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Preface 

Lajos Pukanszky died in February 1996. He was preparing a book, "Characters 
of Connected Lie Groups". His plan, consisting of six chapters, was found in his 
papers: 
I. Unitary representations of locally algebraic groups 

We start by showing that they are of type I. This result is going to be used 
throughout the book. This would be followed by a result, referred to as the Main 
Lemma, on the action of an algebraic group on the dual of another. The chapter 
would close with an application of the Main Lemma to prove Dixmier's theorem, 
that the regular representation of any connected Lie group is semifinite. 
II. Unitary representations of elementary groups 

An elementary group is a central extension by a one-dimensional torus, of a 
closed subgroup of E n . The content of this chapter is auxiliary material, to be used 
in the subsequent chapters. 
III. Existence of characters 

This is the core of the book. The principal result asserts, that by assigning to a 
quasi-equivalence class of normal representation its kernel, one obtains a bijection 
with the underlying set of the primitive ideal space of the connected Lie group 
under consideration. 
IV. Generalized Kirillov theory 

Here our principal objective is to extend Kirillov's theory of the unitary rep
resentations of nilpotent groups to any connected and simply connected solvable 
Lie group. The result is a canonical bijection between the underlying set of the 
primitive ideal space, and members of a family of geometric objects called general
ized orbits. In the simplest case, as that of nilpotent groups, these reduce to the 
collection of all coadjoint orbits. 
V. The character formula 

Here our objective is an extension of the character formula of Kirillov, to any 
connected solvable Lie group. 
VI. Generalized orbits and symplectic geometry 

This is dedicated to an investigation per se of the generalized orbits. Question: 
What features, given a different iable manifold, will turn it into a generalized orbit? 

Pukanszky could not write chapters V and VI. On the other hand, he wrote 
an almost final version of chapters I-IV. Since these chapters form a coherent set, 
their publication was absolutely necessary. We hope that the present book realizes, 
at least partially, what Pukanszky had wanted. 

J. Dixmier 
M. Duflo 
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Foreword 

This book is meant to be a contribution of the line of research which, going 
back to A. Weil, was taken up again by R. Godement, and continued by G. W. 
Mackey, J. Dixmier, A. A. Kirillov and many others. The common theme of all 
this is unitary representations of locally compact groups, often viewed from very 
different angles. In its approach it produces an interplay between classical group 
theory and modern analysis. More specifically, in this volume we shall deal with 
unitary representations of connected Lie groups, which are not semi-simple. Among 
others, we shall prove an analogue of the classical bijection between prime ideals 
of a finite group and characters of irreducible unitary representations (cf. Chapter 
III). Chapter IV confines itself to connected solvable Lie groups and provides a 
generalization of Kirillov's theory of unitary representations of nilpotent Lie groups. 

To close this foreword it must be frankly admitted that the reading of this book 
requires much preliminary background. It is assumed that the reader is familiar 
with the introductory chapter to [AM], and the relevant paragraphs of the last 
section of [D*] (letters in brackets refer to the bibliography at the end). 

This volume is dedicated to R. V. Kadison, in honor of his 70th birthday and 
in commemoration of many years as colleagues at the University of Pennsylvania. 



Introduction 

The problems treated in this book can be illustrated by simple examples. 
A) Let us consider first the universal covering G of the motion group of R2. 

It can be realized as the set of all pairs (t,z) (t G R, z G C) with the law of 
multiplication 

(t,z){t',z') = {t + t',z + eitz'). 

We shall next be concerned with the definition and determination of the char
acters of G. Since G is solvable, by virtue of the theorem of Lie, any irreducible 
unitary representation of a dimension greater than one is infinite-dimensional. It 
can be shown that, up to unitary equivalence, all these can be obtained by the 
following procedure. Let us consider the abelian subgroup 

W = {(27m, z)\ n G N, z G C}. 

Let a be a fixed real number and zo a nonzero complex number. We can define 
a character \ °f W by 

x((27rn, z)) = exp(icm) exp(iRe(2:zo)). 

To any such character we can associate a unitary representation T of G as 
follows: We shall write, whenever convenient, t in place of (t,0) and z in place of 
(0, z). Let us write / = {—IT ^ t ^ 7r} C G. We have setwise G — WI. Let us 
take, as the space H(T) of T, L2(I) with the Lebesgue measure. For / G H(T) 
and a G G we put 

(T(a)f)(t) = X(z(ta))f(ta) (t e / ) 

where z{ta) G W and tael are such that z(ta) -ta = ta. T is the unitary represen
tation of G induced by the character \ £ X(W). The above form is convenient for 
the computation of the character of T. As such, we propose to take the functional 
ip h-> Tr(T((p)), where for ip G C™{G) 

T(ip) = / (p(a)T(a) • da 
JG 

with da = dtdz, which is just the bi-invariant Haar measure. Taking a positive 
definite <p, we show that this is meaningful, as follows: T((p) can easily be shown 
to be implemented on L2(I) by the kernel K^ defined as 

K^{r,t) = / (p(r~1wt)dw. 
Jw 

If the support of cp is small enough then, writing $ for the properly normalized 
Fourier transform of < |̂Wo, and setting Ttz0 — eltz§, we obtain 

/ ^ ( T , T ) = * ( T T Z 0 ) 



xiv INTRODUCTION 

and thus 

Tr(T(<p)) = j K^rrfdr = J$(Trz0)dT. 

Obviously, we have no problem with the convergence of the expression on the 
right. 

B) Let us assume next that A is a fixed irrational number and define a law of 
multiplication on the set (£, 2:1,22) (t G M; z\, z2 G C} by 

{t,z1,z2){t\z[,z!2) = (t + t\z1+Jtz[,z2+eiXtz!2). 
Let us write M for the group so obtained. It is known to be the connected Lie 

group of lowest dimension, which is not of type I. Next we shall try to imitate for 
M the computation of characters, introduced in A) for G. 

We write I = {(£,0,0);* G R} and W = {(0,zuz2);zuz2 G C}. Then we have 
setwise G = WI. We take a pair of nonzero complex numbers ui,u2 and define for 
w = (wi,w2) 

x(w) — exp(iRe(wiTii + ^2^2))-

Next we form the unitary representation T, induced by %, of M. This admits 
a description similar to what we saw in A). For / G H{T) — L2(E) and a G G we 
put 

(T(a)f)(t)=X(w(ta))f(ta) 

where w{ta) G W and taGl are such that ta = w(ta) -fa. With notation analogous 
to those of A) we form, for <p G C%°(G), the operator T(cp). It is implemented on 
I? (I) by the kernel 

K(f(r,t)= / <p(r 1wt)x(w)dw. 
Jw 

Writing Tt(wi,w2) = (eltWi,e'lXtw2) and $ for the Fourier transform of ip\W, 
we obtain (u = (1/1,1x2)) 

K<p(t,t) = ${Ttu). 
To obtain Tr(T(<^)), we would have to take the integral of the expression on 

the right over the whole real line. But, of course, in general, it fails to converge. 
Instead of this, one is tempted to consider 

rl^h [T^u)dt 

which is indeed, as far as convergence is concerned, a viable possibility, but it does 
not provide the trace of T(ip). A more thorough analysis reveals that there is a 
factor representation U of M such that the above expression provides the trace of 
U(<p) in the sense of, in general, not of type I factor, generated by U. Let T(u) be 
the representation of M considered above. Then U can be shown to be 

/•© 
U= / T{u).du 

Jo 
where O is the closure of {TTu; r G M} and du is an absolutely continuous measure 
o n O . 

This being so, the content of this book can be described as follows. Let G be 
a connected Lie group. Following R. Godement, a factor representation T of G 
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will be called normal if it generates a semifinite factor such that there is a nonzero 
element <p in C*(G) and such that T((p) admits a trace. 

By virtue of a result of J. Y. Charbonnel, this is the case if and only if there 
is ip G C£°(G) such that T((p) is traceable. Let A be a separable C*-algebra and 
Prim(A) the set of closed 2-sided primitive ideals of A. As J. Dixmier has shown, 
for any factor representation of A, its kernel belongs to Prim(A). If A = C*(G) 
then we write for this Prim(G). 

It is inviting to consider C*(G) as the analogue, for any locally compact group, 
of the algebra of a finite group. By taking the hint provided by the finite groups, we 
can seek a bijection between Prim(G) and the set Gnorm of the quasi-equivalence 
classes of normal representations of G. That this is indeed so for connected Lie 
groups is the main result of his book (cf. Ch. III). Let us note, incidentally, that 
the analogous statement, for any locally compact group, fails to be true. For the 
other main objectives, see the introduction to Chapter IV. 



Some notation used throughout the book 

If A is an algebra, or a group, or a Lie algebra, Ac denotes the center of A. 
If H is a locally compact group, H0 denotes the connected component of the 

unit element. H denotes some "algebraic envelope" of H (see later). C*(H), 
or sometimes f), denotes the C*-algebra of H. X(i7) denotes the group of unitary 
continuous characters (one-dimensional) of H. Prim(iJ) denotes the set of primitive 
ideals of C*(H). 

If 5 is a locally compact space, C(S) denote the set of complex continuous 
functions with compact support on S. 

N, Z, Q, M, C, T have the usual meaning. 
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