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Introduction 

I This book is meant to give its reader an introduction to the representation 
theory of such groups as the general linear groups GLn(k), the special linear groups 
SLn(k), the special orthogonal groups SOn(k), and the symplectic groups Sp2n(k) 
over an algebraically closed field k. These groups are algebraic groups, and we shall 
look only at representations G —> GL(V) that are homomorphisms of algebraic 
groups. So any G-module (vector space with a representation of G) will be a space 
over the same ground field k. 

Many different techniques have been introduced into the theory, especially 
during the last thirty years. Therefore, it is necessary (in my opinion) to start with 
a general introduction to the representation theory of algebraic group schemes. This 
is the aim of Part I of this book, whereas Part II then deals with the representations 
of reductive groups. 

I I The book begins with an introduction to schemes (Chapter 1.1) and to (affine) 
group schemes and their representations (Chapter 1.2). We adopt the "functorial" 
point of view for schemes. For example, the group scheme SLn over Z is the 
functor mapping each commutative ring A to the group SLn(A). Almost everything 
about these matters can also be found in the first two chapters of [DG]. I have 
tried to enable the reader to understand the basic definitions and constructions 
independently of [DG]. However, I refer to [DG] for some results that I feel the 
reader might be inclined to accept without going through the proof. Let me add 
that the reader (of Part I) is supposed to have a reasonably good knowledge of 
varieties and algebraic groups. For example, he or she should know [Bo] up to 
Chapter III, or the first seventeen chapters of [Hu2], or the first six ones of [Sp2]. 
(There are additional prerequisites for Part II mentioned below.) 

In Chapter 1.3, induction functors are defined in the context of group schemes, 
their elementary properties are proved, and they are used to construct injective 
modules and injective resolutions. These in turn are applied in Chapter 1.4 to the 
construction of derived functors, especially to that of the Hochschild cohomology 
groups and of the derived functors of induction. In contrast to the situation for finite 
groups, the induction from a subgroup scheme H to the whole group scheme G is 
(usually) not exact, only left exact. The values of the derived functors of induction 
can also be interpreted (and are so in Chapter 1.5) as cohomology groups of certain 
associated bundles on the quotient G/H (at least for algebraic schemes over a field). 
Before doing that, we have to understand the construction of the quotient G/H. 
The situation gets simpler and has some additional features if H is normal in G. 
This is discussed in Chapter 1.6. 

One can associate to any group scheme G an (associative) algebra Dist(G?) of 
distributions on G (called the hyperalgebra of G by some authors). When working 
over a field of characteristic 0, it is just the universal enveloping algebra of the Lie 
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algebra Lie(G) of G. In general, it reflects the properties of G much better than 
Lie(G) does. This is described in Chapter 1.7. 

A group scheme G (say over a field) is called finite if the algebra of regular 
functions on G is finite dimensional. For such G the representation theory is equiv
alent to that of a certain finite dimensional algebra and has additional features 
(Chapter 1.8). For us, the most important cases of finite group schemes arise as 
Frobenius kernels (Chapter 1.9) of algebraic groups over an algebraically closed field 
k of characteristic p ^ O . For example, for G = GLn(k) the map F : G —> G sending 
any matrix (a^) to (a?-) is a Frobenius endomorphism. The kernel of Fr (in the 
sense of group schemes) is the r t h Frobenius kernel Gr of G. The representation 
theory of G\ (for any G) is equivalent to that of Lie(G) regarded as a p-Lie algebra. 

In order to apply our rather extensive knowledge of the representation theory 
of groups like SLn(C) to that of SLn(k), where k is a field of prime character
istic, one uses the group scheme SLn over Z. One chooses 5Ln-stable lattices 
in SLn(C)-modules and tensors with k in order to get SLn(k)-modules. Some 
general properties of this procedure are proved in Chapter 1.10. 

From Part I, the contents of Chapters 1 (until 1.6), 2, 3, 4 (until 4.18), 5 
(mainly 5.8-5.13), and 6 (until 6.9) are fundamental for everything to follow. The 
other sections are used less often. 

In Part II, the reader is supposed to know the structure theory of reductive 
algebraic groups (over an algebraically closed field) as to be found in [Bo], [Hu2], 
[Sp2]. The reader is invited (in Chapter II. 1) to believe that there is for each 
possible root datum a (unique) group scheme over Z that yields for every field k 
(by extension of the base ring) a split reductive group defined over k having the 
prescribed root datum. Furthermore, he or she has to accept that all "standard" 
constructions (like root subgroups, parabolic subgroups, etc.) can be carried out 
over Z. (The sceptical reader should turn to [SGA 3] for proof.) I have included 
a proof (following Takeuchi) of the uniqueness of an algebraic group with a given 
root datum (over an algebraically closed field) that does not use case-by-case con
siderations. 

I l l Let me describe a selection of the contents of the remaining chapters in more 
detail. Assume from now on (in this introduction) that k is an algebraically closed 
field and that G is a (connected) reductive algebraic group over k with a Borel 
subgroup B C G and a maximal torus T C B. Let X(T) denote the group of 
characters of T. 

In case char(fc) = 0 the representation theory of G is well understood. Each 
G-module is semi-simple. The simple G-modules are classified (as in the case 
of compact Lie groups or of complex semi-simple Lie algebras) by their highest 
weights. Furthermore, one has a character formula for these simple modules. In 
fact, Weyl's formula for the compact groups holds when interpreted in the right 
way. (For us, the character of a finite dimensional G-module will always be the 
family of the dimensions of its weight spaces with respect to T. As the semi-simple 
elements in G are dense in G and as each semi-simple element is conjugate to one 
in T, the character determines the trace of any g G G on the G-module.) 

The situation in prime characteristic is much worse. Except for the case of 
a torus, there are non-semi-simple G-modules. Except for a few low rank cases, 
we do not know a character formula for the simple modules, and Weyl's formula 
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will certainly not carry over. Only one property survives: The simple modules are 
still classified by their highest weights, and the possible highest weights are the 
"dominant" weights in X(T). (The notion of dominant depends on the choice of 
an ordering of X(T). We shall always work with an ordering for which the weights 
of T on Lie(jB) are negative.) This classification is due to Chevalley, cf. [SC]. Let 
L(X) denote the simple module with highest weight A. 

The difference of the situations in zero and prime characteristic can be observed 
already in the case G = SL2(k). Let H(n) be the n t h symmetric power of the 
natural representation of G on k2. If char(A:) = 0, then H(n) = L(n) for all 
n G N. (For SL2 we identify X(T) ~ Z in such a way that the dominant weights 
correspond to N.) If char(/c) = p ^ 0 , then obviously not all H{n) can be simple: 
For all positive r, n G N the image of the map / i—> fp from H(n) to H(prn) is 
a proper submodule of H(prn)J so H(prn) is not simple. It is not too difficult to 
show for any n that H(n) contains L(n) as its unique simple submodule, and that 
H{n) = L(n) if and only if n = apr — 1 for some a, r G N with 0 < a < p. So for 
all other n the module H(n) is not semi-simple. 

For arbitrary G one gets L(X) as the unique simple submodule of an induced 
module H°(X): One extends A G X(T) to a one dimensional representation of B 
such that the unipotent radical of B acts trivially. Then H°(\) is the G-module 
induced by this jB-module. It is nonzero if and only if A is dominant. (In the case 
G = SL2(k) the H°(X) are just the H(n) from above.) This is the main content of 
Chapter IL2. 

The case G = SL2(k) with char(/c) = p ^ 0 can serve to illustrate other 
general results also. For any vector space V over k let V^ be the vector space 
that is equal to V as an additive group and where any a G k acts as ap does on 
V. Then the map / i—> fpr is linear when regarded as a map H(n)^ —> H(prn), 
hence a homomorphism of G-modules. It is not difficult to show: If n = X Î=o ai^% 

with 0 < di < p for all i, then fo®fi(3--®frH^ TYi=o ff ^s a n isomorphism 

H(ao) 0 # ( a i ) ( 1 ) 0 • • • 0 # ( a r ) ( r ) - ^ L{n). 

This result was generalised in [Steinberg 2] to all G: A suitable p-adic expansion of 
the highest weight A leads to a decomposition of L(X) into a tensor product of the 
form Z/(Ao) 0 L(X\)^ 0 • • • 0 L(Ar)(r). This tensor product theorem reduces the 
problem of calculating the characters of all simple G-modules to a finite problem 
(for each G). Steinberg's proof relied on a theorem from [Curtis 1] on the repre
sentations of Lie(G). In the special case of G = SL2(k), this theorem says: Each 
L(n) with n < p remains simple for Lie(G), and each simple module of Lie(G) as 
a p-Lie algebra is isomorphic to exactly one L(n) with n < p. More generally, 
each L(n) with n < pr is simple for the r t h Frobenius kernel of SL2(k), and we 
get thus each simple module for this infinitesimal group scheme. This result again 
has an extension to all G and then leads to a rather simple proof of Steinberg's 
tensor product theorem, discovered by Cline, Parshall, and Scott. (All this is done 
in Chapter II.3.) 

The choice of the notation H°(X) for the induced module has been influenced 
by the fact that H°(X) is the zeroth cohomology group of a line bundle on G/B 
associated to A. Let Hl(X) denote the ith cohomology group (for any A G X(T), not 
only for dominant ones). We could have constructed Hl(X) also by applying the i t h 
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derived functor of induction from B to G to the one-dimensional ^-module defined 
by A. Another result from characteristic zero that does not carry over to prime 
characteristic is the Borel-Bott-Weil theorem. It describes explicitly all Hl(n) with 
i G N and \i G X(T): For each /i there is at most one i with Hl(p) ^ 0, and 
this Hl(p) can then be identified with a specific L(X). We observed already that 
we cannot expect the Hl(p) to be simple in prime characteristic. But, even worse, 
there can be more than one i for a given p with Hl(ii) ^ 0, and the character of 
Hl(fi) will depend on the field. (This was first discovered by Mumford.) It is crucial 
for the representation theory that one special case of the Borel-Bott-Weil theorem 
holds over any k: If A is dominant, then Hl(X) = 0 for all i > 0. This is Kempf's 
vanishing theorem from [Kempf 1]. The proof given here in Chapter II.4 is due 
to Haboush and Andersen (independently). In Chapter II.5, we give Demazure's 
proof of the Borel-Bott-Weil theorem in case char(/c) = 0. Furthermore we prove 
(following Donkin) that Weyl's character formula yields the alternating sum (over i) 
of the characters of all Hl(p). 

Assume from now on that char(/c) = p ^ 0. Kempf's vanishing theorem implies 
that one can construct for any k the modules H°(X) with A dominant by starting 
with the similar object over C, taking a suitable lattice stable under a Z-form 
of G, and then tensoring with k. To construct representations in this way has the 
advantage that one can carry out specific computations more easily. Several ex
amples computed especially by Braden then led Verma in the late 1960s to several 
conjectures (cf. [Verma]) that had a great influence on the further development of 
the theory. One conjecture is the linkage principle (Chapter II.6): If L(/JL) is a com
position factor of H°(X) (or, more generally, if L(p) and L(X) are both composition 
factors of a given indecomposable G-module), then \i G Wp • A. Here Wp is the 
group generated by the Weyl group W and by all translations by pa with a a root. 
The dot is to indicate a shift in the action by p, the half sum of the positive roots 
(i.e., w • A = w(X + p) — p). For large p this principle was proved in [Humphreys 1]. 
The result was then extended by several people to almost all cases, but a general 
proof appeared only in 1980 (in [Andersen 4]). It relies on an analysis of the failure 
of Demazure's proof (of the Borel-Bott-Weil theorem) in prime characteristic. 

Another conjecture of Verma was a special case of the translation principle 
(Chapter II.7): If two dominant weights A, \i belong to the same "facet" with 
respect to the affine Weyl group Wpi then the multiplicity of any L(w . X) with 
w G Wp as a composition factor of H°(X) should be equal to that of L(w • /JL) in 
H0^). This was proved (modulo the linkage principle) in [Jantzen 2]. 

The approach to the H°(X) via representations over Z also has the advantage 
that it allows the construction of a certain filtration (Chapter II.8) of H°(X). One 
can compute the sum of the characters of the terms in the filtration ([Jantzen 3] for 
large p, [Andersen 12] in general) and use this "sum formula" to get information 
about composition factors. For example, it leads to a computation of the characters 
of all simple modules for G = SL^(k) or for G of type G<2> 

If A and A + pv are weights that are "small" with respect to p2 and that are 
"sufficiently dominant" (see 11.9.17/18 for a more precise condition), then one gets 
the composition factors of H°(X + pv) from those of H°(X) by adding pv to the 
highest weights. This was proved first in [Jantzen 4] using involved computations. 
Later on it was realised that it follows rather easily if one develops the representa
tion theory of the group scheme GrT. For A as above experimental evidence (cf. 
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[Humphreys 10]) indicated that the Hl(w • A) with w G W satisfy a weak version 
of the Borel-Bott-Weil theorem (Hl(w . A) ^ 0 for at most one i). This was then 
proved in [Cline, Parshall, and Scott 10] using the representation theory of the 
group scheme GrB. All this is described in Chapter II.9. 

Let us assume that G is semi-simple and simply connected. There is for each 
positive integer r a unique simple G-module that is simple and infective for Gr. 
It is called the r t h Steinberg module and was first discovered by Steinberg within 
the representation theory of finite Chevalley groups. We do not look at its great 
importance there, but discuss some applications to the representation theory of G 
(Chapter 11.10). It plays a crucial role in Haboush's proof that G is geometrically 
reductive. One may wonder whether any injective G r-module can be extended to 
a G-module. For large p this was proved by Ballard. We discuss this (with some 
applications to the representation theory of G) in Chapter 11.11. 

One can write down the character of a simple G-module L(X) if one knows 
all extension groups Ext^(L(A),iJ°(/z)), see II.6.21. Unfortunately, rather little is 
known about these groups. There has been a considerable amount of work (es
pecially by Cline, Parshall, and Scott) to understand better the Hochschild coho-
mology groups Hn(G,M) ~ Ext£(ife,M). One has Hn{G,M) ~ l imiJ n (G r ,M) if 
d imM < oo. So one may hope to get information on G-cohomology from infor
mation on Gr-cohomology. Here the most remarkable result is due to Friedlander 
and Parshall: For large p the cohomology ring H* (G\, k) is isomorphic to the ring 
of regular functions on the nilpotent cone in Lie(G). This can be found in Chap
ter 11.12. 

The orbits of B on G/B are isomorphic to affine spaces. They are called Bruhat 
cells, while their closures are called Schubert varieties. For example, G/B itself is 
a Schubert variety. One can extend Kempf's vanishing theorem to any Schubert 
variety Y C G/B: If one restricts to Y the line bundle on G/B corresponding to 
a dominant weight A, then all higher cohomology groups vanish. As an application 
one can prove the normality of Y and a character formula for the space of global 
sections. These results were proved by Mehta, Ramanathan, Seshadri, Ramanan, 
and Andersen. One can find this in Chapter 11.14, whereas Chapter 11.13 provides 
the necessary background on Schubert varieties. 

The last seven chapters mentioned above can be divided into three groups 
(II.8, II.9-12, 11.13-14), which are independent of each other. Also, the logical 
interdependence of Chapters 11.10-12 is rather weak. 

IV So far this introduction has been copied (with minor modifications) from the 
introduction of the first edition. For this new edition I have added a few chapters 
that I shall discuss in a moment. 

As far as the old chapters are concerned, I have tried to correct mistakes and 
misprints. I have added several remarks and in a few cases rearranged things. 
In doing so, I have tried to avoid renumbering subsections and equations so that 
references to the first edition would also work with the second one. However, in a 
few cases (in particular in Chapter II.9) this turned out to be impossible. In these 
cases I have summed up the changes at the end of the introductions to the chapters 
(see II.7-9, 11, 12). 

V The new chapters were added to Part II. They are not identified by numbers, 
but by capital letters so to indicate the break between the old and the new. 
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Keep the general assumptions from above (III). Let 7r be a finite set of dominant 
weights that is "saturated". This means that for each \i G n also all dominant 
weights v < fji belong to IT. Then it makes sense to consider the "truncated" 
category of all G-modules having only composition factors with a highest weight 
in 7T. Such categories are studied in Chapter II.A. Each of them is equivalent to 
the category of all modules over a suitable finite dimensional algebra. This allows 
the application of techniques from the representation theory of finite dimensional 
algebras to the theory of G-modules. 

The categories of homogeneous polynomial GLn-modules are special cases of 
truncated categories for G = GLn. They connect the representation theory of GLn 

with that of Schur algebras and of symmetric groups as well as with the theory of 
polynomial functors. 

In Chapter II.B several cohomological results for G-modules are generalised 
from the case of a ground field to the case where one works over a principal ideal 
domain. For some of these proofs we have to use results from Chapter II.A. 

In Chapters II.C and II.D we describe some consequences of Lusztig's conjec
ture leading to the calculation of Ext groups and to information about submodule 
structures, e.g., on the layers in the radical filtration of "baby Verma modules" 
(induced modules for G\). One gets also that some of these consequences in turn 
imply Lusztig's conjecture. 

Tilting modules (discussed in Chapter II.E) are G-modules that have a filtra
tion with factors of the form H°(X) as well as a filtration with factors of the form 
H°(fi)*. The indecomposable tilting modules are classified by the dominant weights 
(like the simple G-modules) and as for the simple G-modules the computation of 
the characters of indecomposable tilting modules is a major open problem. In the 
case of G — GLn these tilting modules lead to yet another connection between the 
representation theory of GLn and that of the symmetric groups. 

The technique of "Frobenius splitting" is a powerful method to prove vanishing 
results for varieties in prime characteristics. We describe this in Chapter II.F and 
then use it to give alternative approaches to results from Chapter 11.14. In Chap
ter II.G we use then Frobenius splitting techniques to prove the main properties of 
modules with a good filtration (announced in Chapter II.4). 

The final chapter II.H surveys certain parts of the representation theory of 
quantum groups. Using these groups one can construct a representation theory in 
characteristic 0 that is similar to that of G in prime characteristic. However, one 
can prove stronger results on the quantum groups side, e.g., on characters of simple 
modules or of indecomposable tilting modules. This has then applications to the 
characteristic p theory. 

VI Suppose that Fq is a finite field and that k is an algebraically closed exten
sion of Fq. The representation theory of groups like GLn(k) or Sp2n(k) has been 
developed in close interaction with that of groups like GLn(Fq) or Sp2n(Fq)- It 
would therefore have been desirable to have a third part of the book dealing with 
representations of finite Chevalley groups (mainly over fields of the same character
istic as that over which the groups are defined). In fact, I promised to write such a 
part in a preliminary foreword to a preprint version of Part I. However, I hope to 
be forgiven for breaking this promise, as otherwise the book would have grown to 
an unreasonable size. Furthermore, I suspect that people most interested in these 
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finite groups would prefer another book where they would not have to devour at 
first all of Parts I and II. Now (2003) a book on this topic is under preparation by 
Jim Humphreys. 

VI I In the summer of 1984, I gave a series of lectures on some topics discussed 
in this book at the East China Normal University in Shanghai. I had been asked 
in advance to provide the audience with some notes. When doing so, I was still 
undecided about the precise contents of my lectures. I therefore included more 
material than I could possibly cover in my lectures. The first edition of this book 
has grown out of those notes. 

I should like to use this opportunity to thank the mathematicians I met in 
Shanghai, especially Professor Cao Xihua, for their hospitality during my stay and 
for the patience with which they listened to my lectures. 

Thanks are also due to Henning Haahr Andersen, Rolf Farnsteiner, Burkhard 
Haastert, Jim Humphreys, Niels Lauritzen, Zongzhu Lin, and Jesper Funch Thom-
sen for useful comments on my manuscript and for providing lists of misprints, 
before and after the publication of the first edition and during the preparation of 
the second edition. 
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sheaf associated to a G-module M, 5.8 
bundle associated to a fc-faisceau Y with G-action, 5.14 
factor group of G by AT, 6.1 
product subgroup of two subgroup faisceaux with H normalising A", 6.2 
{ / G k[X] | f(x) = 0 } for any x G X(k), 7.1 
tangent space to X at x, 7.1 
module of distributions on X with support in x, 7.1 
local ring of x, 7.1 
maximal ideal of Ox,x, 7.1 
tangent map at x of a morphism ip, 7.2 
diagonal morphism X —• X x X, 7.4 
algebra of distributions on G with support in 1, 7.7 
Lie algebra of G, 7.7 
tangent map of a homomorphism of group schemes, 7.9 
enveloping algebra of a Lie algebra g, 7.10 
restricted enveloping algebra of a p-Lie algebra g, 7.10 
adjoint action of G on Dist(G) or on Lie(G), 7.18 
algebra of all measures on G, 8.4 
modular function on G, 8.8 
G-module coinduced by an if-module M, 8.14 
a fc-algebra A twisted m times by the Frobenius endomorphism, 9.2 
a /c-functor X twisted r times by the Frobenius endomorphism, 9.2 
the rth Frobenius morphism X —> X^r\ 9.2 
the rth Frobenius kernel of G, 9.4 



NOTATIONS 

H*(Q, M) Lie algebra cohomology of a g-module M, 9.17 

Part II 

Gz a split and connected reductive Z-group, 1.1 
G = (Gz)k, 1.1 
Tz a split maximal torus of Gz-, 1-1 
T =(T z ) f c , 1.1 
R root system of G with respect to T, 1.1 
xa root homomorphism corresponding to a, 1.2 
J7a root subgroup corresponding to a, 1.2 
F(T) = Hom(Gm ,T), 1.3 
a v coroot corresponding to a, 1.3 
Ga Levi subgroup corresponding to a, 1.3 
sa reflection with respect to a, 1.4 
W Weyl group of i2, 1.4 
it; representative in Nc(T)(k) for w G W\ 1.4 
i2+ positive system in R, 1.5 
5 set of simple roots with respect to i?+ , 1.5 
< order relation on X(T) <S>z R determined by i?+ , 1.5 
l(w) length of w G W with respect to the system {sa \ a G 

generators of W, 1.5 
u>o longest element in W, 1.5 
p half sum of all positive roots, 1.5 
w • X = w(X + p) — p, 1.5 
H7a fundamental weight corresponding to a G 5, 1.6 
U{R') subgroup generated by all E/Q, with a G i?', 1.7 
G{R') subgroup generated by all Ga with a G Rf, 1.7 
# / =ZInRfov I c 5 , 1.7 
L7 = G ( i i / ) , 1.7 
W> = (sQ | a e J), 1.7 
E/+ = E/(#+), 1.8 
tf - {/(-#+), 1.8 
£ + = E/+T, 1.8 
B = E/T, 1.8 
Uf =U(R+\RI), 1.8 
J7/ = E / ( ( - # + ) \ i ? / ) , 1.8 
P+ = £/+L7, 1.8 
P7 = J7/L7, 1.8 
X a basis of (LieGz)a, 1.11 
# a = ( d a v ) ( l ) GLieTz, 1.11 
Xain = XZ/(n\) <g> 1 G Dist(E/a), 1.12 
H^M) =Riind%(M), 2.1 
iP(A) = H^kx) for A G X(T), 2.1 
L(X) simple G-module with highest weight A, 2.4 
X(T)+ set of dominant weights in X(T), 2.6 
V(X) Weyl module with highest weight A, 2.13 
Zr(X) = coind +A, 3.7 

Z'r(X) = indg;A, 3.7 
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Lr(X) simple G r-module with "highest weight" A, 3.9 
Xr(T) = {A G X(T) | 0 < (A, a v ) < pr for all a G S}, 3.15 
M ^ a G-module twisted by the r th power of the Frobenius 

endomorphism of G, 3.16 
Str r th Steinberg module, 3.18 
P(a) = P{a} for a G S, 5.1 
C z ={AG X(T) | 0 < (A + p, f3v) < p for all (3 G R+} where 

p — oo if char(A;) = 0, and p = char(A:) otherwise, 5.5 
X(M) = E i > o ( - 1 ) i c h i ; ] r ' ( M ) f o r a ^-module M, 5.7 
X(A) - x(fcA) for A G X(T), 5.7 
H}(\) the analogue to if* (A) for L/, 5.21 
L/(A) the analogue to L(X) for L/, 5.21 
sp,r affine reflection A h-» 5/3(A) + r/3 for r G Z, /? G it!, 6.1 
Wp affine Weyl group generated by all spirp, 6.1 
F upper closure of a facet F , 6.2 
C = { A G X ( T ) 0 Z R | O < (A + p,/3v) < p for all /? G # + } , 6.2 
ft Coxeter number of R, 6.2 
sp reflection with respect to a wall F , 6.3 
E(C') set of all sF with F a wall of C" (for an alcove C"), 6.3 
W?(A) stabiliser of A G X(T) in Wp, 6.3 
E°(A, CO = {s G E(C") I 3 . A = A}, 6.3 
I order relation on X(T) or on the set of alcoves, 6.4/5 
Wfj(F) stabiliser of a facet F in Wp, 6.11 
B(H) set of blocks of H, 7.1 
prA projection functor for A G X(T), 7.3 
T£ translation functor for A,/i G Cz, 7.6 
V(A)A A-formof V(X), 8.3 
^ ( M ) = i ? i n d ^ (M) for a £A-module M, 8.6 
W+ if p > ft equal to {w G Wp | w . 0 G AT(T)+}, 8.22 
Z;(A) = i n d ^ B A for A G X(T), 9.1 
Zr(A) = coind^;B+A for A G X(T), 9.1 
Lr(X) simple GrjB-module with highest weight A, 9.6 
Qr(X) injective hull of Lr(A) as a C rT-module, 11.3 
Qr(X) injective hull of the C r-module Lr(A), 11.3 
wi longest element in Wi for / C S, 13.2 
X(w) Schubert scheme corresponding to w G W, 13.3 
< Bruhat(-Chevalley) order on W, 13.7 
X(w)P image of X(w) in C / F , 13.8 
C(TT) truncated category associated to 7r C X(T)+, A.l 
On truncation functor to C(7r), A.l 
SG(/7T) generalised Schur algebra associated to 7r, A. 16 
T(A) indecomposable tilting module with highest weight A, E.4 
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additive group (G a ) , 20, 22, 58, 101, 105 
adjoint group, 158 
adjoint representation, 108, 130, 286 
affine scheme, 5, 14 
affine space (A), 5, 98 
affine variety, 4, 9, 125 
affine Weyl group, 231-240 
alcove, 232-240 
algebraic group, 19 
algebraic scheme, 9, 16 
ample 203, 270, 375 
antipode, 21, 112 
associated bundle, 80, 202 
associated faisceau, 68 
associated fibration, 78-81 
associated graded group, 132 
associated sheaf, 74-77, 79-83 

on flag varieties and Schubert schemes 
201-205, 366-368, 371-374, 376-383 

augmentation, 21 
augmentation ideal, 22 
automorphism, 19 

base change 
and cohomology, 29, 54, 57 
for distributions, 98 
for functors, 13, 68, 70 
and homomorphisms, 142-143 
and induction, 40, 54, 57 
and injective hulls, 144-145 
for modules, 26, 148 
for quotients, 71 
for Schubert schemes, 377 
for Schur algebras, 403 
for simple modules, 180, 194 
for tilting modules, 458, 474 
for Weyl modules, 272 

base map, 50, 90, 323 
big cell, 160 
block, 252, 311, 317 
Borel-Bott-Weil theorem, 221, 307 
Borel subgroup, 159 

Bott-Samelson scheme, 360 
Bruhat cell, 353, 356, 361 
Bruhat decomposition, 160, 355 
Bruhat order, 360 

canonical sheaf, 202, 483 
canonical splitting, 502-503 
central character, 246 
centraliser, 24, 32, 105, 107, 109 
central subgroup, 20 
centre, 25, 158 
character group, 22 
close, 247 
closed set of roots, 159, 353 
closed subfunctor, 7, 9, 14-16, 83 
closed subgroup, 20 
closure, 7, 15, 83, 232, 261 
coadjoint representation, 214 
coalgebra, 99 
cocommutative, 21, 113 
coefficient space, 394 
cohomology groups, 50-54 

for additive groups, 58-64 
for finite group schemes, 133-139 
for Probenius kernels, 343-345, 348, 350 
and Hochschild complex, 55-58 
for reductive groups and parabolic 

subgroups, 206, 208-209, 230, 411-413 
coinduced module, 119-123, 191-193, 

292-293 
coinverse, 21 
commutative group, 20 
comodule, 27, 114 
comorphism, 6 
compatibly split, 489 
composition factor, 34 
composition series, 34 
comultiplication, 21, 112 
conjugation map, 23 
conjugation representation, 26, 27, 214 
constant term, 96 
contravariant form, 281, 283, 401 
coroot, 156 
cotangent bundle, 245 
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counit, 21, 112 
covering group, 168, 181, 297, 462 
Coxeter number, 233 
Coxeter system, 234 
cup product, 58 

defined over a subring, 13 
dense, 94 
derived functors, 49 
derived group, 169, 180-181, 462 
desingularisation, 360 
determinantal variety, 364 
diagonal, 5, 24, 99 
diagonalisable group, 23, 30, 34, 51, 73, 89 
differential operator, 108 
direct image, 81-82, 366, 369-372, 375-377 
direct limit, 57, 321, 340, 391 
direct product, 5, 6, 20, 42, 462 
direct sum, 26 
distributions, 95-110, 113, 127, 129, 130, 

146, 162-163, 165-166, 170-171, 
191-192, 268-269 

divisor, 273 
dominant alcove, 236 
dominant weight, 178 
Donkin pair, 215 
dot action, 158, 218, 232 
dualising sheaf, 118, 203 
dual root, 156 

edge map, 88 
enveloping algebra, 102 
equivariant map, 26 
equivariant O x _ m o d u l e , 484 
Euler characteristic, 221 
exact subgroup, 52, 54, 78, 120 
extension groups, 50-52 

and blocks, 252, 254 
for (dual) Weyl modules, 209, 211, 246, 

261-262, 412, 415-416, 421 
and finite generation, 208, 413 
for Frobenius kernels, 298-299, 309-310, 

312, 345-348, 431-432 
and Frobenius morphisms, 322, 324 
and normal subgroups, 88-91 
and parabolic subgroups, 206, 229 
and polynomial functors, 408 
for simple modules, 182-184, 210, 221, 

244, 246, 263, 421, 428 
and Steinberg modules, 318 
and translation functors, 256 
and truncated categories, 393, 414 

exterior powers, 26, 184, 245, 287 

facet, 232-234 
factor group, 85, 87 
factor module, 28 
faisceau, 67 
fibre product, 5, 6, 10, 14, 20 

INDEX 

filtrations, 283, 303, 427, 475 
finite global dimension, 394 
finite group scheme, 72, 78, 111, 138, 252 
finite representation type, 123 
five term exact sequence, 50 
fixed point functor, 24, 29, 87 
fixed point, 29 
flat scheme, 16, 28, 74 
formal character, 31, 169 
fppf-algebra, 67, 79 
fppf-open covering, 66 
free action, 70 
Frobenius kernel, 128-132, 189-200 
Frobenius morphism, 125-127, 190, 372, 481 
Frobenius reciprocity, 39, 52 
Frobenius splitting, 485-504, 508, 512 
Frobenius twist, 132 
function field, 368 
fundamental weights, 158, 286 
fusion ring, 468 

general linear group (GL), 20, 22, 58, 172, 
184-185, 287, 362-364, 387, 398, 
400-402, 465, 470-471 

generic cohomology, 323 
generic decomposition behaviour, 308 
geometrically reductive, 315, 319 
good filtration, 210-215, 259, 320, 349-351, 

390, 392, 397, 415, 458, 461, 504, 508, 
512-513 

good primes, 214 
Grassmann scheme, 13, 72, 363 
Grothendieck group, 145, 179 
Grothendieck spectral sequence, 49 
group functor, 19 
groupoid, 66 
group homomorphism, 19, 164 
group scheme, 19 

head, 334 
height, 207 
highest weight, 177 
Hochschild complex, 55-58, 60-62, 88-89, 

133 
homomorphism of root data, 163 
Hopf algebra, 21,112 
hyperalgebra, 101 

ideal sheaf, 483 
idempotent, 44, 143, 400, 469 
image faisceau, 70 
indecomposable, 34, 44, 45, 144, 252 
induced modules, 38-42 

for Frobenius kernels, 191-195, 292-308, 
312 

for reductive groups 176-179, 185-187, 
198-200, 204-205, 209-215, 218-230, 
240-250, 258-264, 271-272, 275-280, 
334-337, 344, 347, 349-351 
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induction functor, 38 
and associated sheaves, 77, 203 
and derived functors, 50-54 
and finite algebraic groups, 120-122 
and injective modules, 43 
and normal subgroups, 91-93 

inductive limit, 29 
infinitesimal group, 111, 129 
infinitesimally flat, 98-99, 102, 106, 162 
inflation map, 90 
injective hulls, 45-46 

for Borel subgroups, 207 
for Frobenius kernels, 193, 295, 327-341 
and good filt rat ions, 212 
and projective covers, 117, 119 
and reduction modulo p, 144 
and Steinberg modules, 317, 321 
and translation functors, 260 
and truncated categories, 390 

injective modules, 43-45 
and exact subgroups, 54 
for Frobenius kernels, 325-326, 328 
and projective modules, 45-46, 117, 294 
and Steinberg modules, 316 

integrals, 115 
integral scheme, 99 
intersection, 4, 7, 10, 14, 20, 29 
invariant bilinear form, 281 
invariant measure, 115 
invariant theory, 320 
inverse image, 5, 7, 10, 14, 20, 80, 83 
inverse limit, 131, 208 
irreducible representaton. See simple 

module 
irreducible scheme, 107 
isogeny, 166 
isotypic component, 33 

Jordan-Holder series, 34 

Kazhdan-Lusztig polynomial, 288, 351, 
420, 431, 454, 464 

Kempf's vanishing theorem, 205 
/e-functor, 4 
Kostant's partition function, 322 
Koszul resolution, 349 

lattice, 143, 268 
length, 157 
Levi factor (L7) , 160, 181, 214, 230, 281, 

513 
Lie algebra, 101, 162 
Lie algebra cohomology, 135 
linkage principle, 242-244, 302, 305, 310 
local functor, 11, 15, 67 
locally finite module, 33, 104 
locally free scheme, 17 
locally trivial, 79, 162, 201 
Loewy length, 440-441, 444-448 

Loewy series, 34, 439-441 
Lusztig's conjecture, 288, 419-437, 524-525 
Lyndon-Hochschild-Serre spectral sequence, 

88 

maximal torus, 153 
measures, 113 
minuscule weights, 185, 286, 348 
modular function, 115, 130, 191 
module, 25, 103, 114, 170, 398, 405 
module homomorphism, 26, 27, 106 
morphism, 5, 16, 19 
multiplicative group ( G m ) , 20, 22, 101, 105 
multiplicity, 34 

nilpotent elements, 350 
noetherian scheme, 99 
normal scheme, 368, 376 
normal subgroup, 20, 85 
normaliser, 25, 109 
norm forms, 115 

open covering, 10, 15 
open subfunctor, 8, 10, 12, 74 
orbit faisceau, 72 

parabolic subgroup (P/ ) , 160, 201, 205, 270 
parity property, 420 
partition, 387, 401 
p-Lie algebra, 103, 113, 123, 129, 189 
polynomial functor, 405 
polynomial module, 388, 399 
positive system, 157 
p r -bounded module, 333, 341 
p—regular partition, 401 
product subgroup, 85 
projection formula, 369 
projective cover, 117-119, 193, 295, 328 
projectively normal, 382 
projective module, 46, 116, 120, 294, 316, 

462 
projective scheme, 77 
projective space (P) , 13, 71 

quantum group, 515-529 
quotient faisceau, 70 
quotient scheme, 65, 71, 73, 320 

radical, 34 
radical series, 440 
rank, 154 
rational module, 28 
reciprocity, 144 
reduced decomposition, 360 
reduced group, 19 
reduced irreducible components, 490 
reduced scheme, 9 
reductive group, 153 
reflection, 156, 232, 234 
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regular representation (pi, pr), 26, 27, 41, 
76, 114, 117-118, 213 

representation. See module 
restricted enveloping algebra, 103, 113 
restriction of scalars, 141 
restriction to subgroup, 37 
rigid, 449-453 
root datum, 163 
root homomorphism, 154 
root subgroup, 155 
root subspace, 154 
root system, 154 

saturated, 387 
scheme, 12, 14 
Schubert scheme, 356, 361, 496 
Schur algebra, 397, 399, 404 
section, 79 
semi-direct product, 25, 41, 43, 53 
semi-simple group, 158 
semi-simple module, 33, 211, 221, 426 
separate scheme, 25 
Serre duality, 121, 203 
Shapiro's lemma, 52 
sheaf, 74 
simple module, 33-34, 148 

for Frobenius kernels, 194-198, 295-300 
and injective modules, 45-46 
and projective covers, 118 
and reduction modulo p, 145 
for reductive groups, 177-181, 221, 228, 

261 
for Schur algebras, 400 
and translation functors, 260, 263-264, 

312 
simple point, 127 
simple reflection, 157 
simple root, 157 
simply connected, 158 
skew module, 404-405 
smooth, 107, 109, 146 
socle, 33, 44, 94, 197, 228 
socle series, 34, 439-441 
Specht module, 471 
special linear group (SL), 20, 173, 184, 

284-286, 464 
special orthogonal group, 187 
spectral sequence, 49, 51, 133, 347 
spectrum, 5 
stabiliser, 24, 32, 72, 105, 107, 109 
standard alcove, 233 

INDEX 

standard monomial theory, 383 
Steinberg module (St), 198, 315-323, 330, 

462-463, 493, 498-499 
Steinberg's tensor product theorem, 198 
subfunctor, 4 
subgroup, 20 
submodule, 28, 33, 106, 313 
symmetric group ( 5 n ) , 172, 387, 400-402, 

470-472 
symmetric powers, 26, 185-187 
symmetric set of roots, 159 
symplectic group, 186 

tangent map, 96 
tangent sheaf, 202 
tangent space, 96 
tensor identity, 40, 53, 77 
tensor powers ((g)n), 399, 402, 470-471 
tensor product, 26, 213, 462 
tilting module, 458-477, 527 
top alcove, 331 
torsion submodule, 142, 270 
transitivity of induction, 39, 52, 77 
translation functor, 255-264, 311-312, 331, 

458, 465, 477 
trigonalisable group, 34 
trivial module, 29 
truncated category, 385 
truncation functor, 386-387, 390-393, 

396-397, 509-512 
twisted representation, 35, 40, 94 

unimodular, 115, 130 
union, 7 
unipotent group, 34 
unipotent radical, 160 
unipotent set of roots, 159 
upper closure, 232 

wall, 234 
wall crossing functor (0 ) , 264, 420, 441 
weight space, 154, 169 
Weyl filtration, 212, 259, 398, 416, 458, 461 
Weyl group, 156 
Weyl module, 182-183, 224, 272, 280, 283, 

416 
Weyl's character formula, 223 

Yoneda's lemma, 5 

zero scheme, 495 
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