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Preface

Methods for the approximate calculation of definite integrals are covered in
every book on numerical analysis. Our intention here is to provide a complementary
treatment of this topic by presenting a coherent theory that encompasses many
deep and elegant results as well as a large number of interesting (solved and open)
problems.

The inclusion of the word “theory” in the title highlights our emphasis on
concepts rather than numerical recipes. Thus, no computer programs and only
a few numerical examples are given in the book. The focus on theory does not,
however, mean that we pass over concrete practical problems, merely that we choose
to restrict our attention to problems for which a guaranteed result can be obtained
in a systematic manner. Systematic analyses of this kind rely on certain properties
of the integrand, over and beyond the knowledge of finitely many function values.
Such additional information about the integrand (called “co-observations”) forms
the central organizing principle for our theory, and distinguishes our book from
other texts on quadrature. A wide variety of co-observations are examined in this
monograph, as we believe such information will be very useful for solving problems
in practical contexts.

While quadrature theory is often viewed as a branch of numerical analysis, its
influence extends much further: it has been the starting point of many far-reaching
generalizations in various directions, as well as a testing ground for new ideas and
concepts; in fact, in many instances the extensions seem more “natural” than the
original motivating problem. We shall discuss such generalizations, although the
classical problem will remain our guiding star throughout the book.

Working on quadrature has given us great pleasure over the years, and we hope
we can convey our enthusiasm for the subject to the readers of this book.

The mathematical prerequisites for engaging with this text are knowledge (at
the level taught in most undergraduate courses) of linear algebra, advanced calculus
and real analysis.

We thank our wives for their patience and assistance in many ways.
We are grateful to Alice Yew for her help in editing our manuscript.

Helmut Brass and Knut Petras
Technische Universität Braunschweig
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Brass, H. (1993b) Asymptotically optimal error bounds for quadrature rules of
given degree. Math. Comp. 61, 785–798.

Brass, H. (1995a) On the principle of avoiding the singularity in quadrature. Z.
Angew. Math. Mech. 75, 617–618.

Brass, H. (1995b) Zur Konstruktion fast-optimaler Algorithmen in der Numerik.
Abh. Braunschw. Wiss. Ges. 46, 71–78.

Brass, H. (1996) On the quality of algorithms based on spline interpolation. Nu-
mer. Algorithms 13, 159–177.

Brass, H. (1998a) Linear algorithms with finite deviation. J. Complexity 14,
85–101.

Brass, H. (1998b) On the variance of the Gaussian quadrature rule. Calcolo 35,
125–129.

Brass, H.; Fischer, J.-W. (1999a) Error bounds for Romberg quadrature. Nu-
mer. Math. 82, 389–408.

Brass, H.; Fischer, J.-W. (1999b) Fehlerschranken für Quadraturformeln
gegebenen Grades. Abh. Braunschw. Wiss. Ges. 49, 251–261.

Brass, H.; Fischer, J.-W.; Petras, K. (1996) The Gaussian quadrature
method. Abh. Braunschw. Wiss. Ges. 47, 115–150.

Brass, H.; Förster, K.-J. (1987) On the estimation of linear functionals. Anal-
ysis 7, 237–258.

Brass, H.; Förster, K.-J. (1989) Error bounds for quadrature formulas near
Gaussian quadrature. J. Comput. Appl. Math. 28, 145–154.

Brass, H.; Förster, K.-J. (1998) On the application of the Peano representation
of linear functionals in numerical analysis. In: G.V. Milovanović (ed.) Recent
Progress in Inequalities, pp. 175–202. Kluwer Academic Publishers, Dordrecht.

Brass, H.; Petras, K. (1997) On a conjecture of D.B. Hunter. BIT 37, 227–231.
Brass, H.; Petras, K. (2003) Bounds for norms of Peano Kernels. East J.

Approx. 9, 195–207.
Brass, H.; Schmeisser, G. (1979) The definiteness of Filippi’s quadrature for-

mulae and related problems. In: G. Hämmerlin (ed.) Numerische Integration,
ISNM 45, pp. 109–119. Birkhäuser, Basel.
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(ed.) Numerical Methods and Approximation Theory III, pp. 39–66. University
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Hämmerlin, G. (1965) Über ableitungsfreie Schranken für Quadraturfehler II.
Numer. Math. 7, 232–237.

Hämmerlin, G. (1966) Zur Abschätzung von Quadraturfehlern für analytische
Funktionen. Numer. Math. 8, 334–344.

Hamming, R.W.; Pinkham, R.S. (1966) A class of integration formulas. J. Assoc.
Comput. Mach. 13, 430–438.

Hardy, G.H.; Wright, E.M. (1960) An Introduction to the Theory of Numbers.
Clarendon Press, Oxford.

Heindl, G. (1982) Optimal quadrature of convex functions. In: G. Hämmerlin
(ed.) Numerical integration, ISNM 57, pp. 138–147. Birkhäuser, Basel.

Holladay, J.C. (1957) A smoothest curve approximation. Math. Tables Aids
Comput. 11, 233–243.



BIBLIOGRAPHY 345

Huerta, I.P. (1986) Adaption helps for some nonconvex classes. J. Complexity 2,
333–352.

Hunter, D.B. (1995) Some error expansions for Gaussian quadrature. BIT 35,
62–82.

Hunter, D.B.; Nikolov, G. (1998) Gaussian quadrature of Chebyshev polyno-
mials. J. Comput. Appl. Math. 94, 123–131.

Imhof, J.P. (1963) On the method for numerical integration of Clenshaw and
Curtis. Numer. Math. 5, 138–141.

Jetter, K. (1976) Optimale Quadraturformeln mit semidefiniten Peanokernen.
Numer. Math. 25, 239–249.

Jetter, K. (1982) Ein elementarer Beweis des Satzes von Krein. In: G. Hämmerlin
(ed.) Numerical Integration, ISNM 57, pp. 34–47. Birkhäuser, Basel.
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Symbols

�x� largest integer less than or equal to x

�x� smallest integer greater than or equal to x

f
∣∣
X

restriction of the function f to the set X

U⊥ orthogonal complement of a subspace U

(u)r+ truncated rth power 50

‖f‖ supremum norm of a function f 29

‖L‖ norm of a linear functional L 29

∂G boundary of a domain G in the complex plane

A(η,Q) the coefficient of f(η) in Q 40

Bν Bernoulli polynomial 325

B∗
ν Bernoulli function 326

C the set of complex numbers

C[X] the space of continuous functions 29

conv(M) convex hull of M ⊂ Rm 34

C co-observation 7

C(r)
M co-observation defined by the rth derivative being bounded 47

CVar
M co-observation comprising functions of bounded variation 48

CVar,r
M co-observation comprising functions whose rth derivatives

are of bounded variation
49

Cmc
ω co-observation defined by a modulus of continuity 48

C̃(r)
M co-observation comprising periodic functions from C(r)

M 49

CSa,r
M Sard’s co-observation 73

CDa
M Davis’s co-observation 78
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CM (G) co-observation comprising functions holomorphic in G 82

CKr
r Kress’s co-observation 266

CFP
M co-observation comprising convex functions 93

degQ degree of exactness of the quadrature rule Q 101

dimU dimension of a linear space U

dist(f, U) best approximation error 31

dvd divided difference 121

Δ difference operator 106

En Stieltjes polynomial 201

Er ellipse in the complex plane 77

I functional to be estimated 1, 47

ind(Q) index of a quadrature rule Q 42

Info(f) available information about f 8

intpol interpolation polynomial 100

Ks sth Peano kernel 53

Kr Favard constant 63

KerO kernel of a mapping O

Lλ Laplace coefficient 105

LipM α the set of Lipschitz continuous functions 220

N the set of positive integers

O observation 7

ω(f ; δ) modulus of continuity 48

Pn Legendre polynomial 319

Pn space of algebraic polynomials of degree at most n

qn normalized orthogonal polynomial 315

Q quadrature rule, estimation rule 1, 13

Q
∨
,

∧
Q best lower bound and best upper bound for I 8

Q(O) set of all estimation rules based on the observation O 26

Qgen set of all estimation rules 13

Qn set of all quadrature rules with n nodes 4
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Q+(I, U) set of positive estimation rules for I that are exact
for all u ∈ U

40

Qbest
n best quadrature rule 26

Qopt optimal estimation rule 3, 13

Qso strongly optimal estimation rule 8

Qη Krein rule with node η 43

QG
n Gaussian rule 100

QGr,r
n Gregory rule 237

QKro
n Kronrod rule 202

QLo
n Lobatto rule 153

QMi
n midpoint rule 10

QRa,a
n , QRa,b

n Radau rule 151, 152

Q
Ro(σ)
2m+σ+1 Romberg rule 246

QSi
2m+1 Simpson’s rule 230

QTr
n trapezoidal rule 10

R the set of real numbers

R remainder functional 1, 16

ρbestn infimum of worst-case errors over n-dimensional
observations

26

ρintr intrinsic error 8

ρopt error of a standard estimation framework 8

ρ(Q) (worst-case) error of Q 13

ρ(Q, C) (worst-case) error of Q in the class C 1

�z, �z real and imaginary parts of a complex number z

Sr(ξ1, . . . , ξm) set of spline functions 39

Tn Chebyshev polynomials of the first kind 318

Tm space of trigonometric polynomials of degree
at most m

137

Un Chebyshev polynomials of the second kind 319

Var f total variation of a function f

VarQ variance of a quadrature rule Q 291

Z the set of integers





Index

δ-reconstruction, 20

a posteriori error, 9
absolutely continuous, 59

adaptive algorithm, 26–28

approximation by discrete least squares,
305–306

arcsine distribution, 130

automatic differentiation, 329–331

Bernoulli polynomial, 325–328

best rule, 4

bracketing property, 58, 59, 257, 259

Chebyshev method, 296–299, 313

Chebyshev polynomial, 318
first kind, 318

second kind, 319

Chebyshev rule, 292, 299
Chebyshev–Gauss methods, 297

Chebyshev-type rule, 292
classical co-observation, 47

Clenshaw–Curtis method, 110

coefficients, 115
error bounds, 117–120

co-observation, 1, 7
based on

area integrals in the complex domain,
77

bounds in the complex domain, 82–93
bounds of derivatives, 59, 262

line integrals in the complex domain,
77

modulus of continuity, 48, 66–72

total variation, 48, 63–66, 72–73

coefficients of a quadrature rule, 1
convex integrands, 93–98, 179, 224–227,

256–257, 314

Davis-type co-observation, 76–81
definite functional, 55–58

degree of a quadrature rule, 101

Durand method, 236

error of an estimation rule, 13

error propagation, 30, 292

estimation method, 31
estimation rule, 13
Euler–Maclaurin formula, 211

modification for integrands with a power
singularity, 214

Favard constant, 63, 327
Filippi method, 121

coefficients, 125
convergence, 122
definiteness, 124
error, 124, 235

Filon method, 233
flattest interpolating element, 23
Fourier coefficients, 5, 220, 276–290

Fourier series, 220
functions of bounded variation, 3

Gauss–Chebyshev rule, 65, 103, 186

Gaussian quadrature, 38, 44, 100, 149–200
and Krein’s theory, 44
and orthogonal polynomials, 149
asymptotics of the Peano kernel, 170

coefficients, 150, 161
definiteness, 169, 173
error asymptotics for particular

functions, 189–195

error bounds, 180–189
error for Chebyshev polynomials, 312
extremal properties, 195–197

monotonicity, 170
nodes, 132, 164
Peano kernels, 166–180

Golomb–Weinberger theorem, 21
Gregory methods, 236–244

asymptotic optimality, 241
asymptotics, 240

definiteness, 240

Haar space, 40
Holladay’s concept, 75

holomorphic integrands, 76–93, 266–271

index of a quadrature rule, 42

361
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information, 3, 8

information-based complexity, 8
interpolation, 7

interval arithmetic, 331–334
intrinsic error, 8
inverse theorem, 3, 225, 258

Jacobi polynomial, 129

Krein’s theory, 40–45
Kronrod method, 201–203, 312

Lacroix method, 236
Laplace coefficient, 105

Lebesgue’s inequality, 31, 102
linear estimation rule, 14

exact on a subspace, 16–21
Lobatto quadrature, 44, 153

and Krein’s theory, 44

coefficients, 153–154
definiteness, 169, 173

special case, 155
loss, 19, 197

Markoff’s theorem, 170
midpoint method, 1, 10, 256–259

analogue of the Romberg scheme, 259
definiteness, 256

error bounds, 256
optimality, 59

modified estimation framework, 93
modulus of continuity, 48
monotone convergence, 170, 227, 253

most plausible interpolant, 50

natural spline function, 22, 63, 66, 74–75
Newton–Cotes method, 104–110

coefficients, 105

definiteness, 108
divergence, 107–108

norm, 104
nodes of a quadrature rule, 1

norms of estimation rules, 29–33
numerical differentiation, 7

observation, 3, 7
one-sided best approximation, 36

optimal definite rule, 58
optimal estimation rule, 13
overestimation, 2–3, 181, 217, 219–220, 308

Peano kernel, 53

asymptotic behaviour, 144–148
bounds, 136, 138, 141–143, 176, 177, 179,

309
for periodic integrands, 279, 281

Peano kernel theorem, 50–59
for quadrature rules, 54

Piobert–Parmentier method, 258
Polya method, 126–129

coefficients, 126–127

error, 128–129

Polya’s convergence theorem, 32
positive functional, 35

projection rule

corresponding to a subspace, 17

corresponding to an observation, 19

quadrature method, 31

quadrature rule, 1

of interpolatory type, 99–148

of Krein type, 42

Radau quadrature, 44

coefficients, 151–152

definiteness, 169, 173

Ralston method, 155
reconstruction, 20

rectangular rule, 58

reduced functional, 57
remainder functional, 16

reproducing kernel, 24

Richardson’s convergence acceleration, 244

Riemann sums, 248
Romberg methods, 244–254

asymptotics, 247, 254

Bulirsch’s variant, 254

definiteness, 251
definition, 246

error bounds, 249

monotonicity, 253
Peano kernel, 248

stopping inequality, 254

Romberg scheme, 246

Sard’s co-observation, 73–76
Sard–Holladay method, 75

sequential algorithm, 26

Simpson’s method, 230–233, 243

Simpson’s rule, 18, 55, 60, 66, 71, 73
Sloan–Smith theorem, 111

slow convergence, 32, 221, 313

Smolyak’s theorem, 14

spline functions, 39
spline space for an observation, 21

stopping inequality, 227, 232, 254

strictly positive functional, 35
strongly optimal estimate, 8

symmetric quadrature rule, 99

symmetric set, 4, 7

Szegö-type weight function, 91

trapezoidal method, 10, 211–229, 261–271

error bounds, 212, 217–219, 223, 264,
267, 269, 271

generalized, 10, 61, 67, 76

monotonicity, 227
optimality, 262

Peano kernel, 217
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stopping inequality, 227
trigonometric interpolation, 271–273

uncertainty interval, 15
universality, 50, 197, 273–276, 308

variance of a quadrature rule, 291, 303–306

waviness of a function, 50
weight function, 5
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Every book on numerical analysis covers methods for the approximate calculation of 
definite integrals. The authors of this book provide a complementary treatment of the 
topic by presenting a coherent theory of quadrature methods that encompasses many 
deep and elegant results as well as a large number of interesting (solved and open) 
problems.

The inclusion of the word “theory” in the title highlights the authors’ emphasis on 
analytical questions, such as the existence and structure of quadrature methods and 
selection criteria based on strict error bounds for quadrature rules. Systematic analyses 
of this kind rely on certain properties of the integrand, called “co-observations,” which 
form the central organizing principle for the authors’ theory, and distinguish their book 
from other texts on numerical integration. A wide variety of co-observations are exam-
ined, as a detailed understanding of these is useful for solving problems in practical 
contexts.

While quadrature theory is often viewed as a branch of numerical analysis, its influence 
extends much further. It has been the starting point of many far-reaching generaliza-
tions in various directions, as well as a testing ground for new ideas and concepts. The 
material in this book should be accessible to anyone who has taken the standard under-
graduate courses in linear algebra, advanced calculus, and real analysis.


