjl = $ij-
We now quantize this classical system. We get a Hilbert space % of states, 

such that functions / on Tj^ get replaced by self-adjoint operators f o n H . The 
classical values of / are reproduced as eigenvalues of the operators. For example, 
if there is a state ij) G 7i for which q̂  • ip = qVip, then we think of ^ as a quantum 
state corresponding to a particle whose zth coordinate has the value qf. Similarly, 
the eigenvalues of the operators p^ are identified with classical values of the ith 

component of the momentum. The inner product on the Hilbert space % can be 
used to determine the probabilities of observing a quantum state to have a definite 
classical value. 

Following the method of canonical quantization, we replace the Poisson brackets 
(B.6) with the commutators 

[q*,qj] = [Pi,Pj] = o 
[qi,Pj] =iSij> 

The equations of motion (B.5) get replaced by the statement that (assuming no 
explicit time dependence in H) that the propagation of a state through a time 
interval t is given by the unitary operator 

(B.7) Ut = e~iHt, 

where we have chosen units in which Planck's constant ft is 1. This is a lightning 
description of the Schrodinger picture of quantum mechanics, where the operators 
are constant and the states evolve in time. Quantum mechanics can equivalently 
be formulated using the Heisenberg picture, where the states are constant and the 
operators evolve in time. The Schrodinger and Heisenberg pictures can be compared 
by conjugation with Ut. In particular, an operator A in the Schrodinger picture 
gets replaced with the time-dependent operator A(t) = U^1AUt in the Heisenberg 
picture. We then calculate 

(B.8) jtA(t) =-i[A(t),U], 
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which is the quantum-mechanical version of (B.5). In (B.8), we have used the usual 
definition of the commutator of operators [A, H] = A H — HA. In quantum field 
theory, we will use the Heisenberg picture without further comment. 

Adapting this to field theory, we define the conjugate momentum ir(x) to be 

Assuming that we have a single field </>(#), the Hamiltonian (or energy) H is defined 
as the spatial integral (i.e., the integral over the variables not containing the time 
variable) of 7r(x)do<p(x) — £, where C is the Lagrangian density. The Hamiltonian is a 
functional of (f)(x) and 7r(x), SO that the derivatives of (f)(x) have been eliminated. In 
terms of H, the Euler-Lagrange equation (B.4) yields Hamilton's equations for the 
propagation in time of any observable O, which mathematically is just a functional 
of the fields <j)(x) and n(x). These equations, analogous to (B.5), are 

°=[°'H]=J te^w~ i^)Wx))dxdxdx^ 
and letting O = (j) or IT gives Hamilton's field equations 

4>=\4>,H], 7r = {n,H}. 
In the case of our scalar field 0(x), the conjugate momentum is ix{x) = 8Q4>{X) 

and the Hamiltonian is given by 

(B.9) H = \ / W * ) 2 + I ^ W I 2 + rn2(f)2)dx1dx2dxs. 

The Poisson brackets (field analogs of (B.6)) are 
imt)A(y,t)} = [7r(x,t),7r(y,t)] = 0 
[0(f,t),7r(f,t)] = 6(x-y). 

The next step is to proceed to a quantum field. This step is not well-defined 
mathematically in the desired generality. The idea is that we seek a Hilbert space 
H of states, and that classical fields <f>(x) get replaced by quantum fields, denoted 
$(#), which are operators on H depending on x and behave as distributions in 
the variable x. The classical values of the fields are reproduced as eigenvalues of 
the operators. For example, if there is a state ip G H for which 4>(x) • ip = f(x)ip 
for some function / (#) , then we think of this quantum state as corresponding to 
the classical field with value <p(x) = f(x). The inner product is used to determine 
relative probabilities much as in ordinary quantum mechanics. 

Using canonical quantization, we let U(x,t) denote the operator-valued distri
bution corresponding to 7r(x,t) and replace the Poisson brackets (B.10) with 

[$( f , t ) ,$(y ,0] = pi(f , t ) ,n(y, t ) ] = 0 
[$(x,t),IL(y,t)]=i6(x-y). 

These equal-time commutators are identities of operator-valued distributions. 
We now show how this formalism gives an interpretation of the quantum field 

3>(x) as being comprised of quanta of particles. Namely, if we return to the Klein-
Gordon equation (B.l) and apply standard Fourier transform methods for solving 
PDEs, we can write the classical field 0 in the form 

(B.ll) Mx) = J (a(k)e^-W + 0t(£)c-«(**-*B«>) ^ g ! ^ L 
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for certain complex conjugate functions a and cfi of k = (fe1, k2, k3). In (B.ll) , we 
have put Ek = • H m 2 . The Klein-Gordon equation (B.l) is satisfied because 
of E\ — k • k -h m2, and on the mass shell defined by Ek — - k + m2, the expres
sion dk1 dk2 dk3 / y/Ek is invariant under Lorentz transformations of (Ek, A:1, A;2, k3). 
The quantity Ek is the total energy of a relativistic particle of mass m and momen
tum fc. For the mathematician who has never seen this, it is worth pointing out 
that for |fc| « m w e have the approximation E% ~ m + (k-k)/(2m). The first term 
is the rest energy of the particle (usually written E = mc2, but we have chosen 
units where c = 1), and the second term is the classical kinetic energy of a particle 
of mass m and momentum k. 

Back in the quantum theory, we claim that a(k),aJ(k) have natural particle 
interpretations. To begin with, a(k),o)(k) are operator-valued distributions, and 
one can show that they satisfy the commutation relations 

[a(fc),a(fc,)] = [at(*),at(fc/)] = 0 

[a(k),a\k')]=6(k-k'). 
Furthermore, one also shows that substitution back into the Hamiltonian (B.9) 
yields 

H= f (E%(J(k)a(k) + ^5(0) J dk1 dk2 dk3, 

where 0 is the 3-dimensional zero vector. The last term is mathematically mean
ingless, since it is an infinite scalar operator. The solution is to simply ignore this 
term, as the subtraction of a constant from the Hamiltonian has no effect on the 
dynamics. We finally arrive at 

(B.13) H = f Ena\k)a(k) dk1 dk2 dk3. 

This has a nice intuitive description. The commutation relations (B.12) and the 
Hamiltonian (B.13) show that application of an operator a(k) will decrease energy. 
Since the vacuum is to be the lowest energy state, we may define the vacuum state 
V as the state annihilated by all of the a(k). Using (B.12) and a(k)(V) = 0, it 
follows that the state cfl(k')(V) is an eigenstate with energy (= eigenvalue) E^,\ 

H(a)(k')(V)) = J E^a\k)a(k)a\kf)(V)dk1dk2dk3 

= J E^(k) (a\k')a(k) + 5(k-k')) (V) dk1 dk2 dk3 

= Epa\k')(V). 

This leads to the interpretation of cfl(k) as a creation operator: its application 
creates a scalar particle of momentum k. Similarly, a(k) is an annihilation operator, 
so that its application annihilates a particle of momentum k. 

Our conclusion is that in general, the formula (B.ll) expresses the quantum 
field $(x) as a superposition of elementary particle states. 

While we don't expect the above to be convincing to those who are seeing 
this for the first time, we want to explicitly make the point that by starting with 
a Lagrangian density and formal quantization procedures, we have arrived at the 
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quantum structure of matter and a reformulation of dynamics in terms of these 
quanta. This is another way of saying that the dynamics of a quantum field are 
completely determined by the Lagrangian density. We should also mention that it is 
possible to put some (but not all) of the above on a firm mathematical foundation— 
see [Rabin, Lect. 8]. 

So far, we have concentrated on the Hamiltonian formulation of quantum field 
theory. As mentioned earlier, there is also a Lagrangian formulation, which involves 
the notion of a path integral. Suppose that at times t < t', the classical fields 
have values fa{x,t) and fa(x,tf). We will let \fa{x,t)) and \fa(x,tf)) denote the 
quantum states with respective eigenvalues fa(x,t), fa(x,tf) under the operator-
valued distribution 3>(x, t). In other words, we have 

(B.14) $(x,t)\fa(x,t)} = 0o(#,t) I0o(x,t)), 

with a similar expression for fa. The left hand side of (B.14) involves the action of 
an operator and the right hand side involves multiplication by a distribution. 

The Hilbert inner product of these two states is {fa (x, tf) \ fa(x, t)). Its physical 
meaning is that its squared norm gives the probability density for the state fa(x, t) 
to propagate into fa(x,t'). Formal calculations suggest that if S(fa is the action 
generalizing (B.2), then 

{fa{x,t')\fa{x,t))=N j[D^s^ 

where on the right hand side, the path integral is over the space of all paths within 
the space of fields with initial point fa and with terminal point fa. The factor N is 
a suitable normalization factor, and [D(/>] is an appropriate measure on the space of 
paths. The path integral (or functional integral) is not well-defined mathematically 
at present. 

The path integral also allows for the computation of certain physical correlation 
functions, sometimes called n-point functions. Pick n points x\,... , xn G M. The 
n-point function is formally defined to be 

(B.15) ($(a;i) • • • $(*„)> = N JlD^faxi) • • • 0(xn)ei5<*> 

These are functions of the points x\,... ,xn and of the types of fields associated 
to these points, but not the particular values of the fields, as these are integrated 
over. In our example of a scalar field, there is only one type of field, but for example 
the Yukawa couplings are a type of three-point function where different types of 
fields are associated to the different points. The Yukawa couplings are three-point 
functions in a topological quantum field theory, which greatly simplifies matters. We 
will discuss topological quantum field theories in Appendix B.6. 

These quantities are of intrinsic physical interest. For example, the two-point 
functions are just the Green's functions of the theory. In a very real sense, one 
can argue that the n-point functions contain all of the physical predictions of the 
theory. 

While path integrals such as (B.15) cannot be formulated rigorously, there are 
some accepted heuristics for their calculation that do have partial justifications. 
The most important one is the stationary phase method, whereby the path integral 
can be "localized" to an integral over the space of stationary points of S, a space 
which is often finite-dimensional. As a naive explanation of how this arises, note 
that if fa is stationary for 5, then the phase of elS^ will vary slowly near fa, 
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allowing a nonzero contribution to the path integral locally near </)Q. If <po is not 
stationary, then the more rapidly oscillating phase will tend to cause cancelation. 
Thus states near 0o are more likely to occur and contribute to physical processes. 
This point provides a link between a classical and a quantum field theory. The 
stationary phase method is rigorous for finite-dimensional parameter spaces; but in 
a path integral, the spaces are infinite-dimensional. 

There is a subtlety here that may be worth mentioning. In the path integral 
(B.15), the terms (/>(#;) are distributions, hence commute. On the other hand, the 
operators $(xi) do not commute in general, so there appears to be an inconsistency. 
The resolution is to define the time-ordered product T($(xi) • • • $(xn)) to be the 
operator obtained by applying the $(x$) in chronological order. Then we have 

(V I T($(x1) • • • $ ( i n ) ) | V) = N j[D4>]</>(Xl) • • • 4>{xn)eiS^ 

where V again denotes the vacuum state. 
We will also need some understanding of a gauge theory. Here, the action is 

invariant under a continuous group of local transformations on M. This group is 
usually infinite-dimensional, the typical example being Yang-Mills theory, where 
the gauge group is the space of maps to a finite-dimensional Lie group. Our very 
modest goal is to explain the role of what is called gauge fixing in the context of our 
discussion of quantum field theory, as well as the notion of a conserved quantity. 

The simplest example is the classical theory of electricity and magnetism in 
the absence of charged matter. We make no pretense at being self-contained here, 
and are merely attempting to give a flavor. The interested reader is referred to 
[BD] for more details. We take M = M 4 to be Minkowski 4-space with the usual 
coordinates (x° , . . . , x3) = (t, x). The field will be a real 1-form <\> = A^dx1,2 which 
is the electromagnetic potential. We also let A — ( A L , ^ , A3). The field strength 
of 4> is defined to be F = dcf) = Fijdx1 A dxJ'. The electric field E and magnetic field 
B can be extracted from the field strength by putting 

3 
F = Fijdx1 A dxj =dtA ( ^ Eidx1) + B • (dx1 A dx2 A dx3), 

2 = 1 

where • is contraction with £?, thought of as the vector field Bld/dxl. With these 
identifications, the electromagnetic field strength F is a closed 2-form, which is 
equivalent to two of the Maxwell equations 

S7xE = -B, V-2J = 0. 

The other two equations arise from the Lagrangian density 

(B.16) C=~FijFii = ^(\E\2-\S\2). 

Here, the Euler-Lagrange equations take the form 

2We follow the Einstein summation convention and sum over repeated upper and lower 
indices. Also, indices are raised and lowered without comment by contraction with the metric 
tensor gij = diag(l, —1, —1, —1). 
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and the Hamiltonian is computed to be 

ff = 1 f(\E\2 + {B^dx1 A dx2 A dx3. 

The field strength F = d<p and hence the associated Lagrangian C are un
changed by the addition of an exact form to (p = Aidx1, i.e, by a substitution which 
has the form 

(EM7) A ~ A + ^ , 

where A(x) is an arbitrary real function on M. This substitution is associated to the 
gauge group of local transformations elA^] in fact, if we identify <f> — \f^\Aidx% 

with a connection form on a principal (7(1) bundle over M, then the gauge trans
formation etA^ on the U(l) bundle induces (B.17). It is therefore sufficient to 
choose a slice of the parameter space of the (j) = Aidx1 which has the property that 
every possible (j) is equivalent to one of the (j) in the slice via a gauge transformation 
(B.17). Such a slice is called a gauge choice3. We will make the gauge choice in 
two steps as follows. First, we can assume that 

(B.18) A0 = 0. 

Unfortunately, we can't just make this gauge choice and then quantize, since we 
also need to satisfy the Euler-Lagrange equation SC/SAo = 0. This is Gauss' law 
V • E = 0, which becomes V • dA/dt — 0 since AQ = 0. Hence V • A is independent 
of time. Now solve Poisson's equation to find a time-independent function / with 
V • V / = V • A. Replacing (j) = Aidx1 by 4> — df does not affect Ao, and thus we 
can assume that our gauge choice also satisfies the equation 

(B.19) V - ! = V - ( A i , A 2 , A 3 ) = 0 . 

In general, when a gauge choice is made, we cannot simply ignore a field that has 
been "gauged away." 

We can now follow a quantization procedure similar to that for the Klein-
Gordon field by fixing the gauge choice (B.18) and (B.19). We make a Fourier 
expansion 

(B.20) A(x) = J^ejik) ( 0 i ( * ) e - * - +a j ( fc ) e *- ) ^ ^ f 

with the following notation. The €j are 3-dimensional polarization vectors, which 
are orthogonal to k by the Fourier transformation of the second gauge condition 
(B.19). This is why there are two independent polarization vectors. Finally, 
k = (&o,fc) satisfies fco — |fc| since each component of A{x) is a solution of the 
4-dimensional wave equation (this follows from Maxwell's equations). 

We are led to the interpretation of the dj(k) and at(fc) as operators which 
respectively annihilate and create a quantum of the electromagnetic field with mo
mentum k and polarization €j(k). This is consistent with our earlier discussion of 
dj(k) and aj(fc). 

3From the path integral point of view, restricting to such a slice is clearly necessary, since oth
erwise the gauge symmetries would cause the same path to be counted more often than necessary, 
giving undesirable infinities. 



B.2. NONLINEAR SIGMA MODELS 419 

It is a crucial fact (Noether's theorem) that continuous groups of symmetries 
give rise to conserved quantities as follows. Letting the fields transform infinites-
imally as (j> i-> <fi + xpe under an infinitesimal gauge transformation (where e is an 
infinitesimal parameter), the quantity 

< B - 2 , » & * 

has zero divergence, and is called a conserved current As a consequence, the 
spatial (fixed time) integral of a conserved current is constant in time, and is called 
a conserved charge. 

When we discuss conformal field theories in Section B.3, the gauge group will 
be the conformal group. We will see the need to make a similar gauge choice, and 
we will see that the gauge group leads to similar conserved quantities which play 
an important role in the theory. 

The quantum field theory discussed so far applies best to bosons, which are 
particles of integer spin. Several classical (i.e., non-quantum) bosonic fields can be 
combined by multiplying the fields, and this multiplication is commutative. But 
in order to describe field theories for fermions (particles of half-integer spin), one 
starts with classical fields which multiply in an anticommutative fashion. There are 
several ways to formulate this; one way to axiomatize anticommuting variables is 
through the use of superspaces. This will be described briefly in Section B.4. The 
quantization procedure for fermionic fields requires a modification of the procedure 
sketched above for bosonic fields. We will see some examples of fermionic variables 
in the nonlinear sigma models described in the next section. A good introduction 
to the difference between bosonic systems and fermionic systems can be found in 
[Alvarez, Lect. 1 and 2]. 

B.2. Nonlinear Sigma Models 

To define a nonlinear sigma model (or sigma model for short), we start with a 
Kahler manifold (X, g) and a closed 2-form B. The sigma model will be a theory 
built upon maps from Riemann surfaces E to X, We think of a map / : E —> X as 
describing the propagation of a string through X, and E is the world sheet swept 
out by the string as it propagates. The Riemann surface E is not fixed in the 
theory, but can be arbitrary. This allows for arbitrarily complicated ways in which 
a string can split up into two or more strings or have several strings join up. In 
other words, allowing Riemann surfaces of arbitrary genus automatically includes 
interactions between strings in the theory. This is a general feature of all string 
theories and not just sigma models. 

The nonlinear sigma model also has anticommuting fermionic fields, which are 
sections of certain bundles on E given in the following table. 

Field 

(B.22) ^ 

Bundle 

K*®r{T]?) 

K*®f*(T%°) 

Here, K is the canonical bundle of E, K is its complex conjugate (antiholomorphic) 
bundle, K1/2 is a choice of a square root of K (i.e., a spin bundle on E), Tx 
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is the complexified tangent bundle of X, and we have the usual decomposition 
Tx = T1/ © TX

A. The indices i,i range from 1 to n = the complex dimension 
of X, with the understanding that i will be used for holomorphic indices, while 
i will be used for antiholomorphic indices. Notation has been chosen to allow us 
to abuse notation by identifying the objects introduced in the above table with 
certain of their coefficients; the meaning should be clear from the context. We 
do this as follows. Pick a local holomorphic coordinate z o n S and local complex 
coordinates x% on X. Then for example ^+ can denote a section of K1!2 <8>f*(Tx' ) 
or its coefficient of (dz)1/2 <&d/dx%, where (dz)1/2 denotes a local generator of K1!2. 
Notationally, x% is synonymous with x1. 

We now can define the action S. We will also let indices / , J run over all 
possible values of i,i, i.e., over both holomorphic and antiholomorphic indices, so 
that x1 ranges over the 2n coordinates x2, x2, where as above n is the complex 
dimension of X. We put 

S= J fygu+iBIj)dxxId3xJ 

(R23) + ^9a^-Dz^ + ^g&tf+D^i 

+ ̂ Rufj^lil^l) {^l)dz A dz, 
where R is the curvature tensor of the metric g on X and Dz is deduced from the 
Levi-Civita connection of the metric f*(g) on £. Note that S depends on both the 
map / : X) —> M and the 4n fermionic fields ip±, I/J±. 

This strange-looking action is quite natural. Its bosonic part reduces to the 
area of E after the equations of motion have been taken into consideration. The 
fermionic terms have been added in such a way to maintain conformal invariance 
(to be discussed later in this appendix) and so as to be super symmetric, that is, 
there is an infinitesimal symmetry of the action which perturbs fermions in bosonic 
directions, and vice versa. Actually, there are two of them since a sigma model has 
N = 2 supersymmetry. The supersymmetries are rather complicated. They can be 
written as follows: 

Sx* = V ^ a - V ^ + V ^ a + V 7 -

5xl = v
/ Z l a - ^ + + > / z l a + ^ L 

6i/>% = -a-dzxi - V^la^lT)^. 
(B.24) . ^ _ -. i . 

s^pi = -a+dzxl - v^a-^ir;.mvr 
61>L = -ct+dzx* - V^la^lr}^™, 

where a_ and a_ are infinitesimal holomorphic sections of K~* while a + and a + 

are infinitesimal antiholomorphic sections of K~*. Applying the transformations 
(B.24) and using the Kahler condition, one can show that the integrand of (B.23) 
is altered by an exact form, hence the action S is invariant. 

In the heterotic string theory, the Lagrangian must be modified somewhat so 
that some of the fermionic fields ip± live in a 16-dimensional space containing the 
root lattice of EgxE$. This allows the resulting theory to contain an E$ x E$ gauge 
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group, and this plays a role in the definition of the Yukawa couplings. These are the 
correlation functions (or n-point functions) in our theory. We should also mention 
that in the heterotic theory, the equations of motion for the fermions decouple 
into left- and right-moving equations (which in this context can be thought of as 
holomorphic and antiholomorphic parts). Hence the sigma model gives a (2,2) 
string theory, which means that there are 2 holomorphic and 2 antiholomorphic 
supersy mmet ries. 

It is easier to compute the correlation functions of interest to us using the twisted 
theories, namely the A-model and the B-model. These theories differ from the 
sigma model, but some of their correlation functions (including the ones mentioned 
in Chapter 1) can be shown to coincide with corresponding correlation functions in 
the sigma model. 

The action for these theories is identical in form to (B.23), but the fields ip± 
have different meanings. For the A-model, we replace (B.22) with 

Field 
r+ 
r+ 
ipi 
ipi. 

Bundle 
riT1/) 
K®f*(T0/) 
R^riT1/) 
r(T0/) 

while for the B-model, we use instead 

Field 
r+ 
V+ 
-0!_ 

r_ 

Bundle 
K®f*{T1/) 
r(T0/) 
K®f*{T]l°) 
f*(T°/) 

In other words, the fields coincide locally with the corresponding fields in the sigma 
model, but globally are twisted by the bundles K*, K2 , or their inverses. 

These models are still supersymmetric (but now have only N = 1 supersymme-
try). Furthermore, if V and V° are a mirror pair, then the A-model derived from a 
Calabi-Yau manifold V is mirror symmetric to the B-model derived from its mirror 
manifold V° (for corresponding choices of the complex structure of V° and Kahler 
structure on V). 

We start with the A-model. Here, we can view the fields ipl
+ and ipt_ as the 

holomorphic and antiholomorphic parts of a section of /*(Tx). Also, the A-model 
associates to each /c-form rj on X the local operator Ov(x) defined as follows. We 
can write the fc-form as 77 = hi1..jk(x)dxl1 A • • • A dxIk, where each dx1 is either 
dx% or dx1 = dx1. Then the corresponding local operator is defined to be 

(B.25) Orl(x)=hIl...Ik(x)xll'-Xlk(x) 
Jk ( 

where the x1 equal either ip+ or ipl_ and should be regarded as anticommuting 
operators on a Hilbert space %. 

The first term of (B.23) simplifies to JE /*(o;), where uo — B + iJ as usual, 
J here being the Kahler class of the metric g. There is some simplification if the 
equations of motion (the generalized Euler-Lagrange equations discussed above) are 
used, and the remaining terms can then be compactly written in terms of a certain 
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fermionic operator, the BRST operator Q. This operator is the supersymmetry 
transformation that survives the reduction in supersymmetry from the original 
N = 2 theory to the twisted N = 1 theory. In fact, modulo the equations of 
motion, we have 

5 = k L{Q> v}(l2dz A d~z) + l*L r H' 
where V is a certain field whose particulars will not concern us and {Q, V} is 
the anticommutator. Without going into any detail, the BRST operator plays an 
important role in quantum field theories. We have Q2 = 0, and the operator 5Q 
defined by SQ(0) — {Q, O} essentially defines a complex whose cohomology is 
called the BRST cohomology of the quantum field theory. We have the following 
formula for the anticommutator. 

{Q,Ov} — —OdVi 

which shows that rj \-> Ov gives a map from the de Rham cohomology Hk(X) of X 
to the BRST cohomology. 

We now let UJI, . . . ,cjn G H2(X), and turn to the calculation of the n-point 
correlation function {OUJl • • • Oun). By (B.23), the Euler-Lagrange equation coming 
from xl is dxl/dz = 0, so that / is holomorphic. The path integral accordingly 
reduces to an integral over the space of holomorphic maps. We next put 7 = /* p ] 
and write the integral as a sum over 7, writing the term for 7 = 0 separately. The 
result is 

(0Ul'"0Un)= / w i A - A w n + 
Jx 
]T f[Dct>}[Dx}D^}e-i^f^l[OuJ^ 
17toJ i 

Jx 7 

where the notation q1 is as explained in Chapter 7, and where NliUi is loosely 
defined as follows. Pick points p i , . . . , p n £ P1 and choose representative cycles Zi 
whose fundamental class is Poincare dual to the classes u)i. Then N1^UJi denotes the 
number of holomorphic maps / : P1 —> X such that f(pi) £ Zi for each i. This is not 
quite a rigorous definition because the set of such maps may be infinite, but can be 
made precise through the notion of a Gromov-Witten invariant, which is discussed 
in Chapter 7. As explained in Chapter 8, these invariants are the crucial ingredient 
in the construction of quantum cohomology. As we will observe in Appendix B.6, 
the A-model is a topological quantum field theory, which implies that the three-
point correlation functions define an associative ring structure. The second equality 
above results from carrying out the appropriate integral over the space of critical 
points of x a n d I/J. This is an example of the stationary phase method mentioned in 
Appendix B.l. The nonconstant holomorphic maps / : E —> X are called worldsheet 
instantons, and the above form of the n-point function is called an instanton sum. 

For the B-model, the field rf — ip'l+ + tpl_ transforms as a section of Z * ^ ' 1 ) , 
and similarly, 0i = gii(ip+ — ^lJ) transforms as a (1,0)-form. The B-model also has 
local operators, which come from (0, g)-forms with values in ApT-^°. If we write 
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such a form 0 locally as 

9 = hi'-'^dz11 A • • • A dz*« ® - — A • • • A - — , n-lq dzh dzjp 

then the local operator Oe is defined by 

Oe = htrHx 
2 1 . 

y3p' 

As with the A-model, we get a simplified version of the action when the equa
tions of motion are taken into consideration. The BRST operator of this theory, 
again denoted Q, satisfies {Q, Oe} = —OQQ. Thus the association 6 \-^ OQ maps the 
Dolbeault cohomology Hq(X, A P ( T £ 0 ) ) to the BRST cohomology of the B-model. 

The B-model correlation function follows by computation from the simplified 
form of the action just mentioned. In principle, this correlation function could 
contain an instanton sum, but certain non-renormalization theorems say that this 
is not the case. Another way to argue this point is by mirror symmetry: the A-
model correlation function does not depend on complex moduli, hence the B-model 
correlation function of the mirror manifold does not depend on the Kahler moduli. 
However, each term with 7 ^ 0 in an instanton sum explicitly depends on the 
Kahler moduli due to the term q1'. A different, heuristic argument for the absence 
of instanton corrections was given in Section 1.2. 

Finally, we note that in order for our sigma model to avoid certain quantum 
anomalies, (X, g) must in fact be a Calabi-Yau threefold. The requirement that X 
have real dimension 6 will be explained in Appendix B.3, and the Kahler condition 
is essential for N — 2 supersymmetry. Finally, the Calabi-Yau condition, which 
was discussed briefly in Section 1.3, is more subtle and would require a digression 
into renormalization of quantum field theories that is beyond the scope of these ap
pendices. See [Hiibsch] for an exposition of more of the details. Also, a discussion 
of supersymmetric sigma models can be found in [GO]. 

B.3. Conformal Field Theories 

Roughly speaking, a conformal theory is a theory of fields on Riemann sur
faces which respects the group of conformal transformations of surfaces. We will 
attempt to make this more precise. A detailed introduction to the subject appears 
in [Ginsparg]. The connection to string theory is that the Riemann surfaces occur 
as the surface swept out by the string as it propagates in time. We will therefore 
refer to this Riemann surface as the world sheet. 

A conformal mapping of a Riemann surface is a self-mapping preserving angles 
and orientation. Such mappings are holomorphic. We want to study conformal 
mappings locally by working in a two-dimensional disk A with complex coordinate 
z = x+iy. Unfortunately, there is no group of local conformal transformations, since 
neighborhoods will not be preserved and so mappings cannot be composed. On the 
other hand, there is a well-defined conformal algebra—an infinitesimal conformal 
transformation induces a real vector field on the underlying real surface which can 
be written in local holomorphic coordinates as f(z)d/dz -f f(z)d/dz, where f(z) is 
holomorphic. It is customary to separate holomorphic and antiholomorphic parts 
by choosing bases £n = —zn+ldz and In — —zn+1dz which satisfy the Virasoro 
algebra relations 
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The conformal algebra can be recovered from the Virasoro algebra as the subalgebra 
generated by the £n + £n and i(£n — £n). A conformal field theory includes a 
representation of the Virasoro algebra, though one needs to be careful because 
certain representations are subject to quantum anomalies. 

We next define the fields of interest in a conformal field theory. 

DEFINITION B.3.1. A primary field of weight (h.h) is a field <&(z,z) which 
transforms as $(z,z) i—)> (df/dz)h(df/dz)h$(f(z),f(z)) under a conformal trans
formation z H-> f(z). 

In other words, the expression $(z,z)dzh 0 dzh is invariant when &(z,z) is a 
primary field. 

The gauge group of a conformal field theory is the local conformal group. As 
in Section B.l, this means that we need to make a gauge choice. Using the local 
coordinate z = x + iy, the gauge choice is determined by fixing the metric h on the 
world sheet to be h = dx2 + dy2. But as in Section B.l, we must also remember to 
impose the conditions SS/Sh1^ = 0 from the Euler-Lagrange equations. 

Unfortunately, the quantization is not quite as straightforward as in the case of 
electricity and magnetism. For instance, maintaining conformal invariance requires 
the introduction of certain auxiliary fields, called ghosts, in the process of quanti
zation. Additional ghosts are needed for supersymmetry. In addition, although the 
Euler-Lagrange equation SS/Sh1^ — 0 holds classically, it works a little differently at 
the quantum level. To explain what happens, we introduce the energy-momentum 
tensor with components 

T. -J_i£_ 

which is a symmetric tensor. Here, h as usual denotes the determinant of the matrix 
hij and hli denotes the inverse matrix. In holomorphic coordinates, the energy-
momentum tensor has components T(z) = Tzz, T{z) = Tzz, and Tzz. Similar 
to what we did in (B.21), the conservation law arising from conformal invariance 
under / i 4 <\)h for any function (f> leads to Tzz — 0. Energy-momentum conservation 
thus leads to the conclusion that T(z) is holomorphic while T(z) is antiholomorphic 
(explaining the notation). Hence, the classical equations of motion (from the Euler-
Lagrange equations) include the constraints T(z) = T(z) = 0. 

In the quantum theory, these equations are modified using radial quantization. 
This means that in local coordinates, the equal time curves are chosen to be con
centric circles, whose radii are the curves with fixed spatial coordinate (the world 
sheet of a string contains one spatial coordinate and one time coordinate locally, 
but the distinction between space and time is not invariantly defined). Formal ma
nipulations and the fact that T(z) is a conserved quantity yield that if $(z,z) is a 
primary field of weight (/i, /i), then there is an identity of operators, the operator 
product expansion: 

m, x -, / x h T / N dw$(w,w) „ , T(z)$(w, w) = T r^$K w) + V J + R(z, w, w), {z — w)z z — w 

where R(z,w,w) remains finite when z = w. There is a similar formula for 
T(z)$(w,w). This transformation property of T suggests that T should be a pri
mary field of weight (2,0). Unfortunately, if this were true, it would lead to a 
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quantum anomaly. Hence, the actual formula requires another term in the opera
tor product expansion: 

(B.26) T(z)T(w) = r ^ — + j - ^ T i w ) + ^ M , 
(z — w)4 (z — w)z z — w 

where c is a constant known as the central charge. Expanding T(z) = J^n Lnz~^n+1^ 
and substituting into (B.26), we get by contour integration 

(B.27) [Ln, Lm] = (n- ra)Ln+m + — (n3 - n)5n+rn,0 

where ^n+m,o is the identity operator for n + m = 0 and is zero otherwise. In 
other words, quantum mechanically, we do not get a representation of the Virasoro 
algebra, but rather a representation of a central extension of the Virasoro algebra. 
We should mention that (B.27) appears in Section 10.1.4 in our discussion of the 
Virasoro conjecture. 

For perturbative string theory to be consistent, we need an anomaly-free rep
resentation of the Virasoro algebra itself. By (B.27), we avoid getting a central 
extension provided the overall central charge c of the theory vanishes. In the con-
formal field theory arising from the sigma model on a manifold X of real dimension 
2fc, each boson x1 contributes +1 to c while the 2k fermion pairs ipl

±, ^± e a c r i c o n _ 

tribute +1/2, for a total contribution of 2k • 1 + 2k • \ — 3k. But as we have seen, 
quantization requires ghosts to remain invariant under reparametrization of the 
world sheet (the conformal group) and supersymmetry. The ghosts which compen
sate for world sheet reparametrization contribute — 26 to c while those compensating 
for supersymmetry contribute +11. The equation 3k — 26 + 11 = 0 is satisfied only 
for 2k = 10. Four of these dimensions are taken to be the spacetime dimensions of 
our familiar world (for example, Minkowski four space is a common model), leaving 
6 free real dimensions. This is the reason for restricting to Calabi-Yau manifolds of 
complex dimension 3. 

A similar but simpler argument shows that a consistent bosonic string must 
propagate in a 26-dimensional space. 

We close with a few comments about the representation of the N = 2 super-
conformal algebra given by a sigma model (X,g). This representation contains the 
operators T(z),T(z) as above. In addition, the holomorphic supersymmetries give 
a U(l) = SO(2) symmetry acting naturally on the sigma model fermions 

The conserved current resulting from this (7(1) symmetry is denoted by J(z). The 
spatial integral of J is the operator Q which appeared in Section 1.1 as the gen
erator of the right-moving (holomorphic) sector of the theory which infinitesimally 
rotates the two supersymmetries. Similarly, we obtain J from the antiholomorphic 
supersymmetries and the U(l) action on 

which leads to an operator Q for the left-moving (antiholomorphic) sector. We have 
seen above how i ^ ( X , Tx) and ^ ( X , Q}x) become operators in the theory; apply
ing these operators to the vacuum state, we obtain quantum states corresponding 
to iJx(X, Tx) and i71(X, f2^). These states are eigenvectors for the operators Q, Q 
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as discussed in Section 1.1. One of the main motivations for mirror symmetry is 
the effect of changing the sign of the generator Q on the corresponding eigenvalues. 

B.4. Landau-Ginzburg Models 

The Landau-Ginzburg (LG) theories we describe here are also supersymmet-
ric theories. For definiteness, we will restrict discussion to theories with (2,2) 
supersymmetry. These can be described using the formalism of superspaces and 
superfields. We digress now to describe this formalism. 

A supermanifold is a topological space M with local coordinates 

(x1,...,xn,y1,...,ym) 

where the variables x% commute with each other and with the yl, while the yl 

anticommute. While a precise mathematical definition can be given (see [Maninl]), 
the above rough definition suffices for present purposes. We can think of M as a 
manifold with local coordinates (x1,... ,x n ) together with extra anticommuting 
variables yl. A superfield is just a function on superspace. A superfield can be 
written uniquely as a sum ^ 7 fi(x)yI, where fi(x) is a function of x 1 , . . . ,x n , 
/ = {zi , . . . , %k] C { 1 , . . . , m} is an index set, and y1 = y11 • • • ylk if i" has been 
written with i\ < . . . < i^. In Section 8.2.1, we showed that H*(X, C) has a natural 
structure as a complex supermanifold. 

In our case, the underlying manifold is the world sheet X), so we will take n = 2. 
To obtain (2, 2) supersymmetry, we will also require m = 4. The variables x1 and 
x2 will be replaced by a local complex coordinate z, while the y% will be denoted 
by 9% and Q%, where i = 1, 2. The 9l, 9% are not merely local expressions, but they 
are spinors, i.e., they transform as spinors under one of the (1-dimensional) spin 
representations of so(2), with 91,92 belonging to one of the representations and 
91,92 belonging to the other representation. For more details about spin geometry 
from a mathematical perspective, the reader is referred to [LM]. 

Thus, a superfield $ can be locally expressed as 

$ = f(z) + (t>i{z)Ol + U*W + Fij(zWOj + • • • , 
where some quadratic terms in the anticommuting variables, and all of the higher 
order terms in the anticommuting variables, have been omitted. There are su
persymmetry transformations Ql,Ql that can be explicitly written down, and the 
anticommutators take on a simple form (see, for example, [WB] for the analogous 
formulas for 4-dimensional supersymmetry). This leads to the construction of the 
N — 2 supersymmetry algebra. Note that the supersymmetry transformations are 
not to be confused with the U(l) charges Q, Q that we have discussed earlier. 

The space of all superfields gives a representation of the N = 2 supersymmetry 
algebra. The subspace of chiral superfields is an invariant subspace. This can 
be constructed by explicitly writing down differential operators Di in superspace 
which commute with the supersymmetry operators, and defining a chiral superfield 
to be a superfield $ satisfying D^ = 0 for i = 1, 2 (see e.g., [WB] for a definition 
of chiral superfields). The operators Di involve differentiation with respect to the 
anticommuting variables. In fact, Di includes a term d/d9l, which can be defined 
in the natural way. Thus chiral superfields behave much like holomorphic functions 
do in ordinary space. 

Landau-Ginzburg theories are certain supersymmetric theories which can be 
simply described by a superpotential, which is a weighted homogeneous polynomial 
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F(3>i,.. . , $fc) of 2-dimensional chiral superfields. Here, weighted homogeneous 
refers to the assignment of a weight di to <&i. In the case of interest to us, we will 
choose F to be weighted homogeneous of degree d = J ^ di. 

In the action for the Landau-Ginzburg theory, the important term is 

(B.28) f d2zd26F($l), 

where z is a local holomorphic coordinate on the world sheet, <&i are chiral super-
fields, and 0i are fermionic superspace coordinates. Writing fa for the top (bosonic) 
components of the <I>j, the classical equations of motion give dF/dfa = 0. There is 
the obvious classical solution fa = 0, and in a Landau-Ginzburg theory, this is the 
only solution. 

Turning to the quantum theory, there is a unique vacuum state associated to 
the unique classical vacuum. Denoting the vacuum state by V, we can create new 
states as P(fa)(V) for any polynomial P. These states are clearly isomorphic to 
the Jacobian ring C[fa,... , fa}/'(dF/dfa), also called the chiral ring. 

In the previous paragraph, notice how quickly we moved from something fairly 
exotic sounding (fermionic superspace coordinates, etc.) to something well known 
to algebraic geometers (the Jacobian ring of a weighted homogeneous polynomial). 
The condition that the origin is the only solution of dF/dfa = 0 is the same as the 
condition for quasi-smoothness of the hypersurface F = 0 in the weighted projective 
space. This is typical of how standard mathematical objects can suddenly appear 
in the middle of these physical theories. 

We are actually interested in related theories, namely Landau-Ginzburg orb-
ifolds. In the case we are interested in, we let r\ be a primitive dth root of unity 
and take an orbifold by the action of (r]dl,... ,r]dk). By this, we mean that we 
don't just consider well-defined superfields on the world sheet E, but rather those 
that transform by the ith power of rj at the ends of a string. The resulting states 
are said to belong to the ith twisted sector. This will give rise to twisted vacua 
Vi. We can create more states by forming expressions of the form P((f)j)(Vi). The 
Landau-Ginzburg orbifold will contain those states which are invariant under 77. 

As we will see below, there is a close connection between Calabi-Yau manifolds 
and Landau-Ginzburg orbifolds. For now, we illustrate with one example from a 
different viewpoint. 

Example B.4.1. Suppose $ 1 , . . . , $5 have respective weights 1,1,2,2,2, and let F 
be weighted homogeneous of weight 8 in the variables 3>i,... , $5. Before working 
out some of the states in this theory, we note that this example is related to degree 8 
hypersurfaces in P4( l , 1, 2, 2, 2), which were studied in [CdFKM, HKTY1]. This 
weighted projective space has A\ singularities along the P2 defined by x\ = x<i = 0. 
Blowing this up yields a ruled threefold over P2 as exceptional divisor. Restricting 
to the hypersurface, the exceptional divisor becomes a ruled surface over a quartic 
(genus 3) curve. The image of the Abel-Jacobi map for the family of fibers is thus a 
3-dimensional subspace of H2,1. It can be shown that these correspond to deforma
tions of the Calabi-Yau threefold that cannot be realized as a hypersurface inside 
P 4 ( l , l ,2 ,2 ,2 ) . This 3 dimensional subspace is complementary to the codimension 
3 subspace #Poiy(^°) of H2,1(V°) consisting of deformations of the hypersurface. 
A geometric description of these deformations is given in Example 6.2.4.3. 
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Let's now turn to the LG theory. We have the states P(0^)(]/). It turns out 
that the states which correspond to the moduli parameters of the theory are those 
for which P has degree 8. We thus get the degree 8 component of the Jacobian ring, 
which has dimension 83. This construction is familiar from algebraic geometry. 

So where are the 3 missing deformations? They appear in one of the twisted 
sectors—the fourth, to be precise. The twisted vacuum V4 is not invariant, and to 
correspond to a deformation, it turns out that P(<^)(14) must be such that P has 
weight 2. But the variables 03, 04, 05 are invariant under the action of rf, while 0i 
and 02 are not. So the states are just P(03, 04, 0s)(V4), which is 3-dimensional, as 
expected. 

The above discussion is based on calculations in [Vafal], whose work also 
includes miraculous formulas for cohomology of Calabi-Yau manifolds derived from 
considerations of Landau-Ginzburg theory. 

B.5. Gauged Linear Sigma Models 

The gauged linear sigma model (GLSM) of Witten is a very useful model which 
in an appropriate sense "interpolates" between Calabi-Yau models and Landau-
Ginzburg theories. As with the Landau-Ginzburg model, this theory can be formu
lated in terms of chiral superfields, which were outlined in Appendix B.4. For more 
details, see [Witten5]. A mathematical comparison between the GLSM and the 
nonlinear sigma model discussed in Appendix B.2 plays a crucial role in the mirror 
theorems discussed in Chapter 11. 

The GLSM is a gauge theory, with gauge group U(l)s for some s. Associated 
to the gauge group are 2-dimensional vector superfields Va, a = 1 , . . . ,5. The 
theory also contains k + r chiral superfields <±\, i = 1 , . . . ,k and Pj, j = 1 , . . . , r of 
respective charges Q^a and q^a with V • q^a = — ] [ \ Qia for each a. The charges 
tell us how the superfields transform under the symmetry U(l)a (= the a th factor of 
U(l)s). The theory will also be determined by a superpotential W, which as we will 
see relates equations of Calabi-Yau hypersurfaces to Landau-Ginzburg potentials. 
The superpotential is a holomorphic function of the superfields which is invariant 
under the U(l)s action. We restrict our attention to superpotentials of the form 

The action itself is a sum of four terms 

(B.29) S = Skin + Sw + SgaUge + SD,0, 
whose precise form will not concern us. The only point we will make is that the 
action is a function of all the superfields. There are a few constants in the action 
which measure the strength of certain couplings in the theory: ej is the gauge 
coupling for U(l)j, and rj determines the strength of a certain supersymmetric 
interaction. These constants enter explicitly in (B.30) and (B.31) below. 

For the time being, we will make the simplifying assumption r — 1 and write 
P instead of Pi. Thus the superpotential is W = PG for some polynomial G. (We 
will return to the case r > 1 later in the section.) When we group the terms in 
the action into commuting (bosonic) and anticommuting (fermionic) variables and 
take the equations of motion into consideration, the bosonic part of the action is 

(B.30) c^pHEai^i+El^l 



B.5. GAUGED LINEAR SIGMA MODELS 429 

with 

(B.31) Dj = -e^^Qij]^2 -qjlpl2 -rj) 
i 

and 

(B.32) I > « I = K?|2 + W 2 £ | f f | 2 -
In (B.31) and (B.32), the fa and p are certain bosonic components (the top com
ponents) of the superfields <3>; and P. In other words, the fa and p can be thought 
of as ordinary functions. 

We will see that the solutions to the classical equations of motion look very 
different for different values of the rj. Witten refers to the transitions as phase 
transitions in the theory [Witten5]. 

Example B.5.1. Suppose that k = 5, s = 1, and Q^i = 1 for each i. Choose a 
superpotential W = P G ( $ i , . . . ,$5), where G is a general quintic polynomial in 
the &i. To minimize the potential, we see that each term (B.31) vanishes, and each 
term on the right hand side of (B.32) vanishes. Note that the vanishing of (B.31) 
says that X^=i l&l2 ~~ 5|p|2 — r\ = 0. There are two cases to consider: 

• 7*1 > 0. In this case, the vanishing of (B.31) shows that (fa,... ,fa) ^ 
0. Then the vanishing of \p\2J2i\(dG/dfa)\2 implies that p = 0, since 
(fa,... ,fa) 7̂  0 and G is general (i.e., smooth). The vanishing of (B.31) 
now says that ^2\<fii\2 = r\. We can now take the gauge symmetry into 
consideration and mod out by U(l), which acts by scalar multiplication on 
(fa,... ,fa) by choice of the Qi. This leave us with P4 . Finally, from the 
right hand side of (B.32) we see that we now put G = 0; this leaves us with 
the space of classical solutions equal to the quintic threefold. 

• r i < 0. In this case, the vanishing of (B.31) shows that p ^ 0. Then 
from the vanishing of the terms on the right hand side of (B.32) we see 
first that each dG/dfa must vanish. Since G is general, this implies that 
(fa,... , fa) = (0 , . . . ,0). The vanishing of (B.31) then gives |p| = yj—7*1/5. 
The value of p itself is then well-defined up to the gauge transformation 
p \-+ u5p where u G U(l). Note that if u is a fifth root of unity, then p is 
preserved. We thus get a Landau-Ginzburg orbifold. 

Thus the GLSM interpolates between Calabi-Yau theories and Landau-Ginzburg 
theories. 

More generally, we can describe a GLSM in terms of toric geometry as follows. 
The U(l)s action on the $^ gives an action of Ck with coordinates fa,... ,<t>k-
Using the terminology of Section 3.3.3, this action is Hamiltonian and its moment 
map fx : Cs —> Rs is given by 

i i 

Then one can show that the Calabi-Yau phases of the GLSM correspond (roughly) 
to when f = (7*1,... ,r8) lies in a certain cone in Rs which is the Kahler cone of the 
toric variety 

xr~ = n-l(r)/u(iy. 
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Here, we are using the symplectic construction of toric varieties discussed in Sec
tion 3.3.4. This method of constructing toric varieties is a crucial ingredient of a 
GLSM. Furthermore, G G C[0i , . . . , (pk] is a homogeneous polynomial in the sense 
of Section 3.2.3, so that the vanishing of G = 0 gives a Calabi-Yau hypersurface 
inside of Xj?. Hence, as we vary r, the Calabi-Yau phases of the GLSM correspond 
to certain cones in the GKZ decomposition of Section 3.4. But we also have other 
phases of the theory, such as the Landau-Ginzburg ones, which come from cones 
outside the GKZ decomposition. These correspond to cones in the enlarged GKZ 
decomposition or enlarged secondary fan described in [MP1]. 

So far, we have been assuming r = 1 in our discussion. When r > 1, the 
superpotential is W — J2a PaGa, where Ga are again homogeneous polynomials (in 
the toric sense). A Calabi-Yau phase of such a GLSM would still give a toric variety, 
but now we would have the Calabi-Yau complete intersection G\ = • • • = Gr = 0 
to consider. 

There is an important difference between the linear sigma model and the non
linear sigma model. For definiteness, consider the above example, supposing that 
7*1 > 0, so that we are in the Calabi-Yau phase. In the nonlinear sigma model, we 
have fields which are local coordinates on P4 . In the linear model, we have fields 
which are coordinates on C5, then we mod out by scalars. Thus, for the nonlinear 
sigma model, we need to consider holomorphic instantons, which are holomorphic 
maps from genus 0 curves C to P4 of a certain degree d which lie on G = 0. For the 
GLSM, we use 5-tuples ( / i (s ,£) , . . . , f$(s,t)), where the fi are homogeneous of a 
fixed degree d and which satisfy G ( / i , . . . , /s) = 0. In the above, (s, t) are thought 
of as homogeneous coordinates on P1 . But this is not an exact correspondence: a 
5-tuple ( / i ( s , t ) , . . . ,fs(s,t)) need not arise from a degree d holomorphic map, as 
the fi can have a common factor and therefore attempting to interpret it as a map 
will result in lower degree after removal of base points. These 5-tuples or naive 
instantons are easier to deal with, and have been used to give strong support for 
mirror symmetry in the context of the GLSM (see [MP1]). The map ip : Md -> Nd 
defined in Section 11.1 can be described as comparing holomorphic instantons and 
naive instantons. 

B.6. Topological Quantum Field Theories 

In Appendix B.l, we gave a brief introduction to general quantum field theories. 
Such a theory is described by a Hilbert space % of states and certain operators on T-L 
which encode the propagation and interaction of particles. We now explain what it 
means to be a topological quantum field theory (TQFT). We will see that Frobenius 
algebras and quantum cohomology arise naturally in this context. 

Let's start by discussing a point particle theory. Let H be the space of states. 
If H is the operator associated to the Hamiltonian function H by the quantization 
procedure, then as noted in (B.7), the propagation of states in time is given by the 
unitary operator exp(—iHt). We can describe this propagation schematically by an 
interval of length t. We can associate to each endpoint of the interval the Hilbert 
space H, and to the interval the operator 

e~im :U->H. 
This is a (0 + l)-dimensional quantum field theory. The 0 refers to the dimension 
of the endpoints, to which % is associated. The +1 refers to the additional time 
dimension which is needed to connect the endpoints. 
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To make the transition to TQFTs, we ask for which (0 + l)-dimensional theories 
does the operator exp(—iHt) depend only on the topology of the interval. This is 
easy to determine, for we are asking when exp(—iHt) is independent of t. By 
differentiation at t = 0, we conclude that necessarily H = 0. Thus exp(—Hit) is 
the identity for any t. In other words, this system has no dynamics whatsoever, 
and is completely trivial and uninteresting as a physical theory. 

Such theories are (0 + l)-dimensional topological quantum field theories. As 
we will see, (d + l)-dimensional TQFTs are far from trivial when d > 0. 

We now give an axiomatic definition of a topological quantum field theory. We 
use complex coefficients for definiteness. In order to incorporate fermions, we would 
need to use supervector spaces, which are Z/2Z-graded vector spaces satisfying 
natural sign rules [Maninl] . We leave the necessary revisions to the interested 
reader. See [Quinn] for a broader treatment. 

DEFINITION B.6.1. A (d-hl)-dimensional topological quantum field theory con
sists of the following data: 

• To each closed oriented d-dimensional manifold Y is associated a finite-
dimensional complex vector space Z(Y). This vector space behaves functo-
rially under isomorphisms ofY. 

• To each (d + 1)-dimensional oriented manifold X whose boundary dX is 
a closed oriented d-dimensional manifold is associated an element Zx G 
Z(dX). This element behaves functorially under isomorphisms of X. 

This data satisfies the following additional axioms: 
Axiom 1: Z{YX II Y2) = Z{YX) ® Z(Y2). 
Axiom 2: Considering the empty set as a closed d-dimensional oriented man

ifold, we have Z(0) = C. 
Axiom 3: Considering the empty set as a (d-\-1)-dimensional oriented man

ifold with empty boundary, we have Z$ = 1 G Z(0) = C. 
Axiom 4: LetY denote Y with the opposite orientation. Then Z(Y) ~ Z(Y)*, 

this isomorphism behaving functorially under isomorphisms ofY. In partic
ular, if dX — (IljL1li) II (Jl^=lY-), then we may view 

Zx G H o m c ( 0 i 1 Z ( y i ) , ^ = 1 Z ( y / ) ) , 

where we have used this axiom together with Axiom 1. We also assume that 
with the natural identifications, Z-^ is the adjoint of Zx • 

Axiom 5: Let I denote the oriented interval [0,1]. Let Y be any closed ori
ented d-manifold without boundary, and put X = Y xl. Then dX = Y II Y. 
We require 

Zx = lZ(Y) G Homc(ZQ0,Z(y)) , 

where we have used Axiom 4-
Axiom 6: If dX — Y\ II Y2 and dX' = Y2 II I3 , then we can glue X and 

X' together along Y2 to form a new manifold X Uy-2 X' with boundary 
Yi II I3 . By Axiom 4, we write Z(dX) = Homc(Z(y1), Z(Y2)), Z(dXf) = 
Homc(Z(F2), Z(Y3)), and Z(d(X Uy2 X')) = Homc(Z(yi), Z(Y3)). We re
quire that Zxuy X' = Zx' ° Zx-

These axioms are easy to understand when d = 0. WTe can put % = Z(point), 
which is a finite-dimensional vector space over C, and then Axiom 5 applied to 
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Y = point says that Zi — 1^. This was the conclusion of our discussion of (0 + 1)-
dimensional TQFTs at the beginning of the section. Furthermore, since 5 1 is an 
oriented 1-dimensional manifold with empty boundary, we have Z(S1) G Z(f$) = C. 
We can calculate this number as follows. We realize S1 as a union of two copies of 
the unit interval I: 

o 
We now use Axiom 6 with: 

X = I, Yx = 0, Y2 = ^olnt H point, X' = 7, Y3 = 0. 

Combining this with Axioms 2, 4, and 5, we calculate that Z(S1) = dimW. Since 
an arbitrary 1-dimensional manifold is a disjoint union of 5 1 , S1 , I and / , the 
above axioms imply that a (0 + l)-dimensional TQFT is uniquely determined by 
H — Z(point). Furthermore, one can show that all finite-dimensional complex 
vector spaces T-L come from (0 + 1)-dimensional TQFTs in this way. 

We now turn our attention to the case when d = 1. Our goal is to characterize 
(1 + l)-dimensional TQFTs. For this purpose, we will need the following definition. 

DEFINITION B.6.2. A commutative Frobenius algebra is a commutative, asso
ciative algebra (A,*) with a unit 1, together with a nondegenerate inner product 
( , ) on A, satisfying 

(B.33) (a * b, c) = (a, b * c) 

for all a,b,c G A. 

In the literature, other equivalent definitions are sometimes given. For instance, 
a trace map e : A —> C satisfying certain properties is given in some axiom systems. 
With our conventions, we simply put e(a) = (a, 1). 

Frobenius algebras have very rich structure. We can define a three-point corre
lation function ( , , ) : A®3 —> C by 

(a,6,c) = (a* 6,c) 

for all a, 6, c G A. Combining (B.33) and commutativity, we see that the three-point 
function is totally symmetric in its arguments. Similarly, for any n we can define 
the n-point correlation function by 

(B.34) ( a i , . . . , an) = (ai * . . . * a n_i , an) , 

which can be shown to be totally symmetric in each of its arguments. 
Now suppose that we have a (1 + l)-dimensional topological quantum field 

theory. Fix once and for all a standard oriented closed disk A = {z : \z\ < 1}, 
and let S1 denote its boundary. We put H = Z(S1), and denote by To the element 
Z-^ G Z(dA) = Z(S1) = %. We will show that H has a natural structure as a 
Frobenius algebra with To as identity element. 

It is easy to construct an inner product on T-L. The isomorphism S1 ~ S1 given 
by complex conjugation induces by Axiom 4 an isomorphism H ^ H * . We let ( , ) 
denote the corresponding nondegenerate inner product on H. 
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We next need to construct a product * :H®H —• H. For this, consider the 
"pair of pants" E given by 

(B.35) 

Choose oriented isomorphisms of the boundary components of E with S1 I IS 1 I IS 1 , 
the two copies of Sl corresponding to the left hand boundary circles of (B.35) and 
the S1 corresponding to the right hand boundary circle. By Axiom 4, we get an 
element Z% e Hom<c(H ^ H , W ) . Let * denote the product on H defined by Zx;. 

PROPOSITION B.6.3. The product * is commutative and associative. The ele
ment TQ is an identity for *, and for all a,b,c€H, we have the identity 

(a* 6,c) = (a,b*c). 

Thus H is a Frobenius algebra under *. 

P R O O F . The chosen isomorphism <9E ~ S1 II S1 II S1 can be replaced by 
another such isomorphism obtained by composing it with the isomorphism of S 1 II 
S1 II S1 which switches its first two components. Commutativity follows by func-
toriality. Now glue A to a boundary Sl in (B.35), forming a space we call X. Using 
Axiom 6, we identify Zx with the endomorphism <j> i—> To * (j) of H, On the other 
hand, X has an orientation-preserving homeomorphism to the cylinder S1 x / . By 
Axiom 5, we see that Zx ~ 1-ft. Comparing these two computations, we see that 
T0 is the identity for *. Now choose an isomorphism of 9E with Sl II Sl II S1 . 
Then Z% € Homc(H <g> H ® W,C), where we are abusing notation by using the 
same symbol Zs as before. If we compose this identification of the boundary of 
E with the isomorphism Sl ^ S1 on the third boundary component, we compute 
Zs(a,6, c) = (a * 6, c). Making this identification on the first boundary compo
nent, we are led to Zs(a,6, c) = (ayb*c). The equality (B.33) follows. Finally, to 
prove associativity, let E' be a 2-sphere with 4 disks removed and identify <9E; with 
S 1 II S 1 U 5 1 II S1 . This gives Z^r e H o m c ( W 0 « 0 H , H ) . Now decompose E' 
into 2 pairs of pants as follows: 

* c 

This shows that Z^> (a, fc, c) = (a * b) * c. However, since we're dealing with a 
topological quantum field theory, we can decompose E' into 2 pairs of pants in a 
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different way, namely: 

a * (6 * c) 

This second picture gives Zi/(a, &,c) = a* (6*c). Combining this with the previous 
computation of Z E ' (a, 6, c), we conclude that (a * 6) * c = a * (6 * c), as desired. • 

It is not hard to see that a (1 + 1)-dimensional TQFT is uniquely determined by 
the finite-dimensional Probenius algebra H described in Proposition B.6.3. Rather 
than give a proof, we explain how the axioms work in practice. For example, the 
2-torus T 2 can be obtained by gluing together two cylinders. A straightforward 
modification of the calculation of Z(Sl) in the (0 + 1)-dimensional case shows that 
Z(T2) = dimH. Gluing together two disks to get S2 , we are led to Z(S2) = 
(To, T0). Computing Z(E) for other closed oriented 2-dimensional surfaces £ is 
equally straightforward. 

Once we have the Frobenius algebra H of a (1 + 1)-dimensional TQFT, one 
can also interpret the n-point functions (B.34) in terms of the TQFT. For example, 
when n = 4, let £ ' be a 2-sphere with 4 disks removed, and identify the boundary 
of £ ' with S1 II S 1 II S1 II S1. Then, adapting the argument given in the proof 
of Proposition B.6.3, one can show that the 4-point function (a, 6, crd) is given by 

(a, 6, c, d) = ZJ:' (a, 6, c, d) 

for all a,byc,d € H. More generally, the n-point function can be defined using a 
2-sphere from which n disks have been removed. 

As we have observed in Appendix B.2, the A-model is a (1 + l)-dimensional 
TQFT depending on a choice of complexified Kahler class. So what is the underlying 
Frobenius algebra? We have already identified H with H*(X) in Appendix B.2. It 
turns out that the inner product is defined by 

{TUT2)= f T!UT2 , 

and the product * is just the quantum product!4 We thus get an associative quan
tum cohomology ring. The trace map is e(T) = fx T. If X is general (i.e., not nec
essarily Calabi-Yau), this quantum product arises from the physical theory known 
as the topological sigma model. As we have seen, the quantum product is encoded 
by the pair of pants (B.35), which can be glued together to get Riemann surfaces of 
higher genus E3 with disks removed. Orienting the boundary circles appropriately, 
we get genus g correlation functions Z^g : H®n —> C. These generalize the n-point 
correlation functions discussed above, which are all genus 0 correlation functions. 
Identifying H with H* (X, C), these higher genus correlation functions are identified 
with some of the invariants of [RT1]. Note that in [RT1], the complex structure 

4We actually have to work with supervector spaces here. This is clear, since quantum product 
is not commutative, but rather supercommutative (Theorem 8.1.4). 
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was fixed. Hence the invariants are purely topological, not depending on the com
plex structure. 

The Frobenius algebra structure is how physicists knew of the existence of 
quantum cohomology before mathematicians could prove it. We have given an ex
tensive mathematical treatment of quantum cohomology in Chapter 8. The physical 
explanation of quantum cohomology was observed in [LVW]. 

Finally, we should also mention that (2 -f l)-dimensional topological quantum 
field theories are related to the Jones polynomials. A nice exposition can be found 
in [Atiyah]. 
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description of, 84 
examples of, 87-90 
for projective hypersurfaces, 83-85 
for toric hypersurfaces, 85-87 

limitations of, 86 
for weighted projective hypersurfaces, 85 

Gromov-Uhlenbeck compact ification, 187, 
209 

Gromov-Witten class, 200, 212, 220, 232, 
305, 309 

axioms for, 191-195, 304 
Composition Law, 194 
Deformation Axiom, 194, 395 
Degree Axiom, 192, 198, 201, 265 
Divisor Axiom, 193, 198, 200-203, 212, 

235, 236, 239, 246, 265, 307 
Effectivity Axiom, 192, 228 
Equivariance Axiom, 192, 199, 201, 

219-221, 233, 241 
Fundamental Class Axiom, 193, 198, 

199, 201, 212, 219, 234, 235, 265 
Linearity Axiom, 192 
Motivic Axiom, 194 
Point Mapping Axiom, 193, 197, 200, 

201, 204, 211, 219, 231, 234, 235, 
239, 307, 310, 314 

Reduction Axiom, 194, 212, 310 
Splitting Axiom, 194, 196, 198, 199, 

219, 220, 233, 241 
definition in simplest case, 171 
definition of, 183, see also 

Gromov-Witten invariant, algebraic 
definition and virtual fundamental 
class 

intuitive definition of, 168 
of P 2 , 198, 199 
role of fundamental class, 172 
symplectic, 190 
tree-level, 196 

Gromov-Witten invariant, 7, 9, 15, 16, 24, 
25, 28, 265, 266, 273, 281, 298-301, 307 

algebraic definition, 168—184, see also 
virtual fundamental class 
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in general case, 183 
in simplest case, 171 
intuitive idea of, 168 
role of fundamental class, 172 

arises in physics, 422 
axioms for, 192, 193, see also 

Gromov-Witten class, axioms for 
computing, 196-215 

elliptic invariants of P 2 , 210-212, 310 
elliptic invariants of P 3 , 213 
elliptic invariants of the quintic 

threefold, 213, 214 
genus 0 invariants of P 2 , 197-201, 236, 

237, 310 
genus 0 invariants of Calabi-Yau 

threefolds, 201-210, 308, 325, 
see also instanton number and 
multiple cover 

genus 0 invariants of the quintic 
threefold, 184, 201-203, see also 
quintic threefold, Gromov-Witten 
invariants of 

genus 2 invariants of P 2 , 311 
other examples, 201, 214, 405 
recursion for invariants of P 2 , 198, 200, 

211, 220, 232, 237 
recursion for invariants of P 3 , 213 

enumerative significance of, 195, 196, 
198, 202, 211, 212, 214, 262, 400, 
see also instanton number, 
enumerative significance of 

equivalence of algebraic and symplectic 
definitions, 195 

equivariant, 196, 298-300, 319 
definition of, 298 
nonequivariant limit of, 298 
of quintic threefold, 299 
of zero section of equivariant bundle, 

299 
symplectic definition, 184, 188-191, 205, 

208, 209 
equivalence of definitions, 191, 195 
intuitive idea of, 186 
Li-Tian approach, 190 
relation between mixed and symplectic 

invariants, 190 
Ruan-Tian mixed invariant, 188, 189, 

210, 212 
Ruan-Tian symplectic invariant, 189, 

210, 212 
tree-level, 196, 230 
used to define A-model correlation 

function, 221 
used to define Gromov-Witten potential, 

230 
used to define quantum cohomology, 218 

Gromov-Witten potential, 28, 109, 
230-234, 244, 247, 303, 304, 389 

classical part, 235 
definition of, 230 
equivariant, 319, 320 
genus 0 free energy, 231 
genus #, 231 
homogeneity of, 235 
of P 2 , 236 
of a Calabi-Yau threefold, 238, 239, 256, 

261, 318, 326 
expressible in terms of periods of 

mirror, 333, 389 
toric part of, 389 

of an elliptic curve, 231, 235 
of the quintic threefold, 28, 237, 238, 333 
quantum part, 235 
structure of, 234-236 
third partials of, 231, 234 
WDVV equation for, 232-234, 236, 237, 

239 
Gysin map, 171 
Gysin spectral sequence, 59 

Hamilton's equations, 413, 414 
Hamiltonian, 412-415, 430 

for electricity and magnetism, 418 
Hamiltonian action, 40, 429 

moment map of, see moment map 
Hamiltonian vector field, 40 
Hard Lefschetz Theorem, 250, 409 
Heisenberg picture, 413 
HG 

definition of, 346 
mirror transformation of, 348, 349, 353, 

354, see also Euler data, linked, 
mirror transformation of 

of P , 28, 101, 164, 347, 352-354, 357 
of Q, 28, 347, 350, 352-354, 357 
of Euler data, 346 

Hilbert scheme, 208, 282 
Hirzebruch-Riemann-Roch theorem, 175 
Hochschild cohomology, 403 
Hodge diamond, 4, 5 
Hodge numbers, 4, 6, 66, 227 

Calabi-Yau toric complete intersection, 
63 

Calabi-Yau toric hypersurface, 56-60, 
119, 145, 146 

string theoretic, 60, 63, 273, 402 
Hodge structure 

degeneration of, 75 
Hodge filtration of, 73, 105, 153 

limiting, 76, 111 
integer lattice of, 73, 76, 260, 268 
mixed, 76, 253 

Hodge-Tate, 80, 105, 255, 264, 266, 268 
limiting, 75, 105, 255, 266, see also 

monodromy weight filtration 
of an orbifold, 409 
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of weight fc, 73 
polarized, 74, 107, 253, 258, 267 
pure, 59 
variation of, 25, 74, 107, 109, 152, 158, 

253, 254, 258, 267 
C-variation, 268, 271, 272 
comes from geometry, 262 
formally degenerating, 261 
real, 255, 264 

Hodge-Riemann bilinear relation, 74, 254, 
268 

Hodge-Tate, see Hodge structure, mixed, 
Hodge-Tate 

holomorphically symplectic, 402 
homogeneous change of coordinates in the 

Mirror Theorem, see weights of 
variables 

Hopf fibration, 49 
hypergeometric equations, 90-101, 161, 

333, see also ^.-system and GKZ 
system 

hypergeometric functions, 95, 164 
p-adic, 20 
generalized, 20 
HG, see HG 

hyper-Kahler, 402 

indicial equation, 77, 79, 80, 163 
instanton 

corrections, 9, 423 
holomorphic, 8, 430 
naive, 430 
sum, 422, 423 
worldsheet, 422 

instanton number, 8, 203-210, 226, 308 
definition of, 203 
divisibility properties of, 24 
elliptic analog of, 213, 214 
enumerative significance of, 205—208 
example of, 205-208, see also quintic 

threefold, instanton numbers of 
for quintic threefold, see quintic 

threefold, instanton numbers of 
symplectic definition of, 208-210, 400 

integrality conjecture, 105-107, 109, 110, 
112, 151, 155, 157, 250, 258, 259, 262, 
266, 268, 270, 385, 386, 399 

statement of, 82, 150 
intersection homology, 409 
intrinsic normal cone, see normal cone, 

intrinsic 
intrinsic normal sheaf, 178, 179, see also 

normal cone, intrinsic 
i y , see Givental /-function, /y 

Jacobian ideal, 84, 86, 90 
Jacobian ring, 427, 428 
J-holomorphic curve, 209 

definition of, 208 

J-holomorphic map, 185 
moduli of 

dimension of, 186, 187 
fundamental class of, 188 
Li-Tian approach, 188, 190 
Ruan approach, 186 
Ruan-Tian approach, 187 

multiple cover, 186 
perturbed, 187, 190, 205 
simple, 186, 208, 210 
stable, 188 

Jones polynomial, 435 
Jy , see Givental J-function, Jy 

K3 surface, 359 
mirror symmetry for, 401 
rational curves on, 400 
vector bundles on, 404 
with involution, 65—67 

Kahler 
cone, 12, 120, 127, 128, 130, 150, 225, 

227, 365 
behavior when complex structure 

varies, 134 
closure of, 128, 132, 135, 142, 153, 243, 

245, 267, 316, 317, 381 
face of, 132-134, 144, 146, 158, 227 
locally polyhedral, 132 
of a Calabi-Yau threefold, 132, 144, 

146, see also movable cone 
polyhedral, 39, 129 
simplicial, 97 
toric part of, 135, 136, 138, 139, 399 

form on an orbifold, 409 
moduli, see moduli, Kahler 
space, see complexified, Kahler space 

Kdi 333, 350, see also iV^, Gromov-Witten 
invariant for the quintic threefold 

for a critical bundle, 352 
in multiple cover case, 352, 355 

Klein-Gordon equation, 412, 414, 415, 418 
Kodaira-Spencer class, 133 
Kodaira-Spencer map, 153 
Kuranishi map, 175, 177 

Lagrange lift, 349, see also Euler data, 
linked, mirror transformation of 

Lagrangian, 1, 412, 420 
Lagrangian category, 403 
Lagrangian density, 411, 412, 414-416 

for electricity and magnetism, 417, 418 
Lagrangian submanifold, 403 

special, 11, 402, 403 
Landau-Ginzburg 

model, 426 
orbifold, 6, 143, 427, 429 
potential, 428 
theory, 426-429 
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large radius limit point, 115, 128-131, 136, 
138, 149, 150, 152, 153, 155, 156, 245, 
251, 257, 264, 267, 269 

equivalence of, 131, 152 
example of, 141 
tangent space at, 158 

lattice of linear relations, 39, 41, 44, 136, 
138, 140, 155, 159, 224, 390 

example of, 50, 93, 95, 124, 126, 160, 164 
relation to w4-system, 91, 97, 99 

Laurent monomial, 35, 118, 126 
Laurent polynomial, 35, 116, 117, 122, 155 
L d , 336, 375 

fixed point loci, 376 
normal bundle of, 377 

map \x to Ndi 375 
Lefschetz decomposition, 259, 264, 361 
Lefschetz Theorem, 361 
left-moving 

fermions, 2, 421 
sector, 425 

Levi-Civita connection, 420 
Ci, see cotangent line Ci 
limiting weight filtration, see monodromy 

weight filtration 
linear circuit, 136, 138 

example of, 136, 140, 141 
shrink the GKZ decomposition, 139 
supported by a fan, 137, 139 

linear sigma model, see gauged linear 
sigma model 

local operator, 421, 423 
localization, 279, 280, 366, 382, see also 

Localization Theorem 
of stacks, 289 

localization in M 0 , n ( F r , d ) , 282-293 
fixed point loci, 282, 340, 348, 367, 368, 

376, 377 
description of, 283 
example of, 284, 285, 289 
graph of, 283, 289, 290, 367, 368, 370 
normal bundle of, 285-287, 289, 291, 

293, 370, see also Euler class, 
equivariant, of Nr 

Type A graph, 368, 369, 374 
Type B graph, 368, 374 

torus action on, 282 
Localization Theorem 

applications to enumerative geometry, 
282 

applied to P r , 278, 279 
computing instanton number 724, 288 
computing lines on quintic threefold, 282 
for equi variant cohomology, 277, 319, 

338, 339, 347-349 
for polynomials in Chern classes, 281, 

291-293 

for smooth stacks, 280, 281, 289, 368, 
373, 375, 377 

for the equivariant integral, 279, 335, 
339-342, 345, 348, 376 

proving multiple cover formula, 289 
Lorentz transformation, 415 
low energy limit, 10 

M(X), see Mori cone 
Macaulay, 297 
mathematical mirror pair, 4, 11, 25, 56, 

242, 387, 397 
global, 258 
higher dimensional, 264-267 

definition of, 264 
for fourfolds, 265, 266 
limitations of, 265 

Hodge-theoretic, 258, 264 
of Calabi-Yau threefolds, 257-262 

definition of, 258 
in terms of correlation functions, 259, 

262 
in terms of potential functions, 260, 

262 
quintic mirror and quintic threefold, 

262-263, 333 
matrix integral, 310 
matrix model, 310 
maximal degeneracy, 121, see also 

maximally unipotent, boundary point 
maximal projective crepant partial 

desingularization, 55 
maximal projective subdivision, see 

projective subdivision, maximal 
maximally unipotent 

boundary point, 82, 93, 102, 104, 105, 
109, 110, 113-115, 119, 121, 128, 
131, 138, 149, 151-156, 159-161, 
251, 257, 266-269 

definition of, 81 
equivalence of, 115, 120 
example of, 89, 90, 125, 127, 142 
existence of, 116, 120, 399 
tangent space at, 158 

monodromy, 18, 19, 78-82, 109, 113, 127, 
153, 163, 264 

1-dimensional moduli, 78-81 
r-dimensional moduli, 81-82 

Maxwell's equations, 417, 418 
McKay correspondence, 402 
Md, 334 

fixed point loci, 334, 339 
description of, 334 
graph T, 339 
normal bundle of, 341 

map (p to Nd, 336, 337, 339-341, 344, 375 
torus action on, 334 

minimal model, 6 
Minkowski sum, 33, 63 
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Mirror Conjecture, 328 
for Calabi-Yau threefolds, 258, 261 
for quintic threefold, 262, 333 
higher dimensional, 267 
relation to Givental Mirror Theorem, 383 
toric, 112, 267-273, 383, see also Mirror 

Theorems, Givental, toric 
example of, 269, 270 
for threefolds, 267 
higher dimensional, 273 
Hodge-theoretic, 56, 112, 268, 272, 

273, 387 
mathematical, 271 
statement of, 268, 272 

mirror construction, 261 
Batyrev, 53, 56, 60, 70, 72, 120, 123-125, 

135, 139, 143, 144, 146, 148, 155, 
261, 267, 268, 271, 272, 381, 383 

quintic threefold, 61 
Batyrev-Borisov, 62, 63, 100, 147, 405, 

see also nef-partition 
for Calabi-Yau complete intersections in 

flag manifolds, 405 
Greene-Plesser, 53, 56, 89 
Voisin-Borcea, 65, 68-69, 72, 401, 402 

complex and Kahler moduli, 68, 69 
relation to Batyrev construction, 70 
Yukawa coupling, 69 

mirror coordinates, see mirror map 
mirror map, 5, 9, 56, 60, 82, 109, 128, 143, 

147-166, 257, 385 
definition of, 150, 157 

choices to make, 150, 152, 154 
data needed to define, 150 
indeterminacy in definition, 150 
justification from physics, 158 
role of integrality conjecture, 150, 151 

derivative of, 152-154, 158, 266, 267, 
see also mirror map, definition of, 
choices to make 

for quintic threefold, see quintic 
threefold, mirror map of 

mirror coordinates, 110, 112, 152, 259, 
265 

definition of, 149 
toric, 148, 151, 155-159, 267, 268, 270, 

272 
definition of, 155, 156 
for quintic threefold, 156, 157 
not the identity, 148 
resolving the lack of uniqueness, 156 

via hypergeometric functions, 159-166 
mirror pair, 5, 6, 9, 53, 56, 402, 421, 

see also mirror construction 
Hodge-theoretic, see mathematical 

mirror pair, Hodge-theoretic 
mathematical, see mathematical mirror 

pair 

INDEX 

physics definition of, 4 
mirror symmetry, 1, 4-6, 9, 10, 16, 35, 46, 

53, 82, 107, 111, 115, 116, 128, 129, 
131, 142, 144, 147, 152, 250, 256, 261, 
266, 328, 423, 426, see also Mirror 
Conjecture and Mirror Theorems 

categorical, see mirror symmetry, 
homological 

classical, 9, 13, 24, 27, 333, 363, 385 
earliest evidence for, 60 
enumerative aspects of, 214 
for a K3 surface, 401 
for gauged linear sigma models, 430 
for quintic threefold, see quintic 

threefold, mirror symmetry for 
for rigid Calabi-Yau, 65 
Hodge-theoretic, 25, 154, 362, see also 

mathematical mirror pair, 
Hodge-theoretic 

homological, 11, 403 
mathematical, 11, 112, 217, 242, 257, 

274, 397, 402, see also mathematical 
mirror pair and Mirror Conjecture 

relation to Givental Mirror Theorem, 383 
toric, 56 

Mirror Theorems, 6, 273, 274 
broader conception of, 355, 398, 403 
Givental, 356, 398 

class V, 378-380 
computes genus 0 gravitational 

correlators, 361 
coordinate change lemma, 379—381 
Double Construction Lemma, 375, 378, 

380 
example of, 359, 364 
for F 2 , 394 
for P 1 , 324, 357 
for P n , 325, 357, 366, 371, 372 
for hypersurface in P(l , 1, 2, 2, 2), 

383-386, 388 
for nef complete intersection in P n , 

356, 358, 359, 373, 379, 380 
genus 1 version, 381 
how to find change of variables, 359 
quintic, 26, 361-363 
Recursion Lemma, 369, 371, 372, 374, 

375, 378, 380 
Regularity Lemma, 369, 373, 375, 378 
toric, 381, 382, 387, 389, 391, 405, 

see also quantum cohomology, 
small, of a smooth toric variety 

Uniqueness Lemma, 378, 380 
Lian-Liu-Yau, 28, 263, 332, 334, 349, 

354, 380, 398 
application to multiple covers, 355 
toric, 398 

quintic, 24-29, 263, 332, 334, 352, 354, 
362 
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mirror transformation, see Euler data, 
linked, mirror transformation of and 
HG, mirror transformation of 

missing mirrors, 72 
moduli, 1, 5 

complex, 3-5, 9, 56, 81, 82, 113-128, 131, 
144, 148, 149, 264, 423 

1-dimensional, 78, 79, 82, 84, 87, 102, 
105, 107, 109, 257 

compactification of, 114, 115, 117, 
119-121 

coordinates, 114, 123, 124, 155, 159, 
267 

dimension of, 118, 119 
example of, 123-127, 139, 147 
maximally unipotent boundary point, 

see maximally unipotent, boundary 
point 

of a Calabi-Yau threefold, 78, 79, 82, 
102, 105, 107, 109, 121, 257, 258, 260 

of a Calabi-Yau toric hypersurface, 92, 
93, 116-127 

polynomial, 61, 116-119, 124-126, 138, 
147, 383, 427 

simplified, 95, 117-127, 135, 138, 142, 
155, 156, 267, 271 

Kahler, 3-5, 11, 12, 56, 82, 116, 127-149, 
152, 218, 245, 264, 423 

1-dimensional, 149 
boundary, 143 
compactification of, 132, 135, 136, 

142-144, 152 
coordinates, 128, 129, 267 
enlarged, 132-134, 136, 142 
example of, 139-142, 146 
global, 142 
large radius limit point, see large 

radius limit point 
of a Calabi-Yau threefold, 132-134, 

142, 257, 258 
of a Calabi-Yau toric hypersurface, 

134-143 
partial compactification of, 128-132, 

134, 138, 141, 142, 150 
toric, 60, 120, 134, 135, 138, 141, 155, 

156, 267, 271 
SCFT, 3-5, 128, 144, 145, 264, 401 

example of, 147 
stable maps, see stable maps, moduli of 

moment map, 41, 44, 45, 49, 143, 429 
example of, 50 

monodromy theorem, 75 
monodromy transformation, 75, 77, 81, 

114, 316 
logarithm of, 75, 81, 111, 114, 142, 246, 

247, 249, 316 
of A-model connection, see A-model, 

connection, monodromy of 

quasi-unipotent, 75 
unipotent, 75, 77, 78, 114, 246, 247 

maximally, see maximally unipotent 
monodromy weight filtration, 76, 80, 81, 

104, 105, 115, 149, 150, 154, 161, 250, 
268 

of the A-model connection, see A-model, 
connection, monodromy weight 
filtration of 

monomial ordering, 225 
monomial-divisor mirror map, 57, 60, 158, 

268, 271, 272 
Mori cone, 39, 98, 228 

of a toric variety, see toric variety, Mori 
cone of 

movable cone, 133, 142 
reflected, 134, 142 

multiple covers, 202, 207, 209, 288, 343, 
see also instanton number 

contribution to Gromov-Witten 
invariant, 202, 204, 288-294, 352 

Lian-Liu-Yau's proof, 355 
Pandharipande's proof, 291-293 
proof for d = 2, 289-291 

contribution to virtual fundamental 
class, 202, 205, 294 

elliptic, 209, 214, 300 
of 6-nodal quintics, 293, 294, see also 

double covers of 6-nodal quintics 
of non-isolated curves, 208 

multiple mirrors, 45, 60, 121 

Nd 

Gromov-Witten invariant for P 2 , 198 
Gromov-Witten invariant for the quintic 

threefold, 201 
projective space, 334, 375 

equivariant cohomology of, 335 
equivariant hyperplane class of, 335 
fixed points of, 335, 340 
torus action on, 335 
weights of, 335 

nef complete intersection, see toric 
complete intersection, nef 

nef-partition, 62, 63, 97, 100 
dual, 63 

nets of quadrics, 366 
nilpotent orbit, 254 
nilpotent orbit theorem, 76 
node deformations, 341 
Noether's theorem, 419 
non-linear sigma model, see sigma model 
non-perturbative state, 402 
non-renormalization theorem, 7, 8, 423 
nonequivariant limit, 28, 346, 350-354, 357, 

366, 372, 379, 380 
definition of, 276 

normal cone, 172, 174, 177, 178, 181, 360 
intrinsic, 178, 179 



464 INDEX 

example of, 179 
refines Euler class, 173 
virtual, 177 

normalization exact sequence, 290, 292 
normalized 3-form, 21, 104-106, 110, 112, 

151, 258, 259, 268, 328, 385, see also 
Yukawa coupling, normalized 

normalized d-form, 154 
Novikov ring, 229 

observable, 1, 2, 36, 414 
obstruction bundle, 208, 289, 290, 292, 

see also weights of a representation, 
obstruction 

obstruction space, 175 
obstruction theory, 178, 300 

perfect, 174, 180, 299 
definition of, 179 
equivariant, 299 
example of, 179 
for virtual fundamental class, 180 

octahedron, 51 
Q-Euler data, see Euler data 
open conjectures, 399, 400, see also Mirror 

Conjecture 
Calabi-Yau threefold 

B-model potential function in terms of 
J v , 389, 399 

Yukawa coupling in terms of 7y, 389, 
399 

complex geometry 
integrality conjecture, 82, 399 
maximally unipotent boundary points 

in simplified moduli space, 120, 399 
convergence of quantum cohomology, 

218, 400 
enumerative geometry 

Clemens conjecture, 202, 400 
enumerative significance of a 

Gromov-Witten invariant, 196, 400 
symplectic definition of instanton 

numbers, 208, 400 
Kahler geometry 

cone conjecture, 130, 399 
toric part of Kahler cone of a 

Calabi-Yau toric hypersurface, 138, 
399 

Picard-Fuchs equations 
7y is a solution, 101, 399 
missing equations in *4-system, 94, 399 

relation between Jx and Jy , 386, 400 
virtual fundamental class 

equivalence of definitions, 176, 399 
for a complete intersection, 386, 400 

operator product expansion, 424, 425 
orbifold, 12, 32, 38, 54, 171, 407 

Calabi-Yau, see Calabi-Yau, orbifold 
definition of, 408 
diffeomorphism, 42, 45, 410 

Gorenstein, 407, 408, 410 
Hodge theory on, 409 
infinitesimal deformations of, 410 
integration over, 340 
Kahler form on, 409 
symplectic, 42, 410 
tangent sheaf of, 410 

P(l , 1, 2, 2, 2) and its toric blow-up, 49, 89 
Calabi-Yau hypersurface in, 427 

A-model correlation function of, 269, 
386, 388 

Givental function 7y, 384 
Givental function Jy, 386, 388 
Givental function Jv, 384, 388 
Gromov-Witten potential of, 387, 388 
Hodge numbers of, 146 
instanton numbers of, 269, 270 
Kahler cone of, 146, 269, 383 
Kahler moduli of, 146, 147 
mirror map of, 158, 159, 164-166, 270, 

385, 388 
Mirror Theorem for, 383, 386, 388 
moduli coordinates of, 269 
SCFT moduli of, 147 
toric Kahler cone of, 148 
toric Kahler moduli of, 148, 269 

GKZ decomposition of, 50, 124, 146 
Mirror Conjecture for, 269 
mirror of Calabi-Yau hypersurface in, 88, 

95, 103, 123, 145, 164 
.4-system of, 96, 385 
discriminant locus of, 147 
Frobenius method, 165 
Gauss-Manin connection of, 269, 385, 

386 
Hodge numbers of, 146 
homogeneous coordinate ring of, 89 
moduli coordinates of, 89, 95, 148, 158, 

387 
monodromy of, 270, 385, 387 
periods of, 164, 165, 385 
Picard-Fuchs equations of, 90, 96, 103, 

158, 165, 385, 386 
satisfies integrality conjecture, 270, 385 
simplified moduli of, 147, 148 
Yukawa couplings of, 103, 104, 125, 

385, 388 
polytope of, 88 

pair of pants, 433, 434 
partition function, 310 
path integral, 416-418, 422, see also 

Feynman integral 
period, 19, 20, 27, 75, 92, 94, 95, 159, 333, 

see also Picard-Fuchs equation, 
solutions of 

period domain, 254 
perturbative state, 402 
phase transition, 429 
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phases, 46, 143, see also gauged linear 
sigma model 

P , 27, 28, 101, 164, 343, 346, 353 
definition of, 337 
for a concavex bundle, 350 
in multiple cover case, 355 
is Euler data, 339 

physicist's Euler number, 60, 402, see also 
Hodge numbers, string theoretic 

Picard-Fuchs equation, 19, 75, 77, 80, 81, 
84, 102, 103 

computing via ^4-system, see *4-system 
computing via Griffiths-Dwork method, 

see Griffiths-Dwork method 
examples of, 87-90 
missing equations in ^.-system, 94, 95, 

101, 383, 385, 399 
normalized, 27, 105-107 
of a Calabi-Yau threefold, 79, 105, 327 
of a Calabi-Yau toric hypersurface, see 

Calabi-Yau, toric hypersurface 
of mirror of a Calabi-Yau toric complete 

intersection, 100, 101 
of the quintic mirror, see quintic mirror, 

Picard-Fuchs equation of 
solutions of, 19, 96, 101, 149, 156, 160, 

161, 263, 268, see also Frobenius 
method 

Picard-Fuchs ideal, 74, 77, 94 
associated £>-module, 74, 75, 101 

Picard-Fuchs operator, 328, 329 
ft-homogenization of, 328, 329 
gives relation in quantum cohomology, 

329 
principal part of, 328 

Picard-Lefschetz transformation, see 
monodromy transformation 

Planck's constant /i, 413 
Poincare duality, 82, 381 

for orbifolds, 171, 172, 183, 305, 408 
Poisson bracket, 413, 414 
polytope, 33 

facet of, 33 
integral, 33 
Newton, 35, 60 
normal fan of, 34, 51, 53, 135 
normalized volume, 59 
polar, 34, 46, 51, 53, 120 

duality, 35 
reflexive, 60, see reflexive polytope 
ring, 34, 36, 37 
simplicial, 409 
toric variety of, 34 

potential function, see B-model, potential 
function and Gromov-Witten potential 

prestable maps, 179 
primitive cohomology, 83, 86, 253, 264, 361 

definition of, 74 

primitive collection, 38, 50, 223-225 
ampleness criterion, 40 

primitive contraction, 132, 143, 148 
Type I, 133, 134, 143, 144, 147, 226, 227 
Type II, 133, 134, 143 
Type III, 133, 134, 143, 146, 227 

principal A-determinant, 122 
projective subdivision, 54, 55, 137 

definition of, 53 
maximal, 54-56, 60, 62, 63, 116, 135, 

267, 382 
definition of, 53 

simplified, 136, 139-141, 143, 146 
definition of, 135 

pseudo-manifold, 189 

Q, 27, 28, 340, 343, 344, 347, 348, 350, 351, 
353 

definition of, 337 
for a concavex bundle, 349 
in multiple cover case, 352, 355 
is Euler data, 339 

quantization, 10, 413, 415, 418, 419, 424, 
425, 430 

canonical, 413, 414 
radial, 424 

quantum P-module, 405 
quantum anomaly, 423—425 
quantum cohomology, 7, 25, 82, 101, 200, 

422, 430, 435 
big, 229, 230, 304, 312, 314, see also 

Gromov-Witten potential 
associativity of, 232, 234, 237, see also 

Gromov-Witten potential, WDVV 
equation for 

convergence of, 230 
definition of, 231 
degree condition for, 235 
Kunneth formula for, 234 
of P 2 , 237 
of a Calabi-Yau threefold, 239 
of the quintic threefold, 238 
relation to small quantum product, 

242, 243 
restriction of, 242-244, 314, 320, 327 
ring structure of, 233, see also 

Frobenius algebra 
used to define Givental connection, 311 

coefficients, 228-230 
gravitational, see gravitational quantum 

product 
modified, 363 

relations in, 363 
small, 217-228, 230, 314, 315, 320, 326, 

359, 363, 364 
associativity of, 219, 228 
convergence of, 218, 227, 228, 244, 245, 

400 
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definition of, 218 
degree condition for, 221, 222 
effect of a flop, 226, 227 
of (1 + l)-dimensional TQFT, 434 
of F 2 , 393-395 
of P r , 222, 223, 237, 325 
of a Calabi-Yau manifold, 218, 222, 

252 
of a Calabi-Yau threefold, 225-227, 

239, 327, 329 
of a Grassmannian, 227, 405 
of a smooth toric variety, 223, 390, 392, 

393, see also Batyrev quantum ring 
of the quintic threefold, 225, 226, 238 
other examples, 227, 228 
properties of, 221 
relation to big quantum product, 242, 

243 
relations in, 321, 322, 325, 364, 387, 

390, 392 
ring structure of, 219, see also 

Probenius algebra 
used to define A-model connection, 

243, 244 
quantum corrections, 12, 18, 148 
quantum differential equation, 321, 324, 

327, 329, 356, 386, 390, 405, see also 
quantum differential operator 

quantum differential operator, 321, 322, 
329, 392, 395 

derived from relations in quantum 
cohomology, 322, 324 

example of, 324, 325, 327 
gives relations in quantum cohomology, 

321, see also quantum cohomology, 
small, relations in 

quantum field theory, 413-419, 422, 430 
Hamiltonian formulation, 416 
Lagrangian formulation, 416 
two-dimensional, 1 

Quantum Hyperplane Section Principle, 26, 
364-366, 405 

for P n , 365 
for a convex variety, 365 
relation to Givental Mirror Theorem, 366 

quasi-smooth, 60, 86, 116, 408, see also 
orbifold 

quintic mirror, 17, 122, 333 
^4-system of, 93, 94 

solutions of, 101 
B-model correlation function of, 17, 

21-23, 27, 29, see also correlation 
function, B-model 

B-model potential function of, 263, 333 
complex moduli of, 18, 262 
construction of, 17, 61 
Probenius method, 162 
Gauss-Manin connection of, 25 

homogeneous coordinate ring of, 62 
monodromy of, 111, 112, 262 
Picard-Fuchs equation of, 20, 21, 26, 81, 

87, 88, 95, 163, 333 
solutions of, 23, 101, 110, 157, 160, 

162, 164, 333, 353, 362 
reflexive polytope of, 61 
satisfies integrality conjecture, 82, 110, 

150, 157 
Yukawa coupling of, 21, 157 

normalized, 21-23, 26, 27, 110-111, 
262, 363, see also quintic mirror, 
B-model correlation function of 

quintic threefold, 15-29, 352, 429 
2875 lines on, 23, 24, 157, 173, 281, 282 
A-model correlation function of, 15, 16, 

22, 23, 27, 28, 203, 226, 262, 333, 
363, see also correlation function, 
A-model 

big quantum cohomology of, 238 
Fermat, 143, 174 
Gromov-Witten invariants of, 173, 174, 

201-203, 293, 332 
equivariant, 299 
formula for, 184, 201, 281, 332, 350 
via localization, 288 

Gromov-Witten potential of, 28, 237, 
238, 333, 350, 362, 388 

instanton numbers of, 16, 23-25, 205, 
207, 262, 293, 333, 363, see also 
instanton number 

computation of 714, 288 
subtleties of nio, 16, 206, 297 

Kahler moduli of, 15, 18, 22, 157 
mirror map of, 18-20, 22, 23, 26, 28, 110, 

156, 157, 162, 263, 333, 353, 362 
mirror of, see quintic mirror 
mirror symmetry for, 15, 18, 20, 22, 23, 

262, 263, 288, 333, see also Mirror 
Theorem, quintic 

Mirror Theorem, see Mirror Theorems, 
quintic 

rational curves on, 1, 15, 16, 24, 202, 
206, 288, 293, see also Clemens 
conjecture 

6-nodal quintics on, 16, 206, 293, 295, 
297 

normal bundle of, 294 
small quantum cohomology of, 225, 226 
virtual fundamental class of, 173, 180, 

181, 184 

raising indices, 218, 239, 417 
rational polyhedral cone, 31 

strongly convex, 31 
Reciprocity Lemma, 344 
Reconstruction Theorem, 196, 197, 200 
Recursion Lemma, see Mirror Theorems, 

Givental, Recursion Lemma 
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recursion relation 
differential equations, 95, 162, 163 
Gromov-Witten invariants, see 

Gromov-Witten invariant, 
computing, recursion 

reflexive Gorenstein cone, 62, 64 
duality of, 64 
index of, 64 
relation to nef-partitions, 64 
relation to reflexive polytopes, 64 

reflexive polytope, 6, 35, 47, 53-55, 63, 96, 
116, 118, 134, 135, 144, 145, 155, 267, 
382, 383, 405 

Batyrev duality for, 46, 56 
classification of, 47 
definition of, 46 
example of, 49, 51, 71, 88, 124, 125, 139, 

146 
for quintic mirror, 61 

reflexive sheaf, 37 
regular singular point, 20, 75, 77, 246, 247 
regular triangulation, 43, 44 
Regularity Lemma, see Mirror Theorems, 

Givental, Regularity Lemma 
Reid's fantasy, 143, 405 
renormalization, 2, 7, 8, 423, see also 

non-renormalization theorem 
residue map, 83, 86 
residue matrix Res(V), 77, 79, 246 
Ricci curvature tensor, 10 
Riemann-Roch Theorem, 289, 294, 295 
right-moving 

fermions, 2, 421 
sector, 425 

Satake-Baily-Borel compactification, 132 
Schrodinger picture, 413 
secondary fan, 43, 117, 120, 121, 135, 136, 

142, 143, 148, 155, 156, see also GKZ 
decomposition 

enlarged, 430 
example of, 50, 51, 124, 126, 140 

secondary polytope, 120 
Seiberg-Witten curve, 406 
semi-ample, 54 
semi-positive, 185, 187, 189, 210 
Serre-Grothendieck duality, 55 
Severi variety, 198 
S-convex, see cpl(S), E-convex 
sigma model, 3, 4, 6, 7, 9-11, 15, 168, 302, 

334, 419-423, 428-430 
A-model, 421 
action of, see action, of sigma model 
B-model, 421 
fermionic fields of, 419, 421, 425 
supersymmetric, 421, 423 
topological, 434 
twisted, 421, 422 

singularity, 407-410 

Q-factorial, 11, 55, 407 
canonical, 11, 12, 407, 408 
Cohen-Macaulay, 407 
Gorenstein, 11, 12, 55, 116, 407 
terminal, 11, 54, 55, 116, 407, 408, 410 
toroidal, 410 

small subgroup, 408 
sparse resultant, 122 
spin bundle, 419 
spin geometry, 426 
spinors, 426 
stable Cl map, 188, 191 

equivalence of, 188 
stable maps 

automorphisms of, 281, 283, 284, 
290-292, 340, 341, 368, 370, 377 

definition of, 169 
family of, 169 
graph construction, 319, 334 
moduli of, 16, 27, 173, see also 

localization in Mo,n(Fr,d) and Md 
coarse, 169, 170, 178, 181, 301 
dimension of, 170 
expected dimension of, 171, 175, 180, 

187, 192, 211, 306, 308 
stack, 170, 175, 180, 181, 301, 302, 

357-359, 364 
tangent space of, 175, 285, 290 

universal, 179, 301, 302, 305 
stack, see algebraic stack 
Stanley-Reisner ideal, 223, 224 

quantum, 224, 225, 392 
stationary phase method, 417, 422 
string theory, 1, 2, 7, 419, see also 

superstring theory 
limit of, 406 
periods of, 406 

suborbifold, 55, 409 
supercommutative, 219, 221, 229, 230, 233, 

234, 240, 434 
superconformal 

N = 2 algebra, 2 
N = 2 representation, 56 
field theory (SCFT), 2, 4, 6, 7, 9, 10, 12, 

17, 53, 56 
superfield, 426, 427, 429 

chiral, see chiral superfield 
supergravity, 10 
supermanifold, 229, 230, 239, 426 

partial derivatives on, 229, 304 
tangent bundle of, 240 

superpotential, 426, 428, 430 
quint ic, 429 

superstring theory 
duality of, 404 
heterotic, 2, 3, 404, 420, 421 
type I, 2 
type II, 2, 145, 404 
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supersymmetric field theory, 406, 420, 426 
supersymmetry, 1-3, 7, 10, 424-426, 

see also sigma model, supersymmetric 
N = 2 algebra, 426 
transformation, 2, 420, 422, 426 

supervector space, 431, 434 
support function, 32 

upper convex, 33 
strictly, 33, 35 

support of a fan, see fan, support of 
symplectic 

action, 40 
manifold, 40, 184, 185, 209, 228 

semi-positive, see semi-positive 
orbifold, 42, 410 
reduction, 41, 42, 44, 45, 143, 410 

symplectic quotient, see symplectic, 
reduction 

T-duality, 402, 403 
tangent functor, 176 
tangent weight, see weights of a 

representation, tangent 
tangent-obstruction complex, 176, 178-180, 

285 
for virtual fundamental class, 178 
perfect, 174, 181 

definition of, 176 
example of, 177 

three-point function, see correlation 
function, three-point 

time-ordered product, 417 
Toda lattice, 228 
topological quantum field theory, 167, 168, 

217, 416, 422, 430-435 
(0 + l)-dimensional, 431, 432 
(1 + l)-dimensional, 432 

gives Frobenius algebra, 432, 434 
(2 + l)-dimensional, 435 
(d + l)-dimensional, 431 
definition of, 431 
relation to A-model, 434 

topological recursion relation, 311, 312 
topological sigma model, 167 

coupled to gravity, 167, 187 
toric complete intersection, 6, 62 

Calabi-Yau, 6, 62, 382, 430 
nef, 96, 97, 128, 381, 382, 389 

Toric Mirror Theorem, see Mirror 
Theorems, Givental, toric 

toric part of cohomology, 134, 143, 156, 
158, 267, 361, 382 

definition of, 57, 271 
toric variety, 32, 382, 407 

affine, 32, 129 
automorphism group, 47, 48, 58, 61, 62, 

116-118, 125 
dimension of, 48 
roots, 48, 124, 126 

Batyrev quantum ring of, see Batyrev 
quantum ring 

Chow group of, 32, 36 
cohomology ring of, 223, 392 
complete, 32 
divisors on, 33 

ample, 33, 35, 40 
generated by global sections, 33 
global sections of, 34 
semi-ample, see semi-ample 

examples of, 49-52 
Fano, 46, 47, 49, 51, 53, 389-393, 395, 

see also reflexive polytope 
homogeneous coordinate ring of, 36, 

47-50, 85, 92, 117, 125, 430 
ideal-variety correspondence, 38 
Kahler cone of, 38, 39, 41, 392, 393, 429 
Mori cone of, 39, 40, 383, 389, 393 
Picard group of, 32, 224 
quantum cohomology of, see quantum 

cohomology, small, of a smooth toric 
variety 

simplicial, 32, 37, 38, 41, 47, 48, 408 
smooth, 32, 381 
via fans, see fan, toric variety of 
via homogeneous coordinates, 37 
via polytopes, see polytope, toric variety 

of 
via symplectic reduction, 41, 42, 45, 430 

TQFT, see topological quantum field 
theory 

TRR, see topological recursion relation 
tube domain, 130 

V-manifold, 408, see also orbifold 
vacuum state, 415, 417, 425, 427 
Vafa-Intriligator formula, 227 
vanishing cycle, 19 
V^fc, 364, see also Vd,k 

V£,*,i' 364> see also V'd,k,i 
Vd 

for e>Pn(£), 337, 340, 344 
for a concavex bundle, 349, 351, 358, 375 
for quintic threefold, 181, 184, 201, 288, 

299, 302, 332 
in multiple cover case, 352 

Vd.fc, 357, 358, 360 
Vdkz, 358, 372, 373 
vector superfield, 428 
Verlinde algebra, 227 
Virasoro algebra, 310, 311, 423-425 

central extension of, 310, 425 
Virasoro conjecture, 310, 425 

consequences for 
gravitational descendents, 311 
Gromov-Witten invariants, 310, 311 

Virasoro constraints, 211 
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virtual fundamental class, 16, 172, 174-183, 
191, 207, 288, 294, 299, 302, 305, 306, 
308, 313, 358, 360, 381 

compatibility with forgetful map, 182, 
305 

compute using Euler class, 182, 208, 211, 
289, 308, 309 

definition of, see also obstruction theory 
and tangent-obstruction complex 

Behrend-Fantechi approach, 178, 179 
Behrend-Fantechi definition, 179 
equivalence of definitions, 176, 195, 399 
Li-Tian approach, 176-178, 181 
Li-Tian definition, 177, 178 

degree is expected dimension, 178, 192, 
222, 304 

equivariant, 299, 300, 382 
localization formula for, 285, 300, 382 

example of, 177, 179 
for a complete intersection, 386, 400 

i n F \ 360 
for Calabi-Yau threefold, 288, 289 
for Fermat quintic, 174 
for quintic threefold, 173, 180, 181, 360 
properties of, 180-183, 195, 304 
relative, 180 

virtual neighborhood, 188 
virtual normal bundle, 282, 300 
virtual normal cone, see normal cone, 

virtual 
virtual tangent space, 300 

WDVV equation, see Dubrovin connection 
and Gromov-Witten potential 

weighted homogeneous polynomial, 426, 
427 

weighted projective space, 6, 49, 50, 53, 70, 
71, 140 

criterion to be Fano, 47, 50 
weights of a representation, 276, 278, 280, 

285, 292, 344, 369, 370 
obstruction, 289-292, 297 
of normal bundle, 285, 289 
tangent, 278, 281, 285, 287, 290, 297 

weights of variables, 358, 365, 378, 379 
Witten conjecture, 310 
world sheet, 1, 2, 10, 419, 422-427 

non-perturbative corrections, 7 
worldvolume, 402 

relation to mirror map, 109-112, 151 
relation to the Gauss-Manin 

connection, 105, 108 
of a Calabi-Yau threefold, 102-112, 256, 

259, 327 
1-dimensional moduli, 102, 105-107 
2-dimensional moduli, 102-104 
r-dimensional moduli, 107-109 

toric, 268, 269, 385, see also correlation 
function, B-model, toric 

differs from normalized coupling, 268 

Zariski p-form, 409 

Yang-Mills theory, 417 
Yukawa coupling, 7-10, 416, 421, see also 

correlation function 
normalized, 104-112, 257, 259, 268, 386 

definition of, 110 
in terms of periods, 389, 399 
minus sign, 8, 21, 107 
of the quintic mirror, see quintic 

mirror, Yukawa coupling of 
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