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Preface

The Southwest Center for Arithmetic Geometry (SWC) was founded in 1997 by a
group of seven mathematicians working in the southwest United States, and has
been continuously supported by the National Science Foundation since that time.
In the beginning, the SWC served as a true center for Arithmetic Geometry in the
Southwest, but survives today in name only, having been subsumed by its principal
activity, the Arizona Winter School (AWS).

The AWS was started with the ambitious goal of creating an intense and im-
mersive workshop in which graduate students—especially those who may not be
studying at traditional centers of number theory—would work under the guidance
of leading experts to solve research-level problems at the forefront of the field. The
very first school was held in the Spring of 1998 under the title “Workshop on Dio-
phantine Geometry Related to the ABC Conjecture.” In the twenty-one years that
have followed, the AWS has been held annually each March on a different topic
in arithmetic geometry and related areas, and has become a pillar of graduate
education and training in these subjects throughout the country and abroad.

Over the years, the Arizona Winter School model has been adjusted and re-
fined to meet the needs of an ever-growing and increasingly diverse audience: the
five-day meeting, organized around a different central topic each year, now features
a set of four lecture series by leading and emerging experts. A month before the
school begins, each speaker proposes one or more research projects related to their
lectures, and is assigned 10–15 graduate students who will work on these projects.
At that time, speakers also provide detailed lecture notes for their courses. During
the school, students attend lectures daily from 9am to 5pm, and work each evening
(often into the early hours of the morning!) with speakers and designated assistants
on these research projects. Students not assigned to these research project groups
have the option to join one of two problem sessions devoted to solving advanced
exercises related to the lecture series, or one of four study groups which focus on
understanding the course lecture notes in detail; these additional activities are su-
pervised by young researchers and allow students not assigned to one of the research
projects to meaningfully engage with the workshop material on many levels. On
the last day, the students from each research project group present their work to
the whole school. The result is an extremely focused and immersive five days of
mathematical activity for all.

This volume is comprised of the lecture notes which were prepared for the
twentieth Arizona Winter School on “Perfectoid Spaces,” held March 11–17, 2017
at the University of Arizona in Tucson, and attended by over 367 participants,
making it the largest Winter School to date. The speakers were Bhargav Bhatt, Ana
Caraiani, Kiran Kedlaya, and Jared Weinstein. We are greatly indebted to these

vii



viii PREFACE

authors for their hard work in making both the twentieth AWS and this proceedings
volume a reality. Peter Scholze gave opening and closing lectures at the Winter
School, which provided historical background as well as insights into his pioneering
efforts and visions for the future of the subject, and we thank him most heartily for
furnishing the introduction to this volume. We extend our sincere gratitude to the
anonymous reviewers for their expert and careful readings of the articles, and for
the valuable feedback they provided. We thank the National Science Foundation
for their longstanding and continued support of the Arizona Winter School, the
Clay Mathematics Institute for their partnership in organizing the 2017 AWS, and
the University of Arizona Department of Mathematics for their support. Finally,
we owe a great deal to the other members of the Southwest Center, both past and
present, for their effort, perseverance, and vision in running the Arizona Winter
School for more than twenty years, and for helping it to become the one-of-a-kind
workshop that it is.

Bryden Cais



Introduction

Peter Scholze

The Arizona Winter School 2017 was around the subject of perfectoid spaces.
These spaces belong to the world of p-adic geometry, and despite their rather com-
plicated definition and appearance, they have found applications in many different
areas of mathematics, including arithmetic geometry, number theory, representa-
tion theory, commutative algebra and algebraic topology.

The problem that motivated the author to introduce perfectoid spaces was the
weight-monodromy conjecture. This is a conjecture on the �-adic cohomology of
projective smooth varieties X over a p-adic field K, whose analogue over an equal-
characteristic field Fq((t)) was proved by Deligne, [Del80], as a consequence of
his work on the Weil conjectures. Let us recall the statement. For any integer i,
consider the étale cohomology group V = Hi

ét(XK ,Q�) for some prime � �= p, which

is a representation of the absolute Galois group GK = Gal(K/K). For simplicity,
let us fix an element Φ ∈ GK projecting to the geometric Frobenius on the residue
field. Similarly to the case over a finite field, the element Φ acts via Weil numbers
on Hi

ét(XK ,Q�), but now different weights can appear:

V =
2i⊕
j=0

Vj ,

where Φ acts through Weil numbers of weight j on Vj , i.e. all eigenvalues α ∈ Q�

of Φ on Vj are algebraic numbers whose complex absolute value is qj/2 under any

embedding Q ↪→ C. This follows from de Jong’s alterations, [dJ96], and the
Rapoport-Zink spectral sequence, [RZ82].

On the other hand, there is a monodromy operator N : V → V given as the
logarithm of the action of inertia (using Grothendieck’s quasi-unipotence theorem).
This satisfies NΦ = qΦN , and so N maps Vj into Vj−2.

Conjecture 1 (Deligne, [Del71]). For all j = 0, . . . , i, the map N j : Vi+j →
Vi−j is an isomorphism.

This is similar to the hard Lefschetz theorem, and is sometimes said to be
“Mirror dual” to it. Let us quickly explain what happens for an elliptic curve E.
If it has (potentially) good reduction, then N = 0, and V = V1, as follows from
proper smooth base change and the Weil conjectures for the special fibre. If it has
(potentially) semistable reduction, then N is nonzero, and so as V is 2-dimensional,
one must have V = V2 ⊕ V0 with both V0 and V2 being 1-dimensional; and this is
indeed what happens, as can be deduced from an analysis of the Néron model,

ix



x PETER SCHOLZE

or by using Tate’s uniformization of elliptic curves. This shows that as a rigid-
analytic variety, E is the quotient of Gm by multiplication by q for some q ∈ K
with 0 < |q| < 1. Then the Hochschild-Serre spectral sequence gives

Eij
2 = Hi(Z, Hj

ét(Gm,K ,Q�))⇒ Hi+j
ét (EK ,Q�) .

Terms are nonzero only if i, j ∈ {0, 1}, and so the spectral sequence degenerates,
with

H0(Z, H1
ét(Gm,K ,Q�)) = Q�(−1)

and

H1(Z, H0
ét(Gm,K ,Q�)) = Q�

contributing, which are of weight 2 and 0, respectively.
The idea (that was suggested to the author by his advisor M. Rapoport) is to try

to reduce the case of mixed characteristic to the case of equal characteristic. This
requires at minimum a comparison of the Galois groups that appear in mixed and
equal characteristic. One such comparison is afforded by the theorem of Fontaine-
Wintenberger.

Theorem ([FW79]). The absolute Galois groups of Qp(p
1/p∞

) and Fp((t)) are
canonically isomorphic.

Basically, the aim of the theory of perfectoid spaces is to find a geometric
counterpart to this arithmetic statement. More precisely, we want to have categories
of spaces over Qp(p

1/p∞
) resp. Fp((t)) that are equivalent via a “tilting” functor.

This is in fact possible.

Theorem ([Sch12], [KL15]). The category of perfectoid spaces over Qp(p
1/p∞

)

is equivalent to the category of perfectoid spaces over Fp((t)), via X �→ X�.

What is a perfectoid space? This is the subject of this book, so we will not
say much here. Suffice to say that it is a special type of adic space, with the key
condition being that locally it is of the form Spa(R,R+) where the Frobenius is
surjective on R+/p. This ensures that there are many (approximate) p-th roots of
functions, and in fact excludes all familiar noetherian spaces from the picture.

In particular, our smooth projective variety X itself does not define a perfec-
toid space. In [Sch12] we found a trick that made it possible in many cases to
“approximate” it by perfectoid spaces that in turn came from smooth projective
varieties over Fp((t)); this way, we concluded that Conjecture 1 holds for complete
intersections in projective toric varieties. Unfortunately, to this day, noone was
able to settle Conjecture 1 in full!

Since then, perfectoid spaces have played a key role in a number of questions,
including:

(1) p-adic Hodge theory: This started with the work of Kedlaya-Liu [KL15]
on relative p-adic Hodge theory and the work of the author [Sch13] on p-
adic Hodge theory for rigid-analytic varieties. The general strategy here
is to cover a rigid-analytic variety by perfectoid spaces using the pro-
étale site: Any rigid space is locally in the pro-étale topology perfectoid.
Recently, progress on integral p-adic Hodge theory has also been made
using perfectoid techniques, [BMS16].
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(2) Shimura varieties: The inverse limit over all levels at p of a Shimura va-
riety is a perfectoid space by [Sch15]. This was in fact first observed
by Weinstein in the case of the Lubin-Tate tower, [Wei16], and then
generalized to all Rapoport-Zink spaces in [SW13]. This way, one gets
applications towards the global Langlands conjecture, i.e. the relations
between automorphic forms and Galois representations as in [Sch15],
[CS17], [ACC+17].

(3) Local Langlands: Combining the previous two directions, one can estab-
lish a general theory of shtukas in the p-adic setting; this was the main
theme of the author’s Berkeley lectures, [SW14]. This makes it possible
to attack the local Langlands conjectures for a general p-adic reductive
group.

(4) Commutative algebra: After Bhatt applied the almost purity theorem
towards a special case of the direct summand conjecture, [Bha14], André
has used perfectoid techniques to settle the full conjecture, [And16], with
a simplified proof by Bhatt, [Bha16].

(5) Algebraic topology: The work [BMS16] on integral p-adic Hodge theory
was motivated by computations in topological Hochschild homology, and
the relation between the subjects is worked out in [BMS]. This led to a
different perspective on topological Hochschild homology itself that has
been worked out in [NS17].

Moreover, we must also mention the Fargues-Fontaine curve [FF17] that plays
a critical role in several of these developments, in particular in p-adic Hodge the-
ory, and in local Langlands: By Fargues’ conjecture [Far17], the local Langlands
conjecture can be understood as a geometric Langlands conjecture on the Fargues-
Fontaine curve.

At the Arizona Winter School, a magnificent effort was made to present these
developments to a very large audience of graduate students and other interested
mathematicians. The lecture series of Bhatt (mostly on (1)), Caraiani (mostly on
(2)), Kedlaya (mostly on (1) and (3), but including many foundational results on
adic and perfectoid spaces), and Weinstein (on tilts and untilts of perfectoid spaces
and the Fargues-Fontaine curve) each took on the demanding task of presenting
some aspects, referring to each other in critical ways. The resulting excellent lecture
notes that this volume combines will be an invaluable resource for learning the
theory of perfectoid spaces.

In the evenings, the students worked on research projects and exercises, and
I was thrilled by their infinite energy lasting until the morning hours. During the
student presentations, I was more than once surprised by the results obtained by
the students; sometimes, I couldn’t even believe that this was correct! They have
truly reshaped my own understanding of perfectoid spaces, which really are very
mysterious objects. The school was a very memorable event, and I hope it will
motivate many students to further develop the theory of perfectoid spaces, and to
use it in new and surprising ways.
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Introduced by Peter Scholze in 2011, perfectoid spaces are a bridge between 

geometry in characteristic 0 and characteristic p , and have been used to solve 

many important problems, including cases of the weight-monodromy conjecture 

and the association of Galois representations to torsion classes in cohomology. 

In recognition of the transformative impact perfectoid spaces have had on the 

field of arithmetic geometry, Scholze was awarded a Fields Medal in 2018.

This book, originating from a series of lectures given at the 2017 Arizona Winter 

School on perfectoid spaces, provides a broad introduction to the subject. After 

an introduction with insight into the history and future of the subject by Peter 

Scholze, Jared Weinstein gives a user-friendly and utilitarian account of the 

theory of adic spaces. Kiran Kedlaya further develops the foundational material, 

studies vector bundles on Fargues–Fontaine curves, and introduces diamonds 

and shtukas over them with a view toward the local Langlands correspondence. 

Bhargav Bhatt explains the application of perfectoid spaces to comparison 

isomorphisms in p -adic Hodge theory. Finally, Ana Caraiani explains the 

application of perfectoid spaces to the construction of Galois representations 

associated to torsion classes in the cohomology of locally symmetric spaces for 

the general linear group.

This book will be an invaluable asset for any graduate student or researcher 

interested in the theory of perfectoid spaces and their applications.
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