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Preface 

This book summarizes recent developments in the theory of classical Painleve 
equations based on the so-called Riemann-Hilbert, or Isomonodromy, method. The 
emphasis is on the use of this method for the global asymptotic analysis of the 
Painleve transcendents. Specifically, we will study the connection problem for the 
Painleve transcendents, i.e., the problem of finding explicit formulae relating the 
relevant asymptotic parameters at different critical points. In more detail we will 
present: 

(i) A complete description of all types of possible asymptotic behavior of the 
solutions of the important particular cases of Painleve II and III equations 
on the real line. 

(ii) The derivation of the associated connection formulae. 
(iii) A complete description of the asymptotic behavior in the complex plane; 

quasi-linear and nonlinear Stokes phenomena. 
(iv) The distributions of zeros and poles of the solutions. 

In addition, we will show how the isomonodromy approach can be used for 
the study of algebraic aspects of the Painleve theory. These include the study of 
the symmetry properties of Painleve equations (Backlund transformations) and the 
derivation of their elementary solutions and the solutions expressed in terms of 
classical special functions. In other words, although the asymptotic analysis is the 
primary theme of this book, several other aspects of modern Painleve theory will 
be presented as well. One of our methodological goals is to stress the unique role of 
the Riemann-Hilbert approach as a universal tool which provides the most effective 
treatment of many aspects of the theory. Another methodological message is that 
the Riemann-Hilbert method is, essentially, the only tool available for the study 
of the problem which is analytically the most challenging, namely the problem of 
global asymptotics. 

It should be emphasized that before the emergence of the Riemann-Hilbert 
approach, it was thought that the explicit global analysis of the solutions was 
possible only for the linear differential equations associated with the classical special 
functions of the hypergeometric type. We will show that the Riemann-Hilbert 
formalism brings both the nonlinear special functions, i.e., the Painleve functions, 
and the linear special functions, such as Bessel and Airy functions, under the same 
analytic umbrella. 

The Riemann-Hilbert method is based on the remarkable observation, which 
goes back to the classical works of Gamier and Fuchs, that the Painleve equations 
describe the isomonodromy deformations of certain systems of linear differential 
equations with rational coefficients. This implies that solving a Painleve equation 
is equivalent to solving the inverse monodromy problem, i.e., the Riemann-Hilbert 

xi 
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problem for that particular linear system which is associated to the given Painleve 
equation and whose monodromy data are the first integrals of the latter. What 
was apparently missed in the classical works is that this monodromy relation pro
vides a powerful tool for analyzing the Painleve transcendents. Indeed, as will be 
demonstrated in this book, these Riemann-Hilbert representations of the Painleve 
functions play the same efficient role that the contour integral representations play 
in the theory of linear special functions. 

This book is the second attempt in the literature to present systematically 
the theory of Painleve equations from the Riemann-Hilbert point of view. The 
first attempt was made by A. Its and V. Novokshenov in 1986 in the monograph 
Isomonodromic Method in the Theory of Painleve Transcendents. Since then the 
field has developed considerably. The three most important and interrelated ad
vances are: (1) the asymptotic analysis of the Painleve equations has been extended 
to the entire complex plane, (2) the Riemann-Hilbert methodology has been made 
rigorous, (3) the method has been enhanced by the powerful nonlinear steepest de
scent asymptotic techniques introduced in the beginning of the 1990s by P. Deift 
and X. Zhou. Also, many new concrete asymptotic results have been obtained and 
many new exciting applications, notably in random matrix theory, have appeared. 
In the present book we will attempt to present some of these new developments as 
fully as possible. 

We have tried to make the book self-contained so that no prior knowledge of the 
Painleve equations or of the Riemann-Hilbert problems is needed. In fact, we begin 
the book with a detailed introduction to the monodromy theory of systems of lin
ear ordinary differential equations with rational coefficients and with a discussion of 
the associated Riemann-Hilbert problems. In this context, the Painleve equations 
appear as the isomonodromy deformations of the first nontrivial examples of linear 
systems. This point of view will allow us to put the theory of Painleve transcen
dents from the beginning into the proper analytic context. Indeed, in this approach 
the Painleve equations will appear simultaneously with the Riemann-Hilbert rep
resentations for their solutions. It is these representations, i.e., the representations 
in terms of solutions of certain matrix Riemann-Hilbert problems, that will allow 
us to obtain all the results mentioned earlier. 

We also present some of the recent applications of Painleve transcendents in 
physics and mathematics. We hope that this, together with the lists of the as
ymptotic formulae obtained and discussed in the book, will make the monograph 
valuable, not only for the readers interested in theoretical aspects of the Painleve 
equations and of the Riemann-Hilbert method, but also for the broad scientific 
community as a source of reference material on Painleve transcendents. A small 
part of this material is included in the introduction so that the reader can quickly 
appreciate the type of results contained in this book. 



APPENDIX A 

Proof of Theorem 3.4 

This Appendix is based on the paper [BolIK]. 
Let us define the function ty(\,x) by the equations, 

(A.l) 9(X,x)\^^Y1(X,x)e-e^^, 

(A.2) *(A,o ;) |?^ = r f e ( A , a : ) e - e ( A ' ^ S ^ 1 . . . S r 1 , fc = l , . . . , 6 , 

where the branch of the In A is fixed by the condition, 
i x ^ — 1 i 7T ^ 0 

arg A —7r < — when A G ill. 

Slightly abusing the terminology, we will call the function \I/(A, x), along with the 
function F(A, x), the solution of the Riemann-Hilbert problem f 3.3.98^-^3.3.99,). In 
terms of the function^(A,x), Theorem 3.4 can be reformulated as follows. 

THEOREM A.O Let s = (Si, S2 , . . . , SQ; V) be the given monodromy data, i.e., 
the complex number v and the set of six 2x2 matrices satisfying equations (3.3.117,) 
and (^3.3.118/ Then there exists the countable set Xs — {XJ = Xj(s)} C C, Xj —> 
00 and the unique matrix function \£(A, x) with the following properties. 

(a) \£(A, x) is holomorphic inCx (C\X8) and meromorphic along C x Xs 
(i.e., it has poles at Xj G Xs and the coefficients of the corresponding 
Laurent series are entire functions of X). 

(b) For every x G C \ Xs, the following asymptotic relation takes place, 

(A.3) 9(^')Si...Sk-1 ~ (j + f ) * i M ) e - ^ ^ , 

A ^ 0 0 , A G Q°fe, |argA — n\ < - , 

where 
4i 

6>(A,x) = ~\3 + ix\ + vln\, 
o 

and the coefficient functions ^j(x) are meromorphic in x and have the set 
Xs as the set of their poles. 

(c) The asymptotics fA.3,) is uniform, i.e., for any positive number N and 
for any compact subset K G C \ Xs, there exists a constant C > 0 such 
that 

N 

(A.4) ||tf (A, x)S1... S^e-^*^ - I - £ ^ c 
< A i v + i • 

for all |A| > 1, XeQl and x G 
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512 A. P R O O F O F T H E O R E M 3.4 

(d) The asymptotics (A.3) is differentiable with respect to A and x. 
(e) det*(A,x) = 1. 

REMARK A . l . Because of the "correct" triangular structure of the Stokes 
matrices S&, the asymptotic condition (A.3) actually holds in the open sectors 
Qk defined in (2.1.90). Indeed, we have that for any positive number TV, for any 
compact subset K G C \ I S , and for any closed subsector Q'k C flfc, there exists a 
constant C > 0, such that 

e(\,x)a3 _ T _\^ ZL *(A, x)Si. . . Sfc_ic-^A^-3 - i - ^ - j 
3 = 1 

V(A,x) eil'k x K , |A| > 1. 

C 
< A J V + 1 ' 

In what follows we will prove Theorem A.O. Theorem 3.4 will then follow by using 
equations (A.l) and (A.2) to define the function Y(\,x) via the already known 
function \£(A, x). 

We split the proof into three steps. In the first step, we establish the existence 
of the local, in both A and x, solution of the Riemann-Hilbert problem. This 
means we prove that, given a neighborhood ft of A = oo and a disk D on the 
x-plane, there exists a matrix function, which we denote by M(A,x), which is 
holomorphically invertible in (] x D, and which satisfies the asymptotic condition 
(A.3) with all *&j(x) holomorphic in D (see Theorem A.l below). We note, that 
for the standard case that the dependence of RH on a parameter is not addressed, 
this result follows from the Sibuya Theorem [Si2] concerning the local solvability of 
the general Riemann-Hilbert-Birkhoff problem for a linear system near its irregular 
singularity. Therefore, we call this step the Sibuya Theorem with a parameter. 
The principal construction used in this step, is the introduction of the explicit 
model functions gu{\ x), such that each of them factorizes the corresponding Stokes 
matrix S&. It is essentially this technique, together with the application of the 
Birkhoff-Grothendieck theorem (the second step), that allows us to avoid using the 
L2-Fredholm theory of singular integral operators, which is the principal tool used 
in the works [BS] and [FoZ]. 

In the second step, we apply the classical Birkhoff-Grothendieck theorem, ap
propriately generalized to the case that the RH depends on a parameter, to the 
function M(A, x). This yields a global in A, but still local in x, solution of the 
original RH problem (see Theorem A.3 below). This is the most important step, 
therefore for the convenience of the reader we will present a detailed proof of the 
Birkhoff-Grothendieck theorem with a parameter, following [Bol4], in Appendix B. 

Finally, in the third step, we cover the x-plane by a countable number of small 
disks, and glue up the corresponding local solutions into a single, global in both A 
and x, solution of the inverse monodromy problem, which completes the proof of 
Theorem A.O and hence Theorem 3.4. 

Before we proceed, we make one technical assumption concerning the formal 
monodromy exponent v. We assume that 

(A.5) i / £ Z \ { 0 } . 

The following lemma shows that we can make this assumption, without loss of 
generality. 
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LEMMA A. l . Let ^(A,x) = ^\{\x) be the solution of the RH problem with 
the monodromy data s — ( S i , . . . , SQ; V), and let u{x) and v(x) be the corresponding 
functional parameters of the manifold A of the singular data. Then, the functions 

*(A,a;):= 

and 

[ A + ux/2iu —u/2 

I 2/u 0 

' 0 2/v 1 

*(A,x), 

*(A,aO, *(A,a;):= 
\—v/2 X — vx/2iv J 

solve RH problems with the monodromy data 

s= ( S i , . . . , S 6 ; ^ - 1), 

and 
s= ( S i , . . . , S 6 ; ^ + l ) , 

respectively. 
Note, that only the asymptotic property (3.3.125) needs to be proven. The 

proof can be obtained by a direct calculation using equations (3.3.132) and (3.3.133), 
relating the matrix coefficients ^j of the asymptotic series for ^ and the functions 
u, v, w = ux, and z = Vx1. 

0.1. The Sibuya theorem with a parameter. Throughout this section we 
will use the following notations. For any set M C C^, with nonempty interior, 
we denote H(M) the Banach space of the 2 x 2 matrix functions holomorphic in 
the interior of M and continuous in M. We will denote by H°(M) the subset of 
H(M) consisting of holomorphically invertible matrix functions. We shall call such 
functions holomorphic in M and holomorphically invertible in M respectively. 

Let 
np = {XeC: |A| > p} 

be a neighborhood of A = oo. We define the following subsets of ftp: 
2k — 1 i 

|A |>2p, a r g A = — - — T T J , fc = l , . . . , 6 , r£ = { A G C : 

fl£ = { A € C : 

4 = { A G C : 

| A | > p 

|A |>3p, largA 

, 2k-1 
arg A —7r| < e 

. ••• • - } • 

j k - i - I T " ! 
jfe = l , . . . , 6 . 

xThe transformations ^ i—> ^ and \I> \-+ ^ are examples (found by A. Kitaev) of the 
Schlesinger transformations (see e.g. [ JMU]; see also Chapter 6). They induce the following 
Backlund transformations, 

and 

(u, v) i—• ( (uv + x — ui/u2), 
4 W 

(u, v) t-+ ( - , (uv + x — vx/v )), 

on the solution space of the system (2.1.86). 
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We assume that the contours r£ are oriented towards the oo, and that e is a 
sufficiently small positive number such that 0£ D ^ £ + 1 = 0. At the moment, we 
do not impose any restrictions on the positive number p. The contours T£ and the 
sets Q£ are depicted in Figure A.l. The sectors Ck are shown in Figure A.2. 

FIGURE A . l . The contours Tp
k and the sets fi£ 

3 P / 

FIGURE A.2. The sectors Ck 

The goal of this section is to prove the following theorem. 
THEOREM A. l (The Sibuya theorem with a parameter). Let s = ( S i , . . . , S6; v) G 

M. be the given monodromy data, i.e., the complex number v and the set of six 2 x 2 
matrices satisfying equations ^3.3.117) and ("3.3.118/ Let K be a closed disk on the 
complex x-plane. Then, there exists a number po = PQ{K), and a matrix function 
M(A,x), such that for all p > p$: 
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1. M(\,x)eH°(n3pxJC). 
2. For every x £ IC, 

(A.6) M ( A , x ) S i . . . S j b _ i ~ ( / + ^^ l^) e {-!^ 3 -3-^Aa3- . lnAa 3 } ) 

J = l 

A A n 1 A Â  — 1 , 7T 
A->oo, A G Ck, argA — n\< - , 

where the coefficients ^(x) are holomorphic in JC. 
3. T/ie asymptotics (A.6) is uniform, i.e., for any positive number I, there 

exists a constant C > 0, such that 

4 J^^° 
M(A,x)Si. • .S fc-iexp{-iA3<j3 +ixAa 3 + i / l n A c r 3 } - / - V ' - | -

o ^ A-? 
< C 

A*+i: 

V(A,z)e£ f c x/C. 
4. T/ie asymptotics (A.6) is differentiable with respect to both x and A. 

In an equivalent way, Theorem A.l can be reformulated as follows. 
THEOREM A.V. Let s = (Si , . . . ,Se;^) G S be the given monodromy data, 

i.e., the complex number v and the set of six 2 x 2 matrices satisfying equations 
^3.3.117,) and f3.3.118j. Let IC be a closed disk on the complex x-plane. Then, 
there exists a number po = po(lC), and a collection of six matrix functions Yk(\,x), 
k = 1 , . . . , 6, such that for all p > PQ: 

1. Yk(\,x)eH°(£kxfC). 
2. Yk+1(X,x) = Yk(X,x)Gk(X,x), A e Tp

k n {|A| > dp} k = 1, . . .6, where 

(A.7) Gk(X,x) = e-^x'x^Skee{x'x)a\ 9{X,x) = i\x3 +ix\ + i/lnA, 

2fc — 1 
argA = 7T if A G T £ , 

andY7(\x)~Y1{\x)2. 
3. For every x £ JC, and k = 1 , . . . , 6, 

(A.8) n ( A , x W + £̂ _̂  

A —» 00, A G £/c, 

where the coefficients ^(x) are holomorphic in JC. 
4. The asymptotics fA.8,) is uniform, i.e., for any positive number I, there 

exists a constant C > 0, such that 

Yk(X,x)-I-^jL 
*?n C 

- A^+I ' 

V(A, x) G Ck x /C, and /or all k. 
5. T/ie asymptotics f A.8^ is differentiable with respect to both x and A. 

2 We emphasize that the sectors £& belong to C but not to the universal covering of C \ {0}. 
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To see that Theorem A.l ' implies Theorem A.l, let us define (cf. (A.l) and 
(A.2)) the function M(A, x) by the equations, 

M(A,x)\Ck = Yk{\x)e-e^x^S-^ . . . Sf1, k > 1, 
where the branch of the In A is fixed by the condition, 

larg A —7r| < - when A € Ck-
1 3 ' 6 

The function M(A, x) defined above satisfies all the statements of the Theorem 
A.l. Indeed, because of the property 2 of Yfc(A,x), and of the cyclic constraint 
(3.3.118) on Sfc, the function M{\,x) has no jumps across any of T£ and hence it is 
holomorphic in the whole Ct^p- The remaining of the properties stated in Theorem 
A.l follows directly from the analogous properties of the functions Yfe(A, x). 

In what follows, we prove Theorem A.4'. Our approach is based on replacing 
the jump conditions posed on the rays r£ , with some equivalent jump conditions 
posed on the horseshoe shape domains around the rays. To this end we introduce 
the following covering of the neighborhood Qp: 

where the sets 0 + and 0_ are depicted in Figure A.3 and Figure A.4 respectively. 
These sets have the following properties: 

• The set Q+ is obtained by deleting from the complex plane C a collec
tion of thin neighborhoods, fi+, of the contours T£. The closure of the 
neighborhood Q+ is a subset of fl£. In other words, 

Q+ = c \ uf=1n$., r£ c(ifc
+, n\ c np

k. 
• The set Q- is the union of the (slightly bigger) neighborhoods, O^., of the 

contours T£, whose closures are also the subsets of the respective Q^. In 
other words, 

n_ = u£=1ft*, r£cn$., i^ctf , n^cfijj. 
• Let 7 + := <9f2+ be the boundary of the set 0 + . Then 

and we assume that each 7^" is a simple analytic curve which encircles the 
ray T£, and which is asymptotic to the rays F(^; ±e/3), where 

r(fc;ff) : = { A G C : argA ^— n = <*}. 

• Let 7~ := dfi_ be the boundary of the set Q_. Then 

and we assume that each 7^ is a simple analytic curve which encircles the 
ray r£ , and which is asymptotic to the rays T^. ±£/2)-

In addition to the sets fi+ and fi_ we introduce their intersection, 

The set f̂ o is depicted in Figure A.5. Observe that the above listed properties of 
the sets 0 + and 0_ imply the following properties of the set QQ-
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FIGURE A.3. The set Q+ = C \ U6
i=1Q\ j = i " + 

FIGURE A.4. the set ft_ = ug=1fi* 

• Qo = U|=1a;/e, Uk C Q£ \ T£, and each subset u>k is an open and con
nected set. 

• duk = ^ + 7 " . 
• d i s t (7fc" ,7 j > c £ . 

We are now ready to introduce the main ingredient of our proof, namely the 
model functions ^(A, x). Assuming that A G £lp

k \ r£ , we define gk by 

„(A,x)=exp(-—y^ ^_A dM) 

(A.9) = < 

r r1 - ^ / ^ ^ 
0 1 

1 (T 
2<9(/i ,x) 

k = 2l, 

fc = 2 Z - l , 
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FIGURE A.5. The set Q0 = ^ - n f l + = U/Li^fc 

where the jump matrices Gfc(A, x) and the phase function #(A, x) are given in (A.7). 
The characteristic property of #fc(A, x) is the jump relation, 

(A.10) gk+{\,x) = gk-{\x)G^\\,x), A G Tp
k n {|A| > 2p + J}, 

where gk+(\,x) and ^_(A,x) denote the boundary values of #fc(A, x) as A ap
proaches r£ from the left and from the right, respectively. 

On the set f̂ o x £> the function g(\,x) can be defined by setting 

(A.ll) g(\,x)lk=gk(X,x). 

The following are the direct consequences of the explicit formulae (A.9) and (A.ll), 
as well as of the geometric properties of the set Oo indicated above. 

(i) g(\,x) is holomorphic in both A and x. Indeed, 

g{\,x)€H°(Sl0 x/C). 

(ii) The following uniform estimate is valid, 

(A.12) sup \\\(g(\,x)-l)\\<cpX. 
Aeft 0 

Moreover, 

(A.13) Cpfc —> 0 as p —> co. 

The next lemma, is one of the local versions of the Birkhoff-Grothendieck the
orem with a parameter. This is the main technical step in our proof of the Sibuya 
Theorem A.l7. The basic idea is the uniform boundness of the relevant Cauchy 
operators (see Proposition A.l below), which is the main reason for moving from 
the rays Tp

k to the horseshoe domains ujk. This idea was first suggested in [AnoBol] 
(see also [Bol4] and Appendix B). 
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LEMMA A.2 (The basic factorization lemma). For sufficiently large p > 0, 
there exist functions \£±(A, x), such that: 

i. tf±(A,x) eH°(n± x/c). 
2. sup | | A ( J - * ± ( A , x ) ) | | < C . 

(A ,X)GO ±XA: 

3. V+(\,x)g(\,x) = V-(\,x) VA G fi0, Vx G/C. 

P R O O F . Let us introduce three more Banach spaces. 

H=\fe H(n0 x /C), sup |A/(A,a;)| < oo}, 

H± = f / 6 ff(fi± x /C), sup 1(1 + |A|)/(A,x)| < oo) C if, 
L (A,x)G^±xX: J 

\\H= sup |A/(A,x)|, 
(A,x)6fioX^C 

| | / | | H ± = sup \{l + \\\)f(\,x)\. 
(A,cc)en±x/c 

Given 
/ e f f , 

we can define the Cauchy operators: 

We recall that 

and that 
<9Q0 = 7 + + 7~ 

fc=i fc=i 
Note that the Cauchy formula, 

(A.14) / (A ,a r )= (P + / ) (A ,x ) + (P_/)(A,x), A € fi0, 
is valied for the functions from H. 

Put 
g(\,x) = I + 9(\,x), 9(X1x)eH, 

and introduce the operators P± by the equation, 

P9
±U) := P±{f 9°). 

PROPOSITION A. l . P^. are bounded operators from H to H±. 
P R O O F OF THE PROPOSITION (an adaptation of the technique of [AnoBol]). 

Each Uk can be represented as the union of the domains UJ^ and u^ according to 
the Figure 6. Assume that A G fi+\ U^ u£ and hence 

dist{A,7 +} 
for some positive constant Ce. Then 
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FIGURE A.6. ujk = u£ U u>k 

W^/W^'Jl^l/l-U-ll-^iJj^jg 

<|l/l-M-/+^-o+.|/|B. 
Similarly, if A G fi_\ U& u;^, then 

(A.15) | A ( i ^ / ) ( A , i ) | < C _ . | | / | | H . 

Suppose now that A e w£. Then, we can use identity (A. 14) and rewrite 
A(P»/)(A,rt)as 

(A.16) A(i^/)(A,a:) = Xf(\,x)g°(X,x) - A(P£/)(A,x). 

On the other hand, A G OJ£ => A G fi_\ U& t^T, and hence we can use (A.15) in the 
right-hand side of (A.16). Therefore (cf. [AnoBol] and the proof of of Lemma B.l 
in Appendix B), we obtain, 

| A ( P » / ) ( A , x ) | < C ; . | | / | | H , 

if A G oj£. In other words, we have the inequality 

(A.17) \\{P^f)(\,x)\<C,f.\\f\\H, C " : = m a x { C + , C ; } 

for all (\,x) G fiLJT x /C. 
Assuming that |A| < p/2 we obtain at once that 

\(PU)(^x)\<^T\\f\\H\\90\\HJ+ 121 H2IM-A| 

^ ^ 7 + } l l / W l l f i S 5 < ; + , | l / l | j -
This estimate together with (A.17) imply 

\\nf\\H+ ^ C • H/Uff• C ••= max{C", C+} 
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Similarly, 
\\PU\\H_ < c • \\f\\„ 

and the proposition is proved. • 
Two additional facts should be noted. First, all the C-constants above contain 

the norm of g°, i.e., H^H^, as a factor. Hence, in virtue of estimates (A. 12) and 
(A. 13), the norm of the operators P± can be made as small as we wish by choosing 
p large enough. Secondly, from the integral formula (A.9) we derive the existence of 
the asymptotic expansion of the function g°(A, x) over A - 1 as A —> oo, A G Oo- This, 
in particular, implies that there exist the matrix function c(x) and the constant Co 
such that 

(A.18) g°{\,x) = ̂ +g(\,x), \g(X,x)\<J^, 

for all (A,x) G fto x /C. This estimate allows us to claim that 

(A.19) P+9°£H+. 

To see (A.19), we note that 

(A.20) (P+9o) (A, x) = Prl -r^rr + ±[ | ^ 4 ^ 
K ) \ +y jy > J 2TTI J7+ p(fi-X) 2TT2 7 7 + (/i - A) ^ 
Denote the second integral as gr(X,x). In virture of the estimate (A.18) and re
peating the same line of arguments as in the proof of Proposition A.l, we conclude 
that 

gr G iJ+, and moreover \\gr\\H —• 0, p —> oo. 

Since the first integral in (A.20) is obviously zero for all A G fl+, we arrive at (A.19). 
Moreover, we have that 

(A.21) \\P+g°\\H+^0, P -+00. 

We are ready now to complete the proof of Lemma A.2. 
We are looking for 

*±(A,a) = / + #±(A,x), V±(\,x) G H±, 

such that 
/ + *_ = (/ + #+)(/ + </), 

or 
o o o o o 

# _ = ^ + + #+£ + #. 
Applying P + , we have 

0 = 1 + + P+ ( ! + ! ) + P+(g). 

Hence, we need just to solve the following integral equation in the space iJ+: 

£++Pf(!+)=-P+<7. 
As we have already indicated, because of estimates (A. 12) and (A. 13), we conclude 
that the operator, 

i + Pf 
is invertible, for sufficiently large p, in the Banach space iJ+, and, due to (A.21), 
the norm of \I>0

+ can be made small enough to ensure the invert ability of matrix 
\1/+(A, x) for all (A, x) G £2+ x /C. This completes the proof of the Lemma. O 
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¥(M) 

v_(Kxjg;_\(Kx) 

FIGURE A.7. Functions Yk(X,x) 

P R O O F OF THEOREM A . l ' . Define the functions Yk(X,x) as shown in Figure 
A.7. We claim that these functions satisfy all the properties stated in the theorem. 
The only properties which do not follow directly from the definition of the functions 
Yfc(A, x), and hence need a proof, are the asymptotic statements 3-5. The proof 
is based on the use of the appropriate integral representations for the functions 
Yfc(A,x); these representations can be obtained as follows (cf. [Pa]). 

We first note that property 2 of the functions \J/±(A,x) implies the estimate 

(A.22) sup ||A(/-Yfc(A,x))|| < C, 
(X,x)eCkxK, 

which allows us to use the Cauchy formula in the sectors £&, and to obtain the 
equations, 

K,x) = I+f y * f o * ) - f j f i , 
Jack M - A 2m 

(A.23) rfc(A,a;) = J + / K^' \ ^ , A e £fc, 

and 

(A.24) 0= / ^ V f , \iCk, 
Jdck V ~x 2m 

Yk(n,x) -I dp 
p — X 2m 

where £°k denotes the interior of Ck. Denote by 

rk := r£ n {|A| > dp}, 
and let Ck be the arc of the circle |A| = 3p, between the rays Tk-i and Tk (see 
Figure A.2). Assume that Ck is oriented counterclockwise. Then, 

dCk = —r^ — Ck -h Tjt-i, 

and we can rewrite (A.23) as, 

Yk(X,x) = I- Jck 

Yk(fji,x) -1 dp 
p — X 2iri 

(A 25) - / Yk(p,x)-I dp ^ f Yk(p,x)-I d\i 
JFk ii-X 2m JVkl p-X 2m' 
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where A G C°k- Observe that from property 2 of Yk, we have that 

Yk(\x) -1= -Yk(\,x)(Gk(\,x) - I) + Yk+1(\,x) - / , AG I \ , 

and 

Yk(\,x) -1 = n_1(A,x)(G f e_1(A,x) - I) + n_ i (A,x ) - / , AG I V L 

Therefore, (A.25) can be transformed into 

Yk(X,X)=I-[ n ( M , » ) - / ^ 
7 C f c /x - A 2TT2 

Yk(fi,x)(Gk(fi,x)-l) dfi f Yk^i(fJLix)(Gk-1(fJL,x) -I) dfJL 
1 A " ' /i - A 2m 

Yk+i(n,x) -I dfi f lfc_i(/i, x) - I dfji 

r Yk(fi,x)(Gk{fi,x)-I) dfi [ r 

(A.26) - / Y w M - I d ^ + l 
JTk fi-X 2™ JTk_x fl — A 27T2 

Using the second Cauchy relation (A.24), we can replace the last two integrals by 
Yk+i(fj,,x) -I d\i f yfe+i(/z,x) -I dfi r Yk+1(^x)-1 d\i r 

Jck+1 M - A 2m JFk+l fi — A 2m' 

and 
Yk-xi^x) -I dfi f Yk-xbi,,x) - I dfi f Yk-i(fi,x) - I dfi f 

Jck^ M - A 2m JFk_ fi — X 2m' 
respectively. Thus, equation (A.26) can be further transformed into the equation, 

Y(Xx) = I - f ^fc+iQ^) -I dfi r Yk(fi,x) -I dfi 
Jck+1 A*-A 2m JCk fi-X 2m 

f Yk-i(fjL,x) - I dfi 

Jck-X V ~ A 2?ri 

f yfc(/x,i£)(Gfc(/i,x) - I) d\i_ ^ f Yk-i{fi,x){Gk-.i(fi,x) -I) dfi f Yk(fi,x)(Gk(fi,x)-I) dfi ^ C 
Jvk M - A 2m JVk_i fi — X 2m 

(A.27) 
Yk+1(fi,x) - I dfi f Yk-i(fi,x) - I dfi r Yk+i(fi,x)-i dfi r y/c-iC 

Jrk+1 M - A 2m JTk_2 fi 2m 

Comparing the two integrals in the last row of (A.27) with the analogous integrals 
of (A.25), we see that the effect of the manipulations that led us from (A.25) to 
(A.27) is, the increase of the index k in the first integral and its decrease in the 
second one. Therefore, repeating several times the above procedure, we arrive at 
the following final integral representation for Yk(X,x), 

(A.28) 

for all A e C°k-

jr^Jd V> ~ A 2m 

j^k Ax-A 2m' 
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Each term of the first sum in the r.h.s. of (A.28) is holomorphic in the neigh
borhood of A = oo, while the integrand of each term in the second sum decays 
exponentially as A —> oo. In fact, there exist positive constants C and c such that 

\\Yl(fi,x)(Gl(^x) -I)\\< Ce~c^\ peTh xeK. 

This means that, we indeed have for Yk(X,x), uniformly in x £ /C, the full asymp
totic series (A.8) with coefficients given by the equation, 

i=iJCi 

(A.29) -J2fr Yl^,x)(Gl(f,,x)-l)^-^f 

^From this equation, in particular, it follows that all \£°(x) are holomorphic func
tions. 

By standard arguments, the integral representation (A.28) implies the x and 
A-differentiability of the asymptotics (A.8). In fact, the A and x-differentiability of 
the asymptotics (A.8) is a direct consequence of the fact that it is uniformly valid 
(see, e.g. [Wl]). 

Finally, we note that the asymptotic expansion (A.8) is valid in the closed sector 
Ck (in fact, in some sector which includes Ck)- Indeed, because of property 2 each 
of the functions Yk(\,x) can be analytically continued beyond the boundaries of 
Ck, so that Yk(\,x) becomes holomorphic and satisfies the estimate (A.22) in a 
sector which includes Ck- Therefore, in the representation (A.28) we can slightly 
rotate the rays Tk and T^-i so that we can make the representation, and hence the 
asymptotics (A.8) valid for all A £ Ck- • 

0.2. T h e local solution of t h e R H problem. Denote by Oo, OQO? and uo 
the following subsets of the Riemann sphere CP 1 : 

ft0 = {A G C : |A| < iJ}, 

^oo = { A e C U o o : |A| > 4 p } , 

where R > Ap. Also denote by D$(XQ) the closed disk in the x-plane of radius 5 
and centered at #o, i-e., 

Ds(x0) = {xeC: \x-x0\ <6}. 

Let M(A, x) be the Sibuya function of the previous section corresponding to 
the choice 

K = Ds(x0). 
Observe that 
(A.30) M(\x) e ff°((fioo \ {oo}) x D6(x0j), 

for all 
P > po{D6(x0)) = po(x0,6). 

In particular, 
(A.31) M(A,x) e H°(LO x D6(x0)). 
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By a direct application to the function M(A, x) of the Birkhoff-Grothendieck the
orem with a parameter, which is formulated and proven in Appendix B, we arrive 
at the following result. 

THEOREM A.2. Let xo G C. Then there exists a number 5o > 0, the finite set 
X° = {XOJ} C DS0(XQ), and the matrix functions T(\,x) and $(A,x) such that: 

• T(A,x) and T_ 1(A,x) are holomorphic in 0,^ x (Ds0(xo) \ X°0) and 
meromorphic along Ooo x X° (i.e., they have poles at XQJ G X° and the 
coefficients of the corresponding Laurent series are holomorphic in DQQ). 

• $(\,x) and <£-1(A,:r) are holomorphic in Qo x (Ds0(xo) \X°) and mero
morphic along Qo x X°. 

• 

(A.32) M (A, x) = T"1 (A, x)\("d £ ) $(A, X), 

where K\ > K2 are some integer numbers, which are the same for all 
xeDSo(x0)\X0. 

The specific features of our function M(A, x), yield the important additional 
properties of the objects participating in the factorization formula (A.32). 

PROPOSITION A.2. The function 3>(A, x) is an entire function of X; indeed, 

$ ( A , . ) € f f ° ( c x ( ^ ( i 0 ) \ I 0 ) ) , 

and both $(A,x) and 3>-1(A,:c) are meromorphic along DQ X X°. Moreover, 

(A.33) *(A,s)Si.. .Sfc_i ~ X^o1 - ° J B 0 ( l + ^ ^ M ) e " ^ A ^ 3 , 

A —> oo, A G £fc, det Bo ^ 0, 

where the coefficients ^j(x) are holomorphic in Ds0(xo) \X° and meromorphic in 
DS0(XQ). The asymptotics is uniform in x G D, where D is an arbitrary compact 
subset of Ds0(xo) \ X°, and it is differentiable with respect to both x and X. 

The proposition is an immediate consequence of equations (A.30) and (A.32), 
and of the asymptotic properties of M(A,x) (see (A.6)). We note also that the co
efficients tyj (x) are finite combinations of the coefficients ^ (x) and the coefficients 
of the Taylor expansions of T(A, x) at A = oo. 

PROPOSITION A.3. The numbers K\ and K2 in (k.Z2) satisfy the equation, 

(A.34) «i 4- K2 = 0. 

P R O O F . The matrix equation (A.32) implies the following relation in the an
nular domain UJ = £7o H f^ for the corresponding determinants, 

(A.35) det $(A, x) = det T(A, x) det M(A, x)X~Kl~K2. 

At the same time, we observe that the asymptotic properties of the matrix function 
M(\,x) (see statement 3 of Theorem A.l) yield 

(A.36) d e t M - > l , 

as A —> oo. 
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0(A,x) := 

Assume that K,± + K<I ^ 0; let 

det$(A, x), for A G QQ, 
det T(A, a;) det M(A, ^A"* 1 "* 2 , for A G Ox> \ {00} 

(x G D<50(iro) \ X°). Equations (A.35) and (A.36) mean that, for every x, the 
(entire) function </>x(X) = (f>(\,x) is either identically zero (K>I + ^2 > 0) or it is a 
polynomial of degree — n\ — K2 (^i + ^2 < 0). In both cases there are points on the 
finite complex plane A where the matrix $(A, x) is not invertible. This contradicts 
proposition 2 and hence the sum ^i + K2 must be zero. • 

Equation (A.34) allows us to specify (A.32) as follows: 

(A.37) M(\,x) = r " 1 (A ,x )A^ 3 $(A ,x ) , 

where K > 0 is an integer number (the same for all x G DS0(XQ) \ X®), and as is 
defined by 

0-3 = 

1 0 

0 •v 
PROPOSITION A.4. The number K in equation (K.37) is (identically) zero. 

P R O O F . It is this statement that we use the assumption (A.5). Suppose that 
K > 0. Then, the functions T(A, x) and <I>(A, x) in (A.32) are defined up to the 
following transformations, 

/ 
ci 

T(A,x) h->T(A,x) 

$(A, x) ^ <|(A, x) 

^2K 

( 

T(X,x), 

C\ 

v j=oaiX3 C2 

*(A,a:), 

where C1C2 7̂  0 and a o , . . . , a2^, are arbitrary. Using this freedom, we can adjust 
the matrix functions T(A, x) and 3>(A, x) in such a way (perhaps adding a few more 
points to the singular set X° and slightly reducing the radius 5o ) so that asymptotic 
relation (A.33) can be transformed into the relation, 

(A.38) *(\,x)S1...Sk-1~(l + Y,^) -(0(A,aO+KlnA)<73 

A —> OO, A G Ck, 
with the meromorphic in Ds0(xo) and holomorphic in Ds0(xo) \ X° coefficients 
^jk(x), such that 

(A.39) (*i)i2 = 0, V j < 2 « . 

The asymptotics (A.38) is still uniform and differentiable with respect to both x 
and A. 

Applying to the logarithmic derivatives $ ^ ^ _ 1 and $ x $ _ 1 the arguments based 
on the Liouville theorem, which we have already used in Chapters 3 and 4 when 
deriving the isomonodromy deformation equations (4.2.28), we conclude that the 
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function $(A,x) satisfies the isomonodromy Lax pair (4.2.24). The functional pa
rameters u(x), v(x), w(x), and z(x) are meromorphic in Ds0(xo) and holomorphic 
in Ds0(xo) \ X°; furthermore, they satisfy the general relations, 

(A.40) w = ux, y = vx, 

(A.41) v + K — vw — uy. 

Moreover, 
ix = 2(*i)i2, and v = 2(*i) 2 i . 

^From the first equation and (A.39) we conclude that 

u(x) = 0, 

which in virtue of (A.40) means that 

w(x) = 0 

as well, and hence the right-hand side of (A.41) is identically zero, but this cannot 
be, since v is not an integer. This contradiction proves that K must be zero3. • 

Propositions A.2-A.4 yield the following corollary of Theorem A.2 which con
stitutes the local (with respect to x) solution of the original RH problem. 

THEOREM A.3. Let XQ G C. Then, there exists a number So > 0, the finite set 
Xg = {XQJ} C Ds0(xo), and the unique matrix function \J/o(A,#), such that: 

(i) \£o(A, x) and ^r^"1(A, x) are holomorphic inCx (D§0(xo) \X®) and mero
morphic along C x X®. 

(ii) det^0(A,x) = 1. 
(iii) For every x G D5Q(X0) \ X%, 

M\x)S1... Sfc_! ~ (j + £ ^M) e-^.»)^, 

A —> oo , A G £&, 

where the coefficients ^j(x) are holomorphic in Ds0(xo) \ X® and mero
morphic in D$0(xo). These asymptotics are uniform in x G Ds0(xo)\X^e 

and differentiable with respect to both x and A. X°'e denotes an arbitrary 
e-neighborhood of the set X®. 

PROOF. Let $(A,x) and T(\x) be the functions from Theorem A.2. Set 

V0(\,x) :=T~1(oo,x)$(A,x). 

We will argue that this function satisfies the conditions (i)-(iii) above. Indeed, 
condition (i) follows directly from Proposition A.2 and the analytic properties of 
T(A, x). By virtue of (A.37) and Proposition A.4, the following equation holds: 

*o(A, x) = T - ^ o o , x)T(\, x)M{\ x). 

Note that 
oo 

T - 1 ( o o , x ) T ( A , x ) - / + ^ T i ( x ) A - j , 
3 = 1 

3Strictly speaking, in the proof we have excluded the case where Tn(oo ,x ) = 0. If 
Tu(oo,x) = 0, then K must be replaced by -K in (A.38), and "12" by "21" in (A.39). The 
rest of the proof will go along the same lines as before. 
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where the series converges in ft^ uniformly for x G D, D C Ds0(xo) \ Go, and the 
coefficients Tj(x) are holomorphic in Ds0(xo) \ X® and meromorphic in Ds0(xo). 
Hence, taking into account the asymptotic properties of the Sibuya function M(A, x) 
(see statement 2 of Theorem A.4), we arrive to the asymptotic relation (iii). To 
obtain (ii), we note that for every fixed x, 

det \I/o(A,x) —• 15 A —• 00, 

and hence (ii) follows via the Liouville theorem. Finally, to prove the unique
ness statement of the theorem, assume that ^o(A, x) is another function satisfying 
(i)-(iii) and consider the ratio, 

i i(A,x):=*o(A,x)*o1(A,a;). 
For every fixed x, we have that R{\ x) is an entire function of A. Moreover, as 
A —> 00 and A G £fe, we have from (iii), 

R(\,x) = V0(\1x)%1{\,x) 

= [*0(A, x)S1... Sfc-ie^*)"*] [*0(A, x)S1... S ^ e ' ^ " 3 ] " ' 

- / + o(i). 
In other words, in the whole neighborhood of infinity we have 

R(\,x) —-> J, A —> 00, 

and therefore 
i?(A,x) = J. 

The uniqueness, and hence the theorem are proven. 

0.3. The solution of the RH problem. By virtue of Theorem A.3, and 
the standard topological properties of the complex plane, there exists a countable 
covering, 

00 

C= \jD6n(xn), 
7 1 = 1 

of the complex plane x by the disks D$n(xn), such that every disc D$ri(xn) has 
nonempty intersection only with finitely many other discs from the collection, and 
such that for each Dsn(xn) the statement of Theorem A.3 is valid. In other words, 
for every n there exists the finite set X™ = {xnj} C D$n (xn), and the unique matrix 
function \£n(A, x) such that: 

(i) \I/n(A, x) and 1Jr~1 (A, x) are holomorphic in C x (Dsn (xn) \ X™) and mero
morphic along C x X™. 

(ii) det^ n (A,x) = 1. 
(iii) For every x G D5n{xn) \ X?, 

0 0 

*j(*y *„(A, x)S1... Sfc_a ~ (/ + £ ^W) e - « (^ ) -3 , 
i=i 

A —» 00, AG Ck, 
where the coefficients ^ ( x ) are holomorphic in Dsn(xn) \ X™ and mero
morphic in D$ (xn). The asymptotics is uniform in x G D, where D is 
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an arbitrary compact subset of Dsn(xn) \X™, and it is differentiable with 
respect to both x and A. 

Our aim now is to glue this collection of the local (with respect to x) solutions of 
the original RH problem, into the global function \1/(A, x) which would solve this 
problem for all complex x G C \ Xs, where 

oo 

Xs := U X»-
n=l 

(Note that the set Xs is countable and has oo as its only limit point.) The following 
lemma plays a central role in this construction. 

LEMMA A.3. Suppose that 

Dsn(xn) n Dsm{xm) ^ 0. 
Then 

* n (A,x) = *m(A,a;), V(A,s) G C x ([Ddri{xn) \X?) n (DSm(xm) \ X™)). 

PROOF. The proof is identical with the proof used for the uniqueness part of 
Theorem A.3. The key point is that both functions has exactly the same asymptotic 
behaviour (with exactly the same Stokes matrices) as A —> oo. 

Let us now set 

(A.42) tf(A,x) := * n (A,x) , (A,x) G C x (D5n(xn) \ 6 n ) . 
Because of Lemma A.3, this equation defines \I/(A, x) as a holomorphically invertible 
function on the whole product C x ( C \ Xs). Moreover, it inherits all the common 
analytic properties of the local functions \Pn(A,#), including uniqueness. In other 
words, the function ^(A,x) satisfies all the properties stated in Theorem A.O. • 

REMARK A.2. The poles of the functions u(x;s) and v(x]s) are the values of 
the parameter x for which the generalized inverse monodromy problem with the 
given monodromy data, 

s = { S i , . . . , S 6 ; ^ } , 
is not solvable. At the same time, by using the Schlesinger transformations indi
cated in Lemma A.l, we see that if x is a pole of the functions u{x\s) and v(x;s), 
then the inverse monodromy problem is solvable for each of the following choices 
of the monodromy data 

s = { S i , . . . , S 6 ; z / - 1} 
and 

s = {Si , . . . ,S6 ;z/ + l } . 

REMARK A.3. The Sibuya function M(A, x) defines a holomorphic vector bun
dle over CP 1 . The points Xj of the set Xs, i.e., the poles of the functions u(x; s) 
and v(x; 5), are the points where this bundle is not trivial. In this case, the index 
K in the representation (A.37) equals 1. 



APPENDIX B 

The Birkhoff-Grothendieck Theorem with a 
Parameter 

The Appendix is based on the work of A. A. Bolibruch [Bol4]. 
Denote by f2o> ^oo> and u the following subsets of the Riemann sphere CP1: 

n0 = {A <E C : |A| < R}, 

^oo = { A e C U o o : |A| > r } , 

where R> r. Also, as in Appendix A, we denote by Ds(xo) the closed disk in the 
x - plane of radius 5 and centered at #o, i.e. 

Ds(xo) — {x G C : |x — x0 | < 5}. 
Our goal is to present an elementary proof of the following (local) version of 

the classical Birkhoff-Grothendieck theorem with the parameter. 
THEOREM B . l . Let M(\x) belongs to the set1 H°(u x Ds(x0)). Then there 

exists a number 0 < 5o < S, the finite set X° = {xoj} C Ds0(xo), and the matrix 
functions T(A,x) and 3>(A, x) such that 

• T(A,x) andT~1(X,x) are holomorphic in QQO X (D$0(XQ)\X°) and mero-
morphic along Qoo x X° (i.e., they have poles at x$j G X° and the coeffi
cients of the corresponding Laurent series are holomorphic in D^). 

• <£(A, x) and <J>-1(A,x) are holomorphic in £1$ x (D^XQ) \ 0 O ) and mero-
morphic along £7o x X°. 

• 

(B.l) M(A,x)=r-1(A,x)A( /o1«0
2)$(A,x), 

where K± > K2 are some integer numbers, which are the same for all 
xeD6o(x0)\X°. 

We shall prove the theorem in a series of lemmas, following closely the proof of 
[Bol4] where the case of N x N matrix and an arbitrary finite number of parameters 
is considered. As in [Bol4], the first two lemmas are just specification of the 
corresponding statements proven in [AnoBol] for the 2 x 2 case, as well as the 
modification of this result for the case that the matrix depends of a parameter x. 
Lemma 3 is a particular case of the Sauvage lemma (see [H] ). 

The Banach spaces H(u x Ds(x0)), Hfooo x Ds(xo)), and H(Q0 x DS(XQ)) 
are equipped by the standard norm ||/ | |// = max(^)X) ||/(A, x)\\. In addition to the 
subsets 71°(f200,0 x Ds(xo)), we also introduce the subspace, H^^ x D$(XQ)), of 

1We recall that for any set M C C ^ , with nonempty interior, we denote H(M) the Banach 
space of the 2 x 2 matrix functions holomorphic in the interior of M and continuous in M. We also 
denote by H°(M) the subset of H(M) consisting of holomorphically invertible matrix functions. 

531 
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the space i/(Qoo x Ds(xo)), consisting of all /(A, x) G H{Vt00 x D$(xo)) such that 
/(oo,x) = 0. We also note that the spaces # ( 0 ^ 0 x D$(xo)) are the subspaces of 
H(u x Ds(x0)). 

LEMMA B. l . / / under the conditions of the theorem, \\M — I\\H < £ for suffi
ciently small e > 0, then there exists unique functions T(X,x) G H0^^ x DS(XQ)) 
and $(\,x) G H°(Q0 X DS(XO)), such that T(oo,x) = I and 

(B.2) M(A, x) = T " 1 (A, x)$(A, x). 

P R O O F . Similar to the proof of the basic factorization lemma in Appendix A 
(and, once again, following [AnoBol]), we introduce the Cauchy operators P± : 
H(u) x DS(XQ)) «—> iJ(Qo,oo x DS(XQ)), by the equations 

^><A-> - 1 L„ ^ c-fl<^» - -as £,„ 
where the orientation, in both integrals, is counterclockwise. Let us now show that 
the operators P± are bounded. Once again, the crucial role is played by the Cauchy 
formula 

(B.3) f(X,x) = (P+f)(X,x) + (P_/)(A,x), 

which holds for any / G H(u x D$(xo)). Note also that 

lmP-=H(noo xD6(x0)). 

Denote by s the number (R — r) /2 . If 0 < |A| < s + r, then 

(P+/)(A,X)|| < i- / 1 v ^ r l \M < \\f\\H±- i -W\ < 
27r J\ti\=R II M - A II 27r J|/x|=i? 5 s 

H -

If 5 + r < |A| < P, using (B.3), we obtain 
\\(P+f)(X,x)\\<\\f\\H + \\(P_f)(X,x)\\< 

s + r 
H\=r 2TT y, , = r II // - A II 2TT y, . = r 5 ' | / i | = r 

Thus, 

H-

|(P+/)(A,a5)|<max||,i±^}||/||H, 
for all (A, x) E l ) o x D$(XO), and hence 

||P+||„<C:=ma*{|,i±^}. 
Similar arguments show that the same estimate is also true for the norm of the 
operator P_. 

Let N(\,x) := M{\,x) — / , then ||iV||# < e. To prove the existence statement 
of the lemma, it is sufficient to show the existence of a matrix function X{\x) G 
i^Qoo x Ds(x0)), such that \\X\\H < 1/2 and 

(B.4) P_( ( J + X ) M ) = 0 . 

Indeed, in this case we can put 

T(A,x) :=I + X(A,x) G #°(ftoo x Ds(x0)) 
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and the norm ||P+((7 + X)N)\\H < | | P + | | # Y > c a n ^ e m a d e smaller than 1/2 for 

and 
$(A,a;) := T(\,x)M(\,x) G H°(n0 x D6(x0)). 

Since (B.3), (B.4), it is clear that the function <I>(A,x) is in H(Clo x ^( r ro)) , and 
we only need to establish the holomorphic invertibility of 3>(A, x). We have, 

$ = J + X + (/ + X)7V, 

or, using $ = P+($), 
$ = J + P + ( ( / + X)JV), 

sufficiently small e. 
Equation (B.4) can be rewritten as follows, 

P_ ((/ + X)M) = P_ ((/ + X)(I + iV)) 

= P_ ((/ + X + XN + AT)) = X + P_(XN) + P-(A0 = 0, 
where we have used the obvious facts that 

P_(X) = X, and P _ ( J ) = 0 . 

Therefore, the equation we need to solve, can be written as the integral equation, 

X + P-(XN) = -P-(N), 

in the space i^(f£oo x DS(XQ)). Since the operator P_ is bounded and ||iV||jtj < e, 
for sufficiently small e the operator I -f P - [• iV] is invertible and the norm of the 
solution X = (I + P_[- iV])~ (-P_(A0) can be made as small as needed. This 
proves the existence part of the lemma. 

Suppose {T(A, x), $(A, x)} is another pair of functions with the same properties. 
Then, M = T"1® = f"1^, and the function R defined by 

0 0 5 ^ ^ ^ . ^ / ^ ^ " ' ( A ^ ) , for AG fi, 
l ' X J * 1l>(A,x)$-1(A,^), for A G Q Q , 

is a holomorphically invertible matrix function in C x Ds(xo). Thus, by Liouville 
theorem, P(A, x) does not depend on A. On the other hand, from the above con
struction one has P(oo, x) = / , therefore P(A, x) = I and hence, T(A, x) = T(A, x), 
#(A,x) = $(A,x). 

The second step of the proof of the theorem is to replace the function M(A, x), 
by some matrix function rational in A. • 

LEMMA B.2. For every matrix function M'(A, x) G H°(u;xDs(xo)), there exists 
a number 0 < 8" < 6, a matrix function P(A, x) rational in A with holomorphic 
coefficients in x and matrix functions T(\,x), <£(A, x) such that: 

(1) The only possible poles of F(\,x) are A = 0 and A — oo. Moreover, 

^o,oo :— SUP (order of the pole at 0, oo) < oo. 
xEDs(xo) 

(2) P(A,x) is holomorphically invertible in UJ x Ds»(xo), and, furthermore, 
the positions of the zeros of detF(A, x) in (flo \UJ) X D^//(XO)? <io no£ 
depend on x. 

(3) T(A,x) andT~1(X,x) are holomorphic in QQO X DS"{XQ). 
(4) <£(A, x) and 3>-1(A,x) are holomorphic in Oo x D$"(XQ). 
(5) M(A,x)=T" 1 (A,x)P(A,x)$(A,x) . 
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PROOF. The function M(A, xo) can be uniformly approximated in a; by a 
matrix function rational in A with possible poles in 0 and oo only. For this one can 
just take the parts of the Laurent expansion of M(A, xo) in the annular domain u, 
cutting the infinite tails of the expansion in an appropriate way . 

On the other hand, for every e > 0, one can choose a number 8' > 0, such that 
| |M_1(A,x0)M(A,x) - I\\ < e in w x Ds>(x0). 

Thus, one can always find a number 0 < 8' < 8, and a holomorphically invertible 
in LJ matrix function B(X) rational in A with poles at 0 and oo only, such that 
| | J B _ 1 ( A ) M ( A , X ) — I\\ is uniformly small in u x D$'(xo). Applying to the product 
B~1(X)M(X,x) lemma B.l, we obtain 

B-XM = T f ^ i , M = BT{l^u 

where Ti(A,x) G £T°(fioo x Ds'(x0)) and $i(A,x) G H°(Q0 x Ds'(xo)). Consider 
the function ^(A)T1~1(A, x), and approximate it from the right in a similar way by 
a function H(X) with the same properties as B. Applying again lemma B.l, we 
find 

BT^H'1 = T ^ 1 ^ , 
where T2(A,x) and $2 (A, a;) have the same properties as Ti(A, x) and 3>i(A, x) (for 
some 0 < 8" < 8f). Consequently, 

$ 2 = T2BT^1H-1, M = T2~1$2fi'*i = T^F®!, F := $ 2 # . 

Prom the first relation above it follows that for every x G Ds"(xo), the matrix func
tion $2(A, x) is meromorphic in f^ with poles independent of x, and with Laurent 
series coefficients holomorphic in x. On the other hand, $2, by the construction, is 
holomorphically invertible in Oo x D$»{XQ). Thus, $2 is rational in A with holomor
phic coefficients in x. This implies that F possesses exactly the same properties. 
Moreover, since $2(A, #) and H(X) are holomorphically invertible in uo x £V/(a?o), 
F(A, x) has the same property. 

Finally, we have 

(TaSTf 1 , for AGftoo 
\$2ff , for A G O 0 , 

and hence the only possible poles of F are 0 and 00. Moreover, the corresponding 
maximal orders of the poles, ao and «oo5 do not exceed the orders of the correspond
ing poles of the (independent of x) matrix functions H{X) and £(A), respectively. 
Also, the position of zeros of the det F(X, x) in (Oo \ ^) x Ds"(xo), do not depend 
on x, because det $2 has no zeros in Oo and H does not depend on x. 

Now, denoting T = T2 and $ = $1 we get the decomposition (5). • 
The following lemma plays a crucial role in proving the theorem. In fact, it 

proves the theorem for a particular class of the rational matrices M without any 
small norm assumptions. 

It is convenient to introduce one more notation: Let O be a subset of the 
extended complex A plane, and let X be a finite subset of the interior of the disk 
Ds(x0) on the complex x plane. We will denote 

C ( ( l x ( % ) \ l ) ) 

the set of matrix valued functions /(A, x) such that /(A, x) and / _ 1 (A, x) are holo
morphic in O x (p$(xo) \ X) and meromorphic along O x X. 
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LEMMA B.3. LetM(X,x) G H^((no\{0}) x (D5(x0)\X)\ where X is a finite 
subset of the interior of D$(xo). Moreover, we assume that M(A,x) is rational in 
X with the coefficients meromorphic in D$(xo) and holomorphic in D$(xo) \ X. 
Suppose in addition that the only possible poles of M as a function of X are A = 0 
and A = oo; and that the corresponding maximal orders of these poles, a$ and 
OLOQ, are finite. Then, there exists a number 5Q < 6, the finite set X° C Ds0(xo), 
X C X°, and the matrix functions T(A,x) and $>(\,x), such that: 

• T(A,x) andT~1(X,x) are holomorphic in (C\{0}) x (Ds0(xo) \X°) and 
meromorphic along C \ {0} x X°. In other words, 

T(\,x)€H°m((C\{0}) x (D5o(x0)\X0)). 

• $(A, x) and 4>_1(A, x) are holomorphic in QQ X (DS0(XO) \X°) and mero
morphic along Qo x X°. In other words, 

*{\x) G lC(Qo x {D6o(x0)\X°)y 

Moreover, $(A, x) is a polynomial in A with the coefficients meromorphic 
in Ds0(xo) and holomorphic in Ds0(xo) \X°, and also deg<£(A,x) < a$ + 
OLoo VX . 

(B.5) M ( A , X ) - T - 1 ( A , X ) A ( / O 1 ^ ) $ ( A , X ) , 

where K\ > &2 are some integer numbers, which are the same for all 
xeD5o(x0)\X°. 

P R O O F . Since the only poles of M in the A-plane are 0 and oo, the matrix 
function M can be assumed to be of the form 

(B.6) M(\x) = ACO £)L(A,£) , 

for some integers n\ > K2, where L(A, x) is a polynomial matrix, 

L(A, x) = L0(x) + Li(x)A + • • • + Lrn(x)Xrn. 

(One can just take KI = K^ = — c*o-) We note that 

(B.7) L(X,x) e ^ ( ( O o \ W ) x (Ds{x0)\X)). 

The degree m of the polynomial L(X,x) can be assumed to be the same for all x 
( equals, e.g., QLQ + a ^ ) , although for some x the coefficient for the highest degree 
term might be zero. We also note that all the coefficients Lj(x) are meromorphic 
in Ds(xo) with possible poles at the points of the set X. 

If for all x G Ds(xo) \ X the inequality, detL(0, x) ^ 0, holds, then one has 
nothing to prove: just put 5Q = 5, X° = X, T = I, and $ = L. 

Let det L(0, x\) = 0 for some x\ G Ds(xo) \ X. We will then prove that 

(B.8) detL(0,x) = 0. 

Indeed, we first observe that 

det L(A, x) = l0(x) + l1(x)X H h ln(x)Xn, 

for some integer n ( which can be choosen the same for all x). All the coefficients 
lk(x) are meromorphic functions of x G Ds(xo) with possible poles belonging to the 
set X. According to our assumption, IQ(XI) = 0. At the same time, for at least one 
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0 < k < n we must have that lk{x\) ^ 0, otherwise, detL(A, x\) = detL(0,xi) = 0 
which contradicts (B.7). Denote by ko the maximal of such fc's, and let 

P0(A,x) := l0(x) + h(x)X + - - • + lko(x)Xko. 

Take RQ < Rso that the circle Co := {A : |A| = Ro} does not pass through the 
zeros of Po(A, x\). The choice of ko implies that det L(A, x\) = Po(A, xi) . Therefore, 

det L(A,x) — Po(A,x) —> 0, x —> xi, 

uniformly with respect to A G Co. At the same time, 

P0(A,x) ->P0(A,xi) , x ^ x i , 

uniformly with respect to A G Co- The choice of RQ implies that |PQ(A,XI) | > Co > 
0, for all A G Co. Hence, there exists 8' > 0, such that 

(B.9) | de tL(A,x ) -P 0 (A ,x ) | < |^o(A,x)|, 

for all A G Co, and for all x G D^{x\) c D$(xo) \ X. 
Suppose now that (B.8) is not true. Then we can find 0 < 8" < 8' such that 

(B.10) l0(x) ^ 0, Vx G Dvixx) \ {Xl}. 

Denote by Aj(x), j — l, . . . , /co, the zeros of the polynomial PX(X) := Po(A,x). 
These zeros satisfy the relation 

<B.") n w - ^ 
Note that 

\h0(x)\ > c 0 > 0 , V x G ^ - ( x i ) , 
for some 0 < 8'" < 8". Taking into account this inequality, the fact that IQ{X) —» 0 
as x —>• xi, and equation (B.ll) , we conclude that in any neighborhood of A = 0 
we can find at least one \j(x) for some x G D$f(xi) \ {x\}. In particular, we have 
that for some y G D$"t(x\) \ {xi}, at least one zero of Po(A, y) is inside the circle 
Co- In virtue of (B.9), using the Rouche theorem, we conclude that inside the circle 
Co the polynomial Qy(X) := detL(A, y) has at least one zero. Denote this zero as 
li. Since (B.10), ^ ( O ) ^ 0 and therefore fi =fi 0. Thus, there exist at least one 
pair (A, x) in (flo \ {0}) x Ds(xo), namely (//, y), for which detL(A, x) = 0. This 
contradicts (B.7), and hence proves (B.8). 

Denote by mi(x) and 777,2 (x) the rows of the matrix LQ{X) = L(0, x), and assume 
that 

(B.12) mi (x) 7^0 for some x. 

Then, the identity (B.8) implies that there exists a scalar function s(x) rational in 
entries of L${x) such that 

(B.13) rri2(x) = s(x)mi(x) 

(e.g., s(x) = m 2 i (x) /mn(x) if mn(x) ^ 0 for some x). Define T\ by 

2\(A,x):= 
1 . ^ 

\s(x)Xk*-kl 1 / 
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It is clear that Ti(A,x) E H^((C \ {0}) x (D6(x0) \ X L ) Y where Xx is the set of 
poles of s(x), i.e., the set X extended by the zeros of the relevant entry of Lo(x)). 
Restricting, if needed, the x-domain to Ds1(xo) with 5\ < 5, we can always make 
Xi finite (and still containing X) . 

It follows immediately from (B.13) that 
(Kl 0 \ 

AVo « 2 + I ; L I ( A , X ) , (B.14) 

where 

Ti(A,x)M(A,a;) 

Li{\,x) = 
l - s ^ A - 1 A-

\ 

/ 

L(X,x). 

Because of (B.13) the function l a (A, x) is still a matrix polynomial in A. Its coeffi
cients are meromorphic in Ds1(xo) and holomorphic in D§1(xo) \ X\, and further
more, deg-Li < degL < a® + a^. Also, equation (B.14) implies that L\ inherits 
the basic analytic properties of M. Indeed, 

(B.15) L 1 ( A , x ) G ^ ( ( Q o \ { 0 } ) x (DSl(xQ) \ X,)). 

If (B.12) is not true, i.e., if 
mi(x) = 0, 

then we can directly increase the number n\ without the procedure presented above. 
In fact, in this case, 

(B.16) 

where 

M(X,x) 

Li(X,x) 

/ K l + l 0 
AV ^ £ i ( A , z ) , 

0 

0 

V 
L(\,x) 

is again a polynomial satisfying (B.15). 
Multiplying the right hand side of (B.14) or of (B.16) by either the identity or 

by <7i, we can rewrite these equations in the form 

T'(\,x)M(\,x) = \\° <)L\\x), 
where K[ > K'2 and the matrices T"(A, x) and Z/(A, x) have the same properties as 
the matrices Ti(A,x) and Li(A,x), respectively. Since K^ + K^ > ^1+^2? iterating if 
necessary the procedure presented above, we obtain after a finite2 number of steps 
that detZ/(0, x) ^ 0 (for all x), and hence the decomposition (B.6) of the lemma 
is proven. The final set X° is obtained as the finite union of the X-sets generated 
at every step of this procedure. This completes the proof of the lemma. 

We are now in a position to prove the theorem. 

2 The process is finite because of the obvious relation, det M = ±AK l + K 2 det V, and the fact 
that det M is a rational function, and hence has a finite order pole at A = 00. 
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P R O O F OF THE THEOREM. Because of Lemma B.2, we only need to consider 
the case of a matrix function M(A, x), rational in A with coefficients holomorphic 
in D$(xo) and such that: 

(1) The only possible poles of M(A, x) are A = 0 and A = oo. Moreover, 

^0,00 := sup (order of the pole at 0, oo) < oo. 
xeDs(xo) 

(2) The positions of the zeros of the det M(A, x) in (QQ \ ui) x Ds(xo) do not 
depend on x. 

If in addition M(A, x) is holomorphically invertible in (QQ \ {0}) x As(#o)> then the 
theorem follows immediately from lemma B.3 (with X = 0). Suppose then, that 
for some 0 ^ Ao G ̂ 0 \ UJ, we have det M(Ao, XQ) = 0. 

Consider new local coordinates ( = A — Ao and define the polynomial matrix 
function 

M(C,x) :=(C + Aor°M(C + Ao). 
Denote by Oo a small disk in the ("-plane with center at ( = 0 such that the matrix 
function M(£,x) is holomorphically invertible in (QQ \ {0}) x D$(xo). Applying 
lemma B.3 to M(£, x) (again with X — 0), we obtain the representation 

(B.17) M(A, x) = T_1(A, x)(A - A0)C$(A, x), 

where C = diag («i, /c2), T(A, x) G # ° ( (C\{A 0 » x ( ^ 0 ( x 0 ) \ X ° ) Y and the matrix 
function 3>(A, x) is a polynomial in A whose coefficients are holomorphic in D$0 (xo) \ 
X° and meromorphic in D$0(xo). Moreover, by construction, det$(Ao,^) 7̂  0, 
while from the equation (B.17) it follows that $(A,x) is holomorphically invertible 
in the annular domain u and its determinant may have zeros in the set f̂ o \ {0} 
only at the possible zeros of det M different from Ao. Noticing that the function 
(A/A — Ao)c is holomorphically invertible in Ct^ x (Ds0(xo) \ X°) , we derive from 
(B.17) the equation 

Af (A, x) = Tf1 (A, x)Mi (A, x), 
where Mi (A, x) := Ac$(A,x). The function Mi(A,x) has all the properties of the 
original function M(A, x) except its determinant has one zero less in QQ \ to. The 
function T1

_1(A,x) has exactly the properties stated in the theorem. Repeating, if 
necessary, the above construction for the function Mi(A,x) we can eliminate, after 
a finite number of steps, all the possible zeros of the det M in H0 \ a; and hence we 
arrive to the function M;(A, x) which satisfies the conditions of lemma B.3 (with, 
generally, a nonempty singularity set X'). Then the theorem again follows from 
the lemma. • 
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