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Preface

The p-Laplacian operator

Δp u “ div
`

|∇u|
p´2 ∇u

˘

, p P p1,8q

arises in non-Newtonian fluid flows, turbulent filtration in porous media,
plasticity theory, rheology, glaciology, and in many other application areas;
see, e.g., Esteban and Vázquez [48] and Padial, Takáč, and Tello [90]. Prob-
lems involving the p-Laplacian have been studied extensively in the literature
during the last fifty years. However, only a few papers have used Morse the-
oretic methods to study such problems; see, e.g., Vannella [130], Cingolani
and Vannella [29, 31], Dancer and Perera [40], Liu and Su [74], Jiu and
Su [58], Perera [98, 99, 100], Bartsch and Liu [15], Jiang [57], Liu and Li
[75], Ayoujil and El Amrouss [10, 11, 12], Cingolani and Degiovanni [30],
Guo and Liu [55], Liu and Liu [73], Degiovanni and Lancelotti [43, 44], Liu
and Geng [70], Tanaka [129], and Fang and Liu [50]. The purpose of this
monograph is to fill this gap in the literature by presenting a Morse theo-
retic study of a very general class of homogeneous operators that includes
the p-Laplacian as a special case.

Infinite dimensional Morse theory has been used extensively in the lit-
erature to study semilinear problems (see, e.g., Chang [28] or Mawhin and
Willem [81]). In this theory the behavior of a C1-functional defined on
a Banach space near one of its isolated critical points is described by its
critical groups, and there are standard tools for computing these groups
for the variational functional associated with a semilinear problem. They
include the Morse and splitting lemmas, the shifting theorem, and various
linking and local linking theorems based on eigenspaces that give critical
points with nontrivial critical groups. Unfortunately, none of them apply to
quasilinear problems where the Euler functional is no longer defined on a
Hilbert space or is C2 and there are no eigenspaces to work with. We will
systematically develop alternative tools, such as nonlinear linking and local
linking theories, in order to effectively apply Morse theory to such problems.

A complete description of the spectrum of a quasilinear operator such as
the p-Laplacian is in general not available. Unbounded sequences of eigen-
values can be constructed using various minimax schemes, but it is generally
not known whether they give a full list, and it is often unclear whether dif-
ferent schemes give the same eigenvalues. The standard eigenvalue sequence
based on the Krasnoselskii genus is not useful for obtaining nontrivial critical

vii



viii PREFACE

groups or for constructing linking sets or local linkings. We will work with
a new sequence of eigenvalues introduced by the first author in [98] that
uses the Z2-cohomological index of Fadell and Rabinowitz. The necessary
background material on algebraic topology and the cohomological index will
be given in order to make the text as self-contained as possible.

One of the main points that we would like to make here is that, contrary
to the prevailing sentiment in the literature, the lack of a complete list of
eigenvalues is not a serious obstacle to effectively applying critical point the-
ory. Indeed, our sequence of eigenvalues is sufficient to adapt many of the
standard variational methods for solving semilinear problems to the quasi-
linear case. In particular, we will obtain nontrivial critical groups and use
the stability and piercing properties of the cohomological index to construct
new linking sets that are readily applicable to quasilinear problems. Of
course, such constructions cannot be based on linear subspaces since we no
longer have eigenspaces. We will instead use nonlinear splittings based on
certain sub- and superlevel sets whose cohomological indices can be precisely
calculated. We will also introduce a new notion of local linking based on
these splittings.

We will describe the general setting and give some examples in Chap-
ter 1, but first we give an overview of the theory developed here and a
preliminary survey chapter on Morse theoretic methods used in variational
problems in order to set up the history and context.



An Overview

Let Φ be a C1-functional defined on a real Banach spaceW and satisfying
the pPSq condition. In Morse theory the local behavior of Φ near an isolated
critical point u is described by the sequence of critical groups

(1) Cq
pΦ, uq “ Hq

pΦc
X U,Φc

X Uz tuuq, q ě 0

where c “ Φpuq is the corresponding critical value, Φc is the sublevel set
tu P W : Φpuq ď cu, U is a neighborhood of u containing no other critical
points, and H denotes cohomology. They are independent of U by the
excision property. When the critical values are bounded from below, the
global behavior of Φ can be described by the critical groups at infinity

Cq
pΦ,8q “ Hq

pW,Φa
q, q ě 0

where a is less than all critical values. They are independent of a by the sec-
ond deformation lemma and the homotopy invariance of cohomology groups.

When Φ has only a finite number of critical points u1, . . . , uk, their
critical groups are related to those at infinity by

k
ÿ

i“1

rankCq
pΦ, uiq ě rankCq

pΦ,8q @q

(see Proposition 3.16). Thus, if CqpΦ,8q ‰ 0, then Φ has a critical point u
with CqpΦ, uq ‰ 0. If zero is the only critical point of Φ and Φp0q “ 0, then
taking U “ W in (1), and noting that Φ0 is a deformation retract of W and
Φ0z t0u deformation retracts to Φa by the second deformation lemma, gives

Cq
pΦ, 0q “ Hq

pΦ0,Φ0
z t0uq « Hq

pW,Φ0
z t0uq

« Hq
pW,Φa

q “ Cq
pΦ,8q @q.

Thus, if CqpΦ, 0q « CqpΦ,8q for some q, then Φ has a critical point u ‰ 0.
Such ideas have been used extensively in the literature to obtain multiple
nontrivial solutions of semilinear elliptic boundary value problems (see, e.g.,
Mawhin and Willem [81], Chang [28], Bartsch and Li [14], and their refer-
ences).

Now consider the eigenvalue problem
$

&

%

´Δp u “ λ |u|
p´2 u in Ω

u “ 0 on BΩ

ix



x AN OVERVIEW

where Ω is a bounded domain in R
n, n ě 1,

Δp u “ div
`

|∇u|
p´2 ∇u

˘

is the p-Laplacian of u, and p P p1,8q. The eigenfunctions coincide with the
critical points of the C1-functional

Φλpuq “

ż

Ω
|∇u|

p
´ λ |u|

p

defined on the Sobolev space W 1, p
0 pΩq with the usual norm

}u} “

ˆ
ż

Ω
|∇u|

p

˙

1
p
.

When λ is not an eigenvalue, zero is the only critical point of Φλ and we
may take

U “
�

u P W 1, p
0 pΩq : }u} ď 1

(

in the definition (1). Since Φλ is positive homogeneous, Φ0
λ X U radially

contracts to the origin and Φ0
λ X Uz t0u radially deformation retracts onto

Φ0
λ X S “ Ψλ

where S is the unit sphere in W 1, p
0 pΩq and

Ψpuq “
1

ż

Ω
|u|

p
, u P S.

It follows that

(2) Cq
pΦλ, 0q «

$

&

%

δq0 G, Ψλ “ H

rHq´1pΨλq, Ψλ ‰ H

where δ is the Kronecker delta, G is the coefficient group, and rH denotes
reduced cohomology. Note also that the eigenvalues coincide with the critical
values of Ψ by the Lagrange multiplier rule.

In the semilinear case p “ 2, the spectrum σp´Δq consists of isolated
eigenvalues λk, repeated according to their multiplicities, satisfying

0 ă λ1 ă λ2 ď ¨ ¨ ¨ Ñ 8.

If λ ă λ1 “ inf Ψ, then Ψλ “ H and hence

(3) Cq
pΦλ, 0q « δq0 G

by (2). If λk ă λ ă λk`1, then we have the orthogonal decomposition

(4) H1
0 pΩq “ H´

‘ H`, u “ v ` w

where H´ is the direct sum of the eigenspaces corresponding to λ1, . . . , λk

and H` is its orthogonal complement, and

dimH´
“ k
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is called the Morse index of zero. It is easy to check that

ηpu, tq “
v ` p1 ´ tqw

}v ` p1 ´ tqw}
, pu, tq P Ψλ

ˆ r0, 1s

is a deformation retraction of Ψλ onto H´ X S, so

Cq
pΦλ, 0q « rHq´1

pH´
X Sq « δqk G

by (2).
The quasilinear case p ‰ 2 is far more complicated. Very little is known

about the spectrum σp´Δpq itself. The first eigenvalue λ1 is positive, simple,
and has an associated eigenfunction ϕ1 that is positive in Ω (see Anane [9]
and Lindqvist [68, 69]). Moreover, λ1 is isolated in the spectrum, so the
second eigenvalue λ2 “ inf σp´ΔpqXpλ1,8q is also well-defined. In the ODE
case n “ 1, where Ω is an interval, the spectrum consists of a sequence of
simple eigenvalues λk Õ 8, and the eigenfunction ϕk associated with λk has
exactly k´1 interior zeroes (see, e.g., Drábek [46]). In the PDE case n ě 2,
an increasing and unbounded sequence of eigenvalues can be constructed
using a standard minimax scheme involving the Krasnoselskii’s genus, but
it is not known whether this gives a complete list of the eigenvalues.

If λ ă λ1, then (3) holds as before. It was shown in Dancer and Perera
[40] that

Cq
pΦλ, 0q « δq1 G

if λ1 ă λ ă λ2 and that

Cq
pΦλ, 0q “ 0, q “ 0, 1

if λ ą λ2. Thus, the question arises as to whether there is a nontrivial
critical group when λ ą λ2. An affirmative answer was given in Perera
[98] where a new sequence of eigenvalues was constructed using a minimax
scheme involving the Z2-cohomological index of Fadell and Rabinowitz [49]
as follows.

Let F denote the class of symmetric subsets of S, let ipMq denote the
cohomological index of M P F , and set

λk :“ inf
MPF

ipMqěk

sup
uPM

Ψpuq.

Then λk Õ 8 is a sequence of eigenvalues, and if λk ă λk`1, then

(5) ipΨλkq “ ipSzΨλk`1
q “ k

where

Ψλk “
�

u P S : Ψpuq ď λk

(

, Ψλk`1
“

�

u P S : Ψpuq ě λk`1

(

(see Theorem 4.6). Thus, if λk ă λ ă λk`1, then

ipΨλ
q “ k

by the monotonicity of the index, which implies that

rHk´1
pΨλ

q ‰ 0
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(see Proposition 2.14) and hence

(6) Ck
pΦλ, 0q ‰ 0

by (2).
The structure provided by this new sequence of eigenvalues is sufficient

to adapt many of the standard variational methods for solving semilinear
problems to the quasilinear case. In particular, we will construct new linking
sets and local linkings that are readily applicable to quasilinear problems.
Of course, such constructions cannot be based on linear subspaces since we
no longer have eigenspaces to work with. They will instead use nonlinear
splittings generated by the sub- and superlevel sets of Ψ that appear in (5),
and the indices given there will play a key role in these new topological
constructions as we will see next.

Consider the boundary value problem

(7)

$

&

%

´Δp u “ fpx, uq in Ω

u “ 0 on BΩ

where the nonlinearity f is a Carathéodory function on ΩˆR satisfying the
subcritical growth condition

|fpx, tq| ď C
`

|t|r´1
` 1

˘

@px, tq P Ω ˆ R

for some r P p1, p˚q. Here

p˚
“

$

&

%

np

n ´ p
, p ă n

8, p ě n

is the critical exponent for the Sobolev imbedding W 1, p
0 pΩq ãÑ LrpΩq.

Weak solutions of this problem coincide with the critical points of the C1-
functional

Φpuq “

ż

Ω
|∇u|

p
´ pF px, uq, u P W 1, p

0 pΩq

where

F px, tq “

ż t

0
fpx, sq ds

is the primitive of f .
It is customary to roughly classify problem (7) according to the growth

of f as

piq p-sublinear if

lim
tÑ˘8

fpx, tq

|t|p´2 t
“ 0 @x P Ω,

piiq asymptotically p-linear if

0 ă lim inf
tÑ˘8

fpx, tq

|t|p´2 t
ď lim sup

tÑ˘8

fpx, tq

|t|p´2 t
ă 8 @x P Ω,
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piiiq p-superlinear if

lim
tÑ˘8

fpx, tq

|t|p´2 t
“ 8 @x P Ω.

Consider the asymptotically p-linear case where

lim
tÑ˘8

fpx, tq

|t|p´2 t
“ λ, uniformly in x P Ω

with λk ă λ ă λk`1, and assume λ R σp´Δpq to ensure that Φ satisfies the
pPSq condition.

In the semilinear case p “ 2, let

A “
�

v P H´ : }v} “ R
(

, B “ H`

with H˘ as in (4) and R ą 0. Then

(8) maxΦpAq ă inf ΦpBq

if R is sufficiently large, and A cohomologically links B in dimension k ´ 1
in the sense that the homomorphism

rHk´1
pH1

0 pΩqzBq Ñ rHk´1
pAq

induced by the inclusion is nontrivial. So it follows that problem (7) has a
solution u with CkpΦ, uq ‰ 0 (see Proposition 3.25).

We may ask whether this well-known argument can be modified to obtain
the same result in the quasilinear case p ‰ 2 where we no longer have the
splitting given in (4). We will give an affirmative answer as follows. Let

A “
�

Ru : u P Ψλk
(

, B “
�

tu : u P Ψλk`1
, t ě 0

(

with R ą 0. Then (8) still holds if R is sufficiently large, and A cohomolog-
ically links B in dimension k ´ 1 by (5) and the following theorem proved
in Section 3.7, so problem (7) again has a solution u with CkpΦ, uq ‰ 0.

Theorem 1. Let A0 and B0 be disjoint nonempty closed symmetric
subsets of the unit sphere S in a Banach space such that

ipA0q “ ipSzB0q “ k

where i denotes the cohomological index, and let

A “
�

Ru : u P A0

(

, B “
�

tu : u P B0, t ě 0
(

with R ą 0. Then A cohomologically links B in dimension k ´ 1.

Now suppose fpx, 0q ” 0, so that problem (7) has the trivial solution
upxq ” 0. Assume that

(9) lim
tÑ0

fpx, tq

|t|p´2 t
“ λ, uniformly in x P Ω,

λk ă λ ă λk`1, and the sign condition

(10) pF px, tq ě λk`1 |t|p @px, tq P Ω ˆ R
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holds. In the p-superlinear case it is customary to also assume the following
Ambrosetti-Rabinowitz type condition to ensure that Φ satisfies the pPSq

condition:

(11) 0 ă μF px, tq ď tfpx, tq @x P Ω, |t| large

for some μ ą p.
In the semilinear case p “ 2, we can then obtain a nontrivial solution

of problem (7) using the well-known saddle point theorem of Rabinowitz as
follows. Fix a w0 P H`z t0u and let

X “
�

u “ v ` sw0 : v P H´, s ě 0, }u} ď R
(

,

A “
�

v P H´ : }v} ď R
(

Y
�

u P X : }u} “ R
(

,

B “
�

w P H` : }w} “ r
(

with H˘ as in (4) and R ą r ą 0. Then

(12) maxΦpAq ď 0 ă inf ΦpBq

if R is sufficiently large and r is sufficiently small, and A homotopically links
B with respect to X in the sense that

γpXq X B ‰ H @γ P Γ

where

Γ “
�

γ P CpX,H1
0 pΩqq : γ|A “ idA

(

.

So it follows that

c :“ inf
γPΓ

sup
uPγpXq

Φpuq

is a positive critical level of Φ (see Proposition 3.21).
Again we may ask whether linking sets that would enable us to use this

argument in the quasilinear case p ‰ 2 can be constructed. In Perera and
Szulkin [105] the following such construction based on the piercing property
of the index (see Proposition 2.12) was given. Recall that the cone CA0

on a topological space A0 is the quotient space of A0 ˆ r0, 1s obtained by
collapsing A0 ˆ t1u to a point. We identify A0 ˆ t0u with A0 itself. Fix an
h P CpCΨλk , Sq such that hpCΨλkq is closed and h|Ψλk “ idΨλk , and let

X “
�

tu : u P hpCΨλkq, 0 ď t ď R
(

,

A “
�

tu : u P Ψλk , 0 ď t ď R
(

Y
�

u P X : }u} “ R
(

,

B “
�

ru : u P Ψλk`1

(

with R ą r ą 0. Then (12) still holds if R is sufficiently large and r is
sufficiently small, and A homotopically links B with respect to X by (5)
and the following theorem proved in Section 3.6, so Φ again has a positive
critical level.



AN OVERVIEW xv

Theorem 2. Let A0 and B0 be disjoint nonempty closed symmetric
subsets of the unit sphere S in a Banach space such that

ipA0q “ ipSzB0q ă 8,

h P CpCA0, Sq be such that hpCA0q is closed and h|A0
“ idA0, and let

X “
�

tu : u P hpCA0q, 0 ď t ď R
(

,

A “
�

tu : u P A0, 0 ď t ď R
(

Y
�

u P X : }u} “ R
(

,

B “
�

ru : u P B0

(

with R ą r ą 0. Then A homotopically links B with respect to X.

The sign condition (10) can be removed by using a comparison of the
critical groups of Φ at zero and infinity instead of the above linking ar-
gument. First consider the nonresonant case where (9) holds with λ P

pλk, λk`1qzσp´Δpq. Then

Cq
pΦ, 0q « Cq

pΦλ, 0q @q

by the homotopy invariance of the critical groups and hence

(13) Ck
pΦ, 0q ‰ 0

by (6). On the other hand, a simple modification of an argument due to
Wang [132] shows that

Cq
pΦ,8q “ 0 @q

when (11) holds (see Example 5.14). So Φ has a nontrivial critical point by
the remarks at the beginning of the chapter.

In the p-sublinear case, where Φ is bounded from below, we can use
(13) to obtain multiple nontrivial solutions of problem (7). Indeed, the
three critical points theorem (see Corollary 3.32) gives two nontrivial critical
points of Φ when k ě 2.

Note that we do not assume that there are no other eigenvalues in the
interval pλk, λk`1q, in particular, λ may be an eigenvalue. Our results hold
as long as λk ă λ ă λk`1, even if the entire interval rλk, λk`1s is contained in
the spectrum. Thus, eigenvalues that do not belong to the sequence pλkq are
not that important in this context. In fact, we will see that the cohomological
index of sublevel sets changes only when crossing an eigenvalue from this
particular sequence.

Now we consider the resonant case where (9) holds with λ P rλk, λk`1s X

σp´Δpq, and ask whether we still have (13). We will show that this is indeed
the case when a suitable sign condition holds near t “ 0. Write f as

fpx, tq “ λ |t|p´2 t ` gpx, tq,

so that

lim
tÑ0

gpx, tq

|t|p´2 t
“ 0, uniformly in x P Ω,
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set

Gpx, tq “

ż t

0
gpx, sq ds,

and assume that either

λ “ λk, Gpx, tq ě 0 @x P Ω, |t| small,

or

λ “ λk`1, Gpx, tq ď 0 @x P Ω, |t| small.

In the semilinear case p “ 2, let

A “
�

v P H´ : }v} ď r
(

, B “
�

w P H` : }w} ď r
(

with H˘ as in (4) and r ą 0. Then

(14) Φ|A ď 0 ă Φ|Bzt0u

if r is sufficiently small (see Li and Willem [67]), so Φ has a local linking
near zero in dimension k and hence (13) holds (see Liu [71]).

So we may ask whether the notion of a local linking can be generalized to
apply in the quasilinear case p ‰ 2 as well. We will again give an affirmative
answer. Let

A “
�

tu : u P Ψλk , 0 ď t ď r
(

, B “
�

tu : u P Ψλk`1
, 0 ď t ď r

(

with r ą 0. Then (14) still holds if r is sufficiently small (see Degiovanni,
Lancelotti, and Perera [42]), so Φ has a cohomological local splitting near
zero in dimension k in the sense of the following definition given in Section
3.11. Hence (13) holds again (see Proposition 3.34).

Definition 3. We say that a C1-functional Φ defined on a Banach space
W has a cohomological local splitting near zero in dimension k if there is an
r ą 0 such that zero is the only critical point of Φ in

U “
�

u P W : }u} ď r
(

and there are disjoint nonempty closed symmetric subsets A0 and B0 of BU
such that

ipA0q “ ipSzB0q “ k

and

Φ|A ď 0 ă Φ|Bzt0u

where

A “
�

tu : u P A0, 0 ď t ď 1
(

, B “
�

tu : u P B0, 0 ď t ď 1
(

.

These constructions, which were based on the existence of a sequence of
eigenvalues satisfying (5), can be extended to situations involving indefinite
eigenvalue problems such as

$

&

%

´Δp u “ λV pxq |u|
p´2 u in Ω

u “ 0 on BΩ
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where the weight function V P L8pΩq changes sign. Here the eigenfunctions
are the critical points of the functional

Φλpuq “

ż

Ω
|∇u|

p
´ λV pxq |u|

p, u P W 1, p
0 pΩq

and the positive and negative eigenvalues are the critical values of

Ψ˘
puq “

1

Jpuq
, u P S˘,

respectively, where

Jpuq “

ż

Ω
V pxq |u|

p

and

S˘
“

�

u P S : Jpuq ż 0
(

.

Let F˘ denote the class of symmetric subsets of S˘, respectively, and
set

λ`

k :“ inf
MPF`

ipMqěk

sup
uPM

Ψ`
puq,

λ´

k :“ sup
MPF´

ipMqěk

inf
uPM

Ψ´
puq.

We will show that λ`

k Õ `8 and λ´

k Œ ´8 are sequences of positive and

negative eigenvalues, respectively, and if λ`

k ă λ`

k`1 (resp. λ´

k`1 ă λ´

k ), then

ippΨ`
q
λ`
k q “ ipS`

zpΨ`
qλ`

k`1
q “ k

(resp. ippΨ´
qλ´

k
q “ ipS´

zpΨ´
q
λ´
k`1q “ k).

In particular, if λ`

k ă λ ă λ`

k`1 or λ´

k`1 ă λ ă λ´

k , then

Ck
pΦλ, 0q ‰ 0.

Finally we will present an extension of our theory to anisotropic
p-Laplacian systems of the form

(15)

$

’

&

’

%

´Δpiui “
BF

Bui
px, uq in Ω

ui “ 0 on BΩ,

i “ 1, . . . ,m

where each pi P p1,8q, u “ pu1, . . . , umq, and F P C1pΩ ˆ R
mq satisfies the

subcritical growth conditions
ˇ

ˇ

ˇ

ˇ

BF

Bui
px, uq

ˇ

ˇ

ˇ

ˇ

ď C

˜

m
ÿ

j“1

|uj |
rij´1

` 1

¸

@px, uq P Ω ˆ R
m, i “ 1, . . . ,m
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for some rij P p1, 1 ` p1 ´ 1{p˚
i q p˚

j q. Weak solutions of this system are the
critical points of the functional

Φpuq “ Ipuq ´

ż

Ω
F px, uq, u P W “ W 1, p1

0 pΩq ˆ ¨ ¨ ¨ ˆ W 1, pm
0 pΩq

where

Ipuq “

m
ÿ

i“1

1

pi

ż

Ω
|∇ui|

pi .

Unlike in the scalar case, here I is not homogeneous except when p1 “

¨ ¨ ¨ “ pm. However, it still has the following weaker property. Define a
continuous flow on W by

R ˆ W Ñ W, pα, uq ÞÑ uα :“ p|α|
1{p1´1 αu1, . . . , |α|

1{pm´1 αumq.

Then

Ipuαq “ |α| Ipuq @α P R, u P W.

This suggests that the appropriate class of eigenvalue problems to study
here are of the form

(16)

$

’

&

’

%

´Δpiui “ λ
BJ

Bui
px, uq in Ω

ui “ 0 on BΩ,

i “ 1, . . . ,m

where J P C1pΩ ˆ R
mq satisfies

(17) Jpx, uαq “ |α|Jpx, uq @α P R, px, uq P Ω ˆ R
m.

For example,

Jpx, uq “ V pxq |u1|
r1 ¨ ¨ ¨ |um|

rm

where ri P p1, piq with r1{p1 ` ¨ ¨ ¨ ` rm{pm “ 1 and V P L8pΩq. Note that
(17) implies that if u is an eigenvector associated with λ, then so is uα for
any α ‰ 0.

The eigenfunctions of problem (16) are the critical points of the func-
tional

Φλpuq “ Ipuq ´ λJpuq, u P W

where

Jpuq “

ż

Ω
Jpx, uq.

Let

M “
�

u P W : Ipuq “ 1
(

and suppose that

M˘
“

�

u P M : Jpuq ż 0
(

‰ H.

Then M Ă W z t0u is a bounded complete symmetric C1-Finsler manifold
radially homeomorphic to the unit sphere in W , M˘ are symmetric open
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submanifolds of M, and the positive and negative eigenvalues are given by
the critical values of

Ψ˘
puq “

1

Jpuq
, u P M˘,

respectively.
Let F˘ denote the class of symmetric subsets of M˘, respectively, and

set

λ`

k :“ inf
MPF`

ipMqěk

sup
uPM

Ψ`
puq,

λ´

k :“ sup
MPF´

ipMqěk

inf
uPM

Ψ´
puq.

We will again show that λ`

k Õ `8 and λ´

k Œ ´8 are sequences of positive

and negative eigenvalues, respectively, and if λ`

k ă λ`

k`1 (resp. λ´

k`1 ă λ´

k ),
then

ippΨ`
q
λ`
k q “ ipM`

zpΨ`
qλ`

k`1
q “ k

(resp. ippΨ´
qλ´

k
q “ ipM´

zpΨ´
q
λ´
k`1q “ k),

in particular, if λ`

k ă λ ă λ`

k`1 or λ´

k`1 ă λ ă λ´

k , then

Ck
pΦλ, 0q ‰ 0.

This will allow us to extend our existence and multiplicity theory for a single
equation to systems.

For example, suppose F px, 0q ” 0, so that the system (15) has the trivial
solution upxq ” 0. Assume that

F px, uq “ λJpx, uq ` Gpx, uq

where λ is not an eigenvalue of (16) and

|Gpx, uq| ď C
m
ÿ

i“1

|ui|
si @px, uq P Ω ˆ R

m

for some si P ppi, p
˚
i q. Further assume the following superlinearity condition:

there are μi ą pi, i “ 1, . . . ,m such that
m
ÿ

i“1

ˆ

1

pi
´

1

μi

˙

ui
BF

Bui
is bounded

from below and

0 ă F px, uq ď

m
ÿ

i“1

ui
μi

BF

Bui
px, uq @x P Ω, |u| large.

We will obtain a nontrivial solution of (15) under these assumptions in
Sections 10.2 and 10.3.
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All this machinery can be adapted to many other p-Laplacian like oper-
ators as well. Therefore we will develop our theory in an abstract operator
setting that includes many of them as special cases.
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[34] Jean-Noël Corvellec, Marco Degiovanni, and Marco Marzocchi. Deformation prop-
erties for continuous functionals and critical point theory. Topol. Methods Nonlinear
Anal., 1(1):151–171, 1993.
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for the p-Laplacian. J. Differential Equations, 159(1):212–238, 1999.

[37] Mabel Cuesta and Jean-Pierre Gossez. A variational approach to nonresonance with
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[90] Juan Francisco Padial, Peter Takáč, and Lourdes Tello. An antimaximum principle
for a degenerate parabolic problem. In Ninth International Conference Zaragoza-Pau
on Applied Mathematics and Statistics, volume 33 of Monogr. Semin. Mat. Garćıa
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151 Ernst Binz and Sonja Pods, The geometry of Heisenberg groups: With applications in

signal theory, optics, quantization, and field quantization, 2008

150 Bangming Deng, Jie Du, Brian Parshall, and Jianpan Wang, Finite dimensional
algebras and quantum groups, 2008

149 Gerald B. Folland, Quantum field theory: A tourist guide for mathematicians, 2008

148 Patrick Dehornoy with Ivan Dynnikov, Dale Rolfsen, and Bert Wiest, Ordering
braids, 2008

147 David J. Benson and Stephen D. Smith, Classifying spaces of sporadic groups, 2008

146 Murray Marshall, Positive polynomials and sums of squares, 2008

145 Tuna Altinel, Alexandre V. Borovik, and Gregory Cherlin, Simple groups of finite
Morley rank, 2008

144 Bennett Chow, Sun-Chin Chu, David Glickenstein, Christine Guenther, James

Isenberg, Tom Ivey, Dan Knopf, Peng Lu, Feng Luo, and Lei Ni, The Ricci flow:
Techniques and applications, Part II: Analytic aspects, 2008

143 Alexander Molev, Yangians and classical Lie algebras, 2007

142 Joseph A. Wolf, Harmonic analysis on commutative spaces, 2007

141 Vladimir Maz′ya and Gunther Schmidt, Approximate approximations, 2007

140 Elisabetta Barletta, Sorin Dragomir, and Krishan L. Duggal, Foliations in
Cauchy-Riemann geometry, 2007
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SURV/161

The purpose of this book is to present a Morse theoretic study of a very general 
class of homogeneous operators that includes the p -Laplacian as a special case. The 
p -Laplacian operator is a quasilinear differential operator that arises in many appli-
cations such as non-Newtonian fluid flows and turbulent filtration in porous media. 
Infinite dimensional Morse theory has been used extensively to study semilinear prob-
lems, but only rarely to study the p -Laplacian.

The standard tools of Morse theory for computing critical groups, such as the Morse 
lemma, the shifting theorem, and various linking and local linking theorems based on 
eigenspaces, do not apply to quasilinear problems where the Euler functional is not 
defined on a Hilbert space or is not C 2  or where there are no eigenspaces to work with. 
Moreover, a complete description of the spectrum of a quasilinear operator is gener-
ally not available, and the standard sequence of eigenvalues based on the genus is not 
useful for obtaining nontrivial critical groups or for constructing linking sets and local 
linkings. However, one of the main points of this book is that the lack of a complete 
list of eigenvalues is not an insurmountable obstacle to applying critical point theory.

Working with a new sequence of eigenvalues that uses the cohomological index, the 
authors systematically develop alternative tools such as nonlinear linking and local 
splitting theories in order to effectively apply Morse theory to quasilinear problems. 
They obtain nontrivial critical groups in nonlinear eigenvalue problems and use the 
stability and piercing properties of the cohomological index to construct new linking 
sets and local splittings that are readily applicable here.
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