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Preface

Many problems in measure theory, probability theory, and diverse applications
are connected with various types of convergence of measures. The most frequently
encountered is weak convergence, but often one has to deal with other modes of
convergence, for example, in variation or setwise. In the form of convergence of
distribution functions, weak convergence of measures appeared actually at the dawn
of probability theory, and now it has become one of the most important tools in
applied and theoretic statistics. Many of the key results in probability theory and
mathematical statistics can be regarded as statements about weak convergence of
probability distributions. The foundations of the theory of weak convergence of
measures were laid by J. Radon, E. Helly, P. Lévy, S. Banach, A.N. Kolmogorov,
V.I. Glivenko, N.N. Bogoliubov, N.M. Krylov, and other classics from the 1910s
through the 1930s. The formation of this theory as a separate field at the junction
of measure theory, probability theory, functional analysis, and general topology is
connected with fundamental works of A.D. Alexandroff at the end of the 1930s
and the beginning of the 1940s, and this theory gained its modern form after the
appearance of the outstanding paper of Yu.V. Prohorov in 1956. An extremely
important role was also played by the book by B.V. Gnedenko and A.N. Kolmogorov
on limit theorems of probability theory and the works of L.V. Kantorovich on
optimal transportation. More details are given in the comments.

Convergence of measures is the subject of a vast literature (see the comments),
in particular, weak convergence of measures is discussed in detail in the author’s
two-volume book Measure theory (see [81]). However, already at the time of work-
ing on that book, it was clear that convergence of measures deserved a separate
exposition, which was impossible in a book of broad thematic coverage such as [81].
In spite of the fact that all principal results related to convergence of measures are
fully presented in Chapter 8 of [81], such a presentation cannot be qualified as
exhaustive and sufficient for a broad readership. First of all, the presentation in
[81] is oriented towards experienced readers and, by the necessity of keeping the
size of the book within reasonable limits, is rather condensed. Secondly, due to the
same constraint on book size, justifications of many interesting results and exam-
ples there were delegated to exercises, and although they contained hints, they were
even more condensed. Finally, the discussion of applications in [81] is reduced to a
minimum. The goal of this new book is a more accessible and paced presentation
of the theory of weak convergence of measures and some other important types of
convergence, oriented towards a broad circle of readers with different backgrounds.
Certainly, the subject itself unavoidably presupposes certain minimum of prerequi-
sites (presented in the first chapter), but the material is organized in a form which
attempts to postpone for as long as possible the employment of any specialized
knowledge. In this respect I followed the example of Billingsley, the author of a

ix
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beautiful introductory book [67] on weak convergence of probability measures (I
began my acquaintance with this subject using this book many years ago); though,
unlike his text, this book includes considerably less elementary material for ad-
vanced readers. Thus, here we offer two levels of presentation: rather elementary
material in the main sections of Chapters 1–3, and some more specialized informa-
tion presented in the complements to all chapters and also in Chapters 4 and 5.
Such a structure leads to the effect that some concepts and results appear first in
relation to measures on the real line or on Rd, next when considering measures on
metric spaces, and finally in the general case of topological spaces. In this way the
book combines features of a textbook and an advanced survey. Certainly, the mate-
rial of the aforementioned Chapter 8 of [81] is completely covered by this book, but
most of the proofs from that chapter have been reworked: following suggestions and
corrections received from my readers, more details have been added and many gaps
and inaccuracies have been corrected. In addition, a number of interesting results
given in [81] only with formulations are now supplied with complete justifications.
Although a number of classical principal results are given with exactly the same
formulations as in [81] and slightly revised proofs (such examples can be found,
e.g., in Sections 2.3, 2.6, 3.1, 4.2, 4.3, and 5.1), in many other cases the formula-
tions have been altered as well. This is not because the old formulations were not
satisfactory, but rather because the whole structure of the text has been changed
significantly. In particular, the case of metric spaces is now studied first and does
not come as a special case of the general situation as in [81]. Many relatively old
and some very recent results included in the book have also contributed to its size
being nearly three times more than that of Chapter 8 of [81]. Certainly, the bib-
liography has been considerably updated: More than 100 works in the references
have been published over the last decade, and this is a small portion of the available
literature. In particular, many authors presented in this bibliography have much
longer lists of related publications so that I had to be very selective when preparing
the bibliography.

In Chapter 1, after presenting some necessary facts from integration theory
and functional analysis in the first three sections, we discuss the simplest notions
and facts related to convergence of measures on the interval and the real line and
also on Rd. However, even these basic concepts are useful for a very broad circle
of problems that ever touch on anything related to convergence in distribution
and weak convergence of measures. Phenomena discussed here illuminate well the
general situation. Specific for the one-dimensional case is analysis of convergence
of distribution functions. In this chapter we also study the Fourier transform (the
characteristic functionals).

In Chapter 2, still at a rather elementary level, the discussion moves to metric
spaces, but here some topological concepts already show up. The central results of
this chapter are connected with the theorem of Yu.V. Prohorov on weak compact-
ness, the theorem of A.D. Alexandroff on convergence of probability measures, and
the parametrization of weakly converging measures due to A.V. Skorohod. Sepa-
rate sections or subsections are devoted to weak convergence of measures on various
special spaces such as Hilbert, Banach or some concrete functional spaces. In this
chapter weak convergence is considered not only for countable sequences, but also
for more general uncountable nets. Mostly, this does not lead to any complications,
but is useful from the point of view of general ideas (especially with a view towards
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the continuation of our discussion for topological spaces). However, in all places
in Chapter 2 (but not in Chapters 4 and 5) where nets are mentioned, it is quite
possible to assume that these are usual sequences.

In Chapter 3 we consider metrics on spaces of measures (in particular, we
discuss the Prohorov, Kantorovich, Kantorovich–Rubinshtein, and Fortet–Mourier
metrics), and we also give a brief introduction to the theory of Gromov metric
triples. Separate subsections are devoted to Zolotarev metrics and certain special
questions connected with various estimates.

In the past two decades this area has been intensively developing in close con-
nection with another very popular modern direction—optimal transportation. How-
ever, this very important aspect is not touched on in the present book because any
sufficiently detailed discussion would considerably increase the size of the text.

A more advanced exposition requiring some knowledge of basics of general
topology and some experience of working with topological spaces starts in Chap-
ter 4 and ends with a discussion of topological properties of spaces of measures in
Chapter 5. Chapter 4 begins with a brief exposition of fundamentals of measure
theory in general topological spaces, then the weak topology on spaces of mea-
sures on general spaces is discussed including A.D. Alexandroff’s results in this
general setting. Among other things, compactness in the weak topology is thor-
oughly studied. We return to Prohorov’s theorem in this framework, which leads
to an interesting class of topological spaces, the so-called Prohorov spaces. Fourier
transforms of measures on locally convex spaces are introduced and considered in
relation to weak convergence. These themes are continued in Chapter 5, where the
main emphasis is on topological properties of spaces of measures equipped with
the weak topology. Here we also return to Skorohod representations. Separate
sections are devoted to setwise convergence topology and the ws-topology, which
is a mixture of the weak and setwise convergence topologies. Both have interesting
connections with our main subject. Uniformly distributed sequences in topological
spaces is another related topic discussed in this chapter.

Each chapter ends with a collection of exercises including easy exercises and
more subtle facts (with hints or references to the literature; some of such advanced
exercises are in fact very difficult and, in principle, could be placed as theorems in
the text with references to their sources, but their inclusion in the form of exercises
may be regarded as an invitation to seek simpler solutions).

The book ends with brief historic and bibliographic comments, a list of refer-
ences (with indications of all pages where they are cited), and the subject index
(which begins with a list of notations).

For reading this book it is useful, although not necessary at all, to be acquainted
with basics of probability theory, the problems, ideas, and methods of which are
of great importance for the area we discuss. In addition to the known funda-
mental treatises, including Ash [24], Bauer [44], Billingsley [66], Borovkov [108],
Chow, Teicher [138], Cramér [146], Dudley [193], Feller [221], Fristedt, Gray [246],
Gänssler, Stute [254], Gnedenko [281], Hennequin, Tortrat [318], Hoffmann-Jør-
gensen [328], Kallenberg [343], Loève [437], Neveu [482], Rotar [556], Shiryaev
[581], and Tortrat [617], I would note an elegant introduction by Lamperti [408].

A considerable part of the material in this book was presented by the author
in lectures at the Department of Mechanics and Mathematics of Moscow State
University, at the Independent Moscow University, at the Faculty of Mathematics
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of the Higher School of Economics in Moscow, and also in lectures and talks at
other universities and mathematical institutes all over the world, including the
Steklov Mathematical Institute of the Russian Academy of Science in Moscow and
its St. Petersburg Department, Kiev, Berlin, Bonn, Bielefeld, Paris, Strasbourg,
London, Cambridge, Warwick, Rome, Pisa, Copenhagen, Stockholm, Delft, Vienna,
Barcelona, Lisbon, Athens, Berkeley, Boston, Minneapolis, Vancouver, Montreal,
Edmonton, Haifa, Tokyo, Kyoto, Beijing, Sydney, and Santiago.

During many years of working on this book, I received considerable help
from many persons in the form of remarks and corrections, additional references,
and historic comments. I am particularly grateful to L. Ambrosio, T.O. Ba-
nakh, N.H. Bingham, D.B. Bukin, G.P. Chistyakov, G. Da Prato, A.N. Dolede-
nok, R.M. Dudley, D. Elworthy, B.V. Gnedenko, I.A. Ibragimov, A.V. Kolesnikov,
V.V. Kozlov, N.V. Krylov, P. Malliavin, I. Marshall, P.-A. Meyer, S.A. Molchanov,
F.V. Petrov, S.N. Popova, Yu.V. Prohorov, M. Röckner, V.V. Sazonov, A.V. Sha-
poshnikov, S.V. Shaposhnikov, A.N. Shiryaev, A.V. Skorohod, O.G. Smolyanov,
V.N. Sudakov, F. Topsøe, A. M.Vershik, A. D.Wentzel, and A.Yu. Zaitsev.

The book also includes results obtained in research supported by the Russian
Science Foundation (Grant 17-11-01058 at Lomonosov Moscow State University).

Moscow, Russia
Spring 2018
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[13] Ambrosio, L., Gigli, N., Savaré, G. Gradient flows in metric spaces and in the Wasserstein
spaces of probability measures. 2nd ed. Lectures in Mathematics ETH Zürich, Birkhäuser,
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Exposition in Mathematics, V. 24, pp. 31–44. Heldermann Verlag, Berlin, 2000. MR1858141
[169]
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[94] Bogachev, V. I., Pugachev, O.V., Röckner, M. Surface measures and tightness of
(r, p)-capacities on Poisson space. J. Funct. Anal. 2002. V. 196. P. 61–86. DOI
10.1006/jfan.2002.3962. MR1941991 [251]

[95] Bogachev, V. I., Shaposhnikov, A.V. Lower bounds for the Kantorovich distance. Dokl.
Akad. Nauk. 2015. V. 460, №6. P. 631–633 (in Russian); English transl.: Dokl. Math. 2015.

V. 91, №1. P. 91–93. DOI 10.1134/S1064562415010299. MR3410641 [126]
[96] Bogachev, V. I., Smolyanov, O.G. Real and functional analysis: a university course. 2nd

ed. Regular and Chaotic Dynamics, Moscow – Izhevsk, 2011; 728 pp. (in Russian; English
transl.: Springer, to appear) [14, 16, 17, 19, 45, 68, 77, 83, 139, 140, 164, 169, 175]



258 BIBLIOGRAPHY

[97] Bogachev, V. I., Smolyanov, O.G. Topological vector spaces and their applications.
Springer, Cham, 2017; x+4560 pp. MR3616849 [19, 82, 108, 162, 168, 170, 175, 176,
183, 185, 187, 188, 190, 209, 218, 251]

[98] Bogachev, V. I., Wang, F.-Y., Shaposhnikov, A.V. Estimates for Kantorovich norms on
manifolds. Dokl. Akad. Nauk. 2015. V. 463, №6. P. 633–638 (in Russian); English transl.:
Dokl. Math. 2015. V. 92, №1. P. 494–499. DOI 10.1134/S1064562415040286. MR3443996
[126]

[99] Bogachev, V. I., Zelenov G. I. On convergence in variation of weakly convergent multidi-
mensional distributions. Dokl. Akad. Nauk. 2015. V. 461, №1. P. 14–17 (in Russian); Eng-
lish transl.: Dokl. Math. 2015. V. 91, №2. P. 138–141. DOI 10.1134/S1064562415020039.
MR3442783 [130]

[100] Bogachev, V. I., Zelenov, G. I., Kosov, E.D. Membership of distributions of polynomials in
the Nikolskii–Besov class. Dokl. Akad. Nauk. 2016. V. 469, №6. P. 651–655 (in Russian);
English transl.: Dokl. Math. 2016. V. 94, №2. P. 453–457. DOI 10.1134/S1064562416040293.
MR3561348 [126, 130]
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[156] Dall’Aglio, G. Fréchet classes: the beginnings. Advances in probability distributions with

given marginals, pp. 1–12, Math. Appl., 67, Kluwer, Dordrecht, 1991. MR1215943 [249]
[157] D’Aristotile, A., Diaconis, P., Freedman, D. On merging of probabilities. Sankhyā. Ser. A.
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[170] Dieudonné, J. Sur la convergence des suites des mesures de Radon. An. Acad. Brasil.

Cienc. 1951. V. 23. P. 21–38; Addition: ibid., P. 277–282. MR0042496 [226, 247]
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séries à termes aléatoires indépendants. C. R. Acad. Sci. Paris. 1959. T. 249. P. 1180–1182.
MR0106506 [192]
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[319] Hennion, H., Hervé, L. Limit theorems for Markov chains and stochastic properties of
dynamical systems by quasi-compactness. Springer, Berlin – New York, 2001; 145 pp.
MR1862393 [248]
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[321] Hlawka, E. Folgen auf kompakten Räumen. Abh. Math. Sem. Univ. Hamburg. 1956. B. 20.
S. 223–241. DOI 10.1002/mana.19580180122. MR0081368 [219, 244]

[322] Hlawka, E. Theorie der Gleichverteilung. Bibliogr. Inst., Mannheim, 1979; x+142 S.
MR542905 [219]

[323] Hoffmann-Jørgensen, J. The theory of analytic spaces. Aarhus Various Publ. Series. №10.
1970; vi+314 pp. MR0409748 [250]

[324] Hoffmann-Jørgensen, J. A generalization of the strict topology. Math. Scand. 1972. V. 30,
№2. P. 313–323. DOI 10.7146/math.scand.a-11087. MR0318857 [250]

[325] Hoffmann-Jørgensen, J. Weak compactness and tightness of subsets of M(X). Math. Scand.
1972. V. 31, №1. P. 127–150. DOI 10.7146/math.scand.a-11420. MR0417369 [163, 171, 175,
179, 184, 235, 237, 250]

[326] Hoffmann-Jørgensen, J. Probability in Banach spaces. Lecture Notes in Math. 1976. V. 598.
P. 1–186. MR0461610 [196, 251]

[327] Hoffmann-Jørgensen, J. Stochastic processes on Polish spaces. Aarhus Universitet, Matem-
atisk Institut, Aarhus, 1991; ii+278 pp. MR1217966 [246]

[328] Hoffmann-Jørgensen, J. Probability with a view toward statistics. V. I, II. Chapman &
Hall, New York, 1994; xi+589 pp., xiv+533 pp. MR1278485, MR1278486 [xi]
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V. 22, №3. P. 263–285. MR871083 [248]



268 BIBLIOGRAPHY

[337] Jakubowski, A. The almost sure Skorokhod representation for subsequences in
nonmetric spaces. Theory Probab. Appl. 1997. V. 42, №1. P. 167–174. DOI
10.1137/S0040585X97976052. MR1453342 [247]

[338] Jakubowski, A. A non-Skorohod topology on the Skorohod space. Electron. J. Probab. 1997.
V. 2, №4. P. 1–21. DOI 10.1214/EJP.v2-18. MR1475862 [248]

[339] Janson, S., Kaijser, S. Higher moments of Banach space valued random variables. Mem.
Amer. Math. Soc. 2015. V. 238, №1127; vii+110 pp. DOI 10.1090/memo/1127. MR3402381

[251]
[340] Jarchow, H. Locally convex spaces. B.G. Teubner, Stuttgart, 1981; 548 pp. MR632257

[170]
[341] Jessen, B., Wintner, A. Distribution functions and the Riemann zeta function. Trans.

Amer. Math. Soc. 1935. V. 38. P. 48–88. DOI 10.2307/1989728. MR1501802 [246]
[342] Kakosyan, A.V., Klebanov, L. B., Rachev, S. T. Quantitative criteria for the convergence

of probability measures. Aiastan, Erevan, 1988; 249 pp. (in Russian). MR1024072 [249]
[343] Kallenberg, O. Foundations of modern probability. 2nd ed. Springer-Verlag, New York,

2002; xx+638 pp. MR1876169 [xi, 242]
[344] Kallenberg, O. Probabilistic symmetries and invariance principles. Springer, New York,

2005; xii+510 pp. MR2161313 [251]
[345] Kallianpur, G. The topology of weak convergence of probability measures. J. Math. Mech.

1961. V. 10, №6. P. 947–969. MR0132143 [251]
[346] Kallianpur, G., Xiong, J. Stochastic differential equations in infinite-dimensional spaces.

Inst. Math. Statist., Hayward, California, 1995; vi+342 pp. MR1465436 [248]
[347] Kamke, E. Das Lebesguesche Integral. Eine Einführung in die neuere Theorie der reellen
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H. Poincaré. 1984. V. 20, №4. P. 353–372. MR771895 [251]

[461] Michael, E. A short proof of the Arens–Eells embedding theorem. Proc. Amer. Math. Soc.
1964. V. 15. P. 415–416. DOI 10.2307/2034516. MR0162222 [96]

[462] Michael, E. A linear mapping between function spaces. Proc. Amer. Math. Soc., 1964.
V. 15. P. 407–409. DOI 10.2307/2034514. MR0162128 [210]

[463] Michael, E. A selection theorem. Proc. Amer. Math. Soc. 1966. V. 17. P. 1404–1406. DOI

10.2307/2035751. MR0203702 [209]
[464] Miller, D., Sentilles, D. Weak convergence of probability measures relative to incompatible

topology and σ-field. Z. Wahrscheinlichkeitstheorie Verw. Geb. 1978. B. 45. S. 239–256.
DOI 10.1007/BF00535305. MR510028 [250]

[465] Minlos, R.A. Generalized random processes and their extension to a measure. Trudy
Moskov. Mat. Obsc. 1959. V. 8. P. 497–518 (in Russian); English transl.: Math. Stat.
Probab. 1959. V. 3. P. 291–314. MR0108851 [245, 252]

[466] Mitoma, I. Tightness of probabilities on C([0, 1];S′) and D([0, 1];S′). Ann. Probab. 1983.
V. 11, №4. P. 989–999. MR714961 [248]

[467] Mohapl, J. On weakly convergent nets in spaces of nonnegative measures. Czech. Math. J.
1990. V. 40(115), №3. P. 408–421. MR1065020 [251]

[468] Mohapl, J. The Radon measures as functionals on Lipschitz functions. Czech. Math. J.
1991. V. 41, №3. P. 446–453. MR1117798 [250]
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[488] Nikol’skĭı, S.M. Approximation of functions of several variables and imbedding theorems.
Translated from the Russian. Springer, New York – Heidelberg, 1975; viii+418 pp. [127]

[489] Nikunen, M. On the weak compactness of a family of measures corresponding to continuous
strong Markov processes. Teor. Veroyatn. Primen. 1980. V. 25, №1. P. 157–161 (in Russian);
English transl.: Theory Probab. Appl. 1980. V. 25, №1. P. 155–159. MR560068 [251]

[490] Nikunen, M. Limit theorems for certain continuous Markov processes. Ann. Acad. Sci.
Fenn. Ser. A I Math. Dissertationes. 1980. №28. P. 1–43. MR575532 [251]

[491] Nourdin, I., Nualart, D., Poly, G. Absolute continuity and convergence of densities for
random vectors on Wiener chaos. Electron. J. Probab. 2013. V. 18, №22. P. 1–19. DOI
10.1214/EJP.v18-2181. MR3035750 [130]

[492] Nourdin, I., Peccati, G. Normal approximations with Malliavin calculus. From Stein’s
method to universality. Cambridge University Press, Cambridge, 2012; xiv+239 pp.
MR2962301 [130]

[493] Nourdin, I., Poly, G. Convergence in total variation on Wiener chaos. Stochastic Process.
Appl. 2013. V. 123, №2. P. 651–674. DOI 10.1016/j.spa.2012.10.004. MR3003367 [130]

[494] O’Brien, G. L., Watson, S. Relative compactness for capacities, measures, upper semicon-
tinuous functions and closed sets. J. Theor. Probab. 1998. V. 11, №3. P. 577–588. DOI
10.1023/A:1022659912007. MR1633366 [248]

[495] Oppel, U.G. Zur Charakterisierung Suslinscher und Lusinscher Räume. Z. Wahrschein-
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[505] Paulauskas, V. I., Račkauskas, A.Yu. Approximation theory in the central limit theorem.
Exact results in Banach spaces. Translated from the Russian. Kluwer, Dordrecht, 1989;
xviii+156 pp. MR1015294 [189]



BIBLIOGRAPHY 275

[506] Peccati, G., Taqqu, M. S. Wiener chaos: moments, cumulants and diagrams. A survey
with computer implementation. Bocconi & Springer Series, 1. Springer, Milan; Bocconi
University Press, Milan, 2011; xiv+274 pp. MR2791919 [130]

[507] Pedregal, P. Parametrized measures and variational principles. Birkhäuser, Basel – Berlin,
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Ascoli–Arzelá theorem, 15

absolute continuity of measures 7

absolutely convex hull, 17

absolutely convex set, 17

almost everywhere, 3

atom of a measure, 4

atomless measure, 4

Baire σ-algebra, 141

Baire measure, 141

Banach space, 13

Banach–Alaoglu theorem, 17

Banach–Steinhaus theorem, 16

Berry–Esseen theorem, 37

Bochner theorem, 31

Borel σ-algebra, 3, 47, 141

Borel function, 7

Borel mapping, 7

Borel measure, 3, 47, 141

ball, 2

– closed, 2

– open, 2

Cameron–Martin space, 90

Cantor set, 4

283



284 INDEX

Čech completeness, 140

Chebyshev inequality, 6

central limit theorem, 22, 36, 188

characteristic functional, 30, 70, 167

closed ball, 2

compact function, 61

compact space (set), 2, 139

compactification (Stone–Čech), 140
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Gromov–Hausdorff–Prohorov distance, 123

Gromov–Prohorov metric, 123

Grothendieck theorem, 228

Hahn decomposition, 3

Hahn–Banach theorem, 16

Hahn–Jordan decomposition, 3

Hausdorff distance (metric), 123

Hausdorff space, 1

Helly (Helly–Bray) theorem, 23

Hilbert–Schmidt operator, 68

hemicompact space, 174

homeomorphism, 2

image of a measure, 7

indicator function of a set, 5

infinitely divisible distribution, 40

invariance principle, 93

isometry, 2

Kantorovich metric, 110, 117

Kantorovich–Rubinshtein metric, 109

Kantorovich–Rubinshtein norm, 109

Kolmogorov theorem, 84

Le Cam theorem, 61
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Shaposhnikov, Fokker–Planck–Kolmogorov Equations, 2015

206 Bennett Chow, Sun-Chin Chu, David Glickenstein, Christine Guenther, James
Isenberg, Tom Ivey, Dan Knopf, Peng Lu, Feng Luo, and Lei Ni, The Ricci Flow:
Techniques and Applications: Part IV: Long-Time Solutions and Related Topics, 2015

205 Pavel Etingof, Shlomo Gelaki, Dmitri Nikshych, and Victor Ostrik, Tensor

Categories, 2015

For a complete list of titles in this series, visit the
AMS Bookstore at www.ams.org/bookstore/survseries/.





For additional information 
and updates on this book, visit

www.ams.org/bookpages/surv-234

This book provides a thorough exposition of the main concepts 
and results related to various types of convergence of measures 
arising in measure theory, probability theory, functional anal-
ysis, partial differential equations, mathematical physics, and 
other theoretical and applied fields. Particular attention is given 
to weak convergence of measures. The principal material is 
oriented toward a broad circle of readers dealing with conver-
gence in distribution of random variables and weak convergence 
of measures.

The book contains the necessary background from measure theory and functional 
analysis. Large complementary sections aimed at researchers present the most impor-
tant recent achievements. More than 100 exercises (ranging from easy introductory 
exercises to rather difficult problems for experienced readers) are given with hints, 
solutions, or references. Historic and bibliographic comments are included.

The target readership includes mathematicians and physicists whose research is related 
to probability theory, mathematical statistics, functional analysis, and mathematical 
physics.

www.ams.org
SURV/234


