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Preface

Knot theory is currently one of the most active research fields in topology.
In the classical sense it is the study of circles (closed 1-manifold) in Euclidean
3-space or a 3-sphere S3. This is generalized to higher dimensional knot theory
and furthermore to the study of manifold pairs or topological space pairs up to
homeomorphism (in the topological, PL, or smooth category). Since topology is
the study of topological spaces up to homeomorphism, knot theory in this global
sense is a quite wide area of topology. Two-dimensional knot theory or knot theory
in dimension four deals with surfaces in 4-space. We will refer to them as “surface
links” in this book. This is one branch of knot theory in the global sense. However it
is very mysterious. Classical knots have been studied for a long time. Since they are
objects in 3-space, one can watch them directly and handle them without difficulty.
One can apply 3-manifold theory, which has also been studied for a long time, to
knot theory and vice versa. Of course this does not mean that classical knot theory
is easy. Since surface links are objects in 4-space, we cannot see and handle them
directly. One method to compute with surface links is to use motion pictures which
were introduced in 1962 in Fox’s famous article “A quick trip through knot theory”
[168]. Another method is to use projection images in 3-space called surface link
diagrams. This method is quite convenient when we describe a local configuration
of a surface link or try to generalize some notion in classical knot theory to 2-
dimensional knot theory, because a lot of important notions for classical knots are
defined or interpreted by use of classical knot diagrams. In this book we will mainly
discuss motion pictures. One reason is that there is already a good book on surface
link diagrams by Carter and Saito [89]. Another reason is that there are important
techniques in the motion picture method that are not so familiar. One of the main
goals of this book is to introduce 2-dimensional knot theory and the technique of
the motion picture method.

Braid theory also has been studied for a long time. Pioneering and systematic
studies of braids were introduced in Artin’s “Theorie der Zopfe” [15] in 1925 and
“Theory of braids” [17] in 1947. Braid theory and knot theory are related by two
famous results due to Alexander [5] in 1923 and Markov [567] in 1935. Alexander’s
theorem states that any knot or link can be presented as a closed braid and Markov’s
theorem states that such a braid form is uniquely determined up to “braid isotopy”,
“conjugation” and “stabilization”. Therefore one can use braid theory to study knot
theory and vice versa. Birman’s book “Braids, links, and mapping class groups”
[42] in 1974 contains a lot of results that relate knots and braids. This book is
also famous for a proof of Markov’s theorem. A remarkable application of braids
in knot theory is the polynomial invariant discovered by Jones [298, 299] in 1985.
This is one of the most powerful tools in knot theory.

xi



xii PREFACE

There are various generalizations of classical braids: Brieskorn and Saito [62]
generalized Artin’s braid group from a group theoretical point of view. Another
generalization is the fundamental group of a certain space. For such a space, Dahm
[124] and Goldsmith [201, 202] considered a space of n-links, and Manin and
Schechtman [566] a space of hyperplane arrangements. Another generalization is
a braided surface defined by Rudolph [778, 783|. This gave a lot of interesting
applications to knot theory; especially, Seifert ribbons for closed braids, ribbon
surfaces in the 4-disk and quasi-positive braids [778, 779, 781, 782, 783, 790,
791, 792]. Viro [928] (cf. [316]) introduced the notion of a 2-dimensional braid
and established generalized Alexander theorem in dimension four: Any surface link
can be described in a braid form (Theorem 23.6). In this book, 2-dimensional
braids are referred to as surface braids. They are similar to the braided surfaces
of Rudolph. In fact they are regarded as braided surfaces with trivial boundary.
As an application, a characterization of 2-knot groups and surface link groups is
obtained [316]. Gonzdlez-Acuna [206] defined another braid form for surface links
and gave another characterization of surface link groups. In this book, we study
surface braids.

This book is divided into five parts. I. The first part is introductory material
in classical braid and knot theory. This part covers the material necessary for later
use. One can read this part easily. II. The second part is an introduction to 2-
dimensional knot theory (knot theory in dimension four). It is written mainly from
the view point of the motion picture method. The first two parts are written at an
elementary level and are almost self-contained so that beginners and undergraduates
can easily read and understand. (Some parts of the second part are technical. The
reader who has difficulty may skip through such parts.) IIL. The third part is
the main introduction to surface braid theory (braid theory in dimension four).
The goal of this part is to understand two important notions, “braid monodromy”
and “chart description”. These notions can be generalized and used not only for
surface braids but also other materials related to braids. IV. The fourth part
is devoted to establishing a relationship between surface braids and surface links.
Generalized Alexander and Markov theorems are given in this part. The generalized
Alexander theorem was proved by Viro [928] and the author [316]. The generalized
Markov theorem was announced in [317]. This book is the first place that contains
a complete proof of the generalized Markov theorem. The proof is based on a
manuscript [315] and prepared here for specialists. The reader who wants to learn
the basics is encouraged to skip over the proof part.) V. In the final part, surface
links are studied from the view point of surface braid theory.

This book is written for a wide target audience from beginners (including grad-
uates) to specialists. It can be used as a graduate textbook and also as a handbook
for researchers.

I would like to thank J. Scott Carter for reading a draft, a lot of conversations
and encouragement. I thank Daniel Silver, Susan Williams and John Dean for
fruitful discussions, and Stephen Brick for his help with computers. I thank the
Department of Mathematics and Statistics, University of South Alabama, for their
hospitality. Part of this book was written while I was visiting the department. I
also thank Akio Kawauchi for his advice and encouragement and Taizo Kanenobu
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for his help. I would like to express my personal thanks to Naoko, my wife, for her
constant encouragement.

Seiichi Kamada
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C(¢), 120

Cm, 9

D4 (B, Kp), 82

D_(B,Kpy), 84

d-twist-spun 2-knot, 80

E(L), 28

e(b), 108
F(Lo— Ly — -
F*, 82

—F, 82
G-monodromy, 127

G-system, 127

g-symmetry deformation, 83

h(K), 193

I-level-preserving homeomorphism, 11
J(F), 246

KGn, 229

L*, 28

—L, 28

M(D?,Qm), 20

n(S), 115

n-knot, 229

n-knot group, 229

P™(), 8,25, 124

Pp,, 10

R[ |m, 240

RR[ |m, 241

S(T,A,8), 125

SAm, 120

SBp,, 115

JH 94

A operation, 50, 195
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B operation, 50, 195
Bm, 115

€ operation, 47, 193

&J operation, 47, 193
8% operation, 47, 193
52_j operation, 193

Sg operation, 193

&; operation, 47, 193
F, 262

Fq, 231

K2, 231

R operation, 48, 49, 194
S operation, 49, 195
Sm, 10

T operation, 49, 195
U operation, 194

W operation, 49, 194
Z~! operation, 49, 195
a(F), 251
Nw=wy— wy — ---
r*, 237

—TI, 237

13 (b), 183

13(S), 183

L3 (A), 183

An, 234

Aw, 129

n, 243

1
w2 (O (), Qm), 262
p, 83
2(S), 105, 272
0, 262
7, 83, 152, 240
7(A), 47, 193
7(f;x), 102
T4(K), 81
Artin(b), 24
AutR(G), 24
Braid(F), 182
C-move, 142
Cl-move, 142
CII-move, 142
CIII-move, 142
deg(f;z), 99
deg(S;z), 105

— wp =w'), 132
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f(), 245
h(L; B), 71
u(F), 259
u(S), 259
w(I), 245

Alexander matrix, 94

Alexander module, 95

Alexander polynomial, 95, 247
Alexander’s theorem in dimension four, 181
ambient isotopic, 3, 27, 53

ambient isotopy, 3

Artin’s automorphism, 24

Artin’s presentation, 16

associated branched covering, 105
associated branched covering map, 117
attaching arcs, 71

band, 71, 120

band set attaching to L, 71

base relator, 36, 91, 92

black vertex, 135

boundary connected sum, 114

braid, 7

braid ambient isotopic, 109

braid ambient isotopic in the strong sense,
118

braid ambient isotopic in the weak sense, 118

braid ambient isotopy, 109, 118

braid automorphism, 24

braid diagram, 15

braid form, 41

braid group, 8

braid index, 182

braid isotopic, 109

braid isotopic in the strong sense, 118

braid isotopic in the weak sense, 118

braid isotopy, 109, 118

braid isotopy extension theorem, 12

braid monodromy, 123

braid monodromy representation, 123

braid movie, 106

braid system, 124

braid word, 129

braid word chart, 130

braid word description, 16

braid word expression, 16

braid word transformation, 130

braid word transformation sequence, 130

braided surface, 117

branch point, 57, 99, 105, 117

branch point fission/fusion, 110

branch point set, 99

branch point of valency n, 57

branch type, 100, 101

branch-point type singular point, 272

branched covering map, 99

branching index, 99

brick regular neighborhood, 11

broken surface diagram, 58
BWTS chart, 132

cap off, 75

cellular move, 31, 55

cellular move lemma, 55
characteristic polynomial, 94, 95
chart, 132, 135

chart description, 181

chart move, 142

closed braid, 42, 43

closed realizing surface, 75
closed surface braid, 179, 180
closing, 75

closure, 75, 179, 180
combinatorially equivalent, 13, 30, 55
complement, 28

complete fission, 71

complete fusion, 71
completely split, 119
completely splittable, 120
concatenation product, 8
configuration space, 8
conjugation, 43, 187
connected sum, 30, 184-186
critical point, 42, 63

critical value, 63

cut, 180

decomposing sphere, 30
deficiency, 230

deform-spun 2-knot, 82
deform-spun projective plane, 84
deformation, 82

deformation chain, 48, 50, 195
deformation group, 82
destabilization, 44, 167, 188
diagram, 15, 32, 58

disk system, 67

division, 11, 191

double point, 57

double-point type singular point, 272

edge, 27

elementary braid word transformations, 130

elementary critical disk, 66

elementary critical points, 64

elementary dividing operation, 191

elementary ideal, 94, 95

elementary move, 13, 55, 193

elementary move of type 1, 30, 55

elementary move of type II, 30, 55

elementary move of type III, 55

enlarged braid word transformation, 133

enlarged braid word transformation se-
quence, 133

enlarged BWTS chart, 133

equivalent, 7, 21, 27, 28, 33-35, 53, 84, 87,
105, 109, 123, 127, 179, 262, 271



equivalent in the strong sense, 118
equivalent in the weak sense, 118, 252
Euler fission, 152

Euler fusion, 152

exceptional value, 152

extended configuration space, 262
exterior, 28

Fenn-Rolfsen 2-link, 274

fiber-preserving homeomorphism, 12, 109
fission of a branch point, 110

fission of a singular point, 110

free derivative, 94

free edge, 156

frontier, 3

fusion of a branch point, 110

general position, 31, 42, 57, 58, 136, 140, 193

generic braid projection, 15

generic map, 57

generic projection, 58

generic projection of the first order, 15

generic projection of the second order, 15

genus, 54

geometric braid, 7

geometric braid obtained from S by restric-
tion along «, 140

good subdivision, 191

group, 35

handlebody, 54

height, 48, 193

height preserving, 63

homeomorphism of D? associated with b, 19
hoops of a chart, 135

Horibe and Yanagawa’s lemma, 68
horizontal product, 113

Hurwitz arc system, 21

Hurwitz arc system associated with b, 23
Hurwitz generator system, 24

Hurwitz path system, 21

hyperbolic point, 64

hyperbolic transformation, 71

hyperbolic transformation sequence, 71

intersection braid word, 140
inverse of a braid, 8

invertible, 28

inverting deformation, 84

inverting homeomorphism, 84
isomorphic, 109

isomorphic in the strong sense, 118
isomorphic in the weak sense, 118
isomorphism, 109

isotopic, 2, 20, 39

isotopic transformation, 71

isotopy, 2

isotopy of D? associated with b, 19
isotopy of D? x I associated with b, 19
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isotopy of Qm, associated with b, 19
join, 191

Kervaire conditions, 229
Kinoshita type, 85
knot, 27

knot equivalent, 38
knot group, 91, 229

length, 195, 246

level preserving, 63

link, 27, 28

link diagram, 32

link group, 35

link module, 95

link transformation sequence, 71
link type, 27

local degree, 99, 105, 117
locally flat, 1

locally flat isotopy, 2
longitude, 29

lower level relator, 92
lower presentation, 36, 92
lower relator, 36, 91

mapping class group, 20
Markov equivalent, 45, 195, 196
Markov move of type I, 43

- Markov move of type 11, 44

Markov’s theorem in dimension four, 190
maximal critical point, 43
maximal disk, 66

maximal height, 195

maximal point, 64

meridian, 28

meridian disk, 28

mesh division, 202, 203

middle edge, 135

minimal critical point, 43
minimal disk, 66

minimal point, 64

mirror image, 28

monodromy, 102

monodromy representation, 102
motion, 9

motion picture, 63, 106

movie, 59

multiple cone, 120

negative, 32, 42, 43

negative 1-simplex, 42

negative 2-simplex, 193
negative amphicheiral, 28
negative domain, 206

negative singular point, 108
negative stabilization, 44
negatively oriented meridian, 29
nice 1-handle, 155

node, 273
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nomad, 257

non-locally flat maximal point, 65

normal braid form, 161
normal form, 76, 77
normal ribbon braid form, 173

oddly principal, 246
orientation-reversed link, 28
oriented 1-handle surgery, 87

oriented branched covering map, 99

oriented connected sum, 30
oriented knot equivalent, 38
oriented link, 27

oriented Reidemeister moves, 34
oriented surface link, 53

oval nest, 156

over crossing, 32

over edge, 32

passing a branch point, 61
Peiffer transformation, 259
pile product, 183, 186
piling, 183

plat form, 41

pointed braided surface, 117
polygonal braid, 13
polygonal link, 27

positive, 32, 42, 43
positive 1-simplex, 42
positive 2-simplex, 193
positive amphicheiral, 28
positive domain, 206
positive singular point, 108
positive stabilization, 44
positively oriented meridian, 29
pre-simple band, 159
preferred longitude, 29
principal, 246

product, 7, 8, 114

proper, 1

pure braid, 10

pure braid group, 10

realization, 63

realizing surface, 72

reduced ribbon braid form, 241
regular point, 57, 63, 99, 117
regular projection, 31

regular value, 63, 151
Reidemeister move, 33

ribbon braid system, 239
ribbon chart, 237

ribbon disk, 89

ribbon knot, 89

ribbon singularity, 89

ribbon surface link, 88
Riemann-Hurwitz formula, 101
rolling deformations, 83
Roseman move, 61

round 1-handle, 266

saddle band, 66

saddle point, 64

sawtooth, 49, 195

sign, 193

simple, 272

simple band, 159

simple braided surface, 117
simple branch point, 103
simple branched covering, 103
simple closed surface braid, 179
simple loops of a chart, 135
simple singular point, 103
simple string recombination, 133
simple surface braid, 108
simple surface braid monoid, 115
simply knotted, 88

singular chart, 273

singular index, 102, 152
singular locus, 262

singular point, 99, 105, 117
singular surface braid, 272
singular surface knot, 271
singular surface link, 271

slice disk, 89

slice knot, 89

slide action, 25

slide equivalent, 25

smooth geometric braid, 14
smooth link, 27

smooth surface link, 53
smoothly equivalent, 14

span, 247

split union, 30

splitting sphere, 30

spun 2-knot, 79

stabilization, 44, 188, 189
standard 2-sphere, 53
standard generator system, 24
standard generators, 16
standard Hurwitz arc system, 22
standard presentation, 16
standard projective planes, 53
standard singular 2-knot, 271
standard torus, 53

starting point set, 21
stereographic projection, 206
string, 10

subdivision, 191

surface braid, 105

surface braid associated with I", 136, 139

surface braid chart, 135
surface braid monoid, 115
surface knot, 53

surface link, 53

surface link diagram, 58
surface link type, 53
surgery, 71, 87
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suspension, 53

symmetric braid word, 144

symmetric group, 10

symmetrically equivalent, 144

symmetry, 83

Symmetry theorem on chart description, 269
Symmetry theorem on twist-spun knots, 82

tame, 28

tetrahedral move, 60
tomography, 58
topological link, 27
topological surface link, 53
trace, 63

trace map, 26

transversal homotopy, 262
trefoil, 36

triple point, 57

trivial, 29, 53, 67, 271, 272
trivial braid, 8

trivial pointed braided surface, 119
trivial surface braid, 107
trivialization, 28

tubular neighborhood, 28
twisting, 83

type «, 47, 193

type 3, 47, 193

type 7, 193

type-I bubble move, 59
type-I saddle move, 60
type-II bubble move, 59
type-1I saddle move, 60
type-11I move, 60

type R, 162

unbraiding sequence, 162
under crossing, 32

under edge, 32

unknot, 29

unknotted, 29, 53, 233, 271, 272
unknotted braid system, 235
unknotting conjecture, 55
unknotting number, 259
unknotting theorem, 30
upper level relator, 92

upper presentation, 36, 92
upper relator, 36, 91

vertical product, 113

white vertex, 135
wild, 28
Wirtinger presentation, 230
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