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Preface 

Billiards are mathematical models for many physical phenomena where one 
or more particles move in a container and collide with its walls and/or with each 
other. The dynamical properties of such models are determined by the shape of the 
walls of the container, and they may vary from completely regular (integrable) to 
fully chaotic. The most intriguing, though least elementary, are chaotic billiards. 
They include the classical models of hard balls studied by L. Boltzmann in the 
nineteenth century, the Lorentz gas introduced to describe electricity in 1905, as 
well as modern dispersing billiard tables due to Ya. Sinai. 

Mathematical theory of chaotic billiards was born in 1970 when Ya. Sinai pub
lished his seminal paper [Sin70], and now it is only 35 years old. But during these 
years it has grown and developed at a remarkable speed and has become a well-
established and flourishing area within the modern theory of dynamical systems 
and statistical mechanics. 

It is no surprise that many young mathematicians and scientists attempt to 
learn chaotic billiards in order to investigate some of these and related physical 
models. But such studies are often prohibitively difficult for many novices and 
outsiders, not only because the subject itself is intrinsically quite complex, but to 
a large extent because of the lack of comprehensive introductory texts. 

True, there are excellent books covering general mathematical billiards [Ta95, 
KT91, KS86, GZ90, CFS82], but these barely touch upon chaotic models. There 
are surveys devoted to chaotic billiards as well (see [DSOO, HBOO, CM03]) but 
those are expository; they only sketch selective arguments and rarely get down 
to 'nuts and bolts'. For readers who want to look 'under the hood' and become 
professional (and we speak of graduate students and young researchers here), there 
is not much choice left: either learn from their advisors or other experts by way of 
personal communication or read the original publications (most of them very long 
and technical articles translated from Russian). Then students quickly discover 
that some essential facts and techniques can be found only in the middle of long 
dense papers. Worse yet, some of these facts have never even been published - they 
exist as folklore. 

This book attempts to present the fundamentals of the mathematical theory 
of chaotic billiards in a systematic way. We cover all the basic facts, provide full 
proofs, intuitive explanations and plenty of illustrations. Our book can be used 
by students and self-learners. It starts with the most elementary examples and 
formal definitions and then takes the reader step by step into the depth of Sinai's 
theory of hyperbolicity and ergodicity of chaotic billiards, as well as more recent 
achievements related to their statistical properties (decay of correlations and limit 
theorems). 
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x PREFACE 

The reader should be warned that our book is designed for active learning. 
It contains plenty of exercises of various kinds: some constitute small steps in the 
proofs of major theorems, others present interesting examples and counterexamples, 
yet others are given for the reader's practice (some exercises are actually quite 
challenging). The reader is strongly encouraged to do exercises when reading the 
book, as this is the best way to grasp the main concepts and eventually master the 
techniques of billiard theory. 

The book is restricted to two-dimensional chaotic billiards, primarily dispersing 
tables by Sinai and circular-arc tables by Bunimovich (with some other planar 
chaotic billiards reviewed in the last chapter). We have several compelling reasons 
for such a confinement. First, Sinai's and Bunimovich's billiards are the oldest 
and best explored (for instance, statistical properties are established only for them 
and for no other billiard model). The current knowledge of other chaotic billiards 
is much less complete; the work on some of them (most notably, hard ball gases) 
is currently under way and should perhaps be the subject of future textbooks. 
Second, the two classes presented here constitute the core of the entire theory of 
chaotic billiards. All its apparatus is built upon the original works by Sinai and 
Bunimovich, but their fundamental works are hardly accessible to today's students 
or researchers, as there have been no attempts to update or republish their results 
since the middle 1970s (after Gallavotti's book [Ga74]). Our book makes such an 
attempt. We do not cover polygonal billiards, even though some of them are mildly 
chaotic (ergodic). For surveys of polygonal billiards see [Gut86, Gut96]. 

We assume that the reader is familiar with standard graduate courses in math
ematics: linear algebra, measure theory, topology, Riemannian geometry, complex 
analysis, probability theory. We also assume knowledge of ergodic theory. Although 
the latter is not a standard graduate course, it is absolutely necessary for reading 
this book. We do not attempt to cover it here, though, as there are many excellent 
texts around [Wa82, Man83, KH95, Pet83, CFS82, DSOO, BrS02, Dev89, 
Sin76] (see also our previous book, [CM03]). For the reader's convenience, we 
provide basic definitions and facts from ergodic theory, probability theory, and 
measure theory in the appendices. 

Acknowledgements. The authors are grateful to many colleagues who have 
read the manuscript and made numerous useful remarks, in particular P. Balint, 
D. Dolgopyat, C. Liverani, G. Del Magno, and H.-K. Zhang. It is a pleasure 
to acknowledge the warm hospitality of IMPA (Rio de Janeiro), where the final 
version of the book was prepared. We also thank the anonymous referees for helpful 
comments. Last but not least, the book was written at the suggestion of Sergei 
Gelfand and thanks to his constant encouragement. The first author was partially 
supported by NSF grant DMS-0354775 (USA). The second author was partially 
supported by a Proyecto PDT-Conicyt (Uruguay). 



Symbols and notation 

V billiard table 
r boundary of the billiard table 
r + union of dispersing components of the boundary T 
T_ union of focusing components of the boundary T 
TQ union of neutral (flat) components of the boundary T 
T regular par t of the boundary of billiard table 
r * Corner points on billiard table 
£ degree of smoothness of the boundary T = dV 
n normal vector to the boundary of billiard table 
T tangent vector to the boundary of billiard table 
JC (signed) curva ture of t he b o u n d a r y of bill iard tab le 
$* billiard flow 
Q t he phase space of t h e billiard flow 
Q p a r t of phase space where dynamics is defined a t all t imes 
7rg, 7TV project ions of ft t o t he posi t ion and velocity subspaces 
UJ angular coordinate in phase space ft 
77, £ Jacobi coordinates in phase space Q 
jUo invariant measure for the flow $* 
T collision map or billiard map 
M. collision space (phase space of the billiard map) 
M. par t of M where all iterations of T are defined 
M. part of M where all iterations of T are smooth 
r, y coordinates in the collision space M 
fi invariant measure for the collision map T 
So boundary of the collision space M. 
S±\ singularity set for the map !F±1 

S±n singularity set for the map T±n 

S±oo same as Un>i<S±n 
Qn(x) connected component of M. \ Sn containing x 
V (= dip/dr) slope of smooth curves in M 
r return time (intercollision time) 
f mean return time (mean free path) 
Xx Lyapunov exponent at the point x 
E%., E% stable and unstable tangent subspaces at the point x 
Cxi^x stable and unstable cones at the point x 
A (minimal) factor of expansion of unstable vectors 
B the curvature of wave fronts 

XI 



SYMBOLS AND NOTATION 

collision parameter 3.6 
homogeneity strips 5.3 
lines separating homogeneity strips 5.3 
minimal nonzero index of homogeneity strips 5.3 
new collision space (union of homogeneity strips) 5.4 
holonomy map 5.7 
involution map 2.14 
Lebesgue measure on lines and curves 5.9 
length of the curve W 4.5 
length of the curve W in the p-metric 4.5 
Jacobian of the restriction of Tn to the curve W at the point x G W 5.2 
distance from x G W to the nearest endpoint of the curve W 4.12 
distance from ^(x) to the nearest endpoint of the component 
of Tn(W) that contains Tn[x) 5.9 
distance from x G W to the nearest endpoint of W in the p-metric 4.13 
u-SRB density on unstable manifold W 5.2 
'same order of magnitude' 4.3 
ceiling function for suspension flows 2.9 



Afterword 

We have presented the theory of two-dimensional chaotic billiards. Our main 
goal was to cover the fundamentals of this theory, which mostly go back to the 
original work of Sinai and his school in the 1970s. We also included recent advances 
in this theory, such as sharp technical estimates on unstable manifolds (large parts 
of Chapters 4 and 5) and statistical properties (Chapter 7). In fact some new 
results were obtained by one of us (NC) during the preparation of the book (these 
include Proposition 4.29, estimates in Sections 4.12-4.14 and 5.5, Theorems 5.31 
and 7.41, and the ASIP of Section 7.9). 

Even though our treatment of Sinai's dispersing billiards was fairly exten
sive (and at places very deep), our book did not attempt to cover, or even sur
vey, the entire realm of chaotic billiards. We only went some distance analyz
ing Bunimovich's billiards in Chapter 8, admitting enormous technical difficulties 
and leaving many issues unresolved. We did include an overview of other planar 
chaotic billiards with focusing boundary components in Chapter 9, but we left 
most of the proofs out. The reader can find complete and clearly written proofs in 
[Wo86, Mar88, Don91, Bu92]. 

Our book did not even touch upon multidimensional chaotic billiards. For the 
studies of periodic Lorentz gases in space we refer the reader to [SC87] (the original 
proof of ergodicity, which is not entirely complete), [BCST02] (the modern, com
plete proof of ergodicity for scatterers with algebraic boundaries), and [BCST03] 
(a detailed technical analysis of unstable manifolds and singularities, similar to our 
Chapter 5). 

Interesting models of multidimensional chaotic billiards with focusing bound
ary components (spherical caps) were constructed by Bunimovich and Rehacek 
[BR97, BR98a, BR98b], who also discovered a related phenomenon of astigma
tism [BuOO]. 

But the biggest topic we left out was the gas of hard balls. The long and fas
cinating history of the study of hard ball gases goes back to L. Boltzmann, who 
in the nineteenth century (if put in modern terms) conjectured their ergodicity to 
justify the laws of statistical mechanics. In the 1940s N. Krylov pointed out appar
ent similarities between the dynamics of hard balls and that of geodesic flows on 
negatively curved manifolds, for which hyperbolicity had already been established. 
Sinai formalized the problem in the early 1960s, claiming that gases of N > 2 hard 
balls on a torus must be hyperbolic and ergodic. Sinai reduced the systems of hard 
balls to dispersing and semi-dispersing billiards (in the simplest case we did that 
in Section 4.2). 

Sinai himself [Sin70] proved ergodicity for TV = 2 and presented a detailed 
plan for solving the problem in its generality [Sin79]. The main component of his 
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plan, the local ergodic theorem, was obtained by Sinai and Chernov [SC87]. Fur
ther progress was mainly due to the Hungarian school (A. Kramli, N. Simanyi, and 
D. Szasz). We refer the reader to [KSS90, KSS91, KSS92, BLPS92, Sim99, 
Sim03, Sim04] as well as references therein. It appears that the complete solu
tion of this great problem (known today as Bolt zmann-Sinai ergodic hypothesis) is 
within reach. It might be the subject of a future book on chaotic billiards. 



APPENDIX A 

Measure theory 

Here we provide, for the reader's convenience, basic definitions and facts of 
measure theory that are used in our book. 

cr-algebras. Let X be a set. A cr-algebra 5 on X is a nonempty collection of subsets 
of X with two properties: (i) it is closed under countable unions; i.e. if Ai G # for 
all i > 1, then U^-^Ai G #; and (ii) it is closed under taking complements; i.e. if 
i G j , then Ac = X \ A G $. A pair (X, #) is called a measurable space; the sets 
A G $ are said to be measurable. 

It is immediate that any cr-algebra is closed under all countable combinations 
of elementary set-theoretic operations (unions, intersections, differences, symmetric 
differences, taking complements). Every cr-algebra contains X itself and the empty 
set 0. 

Clearly, for any family of a-algebras {3a} their intersection # = ^a-Sa is a 

cr-algebra. For any collection (£ of subsets of X we denote by F(<2) the minimal 
cr-algebra containing (£ (it is the intersection of all a-algebras containing <£). We 
say that F((E) is the cr-algebra generated by (£. 

If X is a topological space and (£ denotes the collection of all open subsets of 
X, then F(<£) is called the Borel cr-algebra on X. For example, the Borel cr-algebra 
on R is the minimal cr-algebra containing all open intervals. 

Measures . A measure JJL on (X, #) is a function / i : ^ — > R U { + o o } with three 
properties: (i) it is nonnegative, i.e. fJi(A) > 0 for all A G J ; (ii) the empty set has 
zero measure, i.e. /x(0) = 0; and (iii) /i is <r-additive (or countably additive); i.e. if 
{Al}^1 G d and A% n A3 = 0 for i ^ j , then / / ( u g ^ ) = J2Zi M(^i)-

Since in many cases a-algebras tend to be rather large, explicit definitions of 
fJi(A) for all A G $ is often an impossible task. Then one can define fJb(A) on a semi-
algebra (see below) and use an extension theorem stated in the next subsection. 

A semi-algebra is a nonempty collection <£ of subsets of X with two properties: 
(i) it is closed under intersections; i.e. if A, B G <£, then A D B G <£; and (ii) if 
A G <£, then Ac = U™^^, where each Ai G £ and A\,...,An are pair wise disjoint 
subsets of X. 

Extension theorem. Suppose (£ is a semi-algebra and a nonnegative function 
fi: ^ - > R U {+oc} has two properties: (i) X — U°^L1Bi for some Bi G £ such that 
/Ji(Bi) < oc; and (ii) \i is cr-additive; i.e. if {Ai}^2rl G <£ with Ai D Aj — 0 for i 7̂  j , 
and U ^ A i G (3, then ^(u^Ai) = X ^ l i M ^ ) - I*1 t n i s c a s e there is a unique 
measure on the cr-algebra F((£) that agrees with / / o n l 

For example, the collection (£ of all open, closed, and semi-open intervals in 
R is a semi-algebra. The length of the interval is a function on (£ satisfying the 
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properties (i) and (ii) above. Thus there is a unique measure m on the Borel a-
algebra on R that coincides with the usual length on intervals. It is called the 
Lebesgue measure; it can also be defined on a larger cr-algebra (see below). 

Lebesgue density points. Let A c R be a Borel measurable set and m(A) > 0. 
Then there is a measurable subset B C A with two properties: (i) m(A \ B) = 0 
and (ii) for every x G B 

m([x — £, x + e] fi A) 
lim — —̂7- -r-^ = 1. 
£-+o m(|x — e, x + e\) 

Every point x £ B is called a Lebesgue density point of A. The following simple 
fact is used a few times in our book. 

Let A C (a, b) be a measurable set. Suppose a sequence {Sn} of distinct real 
numbers has two properties: (i) Sn —> 0 and (ii) the set A is <5n-translationally 
invariant; i.e. for any x G A D (a + 5n, b — Sn) we have x — Sn G A and x + Sn G A. 
Then either /JL(A) = b — a or /x(̂ 4) = 0. Indeed, if 0 < /JL(A) < b — a, then we can 
pick a Lebesgue density point x G A and a Lebesgue density point y G (a,b)\A 
and translate a small neighborhood of x onto a small neighborhood of y, arriving 
at a contradiction. 

Probability measures on R. We say that fi is a finite measure on (X, #) if 
/ ipQ < oo and a probability measure if n(X) = 1. The restriction of m onto the 
unit interval [0,1] is a probability measure. More generally, any Borel probability 
measure / i o n R can be defined by 

n((a,b}) = F(b)-F(a), 
where F(x) is a function that has three properties: (i) it is nondecreasing, (ii) it is 
right-continuous, and (hi) lmx^oo F(x) = 1 and lmx^-oo F(x) = 0. We call F(x) 
the distribution function of ji. Note that F(x) is continuous on R, except possibly 
count ably many points. 

Every function F(x) with above properties (i), (ii), and (iii) is a distribution 
function of a probability measure on R. 

We will consider only probability measures. 

Lebesgue integral. Let (X, #) be a measurable space. A function g: X —• R is 
measurable if for any Borel set A C R we have g~1(A) G $. (It is actually enough 
that preimages of all open intervals (a, b) C R are measurable sets.) 

A measurable function g is simple if g{X) is a finite set; in that case let 
g(X) — { c i , . . . , c n } and A^ — g~Y{ck) for 1 < /c < n. Then we can write 
9(x) = H7=kck1Ak(x)^ w h e r e 

U(x) = { I if x G A 
0 if x £ A 

denotes the indicator of the set A. 
Let \i be a measure on (X,$) and g: X —> R a measurable function. The 

(Lebesgue) integral Jx g dfi is defined as follows. If g — 1 A for some i G 5 , then 
Jx lAdfi = fJb(A). If g(x) = X ÎL/c Ck^-Ak(x) is a simple function, then Jx gdji = 
J2k=i CkV(Ak). If g > 0, then 

/ gd\i — sup< / hdfi: h is simple and h < g 



A. MEASURE T H E O R Y 283 

We say that g > 0 is integrable if the supremum is finite. 
For an arbitrary function g, we decompose it as g = g+ — g~, where g+ = 

max{#,0} and g~ = max{—g,0}. Note that g+,g~ > 0 and \g\ = g+ +g~ • Now we 
define fxgdjjJ = Jx g+ dfi — Jx g~ dfx (provided both integrals exist). We say that 
g is integrable if Jx g dfi exists; the class of integrable (more precisely, /i-integrable) 
functions on X is denoted by L^(X). 

More generally, for any p > 0 we denote 

L£(X) = {/: ^|/|*d/*<oo}. 

This is a vector space with norm | |/ | |p = (fx \f\p dfi) P (actually, it becomes a 
norm if we identify functions that coincide on a set of full measure; see also below). 
In addition, the space L2(X) has an inner product defined by (f,g) = jxfgdfi. 
Note that if fi(X) < oo and p < q, then L* (X) C L£ (X). 

The set of all bounded functions on X, denoted by L°°(X), is also a vector 
space with norm ||/||oo = sllpx \f(x)\. 

For any A G $ we can define JAf dfi = Jx 1A/ dfi. 

Riemann-Stieltjes integral. Let fi be a probability measure on R and F(x) its 
distribution function; see above. Then for any //-integrable function g: R —> R 

/ g{x)d/i = / g(x)dF(x), 
JR J -oo 

where the second integral can be defined as follows: 

g(x) dF(x) = lim / g(x) dF(x) 
-oo ± T ° ^ J a 

a—> — oo 

and 

(A.l) / g(x) dF(x) = Hm ] T <?«) [F(Xi) - F f c - i ) ] 

where P = {a = XQ < . . . < xn — b} is a partition of the interval [a, 6], | |P|| — 
max \xi — Xi-i\, and x\ G [xi-i, Xj\ for all i = 1 , . . . , n. The integral (A.l) is called 
the Riemann-Stieltjes integral. 

Weak convergence. Let {fin} be a sequence of probability measures on R with 
distribution functions {Fn(x)}. We say that {fin} weakly converges to a probability 
measure fi on R (denoted by fin => fi) if for every bounded continuous function 
g: R -> R we have 

lim / gdfin = / #d/i. 
n ^°° JR JR 

Note: fin => fi if and only if for any interval [a, 6] such that /x({a}) = fi({b}) = 0 
we have /in([a, &]) —> //([a, 6]). In terms of distribution functions, this means that 
Fn(x) —> F(x) for every x G R where F(x) is continuous. 

Absolute continuity. Let fi and i/ be two measures on (X,$). We say that v is 
absolutely continuous with respect to //, denoted by v <C fi, if v(A) = 0 for every 
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set with fi(A) = 0. Radon-Nikodym theorem says that v <C fi if and only if there 
exists a nonnegative (density) function / : X —> R such that 

i/(A) = / fdfi VAe$. 
J A 

The function f(x) is called the Radon-Nikodym derivative, / = du/dfi. The mea
sures JJL and 1/ are said to be equivalent if \i <C v and v <C /i. 

If a probability measure / i o n R with distribution function F(x) is absolutely 
continuous with respect to the Lebesgue measure m, then its density is f(x) = F'(x) 
so that 

/x(a, b] = F(b) - F(a) = f f(x) dx. 
J a 

The measure \i is equivalent to m iff f(x) > 0 on a set of full m measure. 
Let (X, #,/z) and (Y,0,i/) be two measure spaces with probability measures. 

A transformation T: X —> Y is said to be measurable if for every B G 0 we have 
T - 1 ^ G £. The image 7> of the measure \i is defined by 7>(£ ) = ^(T^B) for 
5 G 0 or equivalently by 

/ gd(Tfi)= [ goTdfi 
JY JX 'Y JX 

for any bounded measurable function g: Y —» R. 
The transformation T is said to be absolutely continuous if v <C T/z. Then the 

density function / = dv/d(Tji) satisfies the 'change of variable formula' 

I gdv= f gfd(Tfi)= f (9oT)(foT)dn 
J i J i J X 

for any bounded measurable function g: Y —» R. Hence / o T is the Jacobian of 
the map T (with respect to the measures /x and i/). 

Two measures /i and i/ on (X, J ) a r e mutually singular (or orthogonal), denoted 
by \i _L i/, if there exists a set A G J such that n{Ac) = 0 and z'(.A) = 0. 

The Lebesgue decomposition theorem says that given two measures JJL and v on 
(X, #), there is a unique representation /i = /xa + /xs, where /ia <C ̂  and /xs _L ZA 

Product measures. Let (XL, #1? A*i) and (X2, 3^, M2) be two measure spaces. The 
cartesian product X\ x X2 is defined by 

Xi x X2 = {(xi ,x2) : xi G Xi, x2 G X 2 } . 

Let 3l x $2 be the a-algebra on X\ x X2 generated by subsets of the form A\ x A2, 
where Ai G #1 a n d ^2 £ #2- The product measure \i\ x /i2 is defined to be the 
unique measure on 3l x #2 satisfying 

/ii x /i2 {Ax x A2) = Mi(^i) ^2(^2) VAi G fo, A2 G fo. 

The measure space (Xi x X 2 , # i x #2 , / i i x /i2) is called the direct product of the 
spaces (Xij^ij / i i) and (X2,$2,Hz)- This construction easily generalizes to finite 
and countable products of measure spaces. 

Complete measures. Let (X, #, /i) be a space with a measure. A measurable set 
A C X is called a null set if JJL(A) = 0 and a set of full measure if n(Ac) — 0. The 
measure is said to be complete if every subset B C A of a null set A is measurable 
(and then automatically itself a null set). 

The Lebesgue measure m on the Borel <r-algebra of subsets in R is not complete. 
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It is a trivial matter to extend a measure \i on (X, #) to a complete one. Let 
OT = {N G # : fji(N) = 0}. Define a new cr-algebra by 

# = {AUE: A G#, E C N for some N G VI} 

and for every B = A U E as above set /i(B) = /JL(A). Then /i is a complete measure 
on(X,t). 

The extension of the Lebesgue measure m on R to a complete measure is also 
called the Lebesgue measure, and we still denote it by m. Its restriction onto the 
unit interval [0,1] is a complete probability measure. 

In the rest of Appendix A, we will consider only complete probability measures. 
A fundamental principle consists of disregarding null sets, i.e. working up to 

sets of zero measure (or modulo sets of zero measure). For example, we identify 
two functions / , g: X —> R if they differ only on a null set, recall our definition of 
the norm || • Up. 

For two measurable sets A, B G $ we put 

A = B (mod 0) <=> fj,(AAB) = 0; 

that is, A can be transformed into B by adding and/or removing some null sets. 
Clearly, A~B (mod 0) is an equivalence relation. Let DJl denote the set of classes 
of equal (mod 0) measurable sets. We can define on 9JI a metric p(A, B) = fi(AAB)1 
which makes it a complete metric space. 

Two measure spaces (Xi ,3i , / i i ) and (X2, #25/^2) are said to be isomorphic 
(mod 0) if for each i — 1, 2 there is a set Bi C Xi of full fii measure and a bijection 
<p: B\ —» B2 that preserves measurable sets and measures; i.e. for any A G $i we 
have (p(A fl B\) G #2 a n d Pi(A H B\) — fi2(<f(A D # i ) ) , and vice versa. The map 
if is called an isomorphism. 

Genera tors . Let (X, #, AO be a space with a complete probability measure. We 
say that a countable family 05 = {En}n

<L1 of measurable subsets is a generator of 
the space X if it has two properties: (i) the minimal cr-algebra F(2$) containing 03 
includes (mod 0) all measurable sets; i.e. for every i c j there is B C F(Q5) such 
that A C B and p(B \ A) = 0; and (ii) the sets {En} separate points of X; i.e. for 
any two distinct points x, y G X there exists En C 03 such that either x G En and 
y £ En or x £ En and y G En. 

For example, let X — [0,1) be a semiopen unit interval and \x the Lebesgue 
measure on it. Then the family of intervals [an, bn) C [0,1) with rational endpoints 
is a generator of X. 

The space X is said to be complete with respect to a generator 03 if every 
countable intersection nn>iFn, where each Fn is one of the two sets En and En, is 
not empty (note that by property (ii) of a generator this intersection consists of at 
most one point). 

In the above example, X = [0,1) is not complete with respect to the generator 
consisting of intervals with rational endpoints. But it is complete with respect to 
another generator {En}^=1 defined by 

E*= U [ ^ ' " F A 
2 = 0 

The space X is said to be complete (mod 0) with respect to a generator 03 if 
it can be included into a larger space X' D X with a complete probability measure 
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/ / which agrees with / i o n l and such that fif(X/ \X) — 0, and which is complete 
with respect to a generator *B' = {E'n} such that En = E'n D X for every n. If 
a space X is complete (mod 0) with respect to one generator, it is complete with 
respect to all generators. 

Lebesgue spaces. A space X with a complete probability measure fi is said to 
be a Lebesgue space if it is complete (mod 0) with respect to some (and hence all) 
generators. 

The unit interval X = [0,1] with the Lebesgue measure on it is a Lebesgue 
space. Generally, a Lebesgue space may contain finitely many or countably many 
atoms (points of positive measure). In fact, any Lebesgue space is isomorphic (mod 
0) to a union of finitely many or countably many atoms of total measure p G [0,1] 
and the interval [p, 1] with the Lebesgue measure on it. (If there are no atoms, then 
it is isomorphic to the unit interval [0,1].) 

The notion of a Lebesgue space is very useful. On the one hand, it is very broad 
and includes practically all measure spaces that arise in applications. In particular, 
any complete separable metric space with a probability measure defined on Borel 
sets (and properly extended to a complete measure; see above) is a Lebesgue space. 
A direct product of finitely many or countably many Lebesgue spaces is a Lebesgue 
space. 

On the other hand, Lebesgue spaces have important attributes that more gen
eral measure spaces lack. One of the most important features of Lebesgue spaces 
is the notion of measurable partition; see the next section. 

Measurable partitions. This is a rather special topic in measure theory, but it 
is essential for the proofs of ergodicity and mixing of chaotic billiards. We refer 
the reader to [Ro49, Ro67] for full coverage, as well as [CFS82, Appendix 1], 
[ME81, Chapter 1], and [Bou60, pp. 57-72] for surveys (the last one focuses on 
topological aspects of measurable partitions). 

Let (XIBI/JL) be a Lebesgue space. A partition £ of X is a collection {£a} of 
disjoint subsets of X such that Ua£a = X. We denote by £(#) the unique element 
of £ containing the point x G X. A subset A C X is called a £-set if it is a union of 
some elements of £. For any partition £ the collection of measurable £-sets makes 
a <j-algebra. 

There are two distinguished partitions that are, in a sense, maximal and mini
mal. The partition of X into single points is denoted by e. The (trivial) partition 
of X whose only element is X is denoted by v. 

A partition £ is said to be measurable if there exists a countable collection 
of measurable £-sets {Bn}^=1 such that for any two distinct elements Ci,C2 G £ 
there is a Bn for which C\ C Bn and C2 <£ Bn, or vice versa. (Note that C2 £ Bn 
actually implies C2 C 5 ^ , since Bn is a £-set.) We call {Bn} a generator of £. 

Every element C G £ of a measurable partition £ can be represented as C — 
nn>i-^n> where each Fn is one of the two sets Bn and B^ (conversely, every 
nonempty intersection fln>iFn is exactly one element of C). Hence C G #; i.e. 
every element of a measurable partition is a measurable set. But the converse is 
far from being true. 

Consider, for example, the Lebesgue measure /J, on X = [0,1) and fix an irra
tional number a. Let £ be a partition of X such that x, y G X lie in one element 
of £ (i.e. y G £(#)) iff x — y = m + an for some m,n G Z. Every element C G £ 
is a countable (hence measurable) set. There exist two sequences {ra^} and {n^} 
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such that 8k = rrik + ocuk —> 0 as h —* oo. Now every £-set B will be invariant 
under translations through each 6k] i.e. B = {x + Sk (mod 1), x E B} for every fc. 
Therefore IJL(B) = 0 or 1 (cf. our discussion of Lebesgue density points). Thus the 
partition £ cannot have a countable generator, so it is not measurable. 

Another example of a nonmeasurable partition (arising in the studies of dynam
ical systems) is the partition of a manifold M into global unstable submanifolds 
corresponding to a transitive Anosov diffeomorphism acting on M. 

A partition £ is measurable if and only if its elements are level sets of a mea
surable function / : X —• R. The partitions e and v are measurable. 

Factor (quotient) space. Let £ be a measurable partition of a Lebesgue space 
(X, #,//). The factor space (X^,^ , / /^) is defined as follows. Let X^ be the space 
whose points are elements of £ and denote by ip: X —> X^ the natural projection 
ip(x) = £(x). Let #£ be the cr-algebra of subsets A C X% such that (p~1(A) G #. 
Lastly, the factor measure /x$ is defined by /JL^(A) = fi((f~1A) for every A G i?^. 
The factor space (X^,^ , / i^) is itself a Lebesgue space. 

Conditional measures. Let £ be a measurable partition of a Lebesgue space 
(X, 5, /-0 • The most important property of measurable partitions is the existence 
of conditional measures on its elements. The following fact is sometimes referred 
to as disintegration of the measure fi. 

For //^-almost every element C G £ there exists a cr-algebra # c and a probability 
measure fie on (C,$c) with three properties: (i) (C,$c,V>c) is a Lebesgue space, 
(ii) for any E G j w e have B D C € ^ c for /^-almost every C G ( , and (iii) for any 
5 G ? w e have 

M ( B ) = / / i C ( B n C ) % . 

The measures {/zcs C € £} are called conditional measures induced by /i on C G £. 
We note that if /i(C) > 0 for some C G £, then the conditional measure can be 

defined in a standard way: ^c(B) = /x(C fl B)//i(C). 
The above integral formula is equivalent to a Fubini-type formula 

(A.2) / fdfj,= / ( / fdfic)d^ 
Jx Jxe \Jc J 

for any integrable function / on X. The inner integral /^ — J c f djic is known as 
the conditional expectation of the function / with respect to the partition £. 

K 

FIGURE A . l . A partition of K and a conditional density. 

Examples. Consider the partition £i of a unit square K = {(x,y): 0 < x,y < 1} 
into vertical lines Ac = {x = c}, c G [0,1], If /i is a smooth measure on K with 
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density p(x, y) with respect to the Lebesgue measure, then the conditional measure 
pc on Ac has (normalized) density pc{y) = p{c->y)l J0 p{.cill)dy^ and the factor 
measure has density p^(c) = JQ p(c,y)dy on the unit interval 0 < c < 1; now the 
integral formula (A.2) is simply Fubini's theorem 

/ f(x,y)p(x,y)dxdy= / ( / f(c,y)pc{y)dy\pi{c)dc. 
JK JO \JO J 

In particular, if p is the Lebesgue measure (p(x,y) 
measure (pc(y) — 1) for every c; see Fig. A.l. 

1), then pc is a uniform 

FIGURE A.2. Another partition of K and its conditional density. 

Consider another partition £2 of the unit square K = {(x,y): 0 < x,y < 1}, 
into lines y = ex coming out of the origin (see Fig. A.2), and let p be the Lebesgue 
measure on I . In this case the conditional measure on every line will have a 
triangular density that comes to zero at the origin; the reader is invited to verify 
this directly. 

Note that the vertical segment A$ = {x = 0} is an element of both partitions, 
but the corresponding conditional measures differ. This demonstrates that the 
conditional measure pc is n ° t determined by the set C C X alone; it depends on 
the partition £ that contains C as an element. 

Classes of partitions equal (mod 0). We say that two partitions are equal, 
£ = r\ (mod 0), if they coincide on a set of full measure; i.e. if there is a set of 
full measure D e l such that for every A G £ satisfying An D ^ 0. there exists 
B G f] such that ADD = B D D. Clearly this is an equivalence relation. If £ is a 
measurable partition and 77 = £ (mod 0), then 77 is also a measurable partition. In 
what follows, by a 'partition' we will mean a class of equal (mod 0) partitions. 

There is a natural one-to-one correspondence between measurable partitions 
and complete sub-a-algebras that are defined next. 

Complete sub-a-algebras. Let (X, 5, p) be a Lebesgue space. We have denoted 
by 9Jt the set of classes of equal (mod 0) measurable subsets of X. The set theoretic 
operations U, fl, \ , A, and taking complements naturally carry over from J to 9Jt. 
Then Wl will contain 0 (mod 0) and X (mod 0), i.e. the classes of sets equal (mod 0) 
to 0 and X. Also, DJl will be closed under taking complements and countable unions. 
Thus we can treat it as a a-algebra. 

Let a subset 9t C 9Jt contain the classes 0 (mod 0) and X (mod 0) and be 
closed under taking complements and countable unions. Then measurable subsets 
of X that belong to classes included in 9t make a a-algebra; call it 0 . Then the 
restriction of the measure p to 0 will be a complete probability measure. We call 
every such 0 a complete sub-a-algebra of $. 
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We have already noted that for every partition £ the collection of measurable 
£-sets is a cr-algebra; let us call it <So(0- Now for every measurable partition £ the 
collection of subsets of X defined by 

0 ( 0 - {A £ £ : A = B (mod 0) for some B £ « o ( 0 } 

is a complete sub-cr-algebra of #. 
This establishes a one-to-one correspondence between measurable partitions 

and complete sub-cr-algebras: if 0 ( 0 = 0(77), then £ = r\ (mod 0), and for every 
complete sub-cr-algebra 0 C J there exists a measurable partition £ such that 
0 ( 0 = 0 . 

The minimal complete sub-cr-algebra consisting of sets equal to 0 (mod 0) and 
X (mod 0) corresponds only to the trivial partition v. The maximal sub-cr-algebra 
0 = # corresponds to the partition e into individual points. 

Relations and operations on partitions. Let (X, #, fi) be a Lebesgue space 
and denote by £, rj, etc., measurable partitions. We say that £ is finer than rj (or 
rj is coarser than £), denoted by £ £= 77 (mod 0), if there is a set of full measure 
D e l such that 

VAe£3B £r]: ADD CBHD. 

We have £ ^ 77 (mod 0) if and only if (8(f) D 0(r/). 
For any family of measurable partitions {£a} we define their join Va£a as a 

measurable partition £ with two properties: (i) £& ^ £ for every a; and (ii) if £' is 
another measurable partition such that £a ^ £' for every a, then £ ^ £'. In other 
words, £ is the minimal partition which is finer than every £a . 

For any family of complete sub-cr-algebras 0 a define their join V a 0 a as the 
intersection of all complete sub-cr-algebras each of which contains all 0 a ' s . Then 
we have 0(V a £ a ) = V a 0(£ a ) . 

For a finite or countable family {£n}, the join £ = Vn£n is a partition whose 
elements are (nonempty) intersections HnCn , where Cn £ £n for all n. 

For any family of measurable partitions {£a} w e define their meet Aa£a as a 
measurable partition £ with two properties: (i) £a £= £ for every a; and (ii) if £' 
is another measurable partition such that £a ^ £' for every a, then £)£=£'. In 
other words, £ is the maximal partition which is coarser than every £a. We have 
0(A a £ a ) = H a 0(£ a ) . 

Given a finite or countable family of measurable partitions {£m}, one may 
attempt to construct their meet Am£m as follows. For any x, y £ X we put x ~ y 
if there is a finite sequence Ai,... ,An £ Um£m such that x £ Ai, y £ An, and 
T4̂  n Ai+i 7̂  0 for all 1 < i < n — 1 (of course, for each i the sets A{ and Ai+i must 
be elements of different partitions here). Then ~ will be an equivalence relation on 
X and its classes form a partition of X; we call it Am£m . 

The partition Am£m corresponds, "logically", to the meet Am£m, and in many 
cases Am£m = Am£m (mod 0). But in some cases Am£m may be quite different 
from Am£m (in fact, Am£m may not even be measurable), so it is not safe to use it 
in lieu of Am£m . 

For example, let X = [0,1] and \i be the Lebesgue measure on X. Let £1 = 
{[0, 0.5], (0.5,1]} and £2 be the partition whose elements are the two-point set {0,1} 
and all one-point subsets of X\{0 ,1} . We invite the reader to verify that £1 A^2 = £1 
(mod 0) but ^ x^2 — v, the trivial partition. This problem can be fixed as follows. 
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Let D C X be a full measure set. If we restrict the a-algebra # and the measure 
/ i t o D , then D will be a Lebesgue space. If we restrict £m to D (replacing every 
element C G £m with C f) D), then we get a measurable partition, £m,£>> of D. 
We claim that D can be chosen so that Am£m,£> ^= /\m€m,D] i-e- every element 
C G Am£m?Jo is a (Am£m5£>)-set. And of course, if Am£m5£> is measurable, then 
Xm£rn,D = A m £ m , D ( m o d 0 ) . 

Indeed, let {Bn}<^=1 be a countable generator of the meet Am£m . Then Bn G 
0(£m) for every n and m. Hence Bn is a £m-set (mod 0); i.e. there exists a £m~ 
set i ? ^ m = £ n (mod 0). Since N — U m , n ( 5 n A ^ m ) is a null set, we can define 
D — X\N. Obviously, BnP\D will be a £m,D-set for every n and TO, which proves 
our claim. 

The above fact plays an important role in Section 6.10. 



APPENDIX B 

Probability theory 

Here we provide definitions and facts of probability theory used in the book 
(mostly in Chapter 7). We use the notions of measure theory introduced in Appen
dix A. 

Random variables. A probability space (fl, #, P) is a set ft with a <r-algebra # of 
its subsets and a probability measure P on #. Points uo G Q are called elementary 
outcomes, and measurable sets A E $ are called events. 

A random variable is a measurable function X: Vt —> R. Every random variable 
X induces a probability measure nx on R defined by fix (A) = P{X~x (A)} for every 
Borel set A c R. The distribution function of that measure (see Appendix A) is 
called the distribution function F(x) of X and is denoted by Fx{x). It can be 
defined by 

F(x) = / i * ( - o o , x) =P{A'" 1 ( -oo ,x]} 
or slightly less formally by F(x) = ¥(X < x). 

If the measure fix is absolutely continuous with respect to the Lebesgue mea
sure m on R, then it has a density f(x) > 0 that satisfies 

F(b)-F(a)= I f(x)dx 
J a 

for all a < b. In this case the random variable X is said to be absolutely continuous. 
We say that an event i e f occurs almost surely if ¥(A) — 1. For example, 

two random variables X and y are equal almost surely if F(X = y) = 1. 

Mean value, variance, covariance. The mean value (or expectation) of a ran
dom variable X G L^(Q) is 

E(X) = [ XdP. 

It can also be computed as 

E(X) = / xdfjLX = / xdFx{x). 
JR J — oo 

The variance of a random variable X G I/jp(fi) is defined by 

Vzr(X) =E[X -E(X)]2 =E[X2] - [E(X)]\ 

and the standard deviation is ax = y/Vsi(X). We have Var(A') > 0, and Var(A') = 
0 if and only if the random variable X is almost surely constant; i.e. ¥(X = c) = 1 
for some c G R. 

More generally, for any m > 1 and X G L™(Q) the rath moment of X is defined 
to be E(Xrn). 

291 
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If X is a random variable with a finite variance Var(A') < oo, then its linear 
transformation 

y=X-E(X) 
<?x 

has zero mean, E(y) = 0, and unit variance, Var(J^) = 1. We call y the normal
ization of X. 

Chebyshev's inequality says that for any random variable with a finite variance, 
Var(A') < oo, and any t > 0 

F{\X - E(X)\ >t} <t-2\sx(X). 

Given two random variables X and y, their covariance is 

Cov(AT, y) =E[(X- E(X))(y - E(y))] 
= E(xy)-E(x)E(y), 

and the correlation coefficient is 
Cov(x,y) 

Pxy = • 
Cx cry 

It follows from the Schwarz inequality that — 1 < px,y < 1- Note that Cov(A', X) = 
Var(A'). 

Random vectors. A random vector is a finite sequence {Xi,..., Xn} of random 
variables defined on the same probability space (fi,#,P); one can consider it as a 
measurable map ft —• Rn . The joint distribution function of such random variables 
is 

F(xi,...,xn) =P (Ai < x i , . . . , ^ n <xn) 
(more formally, it is the probability of the event nfIzllA'i~1(—oo,x;]). A random 
vector {Xi,..., Xn} is said to be absolutely continuous if there is a (joint) density 
function / ( # i , . . . , xn) > 0 such that 

• / f(si,...,sn)dsi->dsn. 
-oo J —oo 

Then for every Borel subset B C Rn we have 

P { ( # ! , . . . , A ? n ) eB} = / . . . / f(x1,...,Xn)dx1 • • • d X n , 

B 

where m n denotes the Lebesgue measure on W1. 
The mean value of a random vector1 X = (A i , . . . , Xn)T is an n-vector 

E(X) = (E(A'1), . . . ,E(A'n))T . 

The covariance matrix of a random vector X = (Ai , . . . , Xn)T is 

V = E[(X - E(X))(X - E(X))T] 

= E(XX T ) - E ( X ) E ( X ) T . 

Note that its entries are Vij = Cov(A^, Xi). This matrix is symmetric and positive 
semidefinite; its diagonal entries are vu = Var(A^). 

•̂We denote vectors by boldface characters and always treat them as column vectors. 
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Gaussian (normal) random variables. A random variable X is said to be 
normal (or Gaussian), denoted by N(n,cr2) if it is absolutely continuous and its 
density is 

f( \ l - ( X ~ M ) 2 

/27TCT 

Here fi G R and a2 > 0 are parameters; in fact // = K(X) and cr2 = Var(Af). A 
standard normal random variable is A/"(0,1), it has zero mean and unit variance. 
Note that if X is A/"(/i, cr2), then its normalization y = (cX — /JL)/(T is A/"(0,1). 

A random vector X = (Xi,..., Xn)T is said to be normal (or Gaussian) if it is 
absolutely continuous and its density is 

'(Xl"'"Xn) Vdet(27rV) 

where /x G Mn is a vector and V is an n x n symmetric positive definite matrix; 
we use the notation x = ( # i , . . . , xn)T. In fact, \i — E(X) and V is the covariance 
matrix of X. A standard normal random vector is AT(0,1); it has zero mean /x = 0 
and unit covariance matrix V = / . 

Independence. Two events i , 5 c i ] are said to be independent if F(A C\ B) = 
P(A) F(B). Several events A i , . . . , An are said to be independent if for every se
quence JBI, . . . , Bni where each Bi is one of two events Ai and A%, we have 

p ( s 1 n - - n B n ) = F ( 5 1 ) . - p ( 5 n ) . 

Random variables X\,..., Xn are said to be independent if for any Borel sets 
Ai, . . . , 4 n c R the events A'1~1(Ai),..., X~1(An) are independent. 

If random variables X\,..., Xn are independent, then their pairwise covariances 
(and correlation coefficients) vanish, so that the covariance matrix V is diagonal. 
For normal vectors, the converse is true: if the covariance matrix of a normal vector 
X = (Xi,..., Xn)T is diagonal, then its components X\,...,Xn are independent. 
Generally, random variables X\,..., Xn are said to be uncorrelated if Cov(A^, Xj) = 
0 for i ^ j , but they are not necessarily independent. 

Random variables X\,...,Xn are independent if and only if their joint distri
bution function is factorized as 

(B.l) **i,...,*n(*i> • • •, *n) = FXl (xi) • • • F* n (x n ) . 

If random variables Xi,..., Xn are independent and have finite mean values, then 

E(X1---Xn) = E(X1)---E(Xn). 

In addition, if they have finite variances, then 

Vaj(#i + • • • + Xn) = V a r ( ^ ) + • • • + Var(^n) . 

Let {Xn} be an infinite sequence of random variables. We say that they are 
independent if independence holds for any finite subcollection {Xni,..., Xnk}. We 
say that random variables {Xn} have identical distribution (or are identically dis
tributed) if they have a common distribution function F(x) = Fxn{x). Of course, 
in this case they have a common mean value and a common variance. 

Borel-Cantelli lemma. Let {An} be a sequence of events. Then 

A^ = limsup An := n £ = 1 U£°=m An 
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is an event consisting of points w G O that belong to infinitely many An 's . One 
says that the event A^ occurs if and only if infinitely many An's occur. The 
Borel-Cantelli lemma consists of two parts. The first (easy) part says that 

oo 

(B.2) ^ P ( A n ) < o o = > P ( A » ) = 0 . 

The second (more difficult) part of the Borel-Cantelli lemma says that if An's are 
independent, then the converse of (B.2) is also true. 

Convergence. There are three basic ways in which a sequence of random variables 
{Xn} may converge to another random variable X. 

We say that {Xn} converges to X almost surely (denoted by Xn —> X a.s.) if 
there is an event D C Vt such that F(D) = 1 and Xn{uj) —> X(UJ) for all u G D. 

We say that Xn —» X in probability if for every e > 0 

lim ¥(\Xn -X\>e)=0. 
n—»oo 

We say {Xn} converges to X in distribution (or in law), denoted by Xn => X, 
if the measures \ixn on R weakly converge to the measure fix- Equivalently, the 
distribution functions Fxn(x) converge to the distribution function Fx(x) at every 
point x E R where Fx(x) is continuous. In this case we say that {Fxn} converges 
to Fx weakly and write Fxn =£• Fx-

Almost sure convergence implies convergence in probability. In turn, conver
gence in probability implies convergence in distribution. If the limit random vari
able X is almost surely constant, then convergence in probability is equivalent to 
convergence in distribution. 

Laws of large numbers. Given a sequence of random variables {Xn} consider its 
partial sums 

Sn — X\ + • • • + Xn. 
We say that {Xn} satisfies the Law of Large Numbers (LLN) if the sequence {Sn/n} 
converges to a constant (i.e., to a constant random variable) in probability (which 
is, in this case, equivalent to convergence in distribution). 

We say that {Xn} satisfies the Strong Law of Large Numbers (SLLN) if the 
sequence {Sn/n} converges to a constant almost surely. Of course, the SLLN implies 
the LLN. 

If {Xn} are independent identically distributed (for brevity, i.i.d.) random 
variables with a finite mean value, E\Xn\ < oo, then they satisfy the SLLN. More 
precisely, Sn/n —> \x a.s., where \i = K(Xn) is the common mean value of the X^s. 

Central Limit Theorem. We say that a sequence of random variables {Xn} 
satisfies the Central Limit Theorem (CLT) if its normalized partial sums (5 n — 
K(Sn))/asn converge in distribution to the standard normal random variable JV(0, 1) 
(we also say that they converge to the standard normal law). That is, for every 

l i m P / ^ - ^ ) < z \ = i r e-4„ 
n-+oo [ aSn J y/27T J-oo 

If the CLT holds and Var(5'n) = cr2n + 0(n) for some a2 > 0 (which is usually the 
case), then the sequence (Sn — E(Sn))/y/n converges in distribution to a normal 
law7V(0,cr2). 
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Let {Xn} be a sequence of i.i.d. random variables that have a finite mean value 
\i = E(Xn) and a finite variance a2 = Va,r(Xn). Then it satisfies the CLT. In this 
case, due to independence, Var(Sn) = cr2n. 

More generally, let {Xn} be a sequence of independent random variables that 
have finite mean values fin = E(Xn) and finite variances a^ = Var(Afn). Assume 
that 

D2
n: = Var(5n) = a* + ... + *l > oo. 

n—>-oo 

Then {Xn} satisfies the CLT under the so called Lindeberg condition: for every 
e>0 

( B - 3 ) Ĵ So wlt^X* ~ Vn)2 ' M\Xk-^\>eDn}) = 0, 

where 1 A denotes the indicator of the event A. The Lindeberg condition is re
markable as it is not only sufficient, but 'almost' necessary. Precisely, if we assume 
only that cr^/D^ —• 0 (i.e. the variance u\ does not grow too abruptly), then the 
Lindeberg condition (B.3) is actually necessary for the CLT. 

The CLT can be extended to random vectors. Let {X n} be a sequence of 
i.i.d. random vectors that have a finite mean /x and a finite covariance matrix V. 
Consider the partial sums 

S n = Xi + • • • + X n . 
Then the random vectors (Sn — n/x)/y /n converge in distribution to the normal 
vector (or to the normal law) with zero mean and covariance matrix V, i.e. to 
AT(0,V). 

Character is t ic functions. A complex random variable is a measurable function 
Z: (7 —• C; one can write Z = X + i^, where i = v7—T, and X and y are the real 
and imaginary parts of Z. The mean value of Z is defined by E(Z) = E(X)+iE(y). 

A characteristic function of a real random variable X is a complex valued 
function of a real argument t G R defined by 

<px(t)=E[eitx] =E[cos(tX)] +iE[sm(tX)]. 

This is actually the Fourier transform of the measure / i^ ; it is also the Fourier-
Stieltjes transform of the distribution function Fx(x): 

/

oo 
eUxdFx(x) 

-oo 

/

oo /«oo 

cos(tx)dFx(x) + i / sm(tx)dFx(x). 
-oo J — oo 

It is defined for any X and all t e l . In fact, <px(0) = 1 and |<£#(£) | < 1 for all 
t G l . The function <px(t) is uniformly continuous in t and positive semidefinite; 
i.e. 

n 
Y^ ¥*& -tj)ziZj > 0 

for any n > 2 complex numbers z i , . . . , zn and real numbers ti,...,tn. 
Moreover, any positive semidefinite function ip(t) continuous at t = 0 and 

satisfying ip(0) = 1 is a characteristic function of a random variable (Bochner's 
theorem). 
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For any n > 0 we have (p^(0) = inE(A'n), provided X G LJJ(fi). If random 
variables X\,..., Xn are independent, then eltXl,..., e1*^71 are also independent; 
hence 

(B.5) <pXl+...+Xn(t) = <pXl(t) • --<pXn(t). 

Conversely, if (B.5) holds for all t G R, then the random variables X\,...,Xn are 
independent. 

A characteristic function of a real random vector X = (Ai , . . . , Xn)T is a com
plex function of n real arguments t\,..., tn defined by 

^ x ( t ) =E[e i< t 'x>] =E[cos((t ,X))] +iE[sin(( t ,X))] 

where t = ( t i , . . . , tn)T and (•, •) denotes the scalar product of two n-vectors. 
The characteristic function of a normal random variable X = A/"(/i, a2) with 

mean \i and variance a2 is 
<px(t) = e ^ - ^ * 2 / 2 . 

The characteristic function of a normal random vector X = JV( / / , V) with mean fi 
and covariance matrix V is 

^ x ( t ) = e i ( t ,M>-tTVt/2_ 

Continuity theorem. Knowing the distribution function Fx(x) of a random 
variable X, one can compute its characteristic function by (B.4). There is an 
inverse formula that gives Fx(x) in terms of ipx(t): 

1 fT e~~'ltb — e~'lta 

FX (b) - Fx (a) = lim — / px (t) dt, 
T—>-oo Z7T J_T —It 

which holds for every two points a < b where Fx is continuous. This uniquely 
determines Fx as its continuity points are dense in R. 

Thus, there is a natural one-to-one correspondence between distribution func
tions F(x) and characteristic functions <p(t) of random variables, so that Fx(x) 
corresponds to <px{t). It is very important that this correspondence is continuous 
in the following sense. 

Let F and {Fn}^=1 be distribution functions and <p and {(pn}^=i the corre
sponding characteristic functions. Then Fn ^> F if and only if the <pn(t) -^ ip(t) 
pointwise (Levy continuity theorem). 

The 4if' part of the continuity theorem can be slightly extended. Namely, if 
Wn(t)} is a sequence of characteristic functions that converges (pointwise) to a 
function (p(t) which is continuous at t = 0, then ip(t) is a characteristic function of 
a random variable. 

Stationary sequences. Let {A"n}, n £ Z, be a sequence of i.i.d. random variables. 
Then any finite subsequence {Xni,..., XUrn} has joint distribution function 

FXni ,...,*nm (xu . . . , Xm) = F(Xl) • • • F (x m ) , 

which is independent of the choice of the indices n i , . . . , n m . In particular, it is 
invariant under translations ( n i , . . . , nm) H^ [m + n , . . . , n m + n) for any n G Z. 

More generally, a sequence of random variables {Afn}, n G Z, is said to be 
stationary,2 in the strong sense, if the distribution of its finite subsequences is 

2We also say that {Xn} makes a stationary random process. 
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translationally invariant; i.e. 

FXni ,...,xnm (xu...,xm) = FXni+n,...,xnrn+ri (a?i,..., xm) 
for any m > 1, any n, n i , . . . , n m G Z and any xi,..., x m G R. Obviously, in 
this case AVs a r e identically distributed. If Xn G Lp(fi), then they have the same 
mean value E(Afn) = /i. If Xn G Lp(fi), then they have the same mean variance 
Var(Afn) = a2 and the covariance 

(B.6) Cov(Xn,Xrn)=:C{rn_nl 

depends only on \m — n\. A sequence of random variables {A'n}, n G Z, is said to 
be stationary in the weak sense if the random variables have the same mean value, 
the same variance, and (B.6) holds (but the finite dimensional distributions are not 
necessarily translationally invariant). 

Stationary sequences of random variables naturally arise in the study of dy
namical systems (Chapter 7). 



APPENDIX C 

Ergodic theory 

Here we provide basic definitions and facts of ergodic theory (which studies 
measure-preserving transformations). We use the notions of measure theory (Ap
pendix A) and probability theory (Appendix B). 

Measurable transformations. Let (X, #) be a measurable space. A transfor
mation T: X —> X is said to be measurable if T~1(B) G # for every B G #. A 
transformation T: X —» X is called an automorphism if it is a bijection and both 
T and T - 1 are measurable. Positive iterations {T n}, n > 0, of a measurable trans
formation T make a semigroup; all iterations {T n}, n G Z, of an automorphism T 
make a group. For any point x G X the sequence {Tn:r} is called the trajectory 
(or orbit) of x. Measurable transformations with continuous time (flows) will be 
described at the end of this appendix. 

Let A4(X) denote the set of all probability measures on (X, #). It is a convex 
set, as for any /x, v G M(X) and 0 < p < 1 we have p/x + (1 — p)v G A1(X). A 
measurable transformation T: X —• X induces a map T: M(X) —> JA(X) defined 
by (T/x)(£) = /x(T - 1£) for every /x G A4(X) and Bed- (This map is sometimes 
denoted by T*, but we prefer T for brevity.) 

Invariant measures. Given a measurable transformation T: X —• X, a measure 
/x G .M(X) is said to be T-invariant if T\i — \i (we say that T preserves the measure 
/i). If T is an automorphism, then Tfi = n is equivalent to T~lji = /x, so that T 
and T _ 1 preserve the same measures. Denote by MT{X) the set of all T-invariant 
probability measures on X. It is a convex subset of AA(X). 

A measure /x G A4(X) is T-invariant if and only if for any measurable function 
/ : X ^R we have 

/ foTdfl= [ fdfJL 
Jx Jx 

(in the sense that if one integral exists, then so does the other and they are equal). 
More generally, for any /x G M(X) its image /xi = T/x is characterized by 

f foTdn= [ fd^. 
Jx Jx 

A measurable transformation T: X —> X induces a linear map UT on the space of 
measurable functions / : X —> R defined by 

(t/T/)(:r) = ( / o T ) ( z ) = / (T(*)) . 

For any T-invariant measure /x and p > 0 the map UT : £ ^ P 0 —• T^(X) preserves 
norm || • ||p; it also preserves the inner product in L^(X). If T is an automorphism, 
then UT is a bijection; hence it is a unitary operator on L^(X). 

299 
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In what follows we mostly deal with a measurable transformation (usually, an 
automorphism) T: X —> X preserving a measure /i G AiT(X). We refer to a 
quadruple (X, #, T, /i) as a measure-preserving transformation. 

Poincare recurrence theorem. Let T: X —> X preserve a measure /i G A I T P O 
and /JL(A) > 0 for some measurable set A C X. Then for /i-almost every point 
x G A we have 

T77,7' (#) G A for some sequence ni < r&2 < • • • . 

Under the conditions of the above theorem, the map 

TA(x) = TnA^x\x), nA(x) = min{n > 1: Tn(x) G A} 

is defined a.e. on A; it is called the Poincare return map. It preserves the conditional 
measure 11 A on A defined by HA{B) = fi(A n B)/JJL(A). 

Invariant sets and functions. We say that a measurable set B C X is T-invariant 
if T~1{B) = B. Note that this happens if T(B) C B and T(BC) C Bc. 

Suppose T preserves a measure fi. Then a measurable set B is said to be T-
invariant (mod 0) if B = T~XB (mod 0). If I? is T-invariant (mod 0), then there 
exist a T-invariant set B such that B — B (mod 0). 

A function / : X —> R is T-invariant if C/r/ = /> i.e. / = / o T. In this case 
/ is constant on every trajectory of the map T. If T preserves a measure /x, then 
we say that a function / : X —> R is T-invariant (mod 0) if / (#) = f(Tx) for /z-a.e. 
point x G X. In that case there exists a T-invariant function / such that f = f 
(mod 0). 

Ergodic measures. A T-invariant measure \i G MT(X) is said to be ergodic if 
for any T-invariant set B C X we have fJi{B) = 0 or /JL(B) = 1. Equivalently, for 
any T-invariant (mod 0) set B C X we have fi(B) = 0 or ji(B) = 1. 

A T-invariant measure \i is ergodic if and only if any T-invariant function 
/ : X —> R is a.e. constant; i.e. \i{x\ f(x) = c) = 1 for some c G R. Equivalently, 
fj, is ergodic iff any T-invariant (mod 0) function / : X —> R is a.e. constant; i.e. 
/i(x: / (#) = c) = 1 for some c G R. 

We also say that T is ergodic if it is clear from the context which invariant 
measure \i is associated with T. 

A T-invariant measure JJL G MT{X) is ergodic iff it is an extremal point in the 
convex set A4T(X). Any two distinct ergodic measures /ii, /12 are mutually singular 
(orthogonal). 

If a measurable transformation T: X —> X has a unique invariant measure /z, 
it will be automatically ergodic. Then T is said to be uniquely ergodic. 

Ergodic decomposition. Assume that (X, #, /i) is a Lebesgue space, so that the 
notion of measurable partitions will apply. If T: X —> X preserves the measure 
/i, then the collection of T-invariant (mod 0) subsets A C X forms a complete 
sub-a-algebra 0 C J . It corresponds to a unique (mod 0) measurable partition £ 
of X. Denote by /xcs C G £, the conditional measures on the elements of C. 

In this case almost every element C G £ is T-invariant (mod 0), i.e. \icip H 
T~XC) — 1. Hence the restriction of T onto C is defined /ic-a.e. on C; we call it 
Tc. The map Tc: C -+ C preserves the measure /ic and is ergodic for a.e. C G £. 
The elements C G £ with conditional measures /x^ are called ergodic components 
of the map T. 
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Isomorphisms. Two measure-preserving transformations (Xi ,5 i ,T i , /ii) and 
(X2, ^2, ̂ 2,1^2) a r e s a id to be isomorphic if for each i — 1, 2 there is a T^-invariant 
set JBi C Xi of full /if measure and a bijection (p: B\ —> B2 such that (i) p preserves 
measurable sets and measures, and (ii) (p preserves dynamics; i.e. (p o T\ — T2 o (p 
on B\. The map p> is called an isomorphism. 

Many properties of measure-preserving transformations are invariant under iso
morphisms. For example, \i\ is ergodic iff \i2 is also. 

Ergodic sums and averages. Let (X, #, T, /i) be a measure-preserving transfor
mation and / : X —> X a measurable function. Then for every x G X the sequence 
{f(Tnx)} of values of / on the trajectory of x plays an important role. We think of 
/ as an observable quantity and of f(Tnx) as its value at time n; hence {f(Tnx)} 
can regarded as a time series. Its partial sums 

Sn(x) = f{x) + f(Tx) + ••• + f{Tn~lx) 

are sometimes called ergodic sums, and the limit 

(C.l) / + ( * ) = lim -Sn(x) 
n—>+oo n 

(if it exists) is called the forward time average (or ergodic average) of the function 
/ along the orbit of x. If T is an automorphism, one can define the backward time 
average by 

(C.2) / - ( * ) = lim -S-n(x) 
n—+ + 00 77, 

where S-n(x) = f(x) + / ( T ^ x ) + • • • + f(T~n+1x). 

Birkhoff Ergodic Theorem. Let (X, J , T, //) be a measure-preserving transfor
mation and / G L^(X). Then 
(a) for almost every point x E l the limit /+(#) defined by (C.l) exists; 
(b) the function /+(#) is T-invariant; more precisely, if /+(x) exists, then f+{Tnx) 
exists for all n and f+(Tnx) = /+(#); 
(c) / + is integrable and J x / + dfi = fx f dfi; 
(d) if // is ergodic, then /+(x) is a.e. constant and its value is Jx f d/i. 

If T : X —> X is an automorphism, then for almost every point x G X the limit 
/_(#) defined by (C.2) exists as well. Moreover, the limits (C.l) and (C.2) coincide 
a.e.: /+ = /_ (mod 0). 

The integral Jx f d/i is regarded as the space average of the function / . Part 
(d) of the ergodic theorem asserts that if \i is ergodic, then the time averages are 
equal to the space averages. 

Another version of the ergodic theorem (called the Lp von Neumann ergodic 
theorem) asserts that for every p > 1 and / G L^(X) we have \\Sn/n — /+ | | p —> 0 
as n —> 00. 

Frequencies of returns. Let Ad X and x G l The limit 
# { 0 < i < n - l : Ti(x)eA} 

rA{X) = lim 
n — + + 0 0 77, 

(if it exists) is called the (asymptotic) frequency of visits (or returns) of the point 
x to the set A. 

It follows from the ergodic theorem that VA(X) exists for a.e. x G X. Moreover, 
TA(X) > 0 for a.e. x G i . In addition, if \i is ergodic, then TA(X) = p>(A) for a.e. 
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x G X. Hence the orbit of a.e. point x G X spends time in the set A proportional 
to its measure fJ,(A). In this sense, the ergodic measure fi describes the asymptotic 
distribution of almost every orbit {Tn(x)}, n > 0, in the space X. 

Mixing. We say that a map T : X —> X preserving a measure \i is mixing (or 
strongly mixing) if for all pairs of measurable subsets i , 5 c l 

lim ^(T-nA HB)= fi(A) fi(B). 
n—+oo 

As /JL(A) = /jJ(T~nA), this can be written as 

lim \iJL(T-nA n B) - n(T-nA) /x(B) I = 0; 

i.e. the events T~nA and B become asymptotically independent, as n —» oo. Note 
that x G T~nA is equivalent to Tn(x) G A; i.e. we are speaking about the events 
x G B (characterizing x time 0) and Tn(x) G A (characterizing the image of x at 
time n). Thus mixing is commonly interpreted as asymptotic independence of the 
distant future from the present. 

Mixing is equivalent to 

lim </ . ( f loT")> = </)<S) Vf,geLl(X) 

where (/) = fxfdfi, for brevity. Given / and g, the quantity 

Cf,g(n) = (f.(goTn))-(f)(g) 

is called the correlation (between / and g) at time n (note that it is actually the 
covariance of the random variables / and goTn; see Appendix B). Thus mixing is 
equivalent to the convergence of correlations to zero (C/ )P(n) —» 0); this property 
is called the decay of correlations. 

Weak mixing and mult iple mixing. We say that T is weakly mixing (with 
respect to the invariant measure /i) if for all pairs of measurable subsets A,BcX 

1 n—1 
lim - V | M ( T " M n B) - n(A) n(B)\ = 0. 

i=0 

Equivalently, for any f,g G L2{X) 

1 n—1 

lim -52\Cf,g(n)\=0. 
i=0 

Let m > 2. We say that T is ra-mixing, or mixing of multiplicity ra, if for any 
measurable subsets A\, A2,..., Am C X and 0 < ni < 712 < • • • < n m we have 

li{T-^Al n T - " M 2 n • • • n r-n"Mm) - A*(4I) M(^) • • • M^m) 
whenever 

(C.3) min{n2 - n i , n 3 - n 2 , . . . , n m - n m _ i } -» 00 

(m-mixing means asymptotic independence of events occurring at m different mo
ments of time if the time intervals between them grow). 

Equivalently, for any / 1 , . . . , / m G L™(X) with (/$) = 0 we have 

(C.4) ((A o r ) . (/2 o T**) • • • (fm o T»~)> - 0 

whenever (C.3) holds. The quantity (C.4) is called the multiple correlation. 
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Mixing is equivalent to 2-mixing. If T is m-mixing, then it is k-mixing for every 
2 < k < m. 

All mixing properties (weak mixing, strong mixing, multiple mixing) are invari
ant under isomorphisms. Multiple mixing with m > 3 implies strong mixing (but 
not vice versa). Strong mixing implies weak mixing (but not vice versa). Weak 
mixing implies ergodicity (but not vice versa). 

Circle rotation. Perhaps the most popular example of a measure-preserving trans
formation is a circle rotation. 

Let X = R/Z be the unit 1-torus, or a circle of length one, with a cyclic 
(angular) coordinate x G [0,1] (here the points 0 and 1 are identified). The rotation 
through an angle a is defined by 

T(x)=x + a (modi). 
It preserves the Lebesgue measure m o n l 

If a = p/q is rational (assuming that p and q are relatively prime), then every 
point i G l i s periodic with the same period q. 

If a is irrational, then the trajectory of every point x G l i s dense and uniformly 
distributed in X; i.e. for any interval A C X we have VA(X) = m(A) (Weyl's 
theorem). In this case the Lebesgue measure is ergodic but not mixing (not even 
weakly mixing). Moreover, m is the only invariant measure for the map T; hence 
T is uniquely ergodic. 

Linear translations of tori. These generalize circle rotations. Let d > 2 and 
X = Rd/Zd be the unit d-torus with cyclic (angular) coordinates x = ( # i , . . . , Xd) G 
[0, l]d. Fix a vector a = ( a i , . . . , a<j) G Md. The translation of X through the vector 
a is defined by 

T a ( x ) = x + a (modi ) . 
It preserves the d-dimensional Lebesgue measure on X. 

The translation Ta is ergodic if and only if the components ( a i , . . . , ad) of the 
vector a are rationally independent of 1; i.e. 

m0 + raiai + m2a2 H h mdad ^ 0 
for any integers mo, m i , . . . , rrid G Z, unless TUQ — mi = • • • — rrid = 0. The map 
Ta is never weakly mixing. 

Symbolic space. Let S = { 1 , . . . , r} be a finite set. We call S an alphabet and 
its elements letters. Let E + = E + ? r = Sz+ denote the space of infinite sequences of 
letters, so a point tu G E+ is a sequence to = {o;n}^L0 with ujn e S for each n > 0. 

Also, let E = E r = Sz be the space of double infinite sequences of letters; i.e. 
E consists of sequences UJ_ — {un}<^L_00 with un G S for each n G Z. We call E+ 
and E symbolic spaces. (For brevity, we suppress the index r.) 

We equip the finite set S with the discrete topology (in which all the subsets 
of S are open) and the spaces E and E + with the corresponding product topology. 
The corresponding Borel cr-algebras are denoted by J and #+. 

The (left) shift homeomorphism a: E —> E is defined by u/ = a(u/) with u)^ = 
uji+i for all i G Z. Similarly, the (left) shift a+: E + —> E + is defined by <J = CT+(UJ) 

with UJ'{ = tJi+i for all i > 0; it a continuous r-to-1 map on E+. 
Let fio be a probability measure on the finite set S (not entirely concentrated 

at one point). Denote by /x the corresponding product measure fiz on E and by / i + 

the corresponding product measure / i 0
+ on E+. The space (E,#, JJL) corresponds to 
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a sequence of independent identically distributed random variables each of which 
takes finitely many values, a classical object of study in probability theory. 

The shift a preserves the measure \i on £. The shift o+ preserves the measure 
/i+ on £+. Both shifts are ergodic, mixing, and m-mixing for all m > 2. 

The system (£, #, a, /i) is said to be a Bernoulli shift. Note that it is completely 
characterized by the finite probability distribution fiQ on the alphabet S. 

Symbolic representation. Let (X, #, T, /x) be a measure-preserving transforma
tion. Let X = A i U - - - U A r b e a finite partition of X into disjoint measurable 
subsets. Given a map T: X —> X, for every point x G X we define its itinerary by 

w{x) = M™=0 G £+ : Tn(x) G A ^ Vn > 0. 

We say that X = U^A^ is a generating partition if distinct points have distinct 
itineraries (equivalent ly, for any x ^ y there is an n > 0 such that Tn(x) G Ai and 
Tn(y) G Aj with some i ^ j). Then the map <p\ X —> S + defined by (/?(#) = u;(x) is 
one-to-one; it induces a measure fix = <^(A0 o n ^+ which is a+-invariant. The map 
if is an isomorphism between the given system (X, #, T, /i) and (£+,#+, cr+, /ix); 
the latter is called the symbolic representation of the former. 

If T is an automorphism, then its symbolic representation should be constructed 
differently. First, the itinerary of x G X is defined by 

w(i) = w : = - o o e S ; Tn(x)eAUn VneZ. 
Again, a generating partition means that distinct points have distinct itineraries 
(equivalently, for any x ^ y there is an n G Z such that Tn(x) G Ai and Tn(y) G Aj 
with some i ^ j). Then the map 92: X —> £ defined by (£>(x) = CJ(X) is one-to-
one. It induces a measure /ix = <£>(A0 o n ^ which is a-invariant, and we obtain an 
isomorphism between the given system (X, #, T, JJL) and its symbolic representation 
(£,#,cr,/Xx). 

Bernoulli property. An automorphism T: X —> X preserving a measure /i is 
said to be Bernoulli (or have Bernoulli property, or B-property) if it is isomorphic 
to a Bernoulli shift. 

Equivalently, there is a finite generating partition £ = {Ai , . . . , A r} of X such 
that the corresponding symbolic representation of T is a Bernoulli shift (i.e., the 
induced measure \ix on £ (see above) is a product measure). In this case the 
partitions Tn£ = {T n (Ai ) , . . . ,T n (A r )} are independent; i.e. 

^(JU) H T™{A3)) = ^(Ai)) »{T™{A3)) 

for all m ^ n and 1 <i,j <r. 

Kolmogorov automorphisms (K-mixing). An automorphism T: X —> X pre
serving a measure /1 is said to be Kolmogorov (or be a K-automorphism, or have 
K-property) if there exists a measurable partition £ of X with three properties: (i) 
it is monotonically increasing, i.e. £ ^ T£; (ii) its forward limit is the partition 
into individual points, i.e. V ^ 0 T n £ = e\ and (iii) its backward limit is the trivial 
partition, i.e. A^LQT'71^ = v. 

Equivalently, T: X —> X is a K-automorphism if for any measurable subsets 
B, A i , . . . , Ar C X we have 

lim sup |/x(A fl 5 ) - /x(A) /x(£) | = 0, 
n ^ ° ° A G ( 5 ~ ( A i , . . . A ) 
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where (5£°(Ai,... ,Ar) denotes the sub-a-algebra generated by the sets TmAi for 
all m > n and i = 1 , . . . , r. 

This is an asymptotic independence between the present event B and all distant 
future events in (5£°(Ai,... , Ar). This property is stronger ('more uniform') than 
multiple mixing but weaker than Bernoulli. K-property is often called K-mixing. 
Bernoulli property implies K-property, but not vice versa. K-property implies mul
tiple mixing, but not vice versa. For smooth or piecewise smooth maps (and flows; 
see below) with smooth, or at least SRB, invariant measures (that includes all 
billiards) the K-property usually implies Bernoulli; see [CH96, OW98]. 

The K-property is invariant under isomorphisms. The K-property can be char
acterized in terms of the Pinsker partition; see below. 

Entropy. Let (X, #, T, /i) be a measure-preserving transformation. The entropy 
of a finite partition £ = {Ai,..., Ar} of X is defined by 

r 

2 = 1 

(with the convention 0 InO = 0). Note that H(£) = — Jx In//(£(#)) dfi. We have 
0 < H(£) < lnr, with the minimum (0) attained on the trivial partition £ = v 
and the maximum (lnr) attained on equipartitions, which are characterized by 
^(Ai) = --- = /x(Ar) = l / r . 

Since the measure \i is invariant, the partition T~n£ = {T~nAi,... , T _ n A r } 
has the same entropy, H(T~n£) = #(£) , for every n > 1. If T is an automorphism, 
this is true for all n G Z. 

The entropy of T with respect to a finite partition £ is 

h(T,0= lim ^ ( V ^ T - ^ ) -
n—->oo ,L v 7 

This limit always exists and is nonnegative; in fact the sequence on the right-hand 
side decreases monotonically. Lastly, the entropy of T is 

/ i (T)=sup/ i(T,£) , 

where the supremum is taken over all finite partitions £ of X. Clearly, 0 < h(T) < 
oo. The entropy is invariant under isomorphisms. 

If £ is a generating partition, i.e. V g 0 T _ i f = e, then h(T, f) = h(T). If T is an 
automorphism, then the existence of a one-sided generator (a partition £ satisfying 
V£oT~*£ = e) implies h(T) = 0. In that case h(T) = ft(T,0 for any two-sided 
generator £, i.e. a partition £ satisfying V^ :_0 0T_ 2£ = £. 

We have h(Tn) — nh{T) for every n > 1. If T is an automorphism, then 
h{Tn) = |n|/i(T) for every n G Z, in particular M T _ 1 ) = h(T). 

Pinsker partition. Let (X, J , T, //) be a measure-preserving transformation of a 
Lebesgue space. Then 

7r(T) = V{£:£ finite, h ( T , 0 = 0 } 

is called the Pinsker partition. Its sub-cr-algebra ^J(T) = <5(7r(T)) is called the 
Pinsker cr-algebra. 

If T is an automorphism, then the Pinsker <x-algebra is T-invariant, that is 
T~1(^(T) = ^P(T). It is the maximal sub-a-algebra of # such that T restricted to 
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(X, ^P(T)) has zero entropy. One often says, somewhat informally, that 7r(T) is the 
'maximal partition with zero entropy'. 

Suppose T is an automorphism and a measurable partition £ of X has two 
properties: (i) it is monotonically increasing, i.e. £ ^ T£; (ii) its forward limit is 
the partition into individual points, i.e. V£L0Tn£ = e. Then A£L0T-nf ^ TT(T). 

An automorphism T is Kolmogorov if and only if its Pinsker partition is trivial, 
7r(T) = v. Thus, T is a K-automorphism if and only if its entropy is positive, 
h(T,£) > 0, with respect to every nontrivial finite partition £. 

Flows. Let (X,$) be a measurable space. A dynamical system with continuous 
time (a flow) is a one-parameter family {5*}, t G R, of measurable transformations 
Sf: X -+ X that satisfies two properties: (i) 5 t + s = Sl o Ss (the group property), 
in particular S° is the identity; (ii) the map I x R ^ I defined by (x, t) H^ Slx 
is measurable (the cr-algebra on X x R is the product of # and the Borel cr-algebra 
onR) . 

Condition (ii) imposes some regularity on the family {S1} with respect to t. 
It is equivalent to the following: for every measurable function F: X —» R the 
function G(x,t) = F(Stx) is a measurable map X x R —-> R. 

For every point x G l the set {Sfx}, t G R, is called the orbit (or trajectory) 
of x. In many applications, including billiards, X is a topological space and {£*#} 
is a continuous curve for every x G l . 

The flow {5 t} preserves a measure /JL G M(X) if /x(S*A) = /i(A) for all mea
surable subsets A c X and all t G l . That is, \i is a common invariant measure for 
all the automorphisms Sl included in the flow. 

Invariant measures for flows. The properties of automorphisms extend to flows 
with some (usually trivial) modifications. A measurable set B C X is invariant 
under a flow {S1} if B — SfB for every t G R. If the flow {S1} preserves a measure 
//, then a measurable set B is said to be invariant (mod 0) under the flow if B = StB 
(mod 0) for every t G R. If B is invariant (mod 0), then there exists an invariant 
set B such that B — B (mod 0). 

A function / : X -> R is invariant under {Sf} if / = / o 5* for all £ G R. In 
this case / is constant on every orbit of the flow {£*}. If {Sf} preserves a measure 
/i, then we say that a function / : X —• R is invariant (mod 0) under the flow if for 
every t G R we have / (#) = f(Stx) for /x-a.e. point i 6 l . In that case there exists 
an invariant function / such that f — f (mod 0). 

A flow {Sf} is ergodic with respect to an invariant measure /i if any {Sf}-
invariant (mod 0) set A C X has measure 0 or 1. Equivalently, a flow {5*} is 
ergodic if any invariant (mod 0) function / is a.e. constant; i.e. fi{x: f(x) = c) = 1 
for some c G R. 

If at least one automorphism S* in the flow is ergodic, then the flow is ergodic. 
Conversely, if the flow {S1} is ergodic, then the automorphism S* is ergodic for all 
but count ably many t G l . 

BirkhofF Ergodic Theorem for flows. Given a measurable function / : X —> R 
its (forward and backward) time averages are defined by 

f±(x)= lim 1 f /(5*(a:))dt. 
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Suppose the flow {Sf} preserves a measure JJL and / G V^{X). Then 
(a) for almost every point x G l the above limits exist and f+(x) = f-(x); 
(b) the function f±(x) is T-invariant; more precisely, if f±(x) exists, then f±(Stx) 
exists for alH G R and f±{Stx) = f±(x); 
(c) f± is integrable and Jx f± d\x — fx f dfx; 
(d) if {5*} is ergodic, then f±(x) is a.e. constant and its value is Jx f d/j,. 

Mixing flows. A flow 5* : X —> X is mixing with respect to an invariant measure 
fi if for any measurable sets i , 5 c l w e have 

lim ^(AnSt(B))=fx(A)fi(B). 

If a flow {S*} is mixing, then every map 5*, t ^ 0, is also mixing. 
A flow {5*} is Kolmogorov (or K-flow, or has K-mixing property) if there 

exists a measurable partition £ of X with three properties: (i) it is monotonically 
increasing, i.e. £ =̂  S1^ for every t > 0; (ii) its forward limit is the partition 
into individual points, i.e. V ^ Q S ^ = e; and (iii) its backward limit is the trivial 
partition, i.e. A^0S'~'t£ = v. 

If the map Sl is a K-automorphism for at least one t G R, then every 5*, £ ̂  0, 
is a K-automorphism. The flow {S*} is a K-flow iff any (and hence every) map S*, 
t 7̂  0, is a K-automorphism. 

If at least one automorphism 5* in the flow is Bernoulli, then every other S*, 
t =fi 0, is also Bernoulli. In this case we say that the flow {Sf} is Bernoulli. 

Bernoulli property implies K-mixing property, but not vice versa. K-mixing 
property implies mixing, but not vice versa. Mixing implies ergodicity, but not vice 
versa. 

Linear flows on tori. Let d > 2 and X = Rd/Zd be the unit d-torus with cyclic 
(angular) coordinates x = ( # i , . . . , xa) G [0, l]d. Fix a vector a = ( a i , . . . , a^) G Rd 

and define a flow {5^} on X by 

S * ( x ) = x + ta (modi ) . 

Alternatively, {S^} can be defined by the differential equation x(t) = a. This flow 
preserves the d-dimensional Lebesgue measure on X. 

The flow {Sl} is ergodic if and only if the components a i , . . . , a^ of the vector 
a are rationally independent; i.e. 

raiai + m2«2 H h ra^a^ 7̂  0 

for any integers m i , . . . , ra^ G Z, unless mi = • • • = m^ = 0. The flow {S^} is 
never mixing. Also, the flow {££} is ergodic if and only if for every x G X the orbit 
{Stx} is dense in X. 

If <i = 2, then there is an alternative: either a\ja<i is irrational, in which case 
the flow {S^} is ergodic and its every orbit is dense; or a\/a2 is rational, in which 
case 5^ is the identity for some t ^ 0 (hence every orbit is periodic). 

Entropy and Pinsker partitions for flows. The entropy of the map 5* of any 
flow {Sf} is a linear function of time: ft(5*) = |t|/i(51). Thus the entropy of the 
flow is defined by h^S1}) = /i(5x). 

The Pinsker partition 7r(5*) is the same for every map £*, t ^ 0; it is called 
the Pinsker partition of the flow, 7r({5*}). The Pinsker cr-algebra ^({S1}) = 
®(7r({s ' t})) i s ^-invariant for every £ G R. 
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Suppose a measurable partition £ of X has two properties: (i) it is monoton-
ically increasing, i.e. £ ^ S*£ for t > 0; (ii) its forward limit is the partition into 
individual points, i.e. V£l0S*f = e. Then A^05"*£ ^ ^({5*}). A flow {£*} is 
Kolmogorov if and only if its Pinsker partition is trivial, i.e. ^({S*}) = i/. 
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