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Preface 

Trinity: It 's the question that drives us, Neo. It 's the question that brought 

you here. You know the question just as I did. 

Neo: What is the Matrix? ... 

Morpheus: Do you want to know what it is? The Matrix is everywhere.... 

Unfortunately, no one can be told what the Matrix is. You have to see it for 

yourself. 

- From the movie "The Matrix". 

What this book is about 

This is the sequel to the book "The Ricci Flow: An Introduction" by 
two of the authors [108]. In the previous volume (henceforth referred to 
as Volume One) we laid some of the foundations for the study of Richard 
Hamilton's Ricci flow. The Ricci flow is an evolution equation which deforms 
Riemannian metrics by evolving them in the direction of minus the Ricci 
tensor. It is like a heat equation and tries to smooth out initial metrics. 
In some cases one can exhibit global existence and convergence of the Ricci 
flow. A striking example of this is the main result presented in Chapter 6 of 
Volume One: Hamilton's topological classification of closed 3-manifolds with 
positive Ricci curvature as spherical space forms. The idea of the proof is 
to show, for any initial metric with positive Ricci curvature, the normalized 
Ricci flow exists for all time and converges to a constant curvature metric as 
time approaches infinity. Note that on any closed 2-dimensional manifold, 
the normalized Ricci flow exists for all time and converges to a constant 
curvature metric. Many of the techniques used in Hamilton's original work in 
dimension 2 have influenced the study of the Ricci flow in higher dimensions. 
In this respect, of special note is Hamilton's 'meta-principle' of considering 
geometric quantities which either vanish or are constant on gradient Ricci 
solitons. 

It is perhaps generally believed that the Ricci flow tries to make met
rics more homogeneous and isotropic. However, for general initial metrics 
on closed manifolds, singularities may develop under the Ricci flow in di
mensions as low as 3.1 In Volume One we began to set up the study of 
singularities by discussing curvature and derivative of curvature estimates, 
looking at how generally dilations are done in all dimensions, and studying 

For noncompact manifolds, finite t ime singularities may even occur in dimension 2. 

ix 
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aspects of singularity formation in dimension 3. In this volume, we continue 
the study of the fundamental properties of the Ricci flow with particular 
emphasis on their application to the study of singularities. We pay particu
lar attention to dimension 3, where we describe some aspects of Hamilton's 
and Perelman's nearly complete classification of the possible singularities.2 

As we saw in Volume One, Ricci solitons (i.e., self-similar solutions), dif
ferential Harnack inequalities, derivative estimates, compactness theorems, 
maximum principles, and injectivity radius estimates play an important role 
in the study of the Ricci flow. The maximum principle was used extensively 
in the 3-dimensional results we presented. Some of the other techniques were 
presented only in the context of the Ricci flow on surfaces. In this volume we 
take a more detailed look at these general topics and also describe some of 
the fundamental new tools of Perelman which almost complete Hamilton's 
partial classification of singularities in dimension 3. In particular, we discuss 
Perelman's energy, entropy, reduced distance, and some applications. Much 
of Perelman's work is independent of dimension and leads to a new under
standing of singularities. It is difficult to overemphasize the importance of 
the reduced distance function, which is a space-time distance-like function 
(not necessarily nonnegative!) which is intimately tied to the geometry of 
solutions of the Ricci flow and the understanding of forming singularities. 
We also discuss stability and the linearized Ricci flow. Here the emphasis is 
not just on one solution to the Ricci flow, but on the dependence of the so
lutions on their initial conditions. We hope that this direction of study may 
have applications to showing that certain singularity types are not generic. 

This volume is divided into two parts plus appendices. For the most 
part, the division is along the lines of whether the techniques are geometric 
or analytic. However, this distinction is rather arbitrary since the techniques 
in Ricci flow are often a synthesis of geometry and analysis. The first part is 
intended as an introduction to some basic geometric techniques used in the 
study of the singularity formation in general dimensions. Particular atten
tion is paid to finite time singularities on closed manifolds, where the spatial 
maximum of the curvature tends to infinity in finite time. We also discuss 
some basic 3-manifold topology and reconcile this with some classification 
results for 3-dimensional finite time singularities. The partial classification 
of such singularities is used in defining Ricci flow with surgery. In particular, 
given a good enough understanding of the singularities which can occur in 
dimension 3, one can perform topological-geometric surgeries on solutions 
to the Ricci flow either right before or at the singularity time. One would 
then like to continue the solution to the Ricci flow until the next singularity 
and iterate this process. In the end one hopes to infer the existence of a 
geometric decomposition on the underlying 3-manifold. This is what Hamil
ton's program aims to accomplish and this is the same framework on which 

Not all singularity models have been classified, even for finite time solutions of the 
Ricci flow on closed 3-manifolds. Apparently this is independent of Hamilton's program 
for Thurston geometrization. 
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Perelman's work is based. In view of the desired topological applications of 
Ricci flow, in Chapter 9 we give a more detailed review of 3-manifold topol
ogy than was presented in Volume One. We hope to discuss the topics of 
nonsingular solutions (and their variants), where one can infer the existence 
of a geometric decomposition, surgery techniques, and more advanced topics 
in the understanding of singularities elsewhere.3 

The second part of this volume emphasizes analytic and geometric tech
niques which are useful in the study of Ricci flow, again especially in regards 
to singularity analysis. We hope that the second part of this volume will 
not only be helpful for those wishing to understand analytic and geometric 
aspects of Ricci flow but that it will also provide tools for understanding 
certain technical aspects of Ricci flow. The appendices form an eclectic col
lection of topics which either further develop or support directions in this 
volume. 

We have endeavored to make each of the chapters as self-contained as 
possible. In this way it is hoped that this volume may be used not only 
as a text for self-study, but also as a reference for those who would like to 
learn any of the particular topics in Ricci flow. To aid the reader, we have 
included a detailed guide to the chapters and appendices of this volume and 
in the first appendix we have also collected the most relevant results from 
Volume One for handy reference. 

For the reader who would like to learn more about details of Perelman's 
work on Hamilton's program, we suggest the following excellent sources: 
Kleiner and Lott [231], Sesum, Tian, and Wang [326], Morgan and Tian 
[273], Chen and Zhu [81], Cao and Zhu [56], and Topping [356]. For further 
expository accounts, please see Anderson [5], Ding [126], Milnor [267], and 
Morgan [272]. Part of the discussion of Perelman's work in this volume was 
derived from notes of four of the authors [102]. 

Finally a word about notation; if an unnumbered formula appears on 
p. ^ ^ of Volume One, we refer to it as (Vl-p. ^?4b); if the equation is num
bered <)••, then we refer to it as (Vl-<0>.J|fc). 

Highlights of P a r t I 

In Part I of this volume we continue to lay the foundations of Ricci 
flow and give more geometric applications. We also discuss some aspects of 
Perelman's work on the Ricci flow.4 Some highlights of Part I of this volume 
are the following: 

(1) Proof of the existence of the Bryant steady soliton and rotationally 
symmetric expanding gradient Ricci solitons. Examples of homoge
neous Ricci solitons. Triviality of breather solutions (no nontrivial 
steady or expanding breathers result). The Buscher duality trans
formation of gradient Ricci solitons of warped product type. An 

Some of these topics will appear in Part II of this volume. 
Further treatment of Perelman's work will appear in Part II and elsewhere. 
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open problem list on the geometry and classification of Ricci soli-
tons. 

(2) Introduction to the Kahler-Ricci flow. Long-time existence of the 
Kahler-Ricci flow on Kahler manifolds with first Chern class hav
ing a sign. Convergence of the Kahler-Ricci flow on Kahler man
ifolds with negative first Chern class. Construction of the Koiso 
solitons and other U(n)-invariant solitons. Differential Harnack es
timates and their applications under the assumption of nonnegative 
bisectional curvature. A survey of uniformization-type results for 
complete noncompact Kahler manifolds with positive curvature. 

(3) Proof of the global version of Hamilton's Cheeger-Gromov-type 
compactness theorem for the Ricci flow. We take care to follow 
Hamilton and prove the compactness theorem for the Ricci flow 
in the category of pointed solutions with the convergence in C°° 
on compact sets. Outline of the proof of the local version of the 
aforementioned result. Application to the existence of singularity 
models. 

(4) A unified approach to Perelman's monotonicity formulas for en
ergy and entropy and the expander entropy monotonicity formula. 
Perelman's A-invariant and application to the second proof of the 
no nontrivial steady or expanding breathers result. Other entropy 
results due to Hamilton and Bakry-Emery. 

(5) Proof of the no local collapsing theorem assuming only an upper 
bound on the scalar curvature. Relation of no local collapsing and 
Hamilton's little loop conjecture. Perelman's \i- and [/-invariants 
and application to the proof of the no shrinking breathers result. 
Discussion of Topping's diameter control result. Relation between 
the variation of the modified scalar curvature and the linear trace 
Harnack quadratic. Second variation of energy and entropy. 

(6) Theory of the reduced length. Comparison between the reduced 
length for static metrics and solutions of the Ricci flow. The C-
length, L-, L-, and ^-distances and the first and second variation 
formulas for the £-length. Existence of ^-geodesies and estimates 
for their speeds. Formulas for the gradient and time-derivative of 
the //-distance function and its local Lipschitz property. Formu
las for the Laplacian and Hessian of L and differential inequalities 
for L, L, and £ including a space-time Laplacian comparison the
orem. Upper bound for the spatial minimum of £. Formulas for £ 
on Einstein and gradient Ricci soliton solutions. £-Jacobi fields, 
the £-Jacobian, and the ^-exponential map, and their properties. 
Estimate for the time-derivative of the £-Jacobian. Bounds for £, 
its space-derivative, and its time-derivative. Properties of Lipschitz 
functions applied to £ and equivalence of notions of supersolutions 
in view of differential inequalities for £. 
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(7) Applications of the reduced distance. Reduced volume of a static 
metric and its monotonicity. Monotonicity formula for the re
duced volume and application to weakened no local collapsing for 
complete (possibly noncompact) solutions of the Ricci flow with 
bounded curvature. Certain backward limits of ancient ^-solutions 
are shrinking gradient Ricci solitons. 

(8) A survey of basic 3-manifold topology and a brief description of the 
role of Ricci flow as an approach to the geometrization conjecture. 

(9) Concise summary of the contents of Volume One including some 
main formulas and results. Formulas for the change in geometric 
quantities given a variation of the metric, evolution of geometric 
quantities under Ricci flow, maximum principles, curvature esti
mates, classical singularity theory including applications of classical 
monotonicity formulas, ancient 2-dimensional solutions, Hamilton's 
partial classification of 3-dimensional finite time singularities. 

(10) List of some results in the basic theory of Ricci flow and the back
ground Riemannian geometry. Bishop-Gromov volume compari
son theorem, Laplacian and Hessian comparison theorems, Calabi's 
trick, geometry at infinity of gradient Ricci solitons, dimension re
duction, properties of ancient solutions, existence of necks using 
the combination of classical singularity theory in dimension 3 and 
no local collapsing. 

(11) Discussion of some results on the asymptotic behavior of complete 
solutions of the Ricci flow on noncompact manifolds diffeomor-
phic to Euclidean space. A brief discussion of the mean curvature 
flow (MCF) of hypersurfaces in Riemannian manifolds. Huisken's 
monotonicity formula for MCF of hypersurfaces in Euclidean space, 
including a generalization by Hamilton to MCF of hypersurfaces 
in Riemannian manifolds. Short-time existence (Buckland) and 
monotonicity formulas (Hamilton) for the cross curvature flow of 
closed 3-manifolds with negative sectional curvature. 
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Contents of Part I of Volume Two 

"There must be some way out of here, ..." 

- Prom "All Along the Watchtower" by Bob Dylan 

We describe the main topics considered in each of the chapters of Part 
I of this volume. 

Chapter 1. We consider the self-similar solutions to the Ricci flow, 
called Ricci solitons. These special solutions evolve purely by homotheties 
and diffeomorphisms. When the diffeomorphisms are generated by gradient 
vector fields, the Ricci solitons are called gradient. We begin by presenting 
a canonical form for gradient Ricci solitons and by systematically differenti
ating the gradient Ricci soliton equations to obtain higher-order equations. 
These equations play an important role in the qualitative study of gradient 
Ricci solitons. 

Warped products provide elegant and important examples of solitons, 
such as the cigar metric, which is an explicit steady Ricci soliton defined on 
M2 and which is conformal to the Euclidean metric, positively curved and 
asymptotic to a cylinder. We also discuss the construction of the higher-
dimensional generalization of the cigar, the rotationally symmetric Bryant 
soliton defined on Rn. Interestingly, the qualitative behavior of the Bryant 
soliton is quite different from the cigar. We also construct rotationally sym
metric expanding gradient Ricci solitons. 

An interesting class of Ricci solitons is the homogenous Ricci solitons. 
It is notable that in dimensions as low as 3, there exist expanding homo
geneous Ricci solitons which are not gradient. We especially discuss the 
3-dimensional case of expanding Ricci solitons. 

The scarcity of Ricci solitons on closed manifolds is exhibited by the 
fact that the only steady or expanding Ricci solitons on such manifolds are 
Einstein metrics. Moreover, in dimensions 2 and 3, the only shrinking Ricci 
solitons on closed manifolds are Einstein. In dimension 2, this follows from 
the Kazdan-Warner identity and in dimension 3 this relies on a pinching 
estimate for the curvature due independently to Hamilton and Ivey. 

The consideration of gradient Ricci solitons, in particular those geomet
ric quantities which either vanish or are constant on gradient Ricci solitons, 
has played an important role in the discovery of monotonicity formulas. We 
briefly introduce Perelman's energy and entropy functionals from this point 

xvii 
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of view. These functionals will be considered in more detail in Chapters 5 
and 6. 

Ricci solitons were actually introduced first in the physics literature, 
where nontrivial ones were called quasi-Einstein metrics. So it is perhaps 
not surprising that some aspect of duality theory is related to Ricci solitons. 
We discuss gradient Ricci solitons in the form of warped products with tori 
and the Buscher duality transformation of these special solitons. 

We conclude the chapter with a summary of results and open problems 
on Ricci solitons. 

A fundamental aspect of Ricci solitons is that they occur as singularity 
models, i.e., limits of dilations of a singular solution. In particular, for 
metrics with nonnegative curvature operators and whose scalar curvature 
attains its maximum in space and time, the limits of Type II singularities 
are steady Ricci solitons. One proof of this relies on the matrix differential 
Harnack inequality and the strong maximum principle for tensors, whose 
proofs are given in Part II. In the chapter on differential Harnack inequalities 
in Part II we shall motivate the consideration of the Harnack quadratic by 
differentiating the expanding gradient Ricci soliton equation to obtain the 
matrix Harnack quantity, which vanishes in certain directions on expanding 
gradient solitons. 

Chapter 2. We discuss the Kahler-Ricci flow, which is simply the Ricci 
flow on Kahler manifolds. In the compact case, the Ricci flow preserves the 
Kahler structure of the metric. Because of the interaction of the complex 
structure with the evolving metric, a rich field has developed in the study 
of the Kahler-Ricci flow. 

We begin by giving a basic introduction to Kahler geometry. This in
troduction is not meant as a replacement of the standard texts on Kahler 
geometry, but rather an attempt to make the book more self-contained. We 
encourage the novice to read other texts (some of these are cited in the 
notes and commentary) either before or in conjunction with this chapter. 
We emphasize local coordinate calculations in holomorphic coordinates in 
the style of the book by Morrow and Kodaira [275]. 

To put the study of the Kahler-Ricci flow in a broader context, we give 
a brief summary of some results on the existence and uniqueness of Kahler-
Einstein metrics. Many of the results in this field are deep and we encourage 
the interested reader to consult the original papers or other sources. 

Our study of the Kahler-Ricci flow begins with the fundamental result of 
H.-D. Cao on the long-time existence and convergence on closed manifolds. 
Long-time existence holds independently of whether the first Chern class is 
negative, zero, or positive. Convergence to a Kahler-Einstein metric holds 
in the cases where the Chern class is either negative or zero. 

There has been substantial progress on the Kahler-Ricci flow in both 
the compact and the complete noncompact cases. We briefly survey some 
results in this area. 
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There are a number of interesting Kahler-Ricci solitons. We present the 
construction of some of these solitons, including the Koiso soliton. All of 
the known examples have some sort of symmetry. It is hoped that the study 
of Kahler-Ricci solitons may shed some light on the problem of formulating 
weak solutions to the Kahler-Ricci flow as a way of canonically flowing past 
a singularity. 

Finally we discuss nonnegativity of curvature and the Kahler-Ricci flow. 
A particularly natural condition is nonnegative bisectional curvature. This 
condition is preserved under the Kahler-Ricci flow and H.-D. Cao has proved 
a differential matrix Harnack estimate under this curvature condition (as
suming bounded curvature). The trace form of the matrix estimate may be 
generalized to a differential Harnack estimate which ties more closely to the 
heat equation. We present a family of such inequalities and discuss some 
applications. 

Chapter 3. The study of the limiting behavior of solutions begins with 
Hamilton's Cheeger-Gromov-type compactness theorem for the Ricci flow, 
which is the subject of this chapter. One considers sequences of pointed 
solutions to the Ricci flow and one attempts to extract a limit of a subse
quence. Such sequences arise when studying singular solutions by taking 
sequences of points and times approaching the singularity time and dilating 
the solutions by the curvatures at these basepoints. In order to extract a 
limit, we assume that the injectivity radii at the basepoints and the cur
vatures everywhere are bounded. By Shi's local derivative bounds, we get 
pointwise bounds on all the derivatives of the curvatures. This enables us 
to prove convergence in C°° on compact subsets for a subsequence. 

We prove the compactness theorem for solutions (time-dependent) from 
the compactness theorem for metrics (time-independent), which will be 
proved in the next chapter. We also consider a local version of the com
pactness theorem and discuss the application of the compactness theorem 
to the existence of singularity models for solutions of the Ricci flow assum
ing an injectivity radius estimate (such an estimate holds for finite time 
solutions on closed manifolds by Perelman's no local collapsing theorem). 

The outline of the proof of the compactness theorem is as follows. One 
first proves a compactness theorem for pointed Riemannian manifolds with 
bounded injectivity radii, curvatures and derivatives of curvature. To prove 
the compactness theorem for pointed solutions {M,gk (t), Ok}ke^ to the 
Ricci flow from this, one observes the following. By Shi's estimate and the 
compactness theorem for pointed Riemannian manifolds there exists a sub
sequence gk (to) which converges for a fixed time to- The bounds on the 
curvatures and their derivatives also imply that the metrics g^ (t) are uni
formly equivalent on compact time intervals and the covariant derivatives of 
the metrics gk (t) with respect to a fixed metric g are bounded. The com
pactness theorem for solutions then follows from the Arzela-Ascoli theorem. 

We also briefly discuss the Cheeger-Gromov-type compactness theorems 
for both Kahler metrics and solutions of the Kahler-Ricci flow. The only 
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issue in applying the Riemannian compactness theorem is showing that the 
limiting metric/solution is Kahler; fortunately this is easily handled. 

Chapter 4. In this chapter we first give an outline of the proof of the 
Cheeger-Gromov compactness theorem for pointed Riemannian manifolds. 
The proof of the compactness theorem for pointed manifolds is rather tech
nical and involves a few steps. The main step is to define, after passing to a 
subsequence, approximate isometries ^ from balls B (Ok, k) in Mk to balls 
B (Ofc+i, k + 1) in Mk+i- The manifold .Moo is defined as the direct limit of 
the directed system \E^. Convergence to Moo and the completeness of this 
limit follows from ^ being approximate isometries. 

The ideas in the proof of the main step are as follows. In each of the 
manifolds Mk in an appropriate subsequence, starting with the origins Ok = 
#£, one constructs a net (sequence) of points {Xk}a=o which will be the 
centers of balls B% of the appropriate radii (technically one considers balls of 
different radii for what follows). By passing to a subsequence and appealing 
to the Arzela-Ascoli theorem repeatedly, we may assume these Riemannian 
balls have a limit as k —» oo for each a. Furthermore, we may also assume 
that the balls cover larger and larger balls centered at Ok and that the 
intersections of balls B% and B^ are independent of k in the limit. Choosing 
frames at the centers of these balls yields local coordinate charts H% (this 
depends on a decay estimate for the injectivity radius and our choice of the 
radii of the balls) and we can define overlap maps J^ — \H%) ° H%. 

By passing to a subsequence, we may assume the J^ converge as k —> oo 
for each a and (3. The local coordinate charts also define maps between 
manifolds by F^ = Hf o(H^)'1. Now we can define approximate isometries 
Fki : B {Ok, k) —> Mi by taking a partition of unity and averaging the maps 
F£t Technically, this is accomplished using the so-called center of mass and 
nonlinear averages technique. This brings us to the remaining step, which 
is to show that these maps are indeed approximate isometries. 

Chapter 5. In Volume One we saw the integral monotonicity formula 
for Hamilton's entropy for solutions to the Ricci flow on surfaces with pos
itive curvature. There we also saw various curvature pinching estimates, 
the gradient of the scalar curvature estimate, and higher derivative of cur
vature estimates. Other monotonicity-type formulas, for the evolution of 
the lengths and areas of stable minimal geodesies and surfaces, yielded in-
jectivity radius estimates in various special cases in low dimensions. In a 
generalized sense, all of these estimates may be thought of as monotonicity 
formulas. 

In this chapter we address Perelman's energy formula. One of the main 
ideas here is the introduction of an auxiliary function, which serves several 
purposes. It fixes the volume form, it satisfies a backward heat-type equa
tion, it is used to understand the action of the diffeomorphism group, and it 
relates to gradient Ricci solitons. We discuss the first variation formula for 
the energy functional and the modified Ricci flow as the gradient flow for 



CONTENTS OF PART I OF VOLUME TWO xxi 

this energy. The nonexistence of steady and expanding breathers on closed 
manifolds, originally proved by one of the authors, may be proved using the 
energy functional and an associated invariant. We also discuss the classical 
entropy and its relation to Perelman's energy. 

Chapter 6. In this chapter we discuss Perelman's remarkable entropy 
functional. This functional is actually an energy-entropy quantity which 
combines Perelman's energy with the classical entropy using a positive pa
rameter r which, in the context of Ricci flow, plays the dual roles of the scale 
and minus time. We compute the first variation of the entropy and derive 
its monotonicity under the Ricci flow coupled to the adjoint heat equation. 
The entropy formula, via the consideration of test functions concentrated at 
points, leads to a volume noncollapsing result for all solutions to the Ricci 
flow on closed manifolds, called no local collapsing. This result also yields 
a strong injectivity radius estimate and rules out the formation of the cigar 
soliton as a finite time singularity model on closed manifolds. 

By minimizing the entropy functional over all functions satisfying a con
straint and then minimizing over all scales r, we obtain two geometric in
variants, one depending on the metric and scale and one depending only on 
the metric. The consideration of these invariants is useful in proving the 
nonexistence of nontrivial shrinking breather solutions on closed manifolds. 

We also provide an improved version of the no local collapsing theorem, 
also due to Perelman. Our presentation is based on the diameter bound 
result of Topping, whose proof we also sketch. 

Finally we discuss variational formulas for the modified scalar curva
ture, which is an integrand for Perelman's entropy functional, the second 
variation of energy and entropy functionals, and also a matrix Harnack-type 
calculation for the adjoint heat equation coupled to the Ricci flow. 

Chapter 7. In this chapter we give a detailed introduction to Perel
man's reduced distance, also called the ^-function. To reduce technicalities, 
we first consider the analogous function corresponding to fixed Riemannian 
metrics, which is simply the function d (p, q) /4r. In the Ricci flow case we 
first consider the ^-length. 

After presenting some basic properties of the ^-length, we compute its 
first variation formula and discuss the existence of £-geodesics, which are the 
critical points of the £-length. Associated to the ^-length is the L-distance, 
which is obtained by taking the infimum of the ^-length over paths with 
given endpoints. We compute the first space- and time-derivatives of the 
L-distance. This is partially analogous to the Gauss lemma in Riemannian 
geometry. Next we compute the second variation formula for the £-length, 
and motivated by space-time considerations, we express the formula in terms 
of Hamilton's matrix Harnack quadratic. This second variation formula 
yields an estimate for the Hessian of the L-distance (and hence for the 
reduced distance). Next we derive a number of differential equalities and 
inequalities for the reduced distance. These inequalities are the basis for 
the use of the reduced distance in the study of singularity formation under 
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the Ricci flow. We also consider the reduced distance in the special cases of 
Einstein solutions, and more generally, gradient Ricci solitons. 

There is a whole space-time geometry associated to the £-length and re
duced distance. We consider the notions of C- Jacobi fields and /^-exponential 
map. We derive properties of these objects including the C- Jacobi equation, 
bounds for £-Jacobi fields, the £-cut locus, and £-Jacobian. We derive 
bounds for the reduced distance, its spatial gradient, and its time-derivative. 
Since the reduced distance is a Lipschitz function, we recall the basic prop
erties of Lipschitz functions and formulate the precise sense in which differ
ential inequalities for the reduced distance hold. 

Chapter 8. We discuss applications of the study of the reduced distance 
to the study of finite time singularities for the Ricci flow. First we consider 
the reduced volume associated to a static metric. This is simply the integral 
of the transplanted Euclidean heat kernel using the exponential map based 
at some point. In the case of nonnegative Ricci curvature, the static metric 
reduced volume is monotonically nonincreasing. This corresponds to the 
fact that the reduced volume integrand is a weak subsolution to the heat 
equation. With analogies to no local collapsing in mind, we relate the static 
metric reduced volume to volume ratios of balls. 

Next we consider Perelman's reduced volume for the Ricci flow. For 
all solutions of the Ricci flow on closed manifolds, the reduced volume is 
monotonically nondecreasing. We present various heuristic proofs and then 
justify these proofs using the basic properties of the reduced distance as a 
Lipschitz function and the £-Jacobian developed in the previous chapter. 

We prove a weakened version of the no local collapsing theorem using 
the reduced volume monotonicity. This proof is somewhat technical since 
one needs some estimates for the ^-exponential map. Its advantage over the 
entropy proof given in Chapter 6 is that it holds for complete solutions of the 
Ricci flow on noncompact manifolds with bounded curvature. Perelman's no 
local collapsing theorem tells us that singularity models in dimension 3 are 
ancient ^-solutions. To obtain more canonical limits, one often needs to take 
backward limits in time and rescale to obtain new ancient ^-solutions. The 
reduced distance function may be used to show that certain backward limits 
of ancient Ac-solutions are shrinking gradient Ricci solitons. In dimension 3 
such a soliton must either be a spherical space form, the cylinder S2 x R, or 
its Z2-quotient. This has important consequences for singularity formation 
in dimension 3. 

Chapter 9. In this chapter we give a survey of some of the basic 3-
manifold topology which is related to the Ricci flow. 

Appendix A. We review the contents of Volume One and other aspects 
of basic Riemannian geometry and Ricci flow. 

Appendix B. In many cases, solutions to the Ricci flow limit to Ricci 
solitons. We present some low-dimensional results of this type for certain 
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classes of complete solutions with bounded curvature on noncompact mani
folds diffeomorphic to Euclidean space. We also discuss the mean curvature 
flow and the cross curvature flow. 

Appendix C. This is a glossary of terms related to the study of the 
Ricci flow. 



APPENDIX A 

Basic Ricci Flow Theory 

Heat, like gravity, penetrates every substance of the universe, its rays occupy 
all parts of space. The object of our work is to set forth the mathematical 
laws which this element obeys. The theory of heat will hereafter form one of 
the most important branches of general physics. - Joseph Fourier 

In this appendix we recall some basic Ricci flow notation, formulas, 
and results, mostly from Volume One. Unless otherwise indicated, all page 
numbers, theorem references, chapter and section numbers, etc., refer to 
Volume One. Some of the results below are slight modifications of those 
stated therein. If an unnumbered formula appears on p. ?̂4b of Volume One, 
we refer to it as (Vl-p. ?̂4b); if the equation is numbered <().•, then we refer 
to it as (Vl-O.*). 

The reader who has read or is familiar with Volume One may essentially 
skip this chapter, referring to it only when necessary. 

1. Riemannian geometry 

1.1. Notation. Let {M,g) be a Riemannian manifold. Throughout 
this appendix we shall often sum over repeated indices and not bother to 
raise (or lower) indices. For example, aijbij = glk g^ a^b^n. 

• If a is a 1-form, then a$ denotes the dual vector field. Conversely, 
if X is a vector field, then X^ denotes the dual 1-form. 

• TM, T*M, A2T*X, and S2T*M denote the tangent, cotangent, 
2-form, and symmetric (2,0)-tensor bundles, respectively. 

• T, V, and A denote the Christoffel symbols, covariant derivative, 
and Laplacian, respectively. 

• i?, Re, and Rm denote the scalar, Ricci, and Riemann curvature 
tensors, respectively. 

• r often denotes the average scalar curvature (assuming M is com
pact). 

• The upper index on the Riemann (3, l)-tensor is lowered into the 
4-th position: RijM = R™jk9ml-

• A > /i > v denote the eigenvalues of the Riemann curvature oper
ator of a 3-manifold, in decreasing order. 

• d = dist, diam, and inj denote the Riemannian distance, diameter, 
and injectivity radius, respectively. 

• L, A = Area, and V denote length, area, and volume, respectively. 

445 
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• tr^ denotes the trace with respect to g (e.g., of a symmetric (2,0)-
tensor). 

• Sn usually denotes the unit n-sphere. 
• For tensors A and B, A * B denotes a linear combination of con

tractions of the tensor product of A and B. 
G 

• = denotes an equality which holds on gradient Ricci solitons. 
• = denotes an equality which holds on expanding gradient Ricci 

solitons. 

1.2. Basic Riemannian geometry formulas in local coordinates. 
In Ricci flow, where the metric is time-dependent, it is convenient to compute 
in a local coordinate system. 

Let (Mn,g) be an n-dimensional Riemannian manifold. Almost ev
erywhere we shall assume the metric g is complete. Let {#*} be a local 
coordinate system and let di = -^. The components of the metric are 
9ij 4=ff(9i, dj). The Christoffel symbols for the Levi-Civita connection, de
fined by Vdidj = T^dk, are 

(Vl-p. 24) I * = \gu {diQn + djga - de9ij), 

where (gu) is the inverse matrix of (g^). The components of the Riemann 
curvature (3, l)-tensor, defined by 

<v l-p-2 8 6> *{•£?•£>)£? *'**£'• 
are 

(Vl-p. 68) R{jk = diY]k - d3Y{k + T%T\p - I* r j p . 

The Ricci tensor is given by 

(vi-p. 92) jjy = j % , = dpv%-ar;. + r j i * , - I « . I * . 
The scalar curvature is R — g^Rij. HM is oriented and the local coordinates 
{x%} - i have positive orientation, then the volume form is 

(Vl-p. 70) dfji = ^/detgdx1 A • • • A dxn. 

The Bianchi identities. 
(1) First Bianchi identity: 

(Vl-3.17) 0 — Rijkt + Rikij + R%ijk-

(2) Second Bianchi identity: 

(Vl-3.18) 0 - VqRljki + ViR3qM + VjRqiki, 

where we take VRm, cyclically permute the first three indices of 
VqRijki (components), and sum to get zero. 
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(3) Contracted second Bianchi identity: 

(Vl-3.13) VjRij = \ViR, 

which is obtained from (Vl-3.18) by taking two traces (e.g., multi
plying by gq^gik and summing over g,£, j , k). 

1.3. Cartan structure equations. For metrics with symmetry, such 
as rotationally symmetric metrics, it is convenient to calculate with respect 
to a local orthonormal frame, also called a moving frame. 

Let {ê }™=1 be a local orthonormal frame field in an open set U C Mn. 
Denote the dual orthonormal basis of T*M by {w1} •_1 so that g — Y^7=i ul® 
uol. The connection 1-forms UJ\ G O1 (U) are defined by 

n 

(Vl-p. 106a) V x e ^ ^ T ^ ' p O e , , 

for a l i i = 1 , . . . , n and X G C°° (TM\u) • They are antisymmetric: UJ\ — 
—ulj. The first and second Cartan structure equations are 

(Vl-p. 106b) dJ=(J /\u), 

(Vl-p. 106c) R m | = ttj = duj - u* A u?k. 

The following formula is useful for computing the connection 1-forms: 

(A.l) u\ (ej) = duo1 (ej, ek) + duj (e*, ek) - duk (ej, e*). 

1.4. Curvature under conformal change of the metric. Let g 
and g be two Riemannian metrics on a manifold Mn conformally related by 
g — e2ug, where u : M —> ]R. If {e^}^=1 is an orthonormal frame field for 
g, then { e ^ } ^ , where ei = e~uei, is an orthonormal frame field for g. The 
Ricci tensors of g and g are related by 

(A.2) ite (e,, e%) = e'*" ( ^ l \ & + {\~ " } *f«" ~ ^ , ) • v J y J V + IVu\ (2 - n) sa ~ (2 - n) ez (u) ei (u) J 
Tracing this, we see that the scalar curvatures of g and g are related by 

(A.3) R = e~2u (R-2(n-l)Au-{n- 2) (n - 1) | Vu\2) . 

For derivations of the formulas above, which are standard, see subsection 
7.2 of Chapter 1 in [111] for example. 

1.5. Variations and evolution equations of geometric quanti
ties. The Ricci flow is an evolution equation where the variation of the 
metric (i.e., time-derivative of the metric) is minus twice the Ricci ten
sor. More generally, we may consider arbitrary variations of the metric. 
Given a variation of the metric, we recall the corresponding variations of 
the Levi-Civita connection and curvatures. (In Volume One, see Section 1 
of Chapter 3 for the derivations, or see Lemma 6.5 on p. 174 for a summary.) 
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L E M M A A. l (Metric variation formulas). Suppose that g (s) is a smooth 
1-parameter family of metrics on a manifold M.n such that -^g — v. 

(1) The Levi-Civita connection Y of g evolves by 

(Vl-3.3) ^ r £ - = \gki (VlVji + Vjvu - V £ % ) . 

(2) The (3 ,1)-Riemann curvature tensor Rm of g evolves by 

(Vl-3 4) — Re = - tp ( ViVjVkp + ViVkViP ~ ViVpvJk \ 
ds %]k 2 \̂  -VjViVfep - VjVfcfjp + VjVpvik J 

1 / ViVkVjp + VjVpvik - ViVpvjk - VjVkVip \ 
(Vl-p. 69a) = -gtp 

2 V ~RijkV1P - RijpVkq J 

(3) The Ricci tensor Re of g evolves by 

d 1 
(Vl-3.5) T^Rjk = ^ m {VqVjVkp + VqVkVjp ~ VqVpV]k - Vj VjfcVgp) 

(Vl-p. 69b) = - - [ALvjk + VjVfc (tigv) + Vj (8v)k + Vfc (Sv, 

where AL denotes the Lichnerowicz Laplacian of a (2,0) -tensor, 
which is defined by 

(Vl-3.6) (ALv)jk = Avjk + 2g«pRr
qjk vrp - g"pRjp vqk - g"pRkp vjq. 

(4) The scalar curvature R of g evolves by 

(Vl-p. 69c) —R = gljgM ( -V* Vj-vjw + ViVkvje - vikRje) 

(Vl-p. 69d) = -AV + div (div v) - {v, R e ) , 

where V = g^Vij is the trace of v. 
(5) The volume element d\i evolves by 

(Vl-p. 70) J ^ = ^ dfi. 

(6) Let 7S be a smooth family of curves with fixed endpoints in KAn and 
let Ls denote the length with respect to g (s). Then 

(Vl-3.8) -fj-Ls (7a) = 1 [ v{T,T)d(i- I (VTT, U) da, 
ds 2 Jls Jls 

where a is arc length, T = - ^ , and U = ^ . 

1.6. C o m m u t i n g covariant derivat ives . In deriving how geometric 
quantities evolve when the metric evolves by Ricci flow, commutators of 
covariant derivatives often enter the calculations. (For the following, see 
p. 286 in Section 6 of Appendix A in Volume One.) If X is a vector field, 
then 

(Vl-p. 286a) [Vi, V3] X£ = VlVJXi - VJVlXl = R£
ljkXk. 
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If 0 is a 1-form, then 

(Vl-p. 286b) [V,, Vj] 6k = ViV^fe - VjVtfk = -Rfjk6e. 

More generally, if A is any (p, g)-tensor field, one has the commutator 
(Vl-p. 286) 

q p 

E r>£r Aii--£r-im£r+i---£q _ V ^ T>m J-v-lq 
riijm^±ki---kp Z^ ijks/±ki---ks-imks+i---kp' 

r=l s=l 

1.7. Lie derivative. Because of the diffeomorphism invariance of the 
Ricci flow, the effect of infinitesimal diffeomorphisms on tensors, e.g., the 
Lie derivative, enters the Ricci flow. (See p. 282 in Section 2 of Appendix A 
in Volume One.) 

The Lie derivative of the metric satisfies 

(Vl-p. 282a) (Cxg) (Y, Z) = g (VyX, Z) + g (Y, VZX) 

for all vector fields X, Y, Z. In local coordinates 

(Vl-p. 282b) (Cxg)^ = (Cxg) ( A , JL^j = V%Xj + VjXi. 

In particular, if X — V / is a gradient vector field, then 

(£vfg)ZJ = 2V i V i / . 

1.8. Bochner formulas. (See p. 284 in Section 4 of Appendix A in 
Volume One.) The rough Laplacian denotes the operators 

A : C°° (TgMn) - • C°° (T«Mn) , 

where T$M = <g)p T*M ® (g)9 TM, defined by 
(Vl-p. 284a) 

n 
(AA)(y i , . . . , y p ; e i , . . . , ^ ) = 5 ^ ( V 2 A ) ( e i , e i , y i , . . . , y p ; 0u...,0q) 

1=1 

for all (p, g)-tensors A, all vector fields Yi,.. . ,Yp, and all covector fields 
0 1 , . . . , 09, where {ê }™=1 is a (local) orthonormal frame field. The Hodge-
de Rham Laplacian -Ad : SV> (M) -> fF (A4) is defined by 
(Vl-p. 284b) - A d = dS + 6d. 

In particular, if 0 is a 1-form, then 

(Vl-p. 284c) Ad9 = A0 - Re (0). 

For any function / : M —> R 

(A.4) A V / - V A / + Rc(V/) 

and 

(A.5) A |V/ | 2 = 2 |VV/ | 2 + 2 Re (V/, V / ) + 2V/ • V ( A / ) , 
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where the dot denotes the metric inner product, i.e., X • Y = (X,Y) = 

If -§igij — —2Rij on jWx (a,oj) and / : M x (a, u) —» M, then 

a V „ , 2 _ n l n n , | 2 i m * n ^ A ^ A - —J |V/r = 2 I VV/r + 2V/ • V (^A - - j / 
1.9. The cylinder-to-ball rule. The following is an obvious modifi

cation of Lemma 2.10 on p. 29 of Volume One. 

LEMMA A.2 (Cylinder-to-ball rule). Let 0 < L < oo and let g be a 
warped-product metric on the topological cylinder (0, L) x Sn of the form 

g = dr2 + w (r)2 pc a n , 

where w : (0, L) —> R + and gcan is the canonical round metric of radius 1 
on Sn. Then g extends to a smooth metric on B (0,L) (as r —> 0+) if and 
only if 

(Vl-2.16) lim w(r) = 0, 
r—>0+ 

(Vl-2.17) lim «;'(r) = l, 
r—>0+ 

and 

(Vl-2.18) lim —2T (r) = ° for aU k e N ' 

1.10. Volume comparison. We recall the Bishop-Gromov volume 
comparison (BGVC) theorem. 

THEOREM A.3 (Bishop-Gromov volume comparison). Let {M.n,g) be a 
complete Riemannian manifold with Re > (n — 1) K, where K G R . Then 
for any p G Ai, 

Vol g(p , r ) 
Vo\KB(pK,r) 

is a nonincreasing function of r, where px is a point in the n-dimensional 
simply-connected space form of constant curvature K and \O\K denotes the 
volume in the space form. In particular 
(A.6) Vol B(p, r) < \o\K B(pK, r) 

for all r > 0. Given p and r > 0, equality holds in (A.6) if and only if B(p, r) 
is isometric to B(px,r). 

If Re > 0, we then have the following. 

COROLLARY A.4 (BGVC for Re > 0). If (Mn,g) is a complete Rie
mannian manifold with Re > 0, then for any p G Ai7 the volume ratio 

° rn is a nonincreasing function of r. We have ° r iP , r^ < ujn for all 
r > 0, where un is the volume of the Euclidean unit n-ball. Equality holds 
if and only if (A4n,g) is isometric to Euclidean space. 
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As a consequence, we have the following characterization of Euclidean 
space. 

COROLLARY A.5 (Volume characterization of Rn) . If {Mn,g) is a com
plete noncompact Riemannian manifold with Re > 0 and if for some ] ) G M , 

VolB for) 
hm = u>n, 

r—>oo V 

then (M,g) is isometric to Euclidean space. 
The following result about the volume growth of complete manifolds 

with nonnegative Ricci curvature is due to Yau (compare with the proof of 
Theorem 2.92). 

COROLLARY A.6 (Re > 0 has at least linear volume growth). There 
exists a constant c(n) > 0 depending only on n such that if (Mn,g) is a 
complete Riemannian manifold with nonnegative Ricci curvature and p G 
Mn, then 

Vol B (p, r)>c (n) Vol B (p, 1) • r 
for any r G [1, 2diam (M)).1 

The asymptotic volume ratio of a complete Riemannian manifold 
(Mn,g) with Re > 0 is defined by 

(A.7) A V R ( 9 ) = l i m ™ ^ > , 

where un is the volume of the unit ball in Rn. By the Bishop-Gromov 
volume comparison theorem, AVR(#) < 1. Again assuming Re (g) > 0, we 
have for s > r, 

(i) 

Ms)<A(r)S^, 

where A (s) = Vol dB (p, s), 
(2) 

(A.8) yolB(P,r)> A(s) 
K } unrn ~ nuns71'1 ~ K*J 

We have the following relation between volume ratios and the injectivity 
radius in the presence of a curvature bound (see for example Theorem 5.42 
of [111]). 

THEOREM A.7 (Cheeger, Gromov, and Taylor). Given c > 0, r0 > 0, 
andn G N, there exists Lo > 0 such that if (Mn,g) is a complete Riemannian 
manifold with |sect| < 1 and ifpEAi is such that 

Vo\B(p,r0) 
r 0 

>c, 

We allow the noncompact case where diam (M) = oo. 
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then 
inj (p) > to. 

1.11. Laplacian and Hessian comparison theorems. Given K G 
and r > 0, let 

(n - 1) y/Kcot (y/Kr) if K > 0, 
^ if A" = 0, 

( n - l ) y ^ c o t h ( ' ^ ^ r ) if X < 0, 
# t f (r) = ^ 

where if K > 0 we assume r < 7^7^- The function i7# (r) is equal to the 
mean curvature of the (n — l)-sphere of radius r in the complete simply-
connected Riemannian manifold of constant sectional curvature K. 

THEOREM A.8 (Laplacian comparison). Let (Mn,g) be a complete Rie
mannian manifold with Re > (n — 1) K, where K G R. For any p G A4n and 
x G A^n a£ which dp (x) is smooth, we have 

(A.9) Adp(x)<HK(dp(x)). 

On the whole manifold, the Laplacian comparison theorem (A.9) holds in 
the sense of distributions. That is, for any nonnegative C°° function if 
on Mn with compact support, we have 

/ dp (x) Aip (x) d[i (x) < / CK (dp (x)) if (x) d/i (x). 
J Mn J Mn 

The following is a special case of the Hessian comparison theorem. 

THEOREM A.9 (Hessian comparison theorem). If (M.n,g) is a complete 
Riemannian manifold with sect > K, then for any point p G M the distance 
function satisfies 

(A.10) (VlV3dp) (X) < ^zjHK (dp (x)) gXJ 

at all points where dp is smooth (i.e., away from p and the cut locus). On 
all of M the above inequality holds in the sense of support functions. 
That is, for every point x G M. and unit tangent vector V G TxAi, there 
exists a C2 function v : (—£, e) —•> R with v (0) = dp (x), 

dp (expx (tV)) <v(t), for t G (s, s), 

and 

— I 
dtA 

v(t)<——HK(dp{x)). 

Note that ^~^HK (r) is equal to the principal curvature of the totally 
umbillic (n — l)-sphere of radius r in the complete simply-connected Rie
mannian manifold of constant sectional curvature K. In fact Adp is the 
mean curvature of the distance sphere in Ai whereas VVdp is the second 
fundamental form of the distance sphere in Ai. 
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1.12. Li—Yau differential Harnack estimate. Let u : Mnx [0, oo) 
du 
dt be a positive solution to the heat equation §^ = Au on a complete Rie-

mannian manifold (Ainjg). Define / by 

(A.ll) u = (47rt)-n/2e- / , 

so that §£ = A / - | V / | 2 - § . 
THEOREM A.10 (Li-Yau differential Harnack estimate). If (Mn,g) has 

nonnegative Ricci curvature, then 

(A.!2) A / - ^ = | + | V / | 2 < 0 . 

Integrating (A.12) yields the following sharp version of the classical Har
nack estimate: 

(A.13) f(x2,t2)-f(x1,t{}<dfuXf 

for all xi, X2 G M and t<z > t\. If u — H is a fundamental solution centered 
at a point x G M, then taking t\ —> 0 implies the Cheeger-Yau estimate: 

(A.14) / t o , « ) < ! W 

In terms of n, the positive solution to the heat equation, on a complete 
Riemannian manifolds with nonnegative Ricci curvature, we have 

d . . _ . ,2 A i n 

— logu - IV log^ l = A l o g u > - — 
and 

^(#2**2) . (t2\~n/2 J d(xi,x2)2\ 
U{XXM) ~ \h) e x p [ 4 ( t 2 - t i ) 

For a fundamental solution u — R^ 

H(y,t) > (47rt)_r i /2expi -
d(x,yY 

At 

1.13. Calabi's trick. In this subsection we give an example of Calabi's 
trick which is useful in the study of heat-type equations and analytic aspects 
of the Ricci flow. In particular, a slight modification of the discussion below 
applies to the proof of the local first derivative of curvature estimate for the 
Ricci flow (see Theorem A.30). 

First, let us recall some facts about the distance function. Let (*Mn, g) be 
a Riemannian manifold. Given p G A4, the distance function r (x) = d (x,p) 
is Lipschitz on M with Lipschitz constant 1. Let Cut (p) denote the cut 
locus of p and let 

Cp = {V e TPM : d(p,expp(V)) = \V\} , 
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so that Cut (p) = expp (dCp). The cut locus is a closed set with measure 
zero. We have 

eXPplintCp
 : CP\9CP ~> M \ C u t (P) 

is a diffeomorphism. Let d/dr — A ^27=1 x%^ denote the unit radial vector 

field on TpM — < 0 >. If x £ Cut (p) U {p} , then r is smooth at x, Vr (x) — 
(expp)^d/dr, and |Vr(x) | = 1. 

Suppose that we have a function F : M x [0, T) —> R which satisfies the 
differential inequality 

(A.15) T | - - A N ) F < C 2 - F 2 

for some constant C. For an example of such a function, see the proof of the 
local first derivative of curvature estimate in Part II of this volume. 

If M is a closed manifold, then we can apply the maximum principle to 
F to obtain the estimate 

F(x,t) < C c o t h ( C t ) , 

where the RHS is the solution to the ODE & = C2 - f2 with lim t\o / (t) = 
+oc. On the other hand, if A4 is noncompact, then one way of obtaining an 
estimate for F is to localize the equation by introducing a cut-off function. 

In particular, suppose (-Mn,g) satisfies Re > — (n — 1) K for some K > 
0. Let r) : [0, oo) - ^ i b e a smooth nonincreasing function satisfying 77(5) = 1 
for 0 < s < \ and 77(5) — 0 for s > 1. We may assume 

(A.16) 0 > rjf > - 6 y ^ and - C o v ^ < v" < Co, 
where Co is a universal constant.2 Given p G M and A > 0, define 4>(x) = 

' ^ ^ ) . Recall that in M\ ({p} U Cut (p)) 

|Vd(-,p)| - 1, Ad(.,p) < ( n - l )v / Kcoth (v / Kd( . ,p ) ) , 

where the Laplacian estimate follows from (A.9) and the assumption Re > 
— (n — 1) K. Hence at points x £ Cut (p), cf) is smooth and 

(A.17) |V0|2 < C0, A<j> = jV'-Ad+-^v"\Vd\2>-C^, 

where C depends on A (and where we used (A.16), 7/ < 0, and the fact that 
the support of 7/ ( - ^ J is contained in JB (p, A) \J5 (p, ^ ) ) . 

We calculate that for x £ Cut (p), 

d . \ , _ ,2(d 

( ! 

- - A 1 (<j>F) = ^ I - - A ) F- <t>(A</>)F - 2cf>Vcf> • V F 

< - 2 V 0 • V (4>F) + tfC1 - (f)zFz - </>FA0 + 2F|V^| 

Let £ be a cut-off function with 0 > (' > —3 and |£"| < C, where C is a universal 
constant, and define r\ = Q2. 
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(the above calculation holds for any C2 function </>). That is, if x £ Cut (p) 
then by (A. 17) we have wherever F > 0, 

d 
A J + 2V0 • V (0F) < 4>2C2 - (cf>F)2 + C03/2F + C<f>F 

< \ (c\ - m2) 
for some constant C\ < oo. Hence 

(t4>F) < \ (C\ - {4>F)2) + cf>2F 

l-(c2t2-{t<j>F)2 + 2tct>F). 

j t - A ) + 2V4> • V 

< 
~ 2t 

Since l im^o (t(f>F) = 0 and t<f>F has compact support, we may apply the 
maximum principle to conclude 

Cft2 - (tcpF)2 + 2t<t>F > 0 

at a maximum point of t<j>F on M x [0, i] for any t € (0, T ) . In particular, 

t(f> (x) F (x, t) < C2 

o n A ^ x [0,T), where C2 depends only on C in (A.15) and A. In particular, 

F(x,t)<^ 

on B(p,A/2) x [0,T). 

EXERCISE A. 11. What happens to the constant C2 as A —> 00? 

In the above we have assumed that at the choice (xo,£o) of maximum 
point of £</>F, the function (p is C2. However (f> is only Lipschitz continuous 
since the distance function d(-,p) is only Lipschitz. To solve this problem, 
we apply Calabi 's tr ick (see [42]). In particular, suppose for our choice 
of maximum point (xo, to) of t(f)F, we have that <\> is not smooth at xo, i.e., 
xo G Cut (p). Let 

7 : [0,d(x0,p)] -* A4 
be a unit speed minimal geodesic joining xo top. Consider q = 7 (d(xo,p) — 5) 
for any small 5 = d(q,p) > 0. We have d(xo,q) + 6 — d(xo,p) and also g is 
not in the cut locus of XQ since S > 0. Consider the function 

G(x,t) + h , ( ^ ± « ) f ( x . . ) . 

Since d(x,q) + 8 > d(x,p) and 77 is nonincreasing, we have 

G(x,t) < (t</>F)(x,t) 

at any point (x, t) where F (x, t) > 0. Since G (xo, ̂ 0) = ^00 (#0) ^(^o> £0) — 
max^x[0)t-] (t(f>F), we conclude that G(x,t) also achieves its maximum at 
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(xo,to). However, since d(-,q) is C2 at #o, we may apply the maximum 
principle to the equation for G. One checks (Exercise: Prove this) that 

on M x [0, T), where C2 —> C2 as 5 -» 0. Hence 

max (t^F) < C2. 
Mx[0,t] 

2. Basic Ricci flow 

The (unnormalized) Ricci flow equation on a manifold A4n is 

(A.18) -9ij = -2IUj, 

whereas its cousin, the (volume-preserving) normalized Ricci flow equation 
on a closed manifold, is 

d 2r 
(A.19) -9ij = -211^ + —gij, 

where r (t) = (JM Rdji/ JM dji) (t) is the average scalar curvature. 

REMARK A. 12. The variation of a Riemannian metric in the direction of 
the Ricci curvature was considered by Bourguignon (see Proposition VIII.4 
of [32]). A fundamental work using a nonlinear heat-type equation (the 
harmonic map heat flow) is by Eells and Sampson [135]. 

Substituting h — — 2 Re into Lemma A.l yields the following result, 
which gives the evolution equations for the Levi-Civita connection and cur
vatures under the Ricci flow (A.18). (See Corollary 6.6 (1) on p. 175, 
Lemma 6.15 on p. 179, and Lemmas 6.9 and 6.7 on p. 176 of Volume One.) 

COROLLARY A. 13 (Ricci flow evolutions). Suppose g (t) is a solution of 
Ricci flow: -^g — —2 Re . 

(1) The Levi-Civita connection T of g evolves by 

(Vl-6.1) - I * = -gu (VtRj£ + VjRti - V , i ^ - ) . 

(2) Under the Ricci flow, the (4, 0)-Riemann curvature tensor evolves 

by 

(Vl-6.17) w,Rijk£ = ARijke + 2 (Bijke - Bij£k + Bikj£ - Bajk) 

— ( Ri Rpjki + RjRipki + Rk^ijpt ~^~ ^i^ijkp) ? 

where 

(Vl-6.16) Bljke = -gprgqsRipjqRkris = -R^R^k-
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(3) The Ricci tensor Re of g evolves by 

(Vl-6.7) ^Rjk = ALRjk = ARjk + 2g™grsRpjkrRqs - 2g"RjpRqk. 

In dimension 3, this equation becomes 

(Vl-6.10) g-tRjk = ARjk + 3RRjk - 6gpqRJPRqk + (2 |Rc|2 - i?2) gjk . 

(4) The scalar curvature R of g evolves by 
BR 

(Vl-6.6) —- = Ai? + 2|Rc|2 . 
at 

(5) The volume form d\i evolves by 

d 
(Vl-6.5) n~dfl = ~RdV-

(6) If 7̂  is a smooth 1-parameter family of geodesic loops, then 

Jtu (7i) XM-9lr djT . 
— , - £ - ) ds, 

where 5 is the arc length parameter. 
Part (6) is similar to Lemma 5.71 on p. 152 of Volume One. 

EXERCISE A.M. Derive the corresponding formulas for the normalized 
Ricci flow. For example, under (A. 19) we have 

^ = AJ2 + 2 | R c | 2 - - r J 2 . 
at n 

2.1. Short- and long-time existence. Any smooth metric on a closed 
manifold will flow uniquely, at least for a little while (Theorem 3.13 on p. 78 
of Volume One). 

THEOREM A.15 (Short-time existence for M closed). If (Mn,go) is a 
closed Riemannian manifold, then there exists a unique solution g (t) to the 
Ricci flow defined on some positive time interval [0, s) such that g (0) = go. 

As long as the curvature stays bounded, the solution exists (Corollary 
7.2 on p. 224 of Volume One). 

THEOREM A.16 (Long-time existence for M closed). / / {Mn,g (t)), t e 
(0, T), where T < 00, is a solution to the Ricci flow on a closed manifold 
with sup^x(0,T) |Rml < °°7 then the solution g (t) can be uniquely extended 
past time T. 

In the theorem above the condition sup^x(0 , r ) |Rml < c>o m&y be re
placed by sup^4X(0T\ I Re I < 00; this was proved by Sesum [321]. 

W.-X. Shi generalized Hamilton's short-time existence theorem to com
plete solutions with bounded curvature on noncompact manifolds. 
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T H E O R E M A. 17 (Short-time existence on noncompact manifolds). Let 
M be a noncompact manifold and let go be a complete metric with bounded 
sectional curvature. There exists a complete solution g (t), t G [0, T) , of the 
Ricci flow with g (0) = go and curvature bounded on compact time intervals. 
This solution is unique in the class of complete solutions with curvature 
bounded on compact time intervals. 

2.2. M a x i m u m principles for scalars, t ensors and s y s t e m s . A 
form of the scalar maximum principle useful for the Ricci flow is the following 
(Theorem 4.4 on p. 96 of Volume One). 

T H E O R E M A. 18 (Scalar maximum principle: O D E to P D E ) . Let u : Mn x 
[0, T) - • R be a C2 function on a closed manifold satisfying 

Ou 
— <Ag(t)u+(X,Vu) + F{u) 

and u(x,0) < C for all x G M, where g (t) is a 1-parameter family of 
metrics and F is locally Lipschitz. Let cp (t) be the solution to the initial-
value problem 

tp(0) = C. 

Then 

u (x,t) < (f(t) 

for all x G A4 and t G [0, T) such that cp (t) exists. 

Since under the Ricci flow, by (Vl-6.6) | f > AR + f i ? 2 , we have the 
following (see the proof of Lemma 6.53 on pp. 209-210 of Volume One). 

C O R O L L A R Y A. 19 (Scalar curvature lower bound). Let (Mn, g{t)), where 
0 < t < T, be a solution of the Ricci flow for which the maximum principle 
holds. If m.txeMn R {x-> to) =F p > 0 for some to G [0, T) , then 

Rinf (t) = inf R (x, t) > j 2 7 7 — — . 

In particular, g (t) becomes singular in finite time. 

Moreover, we have the following. 

L E M M A A.20 (Minimum scalar curvature monotonicity). 

(1) Under the unnormalized Ricci flow the minimum scalar curvature 
is a nondecreasing function of time. 

(2) Under the normalized Ricci flow the minimum scalar curvature is 
nondecreasing as long as it is nonpositive. 
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PROOF. Let p (t) == i?min (t). Under the unnormalized Ricci flow, 

^>V>o. 
at n 

Under the normalized Ricci flow, 
dp 2 , , ^ 
at n 

as long as p < 0 (note that p — r < 0 always). • 
The weak maximum principle as applied to symmetric 2-tensors says the 

following (see Theorem 4.6 on p. 97 of Volume One).3 

THEOREM A.21 (Maximum principle for 2-tensors). Let g (t) be a smooth 
1-parameter family of Riemannian metrics on a closed manifold Mn. Let 
a(t) G C°° (T*M ®s T*M) be a symmetric (2,0)-tensor satisfying the semi-
linear heat equation 

—a>Ag{t)a + p, 
where /3(a,g,£) is a symmetric (2,0) -tensor which is locally Lipschitz in all 
its arguments and satisfies the null eigenvector assumption that 

P(V,V)(x,t) = ((3ljViVi)(x:t)>0 

at any point and time (x,t) where {otijW'W^ (x,t) > 0 for all W and 

(aijVj)(x,t) = 0. 
If Oi (0) > 0 (that is, if a (0) is positive semidefinite), then a (t) > 0 for all 
t > 0 such that the solution exists. 

Applying this to the evolution equation (Vl-6.10) for the Ricci tensor in 
dimension 3 yields the following (Corollary 6.11 on p. 177 of Volume One). 

COROLLARY A.22 (3d positive Ricci curvature persists). Let g (t) be a 
solution of the Ricci flow on a closed 3-manifold with g (0) = go. If go has 
positive (nonnegative) Ricci curvature, then g (t) has positive (nonnegative) 
Ricci curvature for as long as the solution exists. 

2.3. Uhlenbeck's trick. Uhlenbeck's trick allows us to put the evo
lution equation (Vl-6.17) satisfied by Rm into a particularly nice form. (See 
pp. 180-183 in Section 2 of Chapter 6 in Volume One.) Let {Mn,g(t)), 
t G [0, T), be a solution to the Ricci flow with g (0) = go- Let V be a vec
tor bundle over M. isomorphic to TAi, and let to : V —> TM. be a bundle 
isomorphism. Then if we define a metric h on V by 
(Vl-p. 181a) h = i*0 {go), 
we automatically obtain a bundle isometry 

(Vl-p. 181b) L0:(V,h)-*(TM,g0). 
o 

The statement we give here is slightly stronger, since in the null eigenvector assump
tion we also assume that (aljV'iVj) (x,t) > 0 at (x,i). 
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LEMMA A.23. If we evolve the isometry i{t) by 

(Vl-6.19a) —i = Rcot, 

(Vl-6.19b) i (0 ) = 4o, 
then the bundle maps 

t(t):(V,h)^(TM,g(t)) 

remain isometries.4 

We define the Laplacian acting on tensor bundles of TM and V by 

A^ = tig {VD o V D ) , 

where (VD)X ( 0 = l~X (^x {t (£))) acting on sections of V and V D is nat
urally extended to act on tensor bundles. For x G M and X, Y, Z,W £ VXJ 
the tensor 

(Vl-p. 182) 6* Rm G C°° (A2V ®s A2V) 

is defined by 

(Vl-6.20) (L* Rm) (X, Y, Z, W) = Rm (L (X) ,L{Y),L{Z),L (W)). 

Let Rabcd denote the components of L* Rm with respect to an orthonormal 
basis of sections of V. We have 

d 
(Vl-6.21) w;Rabcd = ADRabcd + 2 (Babcd - Babdc + Bacbd - Badbc), 

where 
Babcd =# -he9W RaebfRcgdh-

We may rewrite the above equation in a more elegant way. (See pp. 
183-187 in Section 3 of Chapter 6 in Volume One.) Let g be a Lie algebra 
endowed with an inner product (•, •). Choose a basis {tpa} of g and let Cy 
denote the structure constants defined by [pa, ipP] = ]T\ C^ip7. We define 
the Lie algebra square L# G g ®s g of L by 

(Vl-6.24) (L#)a0 = Cfcfh^LK. 

For each x G A1n , the vector space A2T*Ai can be given the structure of a 
Lie algebra g isomorphic to BO (n). Given U,V G A2T*M, we define their 
Lie bracket by 

(Vl-6.25) [17, V}%3 = gM (UlkV£j - VlkU£j). 

THEOREM A.24 (Rm evolution after Uhlenbeck's trick). If g (i) is a 
solution of the Ricci flow, then the curvature L* Rm defined in (Vl-6.20) 
evolves by 

(Vl-6.27) — U* Rm) - A^ U* Rm) + U* Rm) 2 + U* Rm) # . 
at 

The statement here is the one we intended in Claim 6.21 of Volume One. 
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(See pp. 187-189 in Section 4 of Chapter 6 in Volume One.) 
The PDE (Vl-6.27) governing the behavior of Rm corresponds to the 

ODE 

(Vl-6.28) -^-M = M 2 + M # . 

In dimension 3, if Mo is diagonal, then M (t) remains diagonal, and its 
eigenvalues satisfy 

dX A 2 

(Vl-6.32) ^ = /x2 + Ai/, 

dv o 

From now on we shall assume A > fi > v, a condition which is preserved 
under the ODE. 

Theorem 4.8 on p. 101 of Volume One applied to the Riemann curvature 
operator Rm yields the following. 

THEOREM A.25 (Maximum principle for Rm: ODE to PDE). Let g (t) 
be a solution to the Ricci flow on a closed manifold Mn and let K (t) be a 
closed subset of £ = A2V ®s A2V for all t G [0, T) satisfying the following 
properties: 

(1) the space-time track (JtefOT) (^ W x {*}) ^s a cl°sed subset of £ x 
[o,n-

(2) K (t) is invariant under parallel translation by V (t) for all t G 
[o,n-

(3) Kx (t) 4= /C (t)ri7r x (x) is a closed convex subset of £x for all x G M 
and t G [0,T); and 

(4) ewsn/ solution M of t/ie ODE (Vl-6.28) with Rm(t0) G /Cx (t0) de
fined in each fiber £x remains in Kx (t) for all t>to and to G [0, T). 

/ / (L* Rm) (0) G /C (0), taen (̂ * Rm) (t) G K. (t) /or a//1 G [0, T). 

2.4. 3-manifolds with positive Ricci curvature. The following fa
mous theorem of Hamilton started the Ricci flow (RF). (See Theorem 6.3 
on p. 173 of Volume One.) 

THEOREM A.26 (RF on closed 3-manifolds with Re > 0). Let (.M3, go) be 
a closed Riemannian 3-manifold of positive Ricci curvature. Then a unique 
solution g (t) of the normalized Ricci flow with g (0) = go exists for all 
positive time; and as t —> oc; the metrics g(t) converge exponentially fast 
in every Ck-norm, k G N; to a metric g^ of constant positive sectional 
curvature. 

The above result generalizes to orbifolds (see [191]). 
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THEOREM A.27 (RF on closed 3-orbifolds with Re > 0). / / (Vs,go) is 
a closed Riemannian 3-orbifold of positive Ricci curvature, then a unique 
solution g (t) of the normalized Ricci flow with g (0) — go exists for all 
t > 0, and as t —> oo; the g(t) converge to a metric g^ of constant positive 
sectional curvature. In particular, Vs is diffeomorphic to the quotient of S3 

by a finite group of isometrics. 

One of the main ideas in the proof of Theorem A.26 is to apply Theorem 
A.25 to obtain pointwise curvature estimates which lead to the curvature 
tending to constant as the solution evolves. From now on we shall assume 
that X(t) > n(t) > v{t) are solutions of the ODE system (Vl-6.32). The 
evolutions of various quantities and their applications to the Ricci flow on 
closed 3-manifolds via the maximum principle for systems are given as fol
lows. 

(i) 

(A.20) — (i/ + n) = v2 + ii2 + {y + n) A > 0, 

with the inequality holding whenever /x + v > 0. So Re > 0 is 
preserved in dimension 3 under the Ricci flow. 

(2) 

(A.21) ^logf^U"2'"-^'"-^*). 
v ; dt &\v + n) X(u + n) 

If go has positive Ricci curvature, then so does g (t) and there exists 
a constant C\ < oo such that 

(A.22) A (Rm) < d [u (Rm) + /i (Rm)]. 

(3) If v + n > 0, then 

\ - u 
dt & y ( I / + /x + A) 1 - 5

y / 
(u + ji) \x + (\± - v) A + ji2 

= 5(v + \-n)-(l-6) 

u2 

<8(v + \-n)-{l-8) * 

is + H + A 

v +11 + A 

Since u + \ — / i < A < 2C\[i and I/+
M

+A > ^± > ^-, choosing 5 > 0 small 
enough so that J 4 J < 1^72' w e have 
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So if go has positive Ricci curvature, then there exist constants C < oo and 
5 > 0 such that 
(A.23) A(Rm)^, (Rm) ^ ^ 

We shall call (A.23) the 'pinching improves' estimate. 
Next we consider estimates for the derivatives of Rm. 

2.5. Global derivative estimates. For solutions to the Ricci flow on 
a closed 3-manifold with positive Ricci curvature, we have the following 
estimate for the gradient of the scalar curvature. (See Theorem 6.35 on 
p. 194 of Volume One.) 

THEOREM A.28 (3-dimensional gradient of scalar curvature estimate). 
Let (A43,g(t)) be a solution of the Ricci flow on a closed 3-manifold with 
g (0) = go. If Re (go) > 0, then there exist (3, 5 > 0 depending only on go 
such that for any (3 G [0, /?], there exists C depending only on (3 and go such 
that 

|Vi?| 2 

<(3R-E/2 + CR-3. 
i?3 

After a short time, the higher derivatives of the curvature are bounded 
in terms of the space-time bound for the curvature. (See Theorem 7.1 on 
pp. 223-224 of Volume One.) 

THEOREM A.29 (Bernstein-Bando-Shi estimate). Let {Mn,g(t)) be a 
solution of the Ricci flow for which the maximum principle applies to all the 
quantities that we consider. (This is true in particular if Ai is compact.) 
Then for each a > 0 and every m G N ; there exists a constant C (ra, n, a) 
depending only on rn, and n, and max {a, 1} such that if 

ot 
|Rm (x, t) | /tN < K for all x G M and t G [0, — ], 

then for all x G M and t G (0, ^ ] , 

(Vl-p.224) | V - R M ( , . 0 U ^ C ( B ^ . a ) J r -

With all of the above estimates and some more work, one obtains The
orem A. 26. 

Finally we mention that an important local version of Theorem A.29 is 
the following. 

THEOREM A.30 (Shi—local first derivative estimate ). For any a > 0 
there exists a constant C (n,K,r,a) depending only on K,r,a and n such 
that if Mn is a manifold, p G M, and g (t), t G [0, r] , 0 < r < a/K, 
is a solution to the Ricci flow on an open neighborhood U of p containing 
Bg(o) (p, r) as a compact subset and if 

|Rm (x,£)| < K for all x e U and t G [0, r] , 
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then 

(A.24) |VRm( y , t ) | < C ^ K ^ « ) = C(n,VKr,a)K 

for all (y,t) G Bg(o) (p,r/2) x (0, r] . Given in addition j3 > 0 and 7 > 0, 
if also r)l\fK < r < (3/>/K, then there exists C (n, a, ^ ,7) s^c/i t/iat under 
the above assumptions 

|VRm| < C ( n , a , / ? , 7 ) - ^ 

inBg(p)(p,r/2) x (0,r]. 

For a proof and applications, see W.-X. Shi [329], [330], Hamilton [186], 
[111], or Part II of this volume. 

2.6. The Hamilton—Ivey estimate. The following result reveals the 
precise sense in which all sectional curvatures of a complete 3-manifold evolv
ing by the Ricci flow are dominated by the positive sectional curvatures. (See 
[186] or Theorem 9.4 on p. 258 of Volume One.) 

THEOREM A.31 (3d Hamilton-Ivey curvature estimate). Let (M3,g(t)) 
be any solution of the Ricci flow on a closed 3-manifold for 0 < t < T. 
Let v(x,t) denote the smallest eigenvalue of the curvature operator. If 
mixeM v (x-> 0) > ~~ 1; then at any point (x, t) G M x [0, T) where v (x, t) < 0, 
the scalar curvature is estimated by 

(A.25) R > \u\ (log \u\ + log (1 + t) - 3). 

2.7. Ricci solitons. If g is a Ricci soliton, then 

Re g = Cx^g 

for some p G R and 1-form X. Under this equation we have 

(Vl-5.16) A (R - p) + (V (R - p), X) + 2 Re --g\ + — (R - p) = 0. P 
n 

2 2p 

n 
Using this formula, in Proposition 5.20 on p. 117 of Volume One, the fol
lowing classification result for Ricci solitons was proved. (See Chapter 1 of 
this volume for the relevant definitions.) 

PROPOSITION A.32 (Expanders or steadies on closed manifolds are Ein
stein). Any expanding or steady Ricci soliton on a closed n-dimensional 
manifold is Einstein. A shrinking Ricci soliton on a closed n-dimensional 
manifold has positive scalar curvature. 

In dimension 2, all solitons have constant curvature. (See Proposi
tion 5.21 on p. 118 of Volume One.) 

PROPOSITION A.33 (Ricci solitons on closed surfaces are trivial). If 
(.M2\g (£)) is a self-similar solution of the normalized Ricci flow on a Rie-
mannian surface, then g{t) = g(0) is a metric of constant curvature. 
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3. Basic singularity theory for Ricci flow 

The knowledge of which geometry aims is the knowledge of the eternal. 
- Plato 

Geometry is knowledge of the eternally existent. - Pythagoras 

And perhaps, posterity will thank me for having shown it that the ancients 
did not know everything. - Pierre Fermat 

In this section we review some basic singularity theory as developed by 
Hamilton and discussed in Volume One. 

3.1. Long-existing solutions and singularity types. For the fol
lowing, see pp. 234-236 in Section 1 of Chapter 8 in Volume One. 

DEFINITION A.34. 

• An ancient solution is a solution that exists on a past time in
terval (—00,0;). 

• An immortal solution is a solution that exists on a future time 
interval (a, 00). 

• An eternal solution is a solution that exists for all time (—00, 00). 

DEFINITION A.35 (Singularity types). Let (Mn,g(t)) be a solution of 
the Ricci flow that exists up to a maximal time T < 00. 

• One says (Ai,g (t)) forms a Type I singularity if T < 00 and 

sup ( T - £ ) | R m (-,£)! < 00. 
Mx[0,T) 

• One says (M, g (t)) forms a Type Ha singularity if T < 00 and 

sup ( T - £ ) | R m (-,£)! = 00. 
Mx[0,T) 

• One says (M,g (£)) forms a Type l i b singularity if T = 00 and 

sup t |Rm (•, t)\ — 00. 
A4x[0,oo) 

• One says (*M,# (£)) forms a Type III singularity if T = 00 and 

sup t |Rm(-, t)\ < 00. 
Mx[0,oo) 

To this we add the following. 

DEFINITION A.36 (More singularity types). If g(i) is defined on (0,T], 
where T < 00, then 

• one says (M,g (£)) forms a Type He singularity as t —> 0 if 

sup t |Rm (•, t)\ = 00; 
Mx(0,T] 
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• one says (M,g (t)) forms a Type IV singularity as t —> 0 if 
sup t |Rm (-,£)! < oo. 

Mx(0,T] 

We have the following examples of singularities. A neckpinch forms a 
Type I singularity (Section 5 in Chapter 2 of Volume One). A degenerate 
neckpinch, if it exists, forms a Type Ha singularity (Section 6 in Chapter 2 
of Volume One). Many homogeneous solutions form Type III singularities 
(Chapter 1 of Volume One). 

CONJECTURE A.37 (Degenerate neckpinch existence). There exist so
lutions to the Ricci flow on closed manifolds which form degenerate neck-
pinches. 

The analogue of the above conjecture has been proved for the mean 
curvature flow [9]. 

CONJECTURE A.38 (Nonexistence of Type lib on closed 3-manifolds). If 
(.A/f3, g (t)) , t G [0, oo), is a solution to the Ricci flow on a closed 3-manifold, 
then g (t) forms a Type III singularity. 

Similar to the division of types for finite time singular solutions, we may 
divide ancient solutions into types. 

DEFINITION A.39 (Ancient solution types). Let (Mn, g (*)) be a solution 
of the Ricci flow defined on (—oo, 0). 

• We say (M,g (t)) is a Type I ancient solution if 
sup |t| |Rm (-,£)! < oo. 

Mx(—oo, — l] 

• We say (M,g (t)) is a Type II ancient solution if 
sup \t\ |Rm (-,£)! = oo. 

M.x(—oo, — 1] 
3.2. Ancient solutions have nonnegative curvature. Every an

cient solution (of any dimension) has nonnegative scalar curvature. (See 
Lemma 9.15 on p. 271 of Volume One.) 

LEMMA A.40 (Ancient solutions have R > 0). Let {Mn,g (t)) be a com
plete ancient solution of the Ricci flow. Assume that the function Rmm (t) == 
infxG^n R (x, t) is finite for all t < 0 and that there is a continuous func
tion K (t) such that |sect [g (t)]\ < K (t). Then g (t) has nonnegative scalar 
curvature for as long as it exists. 

A particular consequence of the Hamilton-Ivey estimate is that ancient 
3-dimensional solutions of the Ricci flow have nonnegative sectional curva
ture. (See Corollary 9.8 on p. 261 of Volume One.) 

COROLLARY A.41 (Ancient 3-dimensional solutions have Rm > 0). Let 
(.M3, g(£)) be a complete ancient solution of the Ricci flow. Assume that 
there exists a continuous function K (t) such that |sect [g (t)]\ < K (t). Then 
g (t) has nonnegative sectional curvature for as long as it exists. 
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3.3. Trace Harnack inequality. Given a surface (M2,g) with posi
tive curvature, the trace Harnack quantity is defined by 

d 
(Vl-5.35) Q = A log R + R - r = — log R - | V log R\2 . 

(Also see Lemma 5.35 on p. 144 of Volume One.) 
We have the following differential Harnack estimate of Li-Yau-Hamilton-

type. (See Corollary 5.56 on p. 145 of Volume One.) 

COROLLARY A.42 (2d trace Harnack evolution and estimate). On any 
solution of the normalized Ricci flow (A. 19) on a complete surface with 
bounded positive scalar curvature, Q satisfies the evolutionary inequality 

(Vl-5.38) — Q > AQ + 2 (VQ, VL) + Q2 + rQ. 
at 

For the unnormalized flow (A. 18), the analogous quantity 

(Vl-p. 169a) Q = A log R + R = | - log R - | V log R\2 

satisfies 
< 9 ^ . * . / „ ^ „ . \ . . 2 (Vl-5.57) —Q > AQ + 2 ̂ VQ, VL^ + Q 

By the maximum principle, 

(Vl-p.l69b) Q(x,t) + ->0 

for all x e M and t > 0. 

In all dimensions, we have the following. (See Proposition 9.20 on p. 274 
of Volume One.) 

PROPOSITION A.43 (Trace Harnack estimate). If (Mn,g(t)) is a solu
tion of the Ricci flow on a complete manifold with bounded positive curvature 
operator, then for any vector field X on M. and all times t > 0 such that 
the solution exists, one has 

(Vl-p.274) ^ + - + 2 (Vi?, X) + 2 Re (X, X) > 0. 

The proof of Proposition A.43 will be given in Part II. When n — 2, 
by choosing the minimizing vector field X — —R~1VR1 it can be seen that 
(Vl-p.274) is equivalent to (Vl-p.169b). 

One also has Corollary 9.21 on p. 274 of Volume One, namely 

COROLLARY A.44 (Trace Harnack consequence, tR monotonicity). If 
(.Mn,g(£)) is a solution of the Ricci flow on a complete manifold with 
bounded curvature operator, then the function tR is pointwise nondecreasing 
for all t > 0 for which the solution exists. If (A4,g (t)) is also ancient, then 
R itself is pointwise nondecreasing. 
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3.4. Surface entropy formulas. The surface entropy TV is defined for 
a metric of strictly positive curvature on a closed surface M2 by 

(Vl-p. 133) N(g) = / RlogRd^t. 
JM2 

Let / be the potential function, defined up to an additive constant by 

(Vl-5.8) Af = R-r. 
(See Lemma 5.38 on p. 133 and Proposition 5.39 on p. 134 of Volume One.) 

PROPOSITION A.45 (Surface entropy formula). If (M2,g(t)) is a solu
tion of the normalized Ricci flow on a compact surface with i?(-,0) > 0, 
then 

(Vl-5.25) ^ = - / l^SdA+ [ {R-r)2dA 
at JM2 K JM2 

\VR + RVf\2 

(Vl-p. 134) = - / dA 
M2 K 

2 

- 2 
IM2 

<0. 

•I vvf-l-M-g dA 

3.5. Ancient 2-dimensional solutions. 
3.5.1. Examples. (See pp. 24-28 in Section 2 of Chapter 2 in Volume 

One.) 
Hamilton's cigar soliton is the complete Riemannian surface (lR2,gv;), 

where 
. dx®dx + dy®dy 

(Vl-2.4) gz = ——2"1—2 • 
1 + xz + yz 

This manifold is also known in the physics literature as Witten's black 
hole. In polar coordinates 

dr2 + r2d62 

(Vl-2.5) ps = 1 + r2 -

If we define 

(Vl-p. 25a) s = arcsinhr = log (r + y 1 + r2 J , 

then we may rewrite g^ as 
(Vl-2.7) PE = ds2 + tanh2 sd62. 
The scalar curvature of g^ is 

4 4 16 
(Vl-p. 25b) ife - « 5 - = x. 
V y J 1 + r2 cosh2 s (es + e~s)2 

(See pp. 31-34 in subsection 3.3 of Chapter 2 in Volume One.) Let h 
be the flat metric on the manifold M2 = Mx<S|, where S\ is the circle of 
radius 1. Give M2 coordinates x G R and 6 G S\ — M/27rZ. The Rosenau 
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solution or sausage model (see [311] or [141]) of the Ricci flow is the 
metric g — u • h defined for t < 0 by 

, , . / A-1sinh(—At) 
Vl-2.22 u (x, t) = — ^ ^ , 

cosh x + cosh At 
where A > 0. 

LEMMA A.46 (Rosenau solution and its backward limit). The metric 
defined by (Vl-2.22) for t < 0 extends to an ancient solution with positive 
curvature of the Ricci flow on S2. The Rosenau solution is a Type II ancient 
solution which gives rise to an eternal solution if we take a limit looking 
infinitely far back in time. In particular, if one takes a limit of the Rosenau 
solution at either pole x — ±oo as t —> —oc; one gets a copy of the cigar 
soliton. 

Note that the sausage model is an ancient Type II solution which en
counters a Type I singularity. 

3.5.2. Classification results. The following provides a characterization 
of the cigar soliton. (See Lemma 5.96 on p. 168 of Volume One.) 

LEMMA A.47 (Eternal solutions are steady solitons, 2d case). The only 
ancient solution of the Ricci flow on a surface of strictly positive curva
ture that attains its maximum curvature in space and time is the cigar 
(M 2 , 5 s ( i ) ) -

The following classifies 2-dimensional complete ancient Type I solutions. 
(See Proposition 9.23 on p. 275 of Volume One.) 

PROPOSITION A.48 (Nonflat Type I ancient surface solution is round 
<S2). A complete ancient Type I solution (A/*2,/i(t)) of the Ricci flow on a 
surface is a quotient of either a shrinking round S2 or a flat R2. 

We have the following result for 2-dimensional Type II solutions. (See 
Proposition 9.24 on p. 277 of Volume One.) 

PROPOSITION A.49 (Type II ancient solution backward limit is a steady, 
2d case). Let (M2,g (t)) be a complete Type II ancient solution of the Ricci 
flow defined on an interval (—oo,c<;)7 where UJ > 0. Assume there exists a 
function K (t) such that \R\ < K (t). Then either g (t) is flat or else there 
exists a backwards limit that is the cigar soliton. 

Combining the above results, we obtain the following. (See Corol
lary 9.25 on p. 277 of Volume One.) 

COROLLARY A.50 (Ancient surface solutions). Let (M2,g (t)) be a com
plete ancient solution defined on (—oo,u;); where UJ > 0. Assume that its 
curvature is bounded by some function of time alone. Then either the solu
tion is flat or it is a round shrinking sphere or there exists a backwards limit 
that is the cigar. 
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3.6. Necklike points in Type I solutions. (See Section 4 in Chap
ter 9 of Volume One.) We say that (x,t) is a Type I c-essential point 
if 

(Vl-p. 262a) |Rm(x,t) | > —^— > 0. 

We say that (x,t) is a 5-necklike point if there exists a unit 2-form 9 at 
(x, i) such that 

(Vl-p. 262b) |Rm- i2 (0®0) | < <J |Rm|. 

The following result can be used to show that necks must form in Type I 
solutions where the underlying manifold is not diffeomorphic to a spherical 
space form. (See Theorem 9.9 on p. 262 of Volume One.) 

THEOREM A.51 (Necklike points in 3d Type I singular solutions). Let 
(A43, g (£)) be a closed solution of the Ricci flow on a maximal time interval 
0 < t < T < oo. If the normalized flow does not converge to a metric of 
constant positive sectional curvature, then there exists a constant c > 0 such 
that for all r G [0, T) and 8 > 0, there are x G M and t G [r, T) such that 
(x,t) is a Type I c-essential point and a 8-necklike point. 

The analogous result for ancient solutions is the following. (See Theo
rem 9.19 on p. 272 of Volume One.) 

THEOREM A.52 (Necklike points in 3d Type I ancient solutions). Let 
(A43,g(t)) be a complete ancient solution of the Ricci flow with positive 
sectional curvature. Suppose that 

sup |t|7 R(x,t) < co 
7Wx(-oo,0] 

for some 7 > 0. Then either {M,g(t)) is isometric to a spherical space 
form or else there exists a constant c > 0 such that for all r G (—00,0] and 
5 > 0, there are x G M and t G (—00, r) such that (x,t) is an ancient Type 
1 c-essential point and a 8-necklike point. 

4. More Ricci flow theory and ancient solutions 

In this section we summarize some additional basic aspects of Ricci flow. 
We warn the reader that 'basic' here (and in the previous sections) means 
neither 'should be obvious' nor 'should be known by every graduate student' 
nor 'should be easy to prove'. 

4.1. Strong maximum principle. For solutions with nonnegative 
curvature operator, the strong maximum principle implies a certain type 
of rigidity in the case where the curvature operator is not strictly positive 
(see [179] or Theorem 6.60 in [111]). 
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T H E O R E M A.53 (Strong maximum principle for Rm). Let (Mn,g(t)), 
t G [0, T) , be a solution of the Ricci flow with nonnegative curvature operator. 
There exists 5 > 0 such that for each t G (0 ,5) , the set 

Image (Rm [g («)]) C A2T*M 

is a smooth subbundle which is invariant under parallel translation and 
constant in time. Moreover, Image (Rm [g (x,t)]) is a Lie subalgebra of 
A2T*M = 50 (n) for all x G M and t G (0, S). 

As an application of the strong maximum principle we have the following 
classification result due to W.-X. Shi. 

T H E O R E M A.54 (Complete noncompact 3-manifolds with Re > 0). If 
(Ai3

}g(t)) , t G [0,T), is a complete solution to the Ricci flow on a 3-
manifold with nonnegative sectional (Ricci) curvature, then for t G (0,T) 
the universal covering solution [M3,g(t) J is either 

(1) R3 with the standard flat metric, 
(2) the product (A/'2,/i(t)) x 1R, where h(t) is a solution to the Ricci 

flow with positive curvature and M2 is diffeomorphic to either S2 

or R2 or 
(3) g(t) and g(t) have positive sectional (Ricci) curvature and hence 

M3 is diffeomorphic to S3 or R 3 (in the former case M3 is diffeo
morphic to a spherical space form). 

4.2 . Hami l ton ' s matr ix Harnack e s t i m a t e . Motivated by the con
sideration of expanding gradient Ricci solitons, Hamilton proved the follow
ing (see [181]). 

T H E O R E M A.55 (Matrix Harnack estimate for RF) . If (Mn,g(t)), t G 
[0, T) , is a complete solution to the Ricci flow with bounded nonnegative 
curvature operator, then for any 1-form W G C°° ( A 1 ^ ) and 2-form U G 
C°° (A2M) , we have 

(A.26) Q (U 0 W) = Mi:JWlWJ + 2PpiJUptWJ + RpijqUpiUqj > 0, 

where 

Mij = ARij - -ViVjR + 2Rp
£ijRp - R%RPj + —Ri3 

and 
pi3 ^ * p-K'ij v ii\pj. 

R E M A R K A.56. See the discussion in Section 2 of Chapter 1 for a moti
vation for defining M^ and Ppij. 

Choosing an orthonormal basis of cotangent vectors {cja}^==1 at any 
point (x, t), letting W — uoa and U = uoa A X for any fixed 1-form X, 
and summing over a, yield the trace Harnack estimate for the Ricci flow 
(Proposition A.43). 
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The following is a generalization of the trace Harnack estimate (see [105] 
and [290]). 

THEOREM A.57 (Linear trace Harnack estimate). Let (Mn,g{t)) and 
h(t), t E [0, T), be a solution to the linearized Ricci flow system: 

d_ 

dv 
—hij = {&Lh)i3 

such that (M,g(t)) is complete with bounded and nonnegative curvature 
operator, h(0) > 0, and \h(t)\ ,t\ < C for some constant C < oo. Then 
h (t) > 0 for t E [0, T) and for any vector X we have 

(A.27) VlVJhtJ + Rl3hlj + 2 {V3h%J) X1 + hijXiXj + ^ > 0, 

where H = g^hij. 

Indeed, (A.27) generalizes Hamilton's trace Harnack estimate since we 
may take h^ = Rij (under the Ricci flow we have ^R%j — (A^Rc)-) . 

4.3. Geometry of gradient Ricci solitons. The asymptotic scalar 
curvature ratio of a complete noncompact Riemannian manifold (Ain,g) is 
defined by 

ASCR(#)= limsup R (x) d(x, O)2 , 
d(x,0)—>oo 

where O E M is a choice of origin. This definition is independent of the 
choice of O. 

Theorem 9.44 on p. 354 of [111]: 

THEOREM A.58 (Asymptotic scalar curvature ratio is infinite on steady 
solitons, n > 3). If (M71^, f), n > 3, is a complete steady gradient Ricci 
soliton with sect (g) > 0, Re (g) > 0, and if R (g) attains its maximum at 
some point, then ASCR(g) = oo. 

Theorem 8.46 on p. 318 of [111]: 

THEOREM A.59 (Dimension reduction). Let (Mn,g(t)), t E (—oo,a;), 
u > 0, be a complete noncompact ancient solution of the Ricci flow with 
bounded nonnegative curvature operator. Suppose there exist sequences X{ E 
M, ri —> oo, and A{ —> oo such that °^'x%' > Ai and 

'% 
(A.28) R(y, 0) < rf for all y E B0(xu Atrt). 
Assume further that there exists an injectivity radius lower bound at (x^O); 
namely, injqfQ\(xi) > Sri for some S > 0. Then a subsequence of solutions 
(Mn, r~2g(rft), Xi) converges to a complete limit solution {M^goo if) ?^oo) 
which is the product of an (n — 1)-dimensional solution (with bounded non-
negative curvature operator) with a line. 
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Theorem A.58 says the following. (See Chapter 6 for a definition of 
ft-noncollapsed.) 

COROLLARY A.60 (Dimension reduction of steady solitons). If (Mn,gJ), 
n > 3, is a complete steady gradient Ricci soliton which is n-noncollapsed 
on all scales for some n > 0 and if sect (g) > 0, Re (g) > 0, and if R (g) 
attains its maximum at som,e point, then a dilation about a sequence of points 
tending to spatial infinity at time t = 0 converges to a complete solution 
(^oo'^oo (t), #oo) which is the product of an (n — 1)-dimensional solution5 

with R. 

Proposition 9.46 on p. 356 of [111]: 

PROPOSITION A.61 (Re > 0 expanders have AVR > 0). If (M7\g(t)), 
t > 0, is a complete noncompact expanding gradient Ricci soliton with Re > 
0, then AVR (#(£)) > 0. 

Theorem 9.56 on p. 362 of [111]: 

THEOREM A.62 (Steady or expander with pinched Ricci has R exponen
tial decay). If (Mn,g) is a gradient Ricci soliton on a noncompact manifold 
with pinched Ricci curvature in the sense that Rij > sRgij for some e > 0, 
where R > 0, then the scalar curvature R has exponential decay. 

Theorem 9.79 on pp. 375-376 of [111]: 

THEOREM A.63 (Classification of 3-dimensional gradient shrinking soli-
tons with Rm > 0). In dimension 3 ; any nonflat complete shrinking gradient 
Ricci soliton with bounded nonnegative sectional curvature is either a quo
tient of the 3-sphere or a quotient of S2 x R. 

4.4. Ancient solutions. Theorem 10.48 on p. 417 of [111]: 

THEOREM A.64 (Ancient solution with Rm > 0 and attaining supi? is 
steady gradient soliton). If (A4n,g (t)), t E (—oo,u;), is a complete solution 
to the Ricci flow with nonnegative curvature operator, positive Ricci curva
ture, and such that s u p ^ x ^ ^ ^ R is attained at some point in space and 
time, then (Ain,g(t)) is a steady gradient Ricci soliton. 

Analogous to the above result is the following: 

THEOREM A.65 (Immortal solution with Rm > 0 and attaining sup tR 
is gradient expander). / / (Mn,g(t)), t G (0, oo), is a complete solution to 
the Ricci flow with nonnegative curvature operator, positive Ricci curvature, 
and such that sup^ x ( 0 o o \ tR is attained at some point in space and time, 
then (Ain

Jg(t)) is an expanding gradient Ricci soliton. 

Proposition 9.29 on p. 344 of [111]: 

W i t h bounded nonnegat ive sectional curvature . 
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PROPOSITION A.66 (n > 2 backward limit of Type II ancient solution 
with Rm > 0 and sect > 0). Let (Mn,g(t)), t G (-oo, UJ), UJ G (0,OO], be a 
complete Type II ancient solution of the Ricci flow with bounded nonnegative 
curvature operator and positive sectional curvature. Assume either 

(1) M is noncompact, 
(2) n is even and J\4 is orientable, or 
(3) g it) is K-noncollapsed on all scales. 

Then there exists a sequence of points and times (xi,U) with U —» —oc such 
that {M,gi (£), #i) , where gi(t) = R^g (ti + R~xt), limits in the C°° pointed 
Cheeger-Gromov sense to a complete nonflat steady gradient Ricci soliton 
(A^oo>#oo (t) ,Xoo) with bounded nonnegative curvature operator. 

Theorem 9.30 on p. 344 of [111]: 

THEOREM A.67 (Ancient has AVR = 0). Let (Mn,g(t)), t G (-oo,0], be 
a complete noncompact nonflat ancient solution of the Ricci flow. Suppose 
g(t) has nonnegative curvature operator and 

sup | Rm^(^) (x) \g(t) < oo. 
(x,t)eMx (-00,0} 

Then the asymptotic volume ratio AVR(g(£)) = 0 for all t. 

Theorem 9.32 on p. 345 of [111]: 

THEOREM A.68 (Type I ancient has ASCR = oo). If (Mn,g(t)), -oo < 
t < UJ, is a complete noncompact Type I ancient solution of the Ricci flow 
with bounded positive curvature operator, then the asymptotic scalar curva
ture ratio ASCK(g(t)) = oo for all t. 

5. Classical singularity theory 

In this section we continue the discussion of Hamilton's singularity the
ory and recall some further results concerning the classifications of singu
larities, especially in dimension 3. An exposition of some of these results, 
which were originally proved by Hamilton in [186] and [190], is given in 
[111]. One of the differences between Hamilton's and Perelman's singular
ity theories is that in Hamilton's theory, singularities are divided into types, 
e.g., for finite time singularities, Type I and Type Ha. In Perelman's the
ory, a more natural space-time approach is taken where singularity analysis 
is approached via the reduced distance function. Throughout most of this 
section we shall consider the case of dimension 3. 

We first consider the case of Type I singularities, which was essentially 
treated in Volume One (see Theorems A.51 and A.52 above). Applying 
the compactness theorem and the classification of Type I ancient surface 
solutions to Theorem A.51 yields the following. 
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THEOREM A.69 (3d Type I — existence of necks). If (M3,g(t)) is 
a Type I singular solution of the Ricci flow on a closed 3-manifold on a 
maximal time interval 0 < t < T < oo, then there exists a sequence of 
points and times (xi,U) with U —> T such that the corresponding sequence 
of dilated solutions (.M3,,^ (t), a^) converges to the geometric quotient of a 
round shrinking product cylinder S2 x R. 

For the rest of this section we consider Type Ha singular solutions. In 
this case we invoke Perelman's no local collapsing theorem (see Chapter 6). 
This has the following two effects on Hamilton's theory. It enables one to 
apply the compactness theorem to the dilation of Type Ila singular solu
tions. It rules out the formation of the cigar soliton as a product factor in 
a singularity model. 

Classical point picking plus the no local collapsing theorem yield the 
following result (see Proposition 8.17 of [111]). 

PROPOSITION A.70 (Type Ila singularity models are eternal). Choose 
any sequence T{ /* T. For a Type Ila singular solution on a closed manifold 
satisfying 

(A.29) |Rm| < CR + C 
and for any sequence {(xi,U)} , where U —> T, satisfying^ 
(A.30) (Ti-ti)R{xuti)= max {T% - t) R(x,t), 

Mx[0,T2] 
the sequence (A4,gi (t), xi), where 

(A.31) & it) = I^g (U + RrH) with R% = R {x%) U), 

preconverges to a complete eternal solution f A 1 ^ , ôo (£) > #oo ) ,t G (-co, oo), 

with bounded curvature. The singularity model (A^oo,^oo (t)j is nonflat, K-
noncollapsed on all scales for some K > 0, and satisfies 

sup R(goo(t)) = 1 = i?(^oo)(^oo, 0). 
-Moo x(—oo,oo) 

If n — 3, then the singularity model has nonnegative sectional curvature. 

In particular, we have that if (M3,g(t)) is a Type Ila singular solu
tion of the Ricci flow on a closed 3-manifold, then by Theorem A.64, the 
singularity model (M^goo (t)j obtained in Proposition A.70 is a steady 

gradient soliton. Since IMoo,9oo (t)) is nonflat and ft-noncollapsed on all 
scales for some K > 0, the sectional curvatures of g^ (t) are positive.7 Now 
by Theorem A.58, the asymptotic scalar curvature ratio of (Moo,9oc (t)) is 

This is a special case of the point picking method described in subsection 4.2 of 
Chapter 8 in Volume One. 

n 

In the splitting case, we obtain a cigar, contradicting the no local collapsing theorem. 
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equal to infinity. Thus we can apply dimension reduction, Theorem A.59, 
to get a second limit which splits as the product of a surface solution and a 
line. This second limit is a shrinking round product cylinder 5 2 x R,8 

Hence, as a consequence of Hamilton's singularity theory and Perelman's 
no local collapsing theorem, we have the following result, which complements 
Theorem A.69. 

THEOREM A.71 (3d Type Ila — existence of necks). If (M3,g(t)) is 
a Type Ila singular solution of the Ricci flow on a closed 3-manifold, then 
there exists a sequence of points and times (a^, U) such that the corresponding 
sequence {M,gi {t) , xt) converges to a round shrinking product cylinder S2 x 
R. 

A precursor to the above result is Theorem 9.9 in Volume One, which 
basically says that even for a Type Ila singular solution on M3 x [0,T), 
there exists a sequence of points (xi,U) with ti —> T whose curvatures sat
isfy (T — ti) \Rm(xi,ti)\ > c for some c > 0 independent of i and at the 
points (#i, ti) the curvature operators approach that of S2 xR after rescaling. 
However Theorem 9.9 in Volume One does not directly imply the existence 
of a cylinder limit because, for the sequence {M,gi (t) , x^), it not a priori 
clear that the curvatures are bounded in space at finite distances from x\ 
independent of i, even at time 0. The reason for this is that globally, the 
curvature of gi (0), whose norm is 1 at X{, may be unbounded since the solu
tion is Type Ila whereas the point (xi,ti) may, for example, have curvature 
(T — ti) |Rm (xi,U)\ < C for some C < oo independent of i. 

Since finite time singularities are either Type I or Type Ila, we obtain the 
existence of necks for all finite time singular solutions on closed 3-manifolds. 

'Otherwise we again get a cigar limit. 



APPENDIX B 

Other Aspects of Ricci Flow and Related Flows 

1. Convergence t o Ricci so l i tons 

Given that convergence to a soliton plays a role in proving the conver
gence of the Ricci flow on compact surfaces (see Chapter 5 in Volume One), 
it is reasonable to ask if noncompact steady solitons play a role as limiting 
geometries for the Ricci flow on complete surfaces (or higher-dimensional 
manifolds). 

Since steady soliton solutions are, by definition, evolving by diffeomor-
phism, even if we start near a soliton metric, we cannot expect pointwise 
convergence of the Ricci flow unless we take the diffeomorphisms into ac
count. We use the following notion of convergence [373]: 

D E F I N I T I O N B . l . Let g(t) satisfy the Ricci flow on a noncompact man
ifold Mn for 0 < t < oc and let g be a metric on M. We say tha t g(t) 
has modif ied subsequence convergence to g if there exist a sequence of 
times U —> oc and a sequence of diffeomorphisms fa of M such tha t 4>*g(U) 
converges uniformly to g on any compact set. 

Since the Ricci flow is conformal on surfaces and preserves completeness, 
it makes sense to begin with metrics in the conformal class of the Euclidean 
metric, i.e., metrics of the form 

(B.l) g = eu^y) (dx2 + dy2) . 

We can describe the overall 'shape' of such metrics in terms of the aperture 
and circumference at infinity. First, the aper ture is defined by 

Af . .. L(dB(0,r)) 
A(g) = lim - ^ — ^ ^ , 

r-^oc Z7TT 

where the B (0,r) are geodesic balls about some chosen point O G R2 . (The 
choice does not affect the value of the limit.) For example, the flat metric 
has aperture one, the cigar metric has aperture zero, and surfaces in R3 tha t 
are asymptotic to cones have aperture a/(27r), where a is the cone angle. 

The c ircumference at infinity is defined by 

Coo(g) =F supinf {L{dD) \ K is compact, D is open and K C D} . 
K D 

For flat and conical metrics, Coo is infinite, while Coo is finite for the cigar. 
Let R- = max{—R, 0}. 

477 
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THEOREM B.2 (WU [373]). Let go be a complete metric on M2, of the 
form (B.l), with R and |Vu| (measured using go) bounded, and J R-d^i 
finite. Then a solution to the Ricci flow exists for all time, the aperture 
and circumference at infinity are preserved, and the metric has bounded 
subsequence convergence as t —> oo. If R(go) > 0 and A{go) > 0, then the 
limit is flat. If R(go) > 0 and Coo(#o) < °°; then the limit is the cigar. 

Note that C^ being finite implies that A = 0. However, there are plenty 
of complete metrics with A — 0 and C ^ = oo, for which the limit of the 
Ricci flow is not classified. An example of a surface of positive curvature 
with A = 0 and C^ — oo is the paraboloid 

{M\g) = {(x,y,z) 6 M3 : z = x2 + y2} . 

OUTLINE OF PROOF. Short-time existence follows from the Bernstein-
Bando-Shi estimates. As with the Ricci flow on compact surfaces (see Sec
tion 3 of Chapter 5 in Volume One), long-time existence is proved by using a 
potential / such that A / = R (where A denotes the Laplacian with respect 
to g) and examining the evolution of the quantity 

h = R+\Vf\2. 
In fact, for metrics of the form (B.l) we can use / = —u. Because 

du _ 

and 
^ | V u | 2 = A | V « | 2 - 2 | V 2 u | 2 , 

we have 
Ah-2\M 

dh AT „ , _ l 2 

dt 
where M is the symmetric tensor with components 

Mij = VlVju+±Rglj. 

Long-time bounds for \\7u\ and R (and higher derivatives) follow. 
The bounds on |i2| imply that the metric remains complete; in particular, 

the length of a given curve at time t > 0 is bounded above and below by 
multiples of its length at time zero. By a theorem of Huber [210], the 
hypothesis J R- d\i < oo implies that J Rdfi < Anx(M.) on a complete 
surface hA. In particular, j\R\dfi is finite, and this is preserved by the 
Ricci flow. Finite total curvature, together with bounds on |Vi?| at any 
positive time, imply that R decays to zero at infinity. One then shows that 
Coo (9) and A (g) are preserved under the flow. 

In the special case when R(go) > 0, limt_>oo eu(x>y^ exists pointwise and 
is either identically zero or positive everywhere. In the latter case, du/dt — 
—R implies that /0°° Rdt is bounded, and hence the limiting metric is flat. In 
the general case, we may define diffeomorphisms (j>t(x,y) = e_w^0'°'^/2(x,i/), 
so that g(t) = (j>lg(t) is constant at the origin. Then uniform bounds on 
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the derivative of the conformal factor for g give subsequence convergence, 
on any compact set, to a metric g. 

If R(go) > 0 and C^ < oo, then using the Bernstein-Bando-Shi es
timates, one can show that after a short time r, fR2 \M\2dfji is bounded 
uniformly in time (where d[i indicates measure with respect to the evolving 
metric). The evolution equation for J \M\2d/j, then implies that 

f (f 2\VM\2 + 3R\M\2dfAdt < oo. 

Thus, either M vanishes or R vanishes for the limiting metric g. If M — 0, 
then g is a gradient soliton; by Proposition 1.25, it is either flat or the cigar 
metric. However, C^ < oo precludes a flat limit. 

If R(go) > 0 and A > 0, then one may use the Harnack inequality 
to show that £jRmax is bounded. It follows that the limit g is flat in this 
case. • 

One may also study the Ricci flow for a solution of the form (B.l) in 
terms of the nonlinear diffusion equation satisfied by the conformal factor 
v == ew, 

(B.2) ^ = AlogV , 

where A is the standard Laplacian on R2. (Note that v — l/(fc + |x|2) for 
the cigar, where we write x = (x, y).) 

REMARK B.3. AS pointed out by Angenent in an appendix to [373], the 
equation (B.2) is a limiting case of the porous medium equation 

(B.3) g=a,r 
as the positive exponent m tends to zero. For, substituting t = r/m in (B.3) 
gives 

dv_ _-K(vrn ~ 
dr \ m 

and taking m —> 0 gives dv/dr — A(log^). 

In connection with Ricci flow on ]R2 we also have the following result, 
which says that metrics that start near the cigar converge to a cigar (in 
the same conformal class), but under weaker assumptions than in the above 
theorem. 

THEOREM B.4 (HSU [206]). Suppose that v0 e tfoc(R2) for p > 1, 0 < 
v0 < 2/(/?|x|2) for P > 0, and v0 - 2/(/3(|x|2 + fe0)) G L^R 2 ) for k0 > 0. 
Then there exists a unique positive solution of (B.2), defined for 0 <t< oo; 

such that l im^o v — vo in L1 on any compact set and such that 

l i m e 2 ^ ( e 2 ^ x , i ) = | ( | x | 2 + A;i)-1 

t—>oo fj 

in L 1 ^ 2 ) , for some k\ > 0. 
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In higher dimensions, there are not many results. However, consider 
complete warped product metrics on R3 , of the form 

(B.4) g = dr2 + w(r)2gcan, 

where g c a n is the standard metric on <S2. (Recall tha t the sectional curvatures 
v\, v2 of such metrics are given in terms of w by (1.58).) For such metrics, we 
can prove convergence to a soliton if the curvature is positive and bounded 
and the manifold "opens up" like a paraboloid. 

T H E O R E M B.5 (Ivey [220]). Let g be a complete metric on R 3 of the 
form (B.4). Suppose 

(B.5) 0 < 1/1,1/2 <C 

and suppose 

(B.6) v2 < Zvx 

for positive constants C and Z, and 

(B.7) liminf \ TT-W2 J > 0. 
r-+oo ydr J 

Then the solution of the Ricci flow with g(0) — g exists for all time. If in 
addition, 

(B.8) l imsup ( —w2 J < oo, 
r_>oo \dr J 

then the flow converges to a rotationally symmetric steady gradient soliton, 
in the sense of the C°°-Cheeger-Gromov topology (see Theorem 3.10). 

Intuitively, the condition (B.7) means tha t the area of a sphere centered 
at the origin grows at least as fast as for a paraboloid, while (B.8) means 
that the sphere area grows no faster than a paraboloid. In other words, the 
metric becomes flat as r —> oo, but not too flat. (By contrast, the result of 
Shi [330], which gives convergence of the Ricci flow to a flat metric, assumes 
that sectional curvatures fall off like r~^2+£\) The condition v2 < Zv\ means 
that as the sectional curvature v\ along the planes tangent to the spheres 
becomes flat as r —> +oc , the sectional curvature v2 of the perpendicular 
planes also becomes flat. Of course, for the Bryant soliton of subsection 3.2 
of Chapter 1, v2 falls off much faster than v\. However, it is not difficult to 
construct other metrics tha t satisfy the conditions in the theorem; see [220] 
for details. 

For metrics on R 3 of the form (B.4), the warping function satisfies a 
quasilinear heat equation 

dw „ 1 - (wf)2 , , 
at w 
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However, the time-derivative d/dt under the Ricci flow and the radial-
derivative d/dr do not commute; in fact, 

~d_ d_~ 
dV dr 

o 9 

or 
We now outline the proof of Theorem B.5; again, details may be found in 
[220]. 

First, long-time existence is proved by obtaining an estimate, depending 
only C and Z, for \ww,n\. Then, convergence to a soliton is proved by 
examining the evolution of the quantity 

Q = R+((v1 + v2)w/w'f . 
Comparing with (1.58) shows that Q coincides with R+ |V/ | 2 when g is the 
Bryant soliton. Thus, Q is constant for the soliton. In general, it evolves by 
the equation 

(B.9) (°AQ C™')2 «*> 

where 

dt J^ (1 + {w1)2 + wv2)2 \dr 
wv^ wwf \ dQ 
w' 1 + {w'Y + wv2 J or 

\dr J w dr 
is the Laplacian with respect to g for functions depending on r and t only. 

Given (B.5) and (B.6), the paraboloid condition (B.8) is equivalent to 
Q having a positive lower bound. In fact, (B.6) implies that 

(B.10) {ww'f < (1 + Zf/Q. 
As part of the proof of long-time existence, one shows that conditions (B.5) 
and (B.6) persist in time. These, together with (B.10), imply that 

2 'dQ 
dt ~ Q\dr) dr 

for some positive constants A, B. Applying the maximum principle to the 
corresponding inequality for (f) — 1/Q shows that the lower bound on Q 
persists in time. 

Finally, existence of a limiting metric is proven using the compactness 
theorem, and showing that it is a nontrivial soliton comes by appealing to 
Theorem A.64 and the positive lower bound for Q. 

REMARK B.6. The generalization of Theorem B.5 to rotationally sym
metric Ricci flow in higher dimensions should be straightforward. It may 
even be possible to generalize at least the long-time existence to the non-
rotationally-symmetric case by finding a generalization for the quantity Q 
(open problem). It would also be interesting to find conditions under which 
the flow converges to the product of the cigar metric with the real line. 
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2. The mean curvature flow 

In this section we give a brief introduction to the mean curvature flow 
and some monotonicity formulas. It is interesting to compare these mono-
tonicity formulas for the mean curvature flow to those for the Ricci flow. 
We also refer the reader to the books by Ecker [132] and X.-P. Zhu [386]. 

2.1. Mean curvature flow of hypersurfaces in Riemannian man
ifolds. Let (Vn+1,g'p) be an orientable Riemannian manifold and let Mn 

be an orientable differentiate manifold. The first fundamental form of an 
embedded hypersurface X : M —> V is defined by 

9(V,W)=gp(V,W) 

for V, W G TXX (M). More generally, for an immersed hypersurface, we 
define 

g(V,W) = (X*V,X*W) 
for V, W G TpM. Let v denote the choice of a smooth unit normal vector 
field to M. The second fundamental form is defined by 

h (V, W) = (Dvv, W) = - (DVW, v) 

for V, W G TXX (M) , where D denotes the Riemannian covariant derivative 
of (V, g-p) &nd ( ? ) =F gv ( > ) . To get the second equality in the line above, 
we extend W to a tangent vector field in a neighborhood of x and use 
(i/, W) = 0. In particular, 0 = V (is, W) = {Dvv, W) + (DVW, v). The 
mean curvature is the trace of the second fundamental form: 

n 

i=i 

where {e^} is an orthonormal frame on X (M). 
A time-dependent immersion Xt — X(-,t) : M —> P , t G [0,T), is 

a solution of the mean curvature flow (MCF) of a hypersurface in a 
Riemannian manifold if 

BX 
(B.ll) —(p,t) = H(x(p,t)) = -H(p,t).v(p,t), peM,te[0,T), 

where H is called the mean curvature vector. When the Xt are embed-
dings, we define Mt 4= Xt (M) . From now on we shall assume that the Xt 
are embeddings, although for the most part, the following discussion holds 
for immersed hypersurfaces. 

Let {xl}™=1 denote local coordinates on M so that {§ff} are local 
coordinates on A4f We have 

fdX dX\ _ ldX_ dX\ 
g%3 ~^g \dx^ dx3) ~\dx^dxi/' 
. . JdX dX\ IdX \ I dX \ 
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Note that H = g^hij and 

(B.12) D*xy = hikg H< 
3x3 dx£' 

We have the following basic formulas for solutions of the mean curvature 
flow. 

LEMMA B.7 (Huisken). The evolution of the first fundamental form (in
duced metric), normal, and second fundamental form are given by the fol
lowing: 

(B.13) —9ij = -2Hhij, 

(B.14) DILV = VH, 
at 

(B.15) ^hij = ViVjH - Hhjkgkehei + H (Rmv)ulJ„ 

= Ahij — 2Hhikhkj + \h\ h^ 

(B.16) + hij (RCT?) W - ha (R-c-p)jk - hkj (&cv)ik 
+ 2 (RmP)kije hki + hki ( R m j ) ) , ^ + hkj ( H m P ) , t o 

- A (Ttev)jv ~ Dj (Bcv)iv + Dv ( R c ^ . , 

(B.17) ^H = AH+\h\2H + H(RcP)l/1/, 

(B.18) ~dn = -H2dn, 

where V is the covariant derivative with respect to the induced metric on the 
hypersurface and d\i is the volume form of the evolving hypersurface. 

REMARK B.8. Technically, we should consider these tensors (or sections 
of bundles) as existing on the domain manifold Ai. However, we shall often 
view them as tensors on the evolving hypersurface Ait — Xt (Ai). The 
time-derivative of the unit normal is expressed slightly differently since it 
is actually the covariant derivative of v in the direction 0*. along the path 
t >—• Xt (p) for p G M fixed. On the other hand, if we view g and h as on 
the fixed manifold M., we have the ordinary time-derivatives, whereas if we 
view g and h as on the evolving Mt, then the time-derivatives are actually 
D a . 

dt 

PROOF. While carrying out the computations below, keep in mind that 
the inner product of a tangential vector with a normal vector is zero. The 
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evolution of the metric is given by 

d _> fdx\ dx\ idx _ fax 
dX\ „/dX 

dt9tJ'' 

= -H(Daxv,^r)-H(^-i, DaiLV 
\ dxi OXl I \ OX% 8x3 

= —2Hhij, 

where we used (u, 0 ) = ( | £ , v ) = 0. This is (B.13). 
Since ( ^ , v) = 0 and 

\ ~at ' dx1 J dx1' 

the normal v evolves by 
fiM fiX 

(B.19) D M ^ 9 I j ^ = Vff, 
dt OX1 OXl 

where VH is the gradient on the hypersurface of H. This is (B.14). 
The evolution of the second fundamental form is (we use [ ^ , | ^ j ] = 0) 

a ai dx 

= -(Dam ( - D s x ^ — ) ,v) - (Da}L——,De±i> 
\ at \ axi ox-1 I \ dx* (JXJ at 

dx1 
DB (ll)) '") ~ (Rm^ (if't?) S'" 

-Pax ——r, Ddxv 
dxi (jxl dt 

n (an rrr, \ \ „/„ / ax\ ax DB\teu + HDBu)>u)+ H\ RmvV>^)^v 

dxi OX3 I 

cfiH I c)X \ fiH 

= ViVjH - Hh3kgkihu + H ( R m P ) B F , 

where we used (B . l l ) , (B.19), and (B.12), and where 

T^=g \DBdxPdx^l 
are the Christoffel symbols and V is the covariant derivative with respect 
to the induced metric on the hypersurface. This is (B.15). 
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Tracing the above formula, we see that the mean curvature evolves by 

OH___d_ %id_ 
dt ~ dt9lj ij+9 at lj 

= 2H\hij\2 + (AH - H \hij\2 + H ( R e v \ 

= AH + H \hld\2 + H ( R e v ) v v . 

This is (B.17). 
Equation (B.18) follows from (B.13) and 

w& = lgV (!*>)dil-
Finally we rewrite the evolution equation for hij to see (B.16). Recall 

that the Gauss equations say that for any tangent vectors X, Y, Z, W on M, 

(RmM)(X,Y,Z,W) = (Rmv) (X,Y,Z,W) 

+ h (X, W) h (Y, Z)-h (X, Z) h (Y, W). 

Tracing implies (in index notation) 

( R c M) % I = (Rcp)tf - ( R m p ) ^ + Hhu - h2
l£. 

The Codazzi equations say for any X, Y, Z G TM, 

{Vxh) (Y,Z) - (Vyh) (X,Z) = - ( R m P (X, Y) Z,i/>. 

In index notation, this is 

Vihjy = Vkhij - (Rmp) i fc j I /. 
Tracing over the Y and Z components in the hypersurface directions, we 
have 

VH -div(h) = -Rcv(v). 

To obtain (B.16) from (B.15) we note that, by using the Codazzi equations 
and Gauss equations, we obtain 

(B.20) ViVjH = Vl\7khkj - Vx (Rcp )^ , 

where Rc-p (u) = (Re 7?) -v dx^ is a 1-form on M. Note that 

/Tn NI/ 1 IdX dX\ 

and similarly 
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Thus, considering Re -p as a 2-tensor on V and changing its covariant 
derivative to the one with respect to g-p in the formula (B.20), we have 

ViVjH = ViVkhkj - Di [Rcv)JV 

= ^i^khkj - Di (Rc<p)jV 

+ hlJ(Rcv)uu-hk
i{Rcv)jk. 

Commuting derivatives and applying the Codazzi and Gauss equations, we 
compute 

ViVjH = VkVlhkj - (ReM)uh£j - (RmM)ikjihki - A (Rcp) jV 

+ hlJ{Rcv)vu-hk
l{Rcv)jk 

= VkVkhij - Vk (Rmv)ikjly 

- (Hha — hi£) hij - (hahkj — hijhki) hk£ 

- (Rev)ahtj + ( R m ^ ) ^ ^ h*j ~ (Rmv)lkjihki 

- Di (Bcvhv + ^ ( R C P ) „ - h\ (Rep) . 
2 , |^ |2 

11.: • — / / i . i n m T I i . , . = Ahij - Eh\3 + \WC h^ - Dk (Rmv)lkjl 

ikji + hki (Bm-p)vkjv + hkk (Bmv)ivjl/ ~ h{ (RmP ) 
- (&cv)iehej + ( R m p U ^ j - (Rmv)ikjehke 

- A (Rcp)jv + h^ {Bcv)vv - h\ (Bx:v)jk , 

where hf, = hikhkj and in the third line (Rnip)ifc- dxl ® dxk ® dx^ is con
sidered as a 3-tensor. This is known as Simons' identity. Hence, under the 
mean curvature flow 

-QJIHJ = ViVjH - HhjkgMhH + H ( R m p ) ^ 

= Ah^-2Hh2
i;j + \h\2 hij 

- Dj (Rcp)^ + Dv (Re v)^ - Di (Rcv)ju 

- (R-cv)iehej + ( R m ^ l i / j - (Rmv)ikjehki 

+ h^ ( R c p ) ^ - ^ (Re v ) j k 

+ h^ ( B m p ) ^ „ - 4 (Rmj)) f t j , , 

where we used the second Bianchi identity: 

-Dk (Rmv)ikjl/ = -Dj (BcP)iv + Dv ( R c ^ . . 

D 
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EXERCISE B.9. Compute §-t (\h\2 - ±H2\ . See §5 of Huisken [212] for 
a study of under what conditions on (V,g-p) the pinching estimate 

\h\2--H2<C-H2~s 

n 
holds for some 5 > 0 and C < oo. 

EXERCISE B.10. Let Xt : Mn -> Vn+1 be a hypersurface evolving by 
mean curvature flow where the metric g-p (t) on V evolves by Ricci flow. 
Compute §[hij. 

HINT. The terms —Di (Rep) v - Dj ( R c p ^ + Dj/ (Rcp)^ are cancelled 
by new terms introduced by the Ricci flow. Note that the above terms 
represent the evolution of the Christoffel symbols under the Ricci flow. 

2.2. Huisken's monotonicity formula for mean curvature flow. 
When the ambient manifold pn+l is euclidean space Rn + 1 , Lemma B.7 says 
the following. 

LEMMA B. l l . The evolution of the first fundamental form (i.e., induced 
metric), normal, and second fundamental form are given by the following: 

d 
(B.21) 

(B.22) 

(B.23) 

(B.24) 

(B.25) 

afdij — 2Hhij, 

DdXu = VH, 
dt 

d 2 
-<z:hij = Ahij — 2Hhikhkj + \h\ hij, 

~H = AH + \h\2H, 

d o 
—d/j, = —H da. 
at 

For the mean curvature flow there is a monotonicity formula due to 
Gerhard Huisken (see [213], Theorem 3.1). 

THEOREM B.12 (Huisken's monotonicity formula). Let Xt : Mn -> 
Mn+1, t G [0,T), be a smooth solution to the mean curvature flow (B.ll). 
Then any closed hypersurface Mt = Xt (M) evolving by MCF satisfies 
(B.26) 

— / (47TT) 2 e 4r djl = - / [H- (47TT) 2 e 4r rf/i, 
dtJMt JMt V 2r J 

where r = T — t. 
_n |X|2 

PROOF. Let u = (47rr) 2 e 4r . Using (B.ll) and (B.25), we compute 

/ T , ^ N d f f ( n H(X,v) \X\2
 TT2\ , 
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Using the facts that 

(B.28) AX = -Hv, | V X | 2 = n, and V l X l 4 X1 

where XT = X — (X, v) v (A is the Laplacian with respect to the induced 
metric), we have 

Mt 

H (X, v) ud[i = - (X, A X ) udfi 
Mt 

Mt 

V X | 2 ^ + - / v | X | 2 , V ^ ) )dfi 

1 2 
nu — — |X I u ) d\i. 

Mt \ 2 r 

Multiplying this by ^- and adding the difference (which is zero) into (B.27), 
we have 

dt 
udfi 

Mt 

H(X,v) (X,v)2
 u2 

Mt 

Mt 

4 r 2 

2 

— H ud/ji 

H-&2) «*. 
D 

E X E R C I S E B.13. Verify the formulas in (B.28). 

S O L U T I O N T O E X E R C I S E B .13 . We have 

ViVjX = d2x •pk dX 
dxldxi v dxk 

v(v,*,?*WJ£,.2$\-rt./H.H\ 
so that 

= o. 

On the other hand, 

(ViVjX,u) = 
d2X 

Hence 
V^VjX = —hijis. 

Tracing this yields A X = —Hi/. 
Next we compute 

dxl dxi = 9lJ9ij = n 

and 

VIXI -V(i.x)(g,^-.,^. 
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Formula (B.26) is useful for studying T y p e I s ingularit ies of the mean 
curvature flow, where 

sup (T -t)\h\2 < oo. 
,Mnx[0,T) 

For Type I singularities there is a natural way to rescale the MCF equation: 
1 „ , , , r , . , , 1 X{p,t) = 

Then7Wt~ = X f ( > T ) , 

X (p, t), where t (t) = log 
Vr^t 

dt 
and (B.26) becomes the normalized monotonicity formula: 

~dt exp 
M-t 

X d\x = 
Mr 

H X,v exp X djl. 

From this one can prove the following (see Proposition 3.4 and Theorem 3.5 
in [213]). 

T H E O R E M B.14 (MCF convergence to self-similar). Suppose Xt : Mn —> 
R n + 1 , t G [0, T) , is a Type I singular solution to the mean curvature flow. 
For every sequence of times U —•> oo, there exists a subsequence such that 
Mi converges smoothly to a smooth immersed limit hypersurface M^ which 
is self-similar: 

- " oo = \ -^ oo •> ^oo 

Huisken's monotonicity formula was generalized by Hamilton [184] as 
follows. Let Xt : M.n —> VN\ t G [0, T) , be a submanifold of a Riemann-
ian manifold (PN\g) evolving by the mean curvature flow1 -^X = H and 

VN x [0, T) —> R is a positive solution of the backward heat suppose u 
equation: 

du 

Then 

d_ 
di 

{T_t)(N-n)/2 J udfi 

Xt(M) 

= -fx -t){N~n)/2 

_ frp -t)iN~n)/2 

Xt{M) 

t r 

H - (V log u) 

- ( V V log u + 

udji 

1 
9 udii, 

iXt(M) V 2{T-ty 

where dji is the volume form of the submanifold Xt (M) and tr1- denotes 
the trace restricted to the normal bundle of Xt {M) C VN. By Hamilton's 

In all codimensions the mean curvature vector H is denned by tracing the second 
fundamental form, which takes values in the normal bundle. 
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matrix Harnack inequality for the heat equation (see Par t II of this volume), 
if (VN, g) has parallel Ricci tensor and nonnegative sectional curvature, then 
V V log u + 2(T-t)9 — 0 a n d hence 

d_ 
~dt 

{T_t)(N-n)/2 J u ^ 
Xt(M) JXi 

< 0 . 

Equality holds if and only if 

j y - ( V l o g i / ) " L = 0 

and 

V V l o g n + 
2(T-t) 

9\± = 0. 

E X E R C I S E B.15. Prove Hamilton's generalization of Huisken's mono
tonicity formula. 

2.3 . M o n o t o n i c i t y for t h e harmonic m a p heat flow. Similar in
equalities hold for the harmonic map heat flow and the Yang-Mills heat 
flow. The original monotonicity formula for the harmonic map heat flow 
was discovered by Struwe [342] and extended by Chen and Struwe [90] and 
Hamilton [161]. The monotonicity formula for the Yang-Mills heat flow 
appears in [184]. 

T H E O R E M B.16 (Struwe and Hamilton). Let (Mn,g) and (J\fm,h) be 
Riemannian manifolds where M. is closed. If F : (A4,g) —> (A/*, h) is a 
solution to the harmonic map heat flow 

9 F A Z7 

u : Ai —• R is a positive solution to the backward heat equation ^jf 
and r = T — t, then 

-Agu, 

sd^1 ud/i ) = —2r / 
JM 

AF + 
du 

,dF 

2r 
/ ( 

ViVjU 

u 
ViUVnU 

ud/ji 

u 
3 + ^-ugij ) diF • djFdfi, 

where diF = dF(d/dxl). 

See the above references for applications of the monotonicity formula to 
the size of the singular set of a solution. 

3. T h e cross curvature flow 

In this section we present the details to results for the cross curvature 
flow stated in subsection 4.2 of Chapter 3 of Volume One. 
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3.1. The cross curvature tensor. Let (M3,g) be a Riemannian 3-
manifold with either negative sectional curvature everywhere or positive 
sectional curvature everywhere. Recall the cross curvature tensor c is 
defined on p. 87 of Volume One by 

(B.29) cy = det E (E-1).. = ^^rsEprEqs 

(B.30) = ~ / i M l/S RilpqRkjrs, 

where Eij = Rxj — \Rg%j is the Einstein tensor, det E = ^et
 tJ, and \il^k are 

the components of d\i with indices raised. 
The equalities in the definition of Cij are a consequence of the following 

identities. 

LEMMA B.17 (Elementary curvature identities). 
(a) 

(B.31) ^knrseRkjrs = 2Eme (8*81 - 8^8]) , 

(b) 

detE ( £ " % = \^k^RapqRk. >IJ :jrs-

PROOF, (a) We compute in an oriented orthonormal basis so that \i\2?> 
\i116 — 1 and E^ is diagonal. In such a frame, we have En = — i?2332, etc. 
Given £, define a and b so that abi is a cyclic permutation of 123. Then 

fj^kHralRkjra = 2^kRkjab = 2^a8)Rabab + 2^b5a
3Rbaab 

= 2 J > < ^ _ ̂ ^ Eu 

= 2 (81818) - 8*818) - SffiS" + SffiS") Eu 

= 2(s«(8?-Spt)-8re(8]-S]S)))Eu 

= 2Eqi8P - 2Evt8). 

(b) By part (a), we have 

\^kl/s"RlipqRk3rs = \RUpqEme {8*81 ~ Sp
mS]] 

= —Hi hCirpj-

In a frame as in part (a), o -̂ 4= — \Epr Rxrpj is diagonal and 

a n = —-^E Rvni — T^E Ri^i 

= E22E33 = det E(E~1)11, 
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and similarly for a22 and a^. • 

A nice property of the cross curvature tensor is the following result due 
to Hamilton. 

LEMMA B.18 (Bianchi-type identity for cij). If (M3,g) has negative 
sectional curvature (or positive sectional curvature), then c is a metric and 

(B.32) {c-lf VlCjk = \ (c-y VfcCy. 

This implies id : ( JM 3 ,C) —> (M3,g) is a harmonic map. 

REMARK B.19. We may think of this result as dual to the fact that 
if Re is positive (negative) definite, then the identity map id : (Mn,g) —> 
(.Mn, ±Rc) is a harmonic map (Corollary 3.20 on p. 86 of Volume One). 

PROOF. Using ViEli — 0 (which follows from the contracted second 
Bianchi identity), we compute 

(c-y Vzcjk = (det E)-1 tftfVi (detE(E-1)jkj 

= (det E)~l Vk det E = -Vk log det c 

where det c = det c^j det gij. 
Now given two Riemannian metrics c and g on a manifold .M, the Lapla-

cian of the identity map id : (A4, c) —> (M,g) is given by 

(B.33) = - (c-l)M {c-lf {VtCji + VJCU - Vecij) = 0, 

where I1 -̂ and Af denote the Christoffel symbols of g and c, respectively. 
Here we used (B.32). D 

REMARK B.20. The above proof is the solution to Exercise 3.23 of Vol
ume One. 

3.2. The cross curvature flow and short-time existence. We say 
that a 1-parameter family of 3-manifolds (M.3, g (<)) with negative sectional 
curvature is a solution of the cross curvature flow (XCF) if 

Likewise, if g (t) has positive sectional curvature, we say that [M3,g (£)) is 
a solution if 

m9 = ~2c-
We have the following result due to Buckland [34]. 
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T H E O R E M B.21 (XCF short-time existence). If (M3,go) is a closed 3-
manifold with either negative sectional curvature everywhere or positive sec
tional curvature everywhere, then a solution g (t) , t G [0,e), to the cross 
curvature flow with g (0) = go exists for a short time. 

P R O O F . We only consider the case of negative sectional curvature and 
leave the case of positive sectional curvature as an exercise for the reader. 
By Remark 3.4 on p. 69 of Volume One, if -§^gij — Vij is a variation of the 
metric g^, then 

d 1 

(B.34) + -gpq (RtjkpVqi + RijP£Vqk), 

so that 

— R.. - 1 ( ®2Vjk ^ ^ 92Vj£ d2Vlk 

ds 2J 2\dxzdx£ dxidxk dxldxk dx^dx 

where the dots denote terms with 1 or fewer derivatives of v. Applying 
(B.31) to (B.30), we obtain 

~ds°ij = 8 \d~SRllPq) ^ ^ R k j r s + g [-^Rkjrsj ^ ^ R i i p q + '" 

= _ I ( d2viP + d2y^ _ d2y^ _ d2y^ \ Fmi (Sp^ - fiP S«\ 
8 ydx^dx* dx£dxP dx'dxP dx£dx<iJ \ j m m JJ 

_ i / d2vip d2vjq _ d2viq _ d2vJP \ £ _ 
8 \dxidx« dx£dxP dtfdxP dx£dxy u m m l) 

+ • • • . 

Thus the linearization of the map X which takes g to 2c is a second-order 
partial differential operator. Its symbol is obtained from 2 J^Qj by replacing 
A by a cotangent vector Q in the second-order terms: 
dx 

[aDX (g) (() v]{j = Eml (-(i(mV£j ~ QCjVim + (i(jV£m + Q(mVij) 5 

here DX (g) denotes the linearization of X at g. Since the sectional curvature 
is negative, Emi is positive, which in turn implies tha t the eigenvalues of 
the symbol are nonnegative. 

In analyzing the symbol aDX (g) (() , without loss of generality we may 
assume (i = 0 and C2 = C3 — 0- Then 

[aDX (g) (C) v]tJ = -blXEuvtj - 5jlEmlvim + SllSjlEm%m + EuvZJ. 
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Hence, if we take e\ ® e\, e\ ® e2 + e2 ® ei, e\ ® e% + es 
^3, e2 <8> e3 + e3 ® e2 as a basis for S2T*M, then 

a£>X(p)(C) 

\ ^23 / 

Vim + EmtVtm + EUVU \ 

The symbol as a matrix is given by 

2 £ l m - u i m + Em£ 

-Euvi2 + £ : V 2 
£ ^ 3 + EUV13 

^22 

^33 

V23 

( E22V22 + E33VS3 + 2E23V23 \ 
V2Z 

^33 

^22 

^33 

^23 

e i , e 2 <K> e 2 , e 3 

- E 1 2 V 2 2 - El3l 

-E12v23 - E13° 

£ i i „ 

a£>X(5)(C) 

/ 0 
0 
0 
0 
0 

V o 

0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 

£22 

-E12 

0 
E11 

0 
0 

£ 3 3 

0 
- £ 1 3 

0 
En 

0 

2E23 \ 
-E13 

-E12 

0 
0 

En 

Since this matrix is upper triangular, its eigenvalues are 0 and Eu, which 
are nonnegative. 

To eliminate the degeneracy, we apply DeTurck's trick. As in (3.29) on 
p. 80 of Volume One, given a fixed torsion-free connection T, define the 
vector field W = W (g, T) by 

Wk 
npq 

- pq pq 

Consider the second-order operator 

Y (g) = Cwg. 

We have 

dsY bh = M 

= -gpg 

2y 

d_ 
+ 

d 
9 9ik ds ^pq + 

d\ 13 

dxldxP 

+ r,PQ 
( d\ q% 

+ 
d2x PJ 

dxldx(i 

d2vpi 

d2Vpq \ 
dxidx^ J 
d2^ 'pq 

2^ \dxWxP dxJdxQ dxldxi + 
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Hence 

[aDY (g) (() v}i3 = gpq ((i(pvqj + (j(pvqi - CiCjVpq) 

= hivij + Sjivu - SiiSjigpqvpq, 

assuming Ci = 0 a n d (2 — (3 — 0. In other words, 

°DY{g){Q 

( vn \ 

V22 
^33 

\ ^23 ) 

( V\\ ^22 
V\2 

0 
0 
0 

^33 \ 

or in matrix form, 

aDY(g)(() = 

1 
0 
0 
0 
0 
0 

0 
1 
0 
0 
0 
0 

0 
0 
1 
0 
0 
0 

Hence 

aD(X + Y)(g)(0 = 

V 

1 
0 
0 
0 
0 
0 

0 
1 
0 
0 
0 
0 

0 
0 
1 
0 
0 
0 

- 1 
0 
0 
0 
0 
0 

£ 2 2 - 1 
-E12 

0 
En 

0 
0 

- 1 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 / 

E33-l 
0 

_ £ 1 3 

0 
Eu 

0 

which has all positive eigenvalues. 
Hence the equation 

(B.35) —g = 2c + Cwg 

2E23 \ 
-E13 

-E12 

0 
0 

En ) 

is strictly parabolic. Hence for any metric go with negative sectional cur
vature, a solution g (t) to (B.35) with g (0) = go exists for a short time. 
Similarly to the case of the Ricci flow, we solve the following ODE at each 
point in M (see (3.35) on p. 81 of Volume One): 

d 
(B.36) dt Vt -w\ 

(fo = id, 

where W* (t) is the vector field dual to W (t) with respect to g (t). Pulling 
back g (t) by the diffeomorphisms ipt, we obtain a solution 

(B.37) 9(t) = <P*t9(t) 

to the cross curvature flow with g (0) = go- • 
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REMARK B.22. The above proof follows [34], where it is pointed out 
that the proof of short-time existence in [106] is incomplete. 

3.3. Monotonicity formulas for the XCF. Given short-time exis
tence of the flow, one would like to prove long-time existence and convergence 
of the flow on closed 3-manifolds. Although this problem is still open, we 
have the following result due to Hamilton, from [106], which is Proposition 
3.24 on p. 88 of Volume One. 

PROPOSITION B.23 (Monotonicity formulae). If (M3, g (£)) is a solution 
to the cross curvature flow with negative sectional curvature on a closed 3-
manifold, then 

(1) {volume of Einstein tensor increases) 

(B.38) — Vol(E) > 0 , 

(2) (integral difference from hyperbolic decreases) 

<™> ijL(i<^>-(£ffH°-
R E M A R K B.24. Applying the arithmetic-geometric mean inequality to 

the eigenvalues of E{j with respect to gij, we see that the integrand in part 
(2) is nonnegative, and it is identically zero if and only if Eij = ^Egij, tha t 
is, if and only if gij has constant sectional curvature. 

In the remainder of this section, we prove the above two monotonicity 
formulas. We begin by computing the evolution of the Einstein tensor. 

L E M M A B.25. 

^-Eij = VkV£ [EME13 - EikEji) - det E gij - C Eij, 

where C = g^Cij. 

PROOF. Taking q = j in (B.31), we may rewrite the Einstein tensor as 

(B.40) Emn = --filjmfiMnR AT- r- -AjM' 

From (B.40) and (B.34) with Vij = 2c{j, we compute 

/ /^m / /H n (X7 
dt 4 
9 Emn = - i M v V ' n (ViVicjk + V,Vibe* - ViVkCji - V3ViClk) 

- \^mvMngpq (Rljkpcqi + R%3Vicqk) - 2CE-

W n V i V ^ - \^mfiMngpqRl3P,cqk - 2CE™ 
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where we used §i^ljk = -C^ljk. By (B.29), 

- o \ 9 9 + 99 ) y-g 9 + 9 9 ) EprEq 

pik rpmn j^in rprnk 

Hence 

filjmljJ
kinVlVkcji = VtVk (ElkEmn - EinEmk 

With this, the lemma follows from the identity 

\^mHMngpqRt3picqk + CEmn = det Egmn. 

To see this, we choose a basis where g^ — <%, ElJ and Ci j a r e diagonal, 
^123 _ -̂  a n c j Ji^ki ^ 0 only if (i,j) = (k,£) as unordered pairs. We 
compute 

\^lHkngpqRlJpecqk = nkngpqR23pecqk 

= -R2323C22 — -R2332C33 

= -EU (C 2 2 + C33) , 

so that \^x[ikng^Ridvicqk + CE11 = Encn = detE, similarly for the 
other diagonal components. We leave it as an exercise to check that the 
off-diagonal components are zero. • 

As we shall show below, part (1) of Proposition B.23 follows from the 
following more general computation. Let 

Tijk ^ EieyeEJ^ T ^ (£-i) T
ijk = E^Vj log det E. 

LEMMA B.26. For any a £ l 

(B.41) 
d-jM^EYd» = afM (I l^-i**!^ -a\r\l-) (^ETd, 

+ ( l - 2 a ) / (det E)a C dfi. 
JM 

dt 

|2 Here \T% X = (E-l)..TlT^ and 

Au iik = (E-1). (E-1). (E-1)^ AijkAf 

- i V / ip V / jq \ / kr 
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PROOF. We compute using the evolution equation for E%3 that 

-£ / {det E)ad» 
at JM 

= Imer (« ((E-%, §£« - w ( | 9 «)) + c)4. 

= a /" ( d e t £ ) a ( £ ~ % VfcVf ( E H ^ ' - £ i f c £ ^ ) d^ 

+ /" (det E)a (a ( ( £ " % ( - det J5pij' - C £ i j ) + 2C) + C\ d/x 

= - « / V * [(det^)Q ( £ " % ] (E^VtW - EP'VeE*) dpi 

+ ( l - 2 a ) / (det £ ) Q Cd/ i . 

Since 

Vfc ( d e t ^ r ^ " 1 ) . 

= (det EY (a (E-% ( V f c ^ ) (E~% - (E~% (ET% V t ^ ) , 

we have 

/" Vfc [(det E)a (E'1). .1 (EkiVeEij - E^WeEik) dfi 

= a y (det £ ) Q ( f r 1 ) ^ VkE™ (EM (E~l)i3 VtE?i - V ^ * ) dfi 

- J (det E)a (E~l)ip (E~l)jq VkE™ (E^V^ - &eVeEik) dp, 

and the lemma follows from ViElk — 0 • 
To see the monotonicity in the a — 1/2 case, we decompose the 3-tensor 

Tlik into its irreducible components. In particular, the orthogonal group 
O (3) with respect to the metric E~l acts on the bundle of 3-tensors which 
are symmetric in the last two components. The irreducible decomposition 
is given by 

1 / \ 2 
10 V / 5 

where the coefficients — ̂  and | are chosen so that U is trace-free: 

(J5T1).. Uljk = ( £ ~ % Ul3k = (E'1) .k Ul3k = 0. 
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Since this decomposition is orthogonal with respect to E~x, we have 

(B.42) 

(B.43) 

rpljk _ rpj ik 
E~ 

jjijk _ jjjik 

jjijk __ jjjik 

E~ 
2 

E'1 

+ --EikT^ + -E^kTl 

ZJ ZI 

+ \Tl 
E-1 

Taking a — 1/2 in the lemma, we conclude tha t 

!/(,**,v»4.-i/ jjijk _ jjjik (detE)1/2dfi>0 
IM * JM 

and part (1) of Proposition B.23 follows. 

We now give the proof of part (2) of Proposition B.23. Define 

'gijEij 
J 

JM V 
( d e t £ ) 1 / 3 \d\x 

where gijE^ = — ^R. We compute 

I L {s"E-i] * = L [(£*)B '+ 9-iE"+ i 3"E- i ] c. dfji 

M 
(2ctJEV - gtJ (det Egij + CE1*) + {glJE%3) C) d\i 

= 3 / det E d/j,. 
JM 

Combining this equation with (B.41) for a = 1/3 and (B.43), we conclude 

*± = -\( (\ IT*"* - r H 2 - \ \T\l x) (detE)1/3^ dt 3 i^t V2 I IE-1 3 1 lE V v ; P 

/" det Ed/s- I f (det E)1/3 C d/i 
JM 3 -AM + 

6 / M V 
jjijk _ jjj ik + - |r f ( d e t £ ) 1 / 3 c ^ 

f ( j - (det c ) 1 / 3 J (det £ ) 1 / 3 d/x 

< 0 , 

where we used det E = (det c ) 1 / 3 (det £ ) 1 / 3 . 

3.4 . Cross curvature so l i tons . A solution to the XCF is a cross 
curvature so l i ton if there exists a vector field V and A G R such tha t at 
some time 

(B.44) 2dj + ViVj + VjVi = \gij. 

More generally, a solution to the XCF is a cross curvature breather if 
there exist times t\ < t2, a diffeomorphism <p : M. —> j\4, and a > 0 such 
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that 

(B.45) g(t2) = a<p*g(t1). 
We have the following nonexistence result. 

LEMMA B.27 (XCF breathers are trivial). If (M3,g (*)) is a cross cur
vature breather with negative sectional curvature, then g (t) has constant 
sectional curvature. 

PROOF. We have 

^Vol (g(t)) = / (flcijdfiX), 

so that the breather equation (B.45), i.e., gfo) = a(p*g(ti) for t\ < £2, 
implies a > 1. On the other hand, J(g{t2)) = a1^2J(g(ti)) > 0, which 
contradicts the monotonicity formula (B.39) unless J (#(£2)) = J (g (ti)) = 
0, in which case g (t) has constant sectional curvature. • 

4. Notes and commentary 

Lemma B.7 is Lemma 3.3, Theorem 3.4 and Corollary 3.5(i) in [212]. 
See Ma and Chen [259] for a study of the cross curvature flow for certain 

classes of metrics on sphere and torus bundles over the circle. For work on 
the stability of the cross curvature flow at a hyperbolic metric, see Young 
and one of the authors [235]. 



APPENDIX C 

Glossary 

adjoint heat equat ion . When associated to the Ricci flow, the equa
tion is 

9u ^ 
— + Au-Ru = 0. 
at 

For a fixed metric, the adjoint heat equation is just the backward heat 
equation | | + Au = 0. 

ancient so lut ion . A solution of the Ricci flow which exists on a time 
interval of the form (—oc, UJ) , where UJ G (—00, 00]. Limits of dilations about 
finite time singular solutions on closed manifolds are ancient solutions which 
are ft-noncollapsed at all scales. For this reason a substantial part of the 
subject of Ricci flow is devoted to the study of ancient solutions. 

a s y m p t o t i c scalar curvature rat io (ASCR). For a complete non-
compact Riemannian manifold, 

ASCR(#) = l imsup R (x) d(x, O)2 , 
d(x, 0 ) ^ o o 

where O G Mn is any choice of origin. This definition is independent of 
the choice of O G M. For a complete ancient solution of the Ricci flow g (t) 
on a noncompact manifold with bounded nonnegative curvature operator, 
ASCR (g (£)) is independent of time. The ASCR is used to study the geom
etry at infinity of solutions of the Ricci flow and in particular to perform 
dimension reduction when ASCR = 00. 

a s y m p t o t i c v o l u m e ratio (AVR). On a complete noncompact Rie
mannian with nonnegative Ricci curvature, AVR is the limit of the mono
tone quantity ° n ^ as r —» 00. This definition is independent of the 
choice of p G M. Ancient solutions with bounded nonnegative curvature 
operator have AVR = 0. Expanding gradient Ricci solitons with positive 
Ricci curvatures have AVR > 0. 

backward Ricc i flow. The equation is 

JU, = 2Rc. 
Usually obtained by taking a solution g (t) to the Ricci flow and defining 
T {t) = to — t for some to-

Bernstein—Bando—Shi e s t i m a t e s (also B B S es t imates ) . Short-
time estimates for the derivatives of the curvatures of solutions of the Ricci 
flow assuming global pointwise bounds on the curvatures. Roughly, given 

501 
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a solution of the Ricci flow, if |Rm(£)| ^ < K on a time interval [0, T) of 
length on the order of K~l, then 

| V - R m ( t ) U < ^ 
on that interval. The BBS estimates are used to obtain higher derivative of 
curvature estimates from pointwise bounds on the curvatures. In particular, 
they are used in the proof of the C°° compactness theorem for sequences 
of solutions assuming only uniform pointwise bounds on the curvatures and 
injectivity radius estimates. 

Bianchi identity. The first and second Bianchi identities are 

Rijkl + Rjkil + Rkiji = 0> 
^iRjkim + VjRkitm + ^kRijim = 0, 

respectively. The Bianchi identities reflect the diffeomorphism invariance of 
the curvature. In the Ricci flow they are used to derive various evolution 
equations including the heat-like equation for the Riemann curvature tensor. 

Bishop—Gromov v o l u m e compar i son t h e o r e m . An upper bound 
for the volume of balls given a lower bound for the Ricci curvature. This 
bound is sharp in the sense that equality holds for complete, simply-connected 
manifolds with constant sectional curvature. 

B o c h n e r formula. A class of formulas where one computes the Lapla-
cian of some quantity (such as a gradient quantity). Such formulas are often 
used to prove the nonexistence of nontrivial solutions to certain equations. 
For example, harmonic 1-forms on closed manifolds with negative Ricci cur
vatures are trivial. In the Ricci flow, Bochner-type formulas (where the 
Laplacian is replaced by the heat operator) take the form of evolution equa
tions which yield estimates after the application of the maximum principle. 

b o u n d e d geometry . A sequence or family of Riemannian manifolds 
has bounded geometry if the curvatures and their derivatives are uniformly 
bounded (depending on the number of derivatives). 

breather so lut ion . A solution of the Ricci flow which, in the space of 
metrics modulo diffeomorphisms, is a periodic orbit. 

Bryant sol i ton. The complete, rotationally symmetric steady gradi
ent Ricci soliton on Euclidean 3-space. The Bryant soliton has sectional 
curvatures decaying inverse linearly in the distance to the origin and hence 
has ASCR = oo and AVR = 0. It is also expected to be the limit of the 
conjectured degenerate neckpinch. 

Buscher duality. A duality transformation of gradient Ricci solitons 
on warped products with circle or torus fibers. 

Calabi's trick. A typical way to localize maximum principle arguments 
is to multiply the quantity being estimated by a cut-off function depending 
on the distance to a point. Calabi's trick is a way to deal with the issue 
of the cut-off function being only Lipschitz continuous (since the distance 
function is only Lipschitz continuous). 
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Cartan s tructure equat ions . Given an orthonormal frame {e^} and 
dual coframe {^} , they are the identities satisfied by the connection 1-

forms jo;] | and the curvature 2-forms {Rm]}: 

duo1 = UJJ Auo7-, 

Rmf = du{ -uo\ Auo{. 

The Cartan structure equations are useful for computing curvatures, espe
cially for metrics with some sort of symmetry. They may also be used for 
general calculations in geometric analysis. 

Cheeger—Gromov convergence . (See c o m p a c t n e s s theorem.) 
Christoffel symbo l s . The components of the Levi-Civita connection 

with respect to a local coordinate system: 

Vdldxid/daP = Tk
l3d/dxk. 

The variation formula for the Christoffel symbols is the first step in comput
ing the variation formula for the curvatures. The evolution equation for the 
Christoffel symbols is also used to derive evolution equations for quantities 
involving covariant derivatives. 

cigar so l i ton. The rotationally symmetric steady gradient Ricci soliton 
on the plane defined by 

dx2 + dy2 

e4t + x2 + y2 * 

The scalar curvature of the cigar is 

4 o R^ = 3——2——^ = 4sech 5, 1 + xz + y 

where s is the distance to the origin. Note tha t g% is asymptotic to a cylinder 
and i?s decays exponentially fast. Perelman's no local collapsing theorem 
implies the cigar soliton and its product cannot occur as a limit of a finite 
time singularity on a closed manifold. 

classical entropy. An integral of the form fM / l o g / d / x . 
col lapsible manifold. A manifold admitting a sequence of metrics 

with uniformly bounded curvature and maximum injectivity radius tending 
to zero. 

c o m p a c t n e s s t h e o r e m ( C h e e g e r - G r o m o v - t y p e ) . If a pointed se
quence of complete metrics or solutions of Ricci flow has uniformly bounded 
curvature and injectivity radius at the origins uniformly bounded from be
low, then there exists a subsequence which converges to a complete metric or 
solution. The convergence is after the pull-back by diffeomorphisms, which 
we call Cheeger-Gromov convergence. 

conjugate heat equat ion . (See adjoint heat equation.) 

<fc *) 
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cosmological constant. A constant c introduced into the Ricci flow 
equation: 

d 
—gl3 = -2{RlJ^cglJ). 

The case c — ^ is useful in converting expanding Ricci solitons to steady 
Ricci solitons. 

cross curvature flow. A fully nonlinear flow of metrics on 3-manifolds 
with either negative sectional curvature everywhere or positive sectional 
curvature everywhere. 

curvature gap estimate. For long existing solutions, a time-dependent 
lower bound for the spatial supremums of the curvatures. See Lemmas 8.7, 
8.9, and 8.11 in [111]. 

curvature operator. The self-adjoint fiberwise-linear map 

Rm : A2Mn - • A2Mn 

defined by Rm (a)l3 = R%3u^lk-
curve shortening flow (CSF). The evolution equation for a plane 

curve given by 
dx 
&i= -""; 

where K is the curvature and v is the unit outward normal. It is useful to 
compare the CSF with the Ricci flow (especially on surfaces). 

degenerate neckpinch. A conjectured Type Ha singularity on the n-
sphere where a neck pinches at the same time its cap shrinks leading to a 
cusp-like singularity. Such a singularity has been proven by Angenent and 
Velazquez to occur for the mean curvature flow. 

DeTurck's trick. (See also Ricci—DeTurck flow.) A method to prove 
short-time existence of the Ricci flow using the Ricci-DeTurck flow. 

differential Harnack estimate. Any of a class of gradient-like esti
mates for solutions of parabolic and heat-type equations. 

dilaton. (See Perelman's energy.) 
dimension reduction. For certain classes of complete, noncompact 

solutions of the Ricci flow, a method of picking points tending to spatial 
infinity and blowing down the corresponding pointed sequence of solutions 
to obtain a limit solution which splits off a line. 

Einstein—Hilbert functional. The functional of Riemannian metrics: 
E (g) = JMn Rdfi, where R is the scalar curvature. 

Einstein metric. A metric with constant Ricci curvature. 
Einstein summation convention. The convention in tensor calculus 

where repeated indices are summed. Strictly speaking the summed indices 
should be one lower and one upper, but in practice we do not always bother 
to lower and raise indices. 

energy. (See Perelman's energy.) 
entropy. (See classical entropy, Hamilton's entropy for surfaces, 

and Perelman's entropy.) 
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eternal solution. A solution of the Ricci flow existing on the time 
interval (—00,00). Note that eternal solutions are ancient solutions which 
are immortal. 

expanding gradient Ricci soliton (a.k.a. expander). A gradient 
Ricci soliton which is evolving by the pull-back by diffeomorphisms and 
scalings greater than 1. 

Gaussian soliton. Euclidean space as either a shrinking or expanding 
soliton. 

geometrization conjecture. (See Thurston's geometrization con
jecture.) 

gradient flow. The evolution of a geometric object in the direction of 
steepest ascent of a functional. 

gradient Ricci soliton. A Ricci soliton which is flowing along diffeo
morphisms generated by a gradient vector field. 

Gromoll—Meyer theorem. Any complete noncompact Riemannian 
manifold with positive sectional curvature is diffeomorphic to Euclidean 
space. 

Hamilton's entropy for surfaces. The functional E (g) = j M 2 logR-
Rd[i defined for metrics on surfaces with positive curvature. 

Hamilton—Ivey estimate. A pointwise estimate for the curvatures of 
solutions of the Ricci flow on closed 3-manifolds (with normalized initial 
data) which implies that, at a point where there is a sufficiently large (in 
magnitude) negative sectional curvature, the largest sectional curvature at 
that point is both positive and much larger in magnitude. In dimension 
3 the Hamilton-Ivey estimate implies that the singularity models of finite 
time singular solutions have nonnegative sectional curvature. 

harmonic map. A map between Riemannian manifolds / : (Mn,g) —> 
(ATm, h) satisfying A ^ / = 0, where Ag^ is the map Laplacian. (See map 
Laplacian.) 

harmonic map heat flow. The equation is -^ = Ag^f. 
Harnack estimate (See differential Harnack estimate.) 
heat equation. For functions on a Riemannian manifold: §f = Au. 

This equation is the basic analytic model for geometric evolution equations 
including the Ricci flow. 

heat operator. The operator Ĵ  — A appearing in the heat equation. 
Hodge Laplacian. Acting on differential forms: A^ = — (dS + 5d). 
homogeneous space. A Riemannian manifold (M71^) such that for 

every x , i / G M there is an isometry 1 : M. —> M, with 1 (x) — y. 
Huisken's monotonicity formula. An integral monotonicity formula 

for hypersurfaces in Euclidean space evolving by the mean curvature flow 
using the fundamental solution to the adjoint heat equation. 

immortal solution. A solution of the Ricci flow which exists on a time 
interval of the form (a, 00), where a G [—00, 00). 

isoperimetric estimate. A monotonicity formula for the isoperimetric 
ratios of solutions of the Ricci flow. Examples are Hamilton's estimates 
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for solutions on closed surfaces and Type I singular solutions on closed 3-
manifolds. 

Jacobi field. A variation vector field of a 1-parameter family of geodesies. 
Kahler—Ricci flow. The Ricci flow of Kahler metrics. Note that on a 

closed manifold, an initial metric which is Kahler remains Kahler under the 
Ricci flow. 

fi>noncollapsed at all scales. A metric (or solution) which is K-
noncollapsed below scale p for all p < oo. 

K>noncollapsed below the scale p. A Riemannian manifold satisfying 
rn'r > K for any metric ball B(x,r) with | Rm | < r~2 in B (x,r) and 

r < p. 
K-solution (or ancient /^-solution). A complete ancient solution which 

is K-noncollapsed on all scales, has bounded nonnegative curvature operator, 
and is not flat. In dimension 3, a large part of singularity analysis in Ricci 
flow is to classify ancient ^-solutions. 

L-distance. A space-time distance-like function for solutions of the 
backward Ricci flow obtained by taking the infimum of the £-length. The 
L-distance between two points may not always be nonnegative. 

^-distance function. (See reduced distance.) 
^-exponential map. The Ricci flow analogue of the Riemannian ex

ponential map. 
£-geodesic. A time-parametrized path in a solution of the backward 

Ricci flow which is a critical point of the ^-length functional. 
£-Jaeobi field. A variation vector field of a 1-parameter family of 

£-geodesics. 
£-length. A length-like functional for time-parametrized paths in so

lutions of the backward Ricci flow. The £-length of a path may not be 
positive. 

Laplacian (or rough Laplacian). On Euclidean space the operator 
A = y ^ - i d.x2- On a Riemannian manifold, the second-order linear differ-
ential operator A = g^ViVj acting on tensors. 

Levi-Civita connection. The unique linear torsion-free connection on 
the tangent bundle compatible with the metric. (Also called the Riemannian 
connection.) 

Lichnerowicz Laplacian. The second-order differential operator A^ 
acting on symmetric 2-tensors defined by (Vl-3.6), i.e., 

ALVij = Avjk + 2gqpRr
qjk vrp - gqpRjp vqk - gqpRkP vdq. 

Lichnerowicz Laplacian heat equation. The heat-like equation 
§lvij — (ALv)ij for symmetric 2-tensors. 

linear trace Harnack estimate. A differential Harnack estimate for 
nonnegative solutions of the Lichnerowicz Laplacian heat equation coupled 
to a solution of the Ricci flow with nonnegative curvature operator, which 
generalizes the trace Harnack estimate. (See trace Harnack estimate.) 
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little loop conjecture. Hamilton's conjecture which is essentially 
equivalent to Perelman's no local collapsing theorem (e.g., the conjecture 
is now a theorem). 

Li—Yau—Hamilton (LYH) inequality. (See differential Harnack 
estimate.) 

locally homogeneous space. (See also homogeneous space.) A 
Riemannian manifold (.A/fn, g) such that for every x, y G M there exist open 
neighborhoods U of x and V of y and an isometry i : U —> V with i (x) = y. 
A complete simply-connected locally homogeneous space is a homogeneous 
space. 

locally Lipschitz function. A function which locally has a finite Lip-
schitz constant. 

logarithmic Sobolev inequality. A Sobolev-type inequality which 
essentially bounds the classical entropy of a function by the L2-norm of the 
first derivative of the function. 

long existing solutions. Solutions which exist on a time interval of 
infinite duration. 

long-time existence. The existence of a solution of the Ricci flow on a 
closed manifold as long as the Riemann curvature tensor remains bounded. 
By a result of Sesum, in the above statement the Riemann curvature tensor 
may be replaced by the Ricci tensor. 

map Laplacian. Given a map / : (Mn,g) —» (A/"m,/i) between Rie
mannian manifolds, Ag,hf is the trace with respect to g of the second co-
variant derivative of / . (See (3.39) in Volume One.) 

matrix Harnack estimate. In Ricci flow a certain tensor inequality 
of Hamilton for solutions with bounded nonnegative curvature operator. A 
consequence is the trace Harnack estimate. One application of the matrix 
Harnack estimate is in the proof that an ancient solution with nonnegative 
curvature operator and which attains the space-time maximum of the scalar 
curvature is a steady gradient Ricci soliton. 

maximum principle. (Also called the weak maximum principle.) 
The first and second derivative tests applied to heat-type equations to obtain 
bounds for their solutions. The basic idea is to use the inequalities Au > 0 
and Vu = 0 at a spatial minimum of a function u and the inequality ff < 0 
at a minimum in space-time up to that time. This principle applies to 
scalars, tensors, and systems. 

maximum volume growth. A noncompact manifold has maximum 
volume growth if for some point p there exists c > 0 such that Vol B (p, r) > 
crn for all r > 0. This is the same as AVR > 0 (when Re > 0). 

mean curvature flow. The evolution of a submanifold in a Riemannian 
manifold in the direction of its mean curvature vector. 

modified Ricci flow. An equation of the form -^g — —2 ( R c + V V / ) , 
where / is a function on space-time. Often coupled to an equation for / 
such as Perelman's equation -Jr = — R — A/ . 
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monotonicity formula. Any formula which implies the monotonicity 
of a pointwise or integral quantity under a geometric evolution equation. 
Examples are entropy and Harnack estimates. 

//-invariant. An invariant of a metric and a positive number (scale) 
obtained from Perelman's entropy functional W (g, / , r ) by taking the infi-
mum over all / satisfying the constraint JMn {^ixr)~n' e~f dp — 1. There is 
a monotonicity formula for this invariant under the Ricci flow. 

neckpinch. A finite time (Type I) singular solution of the Ricci flow 
where a region of the manifold asymptotically approaches a shrinking round 
cylinder 5 n _ 1 x R. Sufficient conditions for initial metrics on Sn for a neck-
pinch have been obtained by Angenent and one of the authors. 

no local collapsing. (Also abbreviated NLC.) A fundamental theorem 
of Perelman which applies to all finite time solutions of the Ricci flow on 
closed manifolds. It says that given such a solution of the Ricci flow and a 
finite scale p > 0, there exists a constant K, > 0 such that for any ball of 
radius r < p with curvature bounded by r - 2 in the ball, the volume ratio of 
the ball is at least n. We say that the solution is ft-noncollapsed below 
the scale p. 

^-invariant. A metric invariant obtained from the /i-invariant by taking 
the infimum over all r > 0. This invariant may be — oo. 

null-eigenvector assumption. A condition, in the statement of the 
maximum principle for 2-tensors, on the form of a heat-type equation which 
ensures that the nonnegativity of the 2-tensor is preserved under this heat-
type equation. 

parabolic equation. In the context of Ricci flow, a heat-type equa
tion (which is second-order). In general, parabolicity of a nonlinear partial 
differential equation is defined using the symbol of its linearization. 

Perelman's energy. The functional 

T(g,f)= f (R+\Vf\2)e-Uii. 
JMn v 7 

This invariant appeared previously in mathematical physics (e.g., string the
ory) and / is known as the dilaton. 

Perelman's entropy. The following functional of the triple of a metric, 
a function, and a positive constant: 

M9, M = J n(r(R+ I V / | 2 ) + (/ - n)) (47rr)-n/2 e-fdn. 

Perelman's Harnack (LYH) estimate. A differential Harnack (e.g., 
gradient) estimate for fundamental solutions of the adjoint heat equation 
coupled to the Ricci flow. 

Perelman solution. The non-explicit 3-dimensional analogue of the 
Rosenau solution. The Perelman solution is rotationally symmetric and has 
positive sectional curvature. Its backward limit as t —> — oo is the Bryant 
soliton. 
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Poincare conjecture. The conjecture that any simply-connected closed 
3-manifold is diffeomorphic to the 3-sphere. (In dimension 3, the topological 
and differentiate categories are the same.) Hamilton's program and Perel-
man's work aim to complete a proof of the Poincare conjecture using Ricci 
flow. 

positive (nonnegative) curvature operator. The eigenvalues of the 
curvature operator are positive (nonnegative). 

potentially infinite dimensions. A device which Perelman combined 
with the space-time approach to the Ricci flow to embed solutions of the 
Ricci flow into a potentially Ricci flat manifold with potentially infinite 
dimension. 

preconvergent sequence. A sequence for which a subsequence con
verges. 

quasi-Einstein metric. The mathematical physics jargon for a non-
Einstein gradient Ricci soliton. 

Rademacher's Theorem. The result that a locally Lipschitz function 
is differentiable almost everywhere. 

reaction-diffusion equation. A heat-type equation consisting of the 
heat equation plus a nonlinear term which is zeroth order in the solution. 

reduced distance. The distance-like function for solutions of the back
ward Ricci flow defined by £ (q, r) — -^r^ (#>T) • (See L-distance.) Partly 
motivated by consideration of the heat kernel and the Li-Yau distance func
tion for positive solutions of the heat equation. 

reduced volume. For a solution to the backward Ricci flow, the time-
dependent invariant 

V(T)= f (47rr)-^2e-e^d^giT)(q). 
JMn 

Ricci flow. The equation for metrics is §j:gij = —2Rij. This equation 
was discovered and developed by Richard Hamilton and is the subject of 
this book. 

Ricci soliton. (See also gradient Ricci soliton.) A self-similar solu
tion of the Ricci flow. That is, the solution evolves by scaling plus the Lie 
derivative of the metric with respect to some vector field. 

Ricci tensor. The trace of the Riemann curvature operator: 
n 

Rc (X, Y) = trace (X ^ Rm (X, Y) Z) = ^ (Rm (eu X) y, e{}. 
i= i 

Ricci—DeTurck flow. A modification of the Ricci flow which is a 
strictly parabolic system. This equation is essentially equivalent to the Ricci 
flow via the pull-back by diffeomorphisms and is used to prove short-time 
existence for solutions on closed manifolds. 

Riemann curvature operator. (See curvature operator.) 
Riemann curvature tensor. The curvature (3, l)-tensor obtained by 

anti-commuting in a tensorial way the covariant derivatives acting on vector 
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fields. Formally it is defined by 

Rm (X, Y)Z = VX^YZ - VyVXZ - V[x,y]z-
Rosenau solution. An explicit rotationally symmetric ancient solution 

on the 2-sphere with positive curvature. Its backward limit as t —> —oo 
(without rescaling) is the cigar soliton. 

scalar curvature. The trace of the Ricci tensor: R = Y17=i Re (e^, e*) = 

sectional curvature. The number 

K ( P ) = (Rni(ei,e2)e2,ei) 

associated to a 2-plane in a tangent space P C TXM, where {ei,e2} is an 
orthonormal basis of P. 

self-similar solution. (For the Ricci flow, see Ricci soliton.) 
Shi's local derivative estimate. A local estimate for the covariant 

derivatives of the Riemann curvature tensor. 
short-time existence. The existence, when it holds, of a solution to 

the initial-value problem for the Ricci flow on some nontrivial time interval. 
For example, for a smooth initial metric on a closed manifold. 

shrinking gradient Ricci soliton (a.k.a. shrinker). A gradient Ricci 
soliton which is evolving by the pull-back by diffeomorphisms and scalings 
less than 1. 

singular solution. A solution on a maximal time interval. If the 
maximal time interval [0, T) is finite, then 

sup |Rm| < oo. 
Mnx[0,T) 

singularity. For example, if T is the singular (i.e., maximal) time, we 
say that the solution forms a singularity at time T. 

singularity model. The limit of dilations of a singular solution. For 
finite time singular solutions, singularity models are ancient solutions. For 
infinite time singular solutions, singularity models are immortal solutions. 

singularity time. For a solution, the time T E (0, oo], where [0, T) is 
the maximal time interval of existence. 

Sobolev inequality. A class of inequalities where the Lg-norms of 
functions are bounded by the Lp-norms of their derivatives, where p and q 
are related by the dimension and number of derivatives. 

space form. A complete Riemannian manifold with constant sectional 
curvature. 

space-time. The manifold Mn x X of a solution (Mn, g (£)) defined on 
the time interval X. 

space-time connection. Any of a class of natural connections on the 
tangent bundle of space-time 

spherical space form. A complete Riemannian manifold with positive 
constant sectional curvature. Such a manifold is, after scaling, isometric to 
a quotient of the unit sphere by a group of linear isometries. 
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steady gradient Ricci soliton. A gradient Ricci soliton which is 
evolving by the pull-back by diffeomorphisms only. In particular, the metrics 
at different times are isometric. 

strong maximum principle. For the scalar heat equation it says that 
a nonnegative solution which is zero at some point (xo,to) vanishes for all 
points (x,£) with £ < to- For the curvature operator under the Ricci flow 
Hamilton's strong maximum principle says that given a solution with 
nonnegative curvature operator, for positive short time t £ (0, S) the image of 
the curvature operator image (Rm (t)) C A2T*A4n is invariant under parallel 
translation and constant in time. At each point (x, t) £ Mn x (0, 5) the image 
of the curvature operator is a Lie subalgebra of A2T*.M£ ^ so (n). 

tensor. A section of some tensor product of the tangent and cotangent 
bundles. 

Thurston's geometrization conjecture. The conjecture of William 
Thurston that any closed 3-manifold admits a decomposition into geometric 
pieces. This subsumes the Poincare conjecture. 

total scalar curvature. (See Einstein-Hilbert functional.) 
trace Harnack estimate. Given a solution of the Ricci flow with 

nonnegative curvature operator, the estimate 

^ + ^ + 2{VR,V) + 2Rc(V,V)>0 

holding for any vector V. Taking V = 0, we have §-t(tR(x,t)) > 0. 
Type I, Ila, l ib , III singularity. The classification of singular solu

tions according to the growth or decay rates of the curvatures. For T < oo, 
Type I is when 

sup (T - t) |Rm| < oo 
Mx[0,T) 

and Type Ila is when 
sup (T — t) |Rm| = oo. 

Mx[0,T) 

For T — oc, Type III is when 

sup t |Rm| < oo 
Mx[0,T) 

and Type lib is when 
sup t |Rm| = oo. 

Mx[0,T) 
Examples of Type I singularities are shrinking spherical space forms and 
neckpinches. 

Uhlenbeck's trick. In the Ricci flow it is the method of pulling back 
tensors to a bundle isomorphic to the tangent bundle with a fixed metric. 
This method simplifies the formulas for various evolution equations involving 
the Riemann curvature tensor, its derivatives and contractions. 

variation formula. Given a variation of a geometric quantity such as 
a metric or a submanifold, the corresponding variation for an associated 
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geometric quantity. For example, given a variation of a metric, we have 
variation formulas for the Christoffel symbols and the Riemann, Ricci, and 
scalar curvature tensors. 

volume form. On an oriented n-dimensional Riemannian manifold, 
the n-form d\i = ^/det (gij) dx1 A • • • A dxn in a positively oriented local 
coordinate system. The integral of the volume form is the volume of the 
manifold. 

volume ratio. For a ball B (p, r), the quantity 
Vol B(p , r ) 

W-functional. (See Perelman's entropy.) 
warped product metric. Given Riemannian manifolds (Mn,g) and 

(A/"m, h), the metric on the product M x J\f of the form g (x) + f (x) h (y), 
where / : M —> R. The natural space-time metrics are similar to warped 
products. 

Witten's black hole. (See cigar soliton.) 
Yamabe flow. The geometric evolution equation of metrics: j^gij = 

—Rgij. When n = 2, this is the same as the Ricci flow. A technique applied 
to the Yamabe flow described in this book is the Aleksandrov reflection 
method. It is expected that the Yamabe flow evolves metrics on closed 
manifolds to constant scalar curvature metrics. 

Yamabe problem. The problem of showing that in any conformal 
class there exists a metric with constant scalar curvature. This problem has 
been solved through the works of Yamabe, Trudinger, Aubin, and Schoen. 
Schoen's work uses the positive mass theorem of Schoen and Yau. 
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