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Pedro J. Paúl, Director
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Introduction

Le Juge: Accusé, vous tâcherez d’être bref.

L’Accusé: Je tâcheré d’être clair.

- G. Courteline

In the theory of locally compact hermitian complex symmetric manifolds, finite-
dimensional Lie algebras and locally compact Lie groups play a decisive role. The
situation is quite different when the assumption on local compactness is dropped,
partly because the knowledge of Banach-Lie algebras and Banach-Lie groups is
not so detailed in the new framework. However, during the last quarter of the
twentieth century, a small branch of functional analysis known as Hermitian Jordan
triple systems has had a strong and interesting development and, in particular,
has become a useful tool for the study of not necessarily locally compact complex
symmetric manifolds.

The aim of this book is to provide a reasonably unified, comprehensive, and
updated presentation of the theory of Jordan triple systems and its applications in
complex and functional analysis. No original contribution to this theory is intended,
and all the material included in the book can be found in the sources mentioned
in the bibliography. We have only tried to gather this material (which to a large
extent is scattered in the original articles) and organise it in a logical way to make
its reading easier, a purpose for which we have added, perhaps with some frequency,
details that were omitted in the original research articles as they were not addressed
to the non-specialised reader.

In Part I of the book we present (within the setting of Banach spaces) the back-
ground and previous results on complex analysis and differential geometry that will
be needed later. We consider a holomorphic Banach manifold M equipped with a
compatible metric d and the group G := Aut(M,d) of holomorphic automorphisms
of M that preserve the metric d. We define in G the topology Tlu of local uni-
form convergence over M and prove that (G, Tlu) is a topological group whose left
uniform structure is complete. The natural action of G on M is locally uniformly
continuous and (G, Tlu) enjoys a certain universal property in the category of locally
uniform topological groups. We study the set g(M) of complete holomorphic vector
fields in M , which is a purely real Lie algebra and when endowed with a suitable
norm becomes a Banach-Lie algebra. Contrary to the finite-dimensional case, in
general (G, Tlu) does not admit any Lie group structure. We construct the analytic
topology Ta in G, which in general is finer than Tlu, and prove that (G, Ta) is a
real Banach-Lie group whose Banach-Lie algebra is g(M). The natural action of G

vii



viii INTRODUCTION

in M is analytic (in the real sense) and (G, Ta) enjoys a certain universal property
in the category of analytic groups.

After this introductory material we make a detailed study of symmetric complex
Banach manifolds. We fix a point o ∈ M , referred to as the base point of M ,
and consider the associated symmetry so ∈ G; its adjoint action Ad(s0) on the
Lie algebra g(M) admits the eigenvalues ±1 and induces a decomposition into a
topologically direct sum g(M) = k(M) ⊕ p(M), where k(M) and p(M) are the
corresponding eigenspaces. We construct the canonical local chart of M at o, a
special local chart in which the elements of k(M) have the expression X = l(z) ∂

∂z ,
where z is the local coordinate of M at o ∈M and l : E → E is a continuous linear
mapping such that il is a hermitian operator in E ≈ ToM , the tangent space to M
at o. In the canonical local chart at o, the elements of p(M) have the expression
Xc =

(
c − qc(z)

)
∂
∂z , where c ∈ E and qc : E → E is a continuous homogeneous

polynomial of degree 2 in z which depends on c ∈ E. We prove that the application
E → P(2E) given by c �→ qc is a continuous conjugate linear mapping. With this
and a simple change of notation {zc∗z} := qc(z), we get the notion of triple product
{· ·∗ ·} and, in order to obtain the concept of a hermitian Jordan triple system or
J∗-triple, we only need the Jordan identity, which simply says that g(M) is a Lie
algebra. In this way, to each complex symmetric Banach manifold (connected and
with a base point) we have associated a J∗-triple, and symmetric manifolds that
are isomorphic (as symmetric manifolds) have isomorphic J∗-triples. We prove
that given an arbitrary J∗-triple (E, ‖ · ‖, {· ·∗ ·}) there is a symmetric complex
Banach manifold (connected and with a base point) M whose associated J∗-triple
is the given one. Such a manifold M is not unique, but the set of them contains a
privileged element which is uniquely determined up to isomorphisms: the universal

covering M̃ of M , which is simply connected. This establishes that the category
of complex symmetric Banach manifolds (connected, simply connected, and with
base point) is equivalent to the category of J∗-triples, which is the goal of Part I.

The equivalence of the above-mentioned categories justifies the algebraic study
of J∗-triples, which is the purpose of Part II. A J∗-triple is a complex Banach
space with a ternary law of composition E × E × E → E, (x, y, z) �→ {xy∗z},
referred to as the triple product, satisfying certain algebraic properties (linearity
and symmetry in the external variables x, z, conjugate linearity in y, and the Jor-
dan identity), certain topological properties (continuity of the triple product), and
some metric properties (the hermitian character of the operators x�x∗ ∈ L(E),
x ∈ E). Ternary laws of composition are not frequently considered in mathematics,
hence a study of J∗-triples may be convenient since the structure of a J∗-triple is
not a familiar one. Tripotents of E (the elements of E that satisfy the algebraic
equation {ee∗e} = e) and the relations of compatibility and orthogonality play
a relevant role in that study. If e ∈ E is a tripotent, then the spectrum of the
operator e�e∗ ∈ L(E) is contained in the set

{
0, 1/2, 1

}
and each point in the

spectrum is an eigenvalue. This decomposes E into the topologically direct sum
of the corresponding eigensubspaces, each of which is a J∗-subtriple of E and the
triple product satisfies certain additional properties called the Peirce rules. In the
set of tripotents of E one can introduce the notions of minimality and maximal-
ity, which are defined in purely algebraic terms though they allude to a (not yet
introduced) order relation. Of particular interest are those J∗-triples E that admit
a maximal family of minimal pairwise orthogonal tripotents, referred to as atomic
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J∗-triples. The cardinality of such families (if they exist), called the rank of E, is a
J∗-invariant. Finite-dimensional J∗-triples always have finite rank but the converse
is not true and we make a detailed study of finite rank J∗-triples. In particular,
any J∗-triple in a reflexive Banach space has finite rank, which allows us to make
a complete holomorphic classification of symmetric Banach manifolds in reflexive
Banach spaces. This part ends with a study of those J∗-triples E such that E is a
Hilbert space and a classification of the symmetric hermitian manifolds.

Part III of this book begins with the problem of characterising those J∗-triples
E whose associated symmetric manifold M can be identified with a bounded sym-
metric domain in E. After all, the theory of J∗-triples has its origins in the study
of bounded symmetric domains. Recall briefly from Part I the construction of
the manifold M : The orbit O of the origin 0 ∈ E under the set of transforma-
tions z �→ Tc(z) := (expXc)z where c ∈ E and Xc ∈ p(M) is the vector field
Xc := (c− {zc∗z} ∂

∂z , that is, the set

(0.1) O :=
{
(expXc)0 : c ∈ E

}
is a connected manifold with 0 ∈ O. Its universal cover O∼ is a connected, sim-
ply connected manifold with base point 0 which, endowed with a suitable metric
δO, becomes the manifold associated with the given J∗-triple E. Recall also that
(expXc)0 is the value at t = 1 of the solution y(t, c) of the Ricatti differential
equation

(0.2)
d

dt
y(t, c) = c− {y(t, c) c∗ y(t, c)}, y(0, c) = 0.

Solving the equation (0.2) is a hard problem and we are led to consider it within the
more restrictive setting of the monogeneous J∗-triples, that is, subtriples Ec ⊂ E
that are generated by one single of its elements c ∈ E. Actually, equation (0.2) only
involves the monogeneous J∗-subtriple Ec. Thus we begin with a detailed study
of this type of J∗-triples. Under certain restrictions on the generating element c
[the algebraic condition {cc∗c} = 0⇒ c = 0 (anisotropy) and spectral positivity of
the operator c�c∗|L(Ec)] we get a continuous injective J∗-homomorphism J : Ec →
C0(Ω) for a locally compact space Ω which depends1 on c. Recall that J in general
is neither isometric nor surjective, though the image J (Ec) is a dense subset in
C0(Ω). With the help of J the initial value problem (0.2) is converted into an
initial value problem in C0(Ω) where it can easily be solved. In this way we manage
to prove that the partial orbit (0.1), now denoted Oc, is the open unit (semi)-ball
Bc

∞ of Ec relative to the spectral seminorm ‖x‖∞ := ρc(x�x∗|L(Ec)1/2, x ∈ Ec,
(here ρc stands for the spectral radius in L(Ec), which might depend on c)

Oc = Bc
∞ :=

{
x ∈ Ec : ρc(x�x∗|L(Ec)) < 1

}
.

The spectral seminorm is continuous in Ec and, as the orbit Oc now is a (semi)-ball,
it is automatically an open connected and simply connected neighbourhood of the
origin. Hence Oc is a bounded domain in Ec if and only if ‖ · ‖∞ and the norm
‖ · ‖ that E induces on Ec are topologically equivalent in Ec, that is, if and only if
there are constants (possibly depending on c) 0 < kc ≤ Kc <∞ such that

kc‖x‖ ≤ ‖x‖∞ ≤ Kc‖x‖
1Most of the elements that appear in the following considerations depend on c. As long as c is

fixed we may omit the reference to it and so avoid heavy notation. But later on, various generating
elements c will have to be considered and to avoid confusion a reference to c is convenient.
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holds for all x ∈ Ec. If that is the case, then the pair (Bc
∞, δBc

∞), where δBc
∞ is

the Carathéodory metric in Bc
∞, is the symmetric manifold associated with Ec. No

need of considering the universal cover (Bc
∞)∼ is now required since Bc

∞ already
is simply connected. At this point what we have proved might be summarized as
follows:

(0.3)
In the class of monogeneous J∗-triplesEc :(

Ec anisotropic + positive + ‖ · ‖ ≈ ‖ · ‖∞
)
⇔M c is a bounded domain,

where M c stands for the symmetric connected simply connected manifold with base
point associated with Ec and ≈ means topological equivalence of norms. Some
additional information is gathered on the way: Ec endowed with the norm ‖ · ‖∞
is a hermitian triple and ‖ · ‖∞ is the only equivalent norm in Ec which satisfies
‖x‖2∞ = ‖x�x∗‖∞ for all x ∈ Ec. Moreover, by changing the norm ‖ · ‖ of Ec

into its equivalent ‖ · ‖∞, the J∗-isomorphism J : Ec → C0(Ω) becomes a surjective
linear isometry of Ec onto the abelian C∗-algebra C0(Ω).

Now we go back to the case of a general J∗-triple E and try to gather the
information previously obtained on the various sections Ec ⊂ E for c ∈ E in
order to drop the assumption on the monogeneous character of E. The result (0.3)
suggests that the goal now is the proof of

(0.4)
For an arbitrary J∗-triple E:(

E anisotropic + positive + ‖ · ‖ ≈ ‖ · ‖∞
)
⇔M is a bounded domain.

Let us sketch the proof of the implication “ ⇐ ”. From Part I we know that the
vector fields Xc = (c−{zc∗z}) ∂

∂z are complete in the manifold M associated to E,
hence if M is a bounded domain in E, then E has the following property (referred
to as boundedness of E):

(a) There is a bounded neighbourhood W of the origin 0 ∈ E (actually we may
take W := M) such that all polynomial vector fields Xc := (c − {zc∗z}) ∂

∂z with
c ∈ E are complete in W .

Thus we begin with a study of bounded J∗-triples and prove that boundedness
is a hereditary property that implies anisotropy and spectral positivity. Moreover,
in a bounded J∗-triple E the mapping x �→ ρ(x�x∗)1/2, x ∈ E, is a continuous
norm (the spectral norm in E, denoted by ‖ · ‖∞) and we establish the following
key point:

(b) The spectral norm ‖x‖∞ of an element x ∈ E depends only on the mono-
geneous subtriple Ex generated by x in E, therefore we can compute it in Ex.

Thus, up to now we have established that if M is a bounded domain in E, then
E is anisotropic, positive, and, by the continuity of the spectral norm, we have
‖x‖∞ ≤ K‖x‖ for all x ∈ E. Hence to complete the proof of (0.4), it remains to
see that

(0.5) k‖x‖ ≤ ‖x‖∞
holds for some constant k > 0 and all x ∈ E. To establish the latter inequality we
use the following key observation:

(c) Each of the initial value problems (0.2) with c ∈ E that we have to solve in
order to compute the orbit O involves only the monogeneous subtriple Ec.

Since we have already proved that E is anisotropic and positive and that these
two qualities are hereditary, each monogeneous section Ec is also anisotropic and
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positive, and, as it has already been established, we have Oc = Bc
∞. Therefore, the

orbit of the origin under the set of transformations z �→ Tc(z) := exp(c − c∗)0 for
c ∈ E is given by

(0.6)
{
exp(c− c∗)0 : c ∈ E

}
=
⋃
c∈E

Oc =
⋃
c∈E

Bc
∞ =

⋃
c∈E

B∞ ∩Ec = B∞.

In particular, O = B∞ is connected and simply connected (as it is a ball) and
no mention of the universal cover is needed. The pair (O, δO), where δO is the
Carathéodory metric in O, is the manifold M associated with E.

Now we proceed to establish the implication “ ⇒ ”. Assume that E is aniso-
tropic and positive. Since these qualities are hereditary, each monogeneous section
Ec is also anisotropic and positive, and therefore by what we have already estab-
lished for monogeneous J∗-triples we have Oc = Bc

∞ for all c ∈ E. Then from the
key statements (b) and (c) we derive

O =
⋃
c∈E

Oc =
⋃
c∈E

Bc
∞ = B∞.

In particular, as O is a ball, it is connected and simply connected and hence it
coincides with the manifold associated to E, that is, we have M = O = B∞, a
set which due to the assumption ‖ · ‖ ≈ ‖ · ‖∞ is a bounded domain in E. This
completes the proof of (0.4).

Some additional information is gathered on the way: E endowed with the norm
‖ · ‖∞ is a hermitian triple and ‖ · ‖∞ is the only equivalent norm in E that satisfies
‖x‖2∞ = ‖x�x∗‖∞ for all x ∈ E. If the manifold M associated with a J∗-triple E
is a bounded symmetric domain, then also the manifold M c associated with any
monogeneous section Ec of E is a bounded domain, but the converse is not true.
Indeed, as we have seen above, under such an assumption we know that for each
c ∈ E there are constants (possibly depending on c ∈ E) such that

(0.7) kc‖x‖ ≤ ‖x‖∞ ≤ Kc‖x‖
hold for all x ∈ Ec. However, there is nothing to ensure that infc∈E kc > 0 and
supc∈E Kc <∞. Even if we had ‖ · ‖ ≈ ‖ · ‖∞ in E, there is nothing to ensure that
these two norms coincide. The study of necessary and sufficient conditions for the
coincidence of the norm and the spectral norm in E leads us to another class of
J∗-triples known as JB∗-triples.

With the help of the results previously obtained for the monogeneous subtriples
Ec, we prove that, for any hermitian J∗-triple E, the following statements are
equivalent:

(i) for each c ∈ E one has σ(c�c∗) ⊂ [0,∞) and ‖c�c∗‖ = ‖c‖2,
(ii) for each c ∈ E, Ec is isometrically isomorphic to a conmutative C∗-

algebra,
(iii) for each c ∈ E we have σ(c�c∗) ⊂ [0,∞) and ‖{cc∗c}‖ = ‖c‖3,

where σ(c�c∗) ⊂ C stands for the spectrum of c�c∗ in L(E).
Hermitian J∗-triples E satisfying properties (i) to (iii) are called JB∗-triples.

A J∗-triple E is a JB∗-triple if and only if E is bounded and equipped with its
spectral norm. Clearly condition (ii) above involves only the monogeneous sections
Ec of E and, in the notation we have used, means that the constants kc and Kc in
(0.7) do not depend on c and actually they are kc = Kc = 1.
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Let D be a bounded symmetric domain in a complex Banach space E and fix
any point o ∈ D. Then we may view D as a symmetric Banach manifold with
base point o and if we identify the tangent space ToD to D at o with E, then E
supports the structure of a hermitian J∗-triple which is bounded and after a change
of equivalent norm in E (that is, after a biholomorphic linear transformation, if
needed), D is converted into the open unit ball B∞ of E relative to the spectral
norm. In this way, the category of bounded symmetric domains (with base point) is
equivalent to the category of JB∗-triples and we get an infinite-dimensional version
of the Riemann mapping theorem. In particular, every bounded symmetric domain
in a complex Banach space is convex and simply connected, hence we also get an
infinite-dimensional version of the Harish-Chandra realisation of bounded symmet-
ric domains in Cn. We have decided to include Chapter 13 (as it provides us with
a deep insight into the theory) though it clearly overlaps with Chapter 15, where
a study of the group Aut(D) of holomorphic automorphisms of the unit ball D of
an arbitrary JB∗-triple is made. After so much abstract theory, specific examples
are welcomed and we present the unit ball of classical Cartan factors as examples
of bounded symmetric domains whose symmetric dual manifolds are described as
certain Grassmann manifolds.

In Part IV we make a study of JBW∗-triples, that is, JB∗-triples (E, ‖·‖, {· ·∗ ·})
such that E is a dual Banach space. In general, a JB∗-triple may have no tripotents
except for e = 0, therefore it is convenient to avoid this situation. Complete or
maximal tripotents in E are, whenever they exist, precisely the extreme points of
the closed unit ball of E. Hence if E is a dual Banach space, then the Krein-
Milman theorem assures that the set of tripotents is plentiful. This justifies the
intoduction of the JBW∗-triples. Each W∗-algebra and each JBW∗-algebra is a
JBW∗-triple in a natural way, and the role that projections play in the study of
these algebras is now played by tripotents. We study the elementary properties of
JBW∗-triples and establish several characterisations of the predual space E∗ of E.
We introduce several notions of uniqueness of the predual X∗ of a Banach space X
and discuss the relations between them showing that in case X is JBW∗-triple all
these notions coincide. This allows us to define without any ambiguity the weak*
topology on E. We prove that in every JBW∗-triple the triple product is separately
w*-w*-continuous and study the relations between separate w*-w*-continuity of the
triple product and the uniqueness of the predual space. The bidual space E∗∗ of
a JB∗-triple E is a JBW∗-triple and the triple product of E∗∗ extends the one of
E. We show that isomorphisms between two JBW∗-triples are w*-w*-continuous;
however, holomorphic automorphisms of the unit ball B∞ in general are not w*-
w*-continuous, which gives rise to the introduction of new subcategories of JBW∗-
triples. We make a detailed study of the set of w*-closed ideals in a JBW∗-triple
E, whose structure and representations are discussed in depth. In particular, we
establish the Gelfand-Naimark theorem for JBW∗-triples. The analogy between
JBW∗-triples and W∗-algebras or JBW∗-algebras leads us to the introduction of
a functional calculus for JBW∗-triples which turns out to be a useful tool; it also
leads to the introduction of various classes of tripotents (open, closed, compact,
etc., tripotents) and to the classification of JBW∗-triples of type I which, in case
they are irreducible, are precisely the Cartan factors. Broadly speaking, this part
deals with the study of the structure and the geometry of JBW∗-triples considered
as Banach spaces, which is used to further the study of complex analysis.
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Contrary to the case of JBW∗-triples, one can also consider the class of JB∗-
triples (referred to as continuous JB∗-triples) which have no non-zero tripotents.
Their study requires a different approach and we do not consider them here.

I would like to express my sincere gratitude to Professor Pedro J. Paúl Es-
colano, Director of Scientific Publications of the RSME (Real Sociedad Matemática
Española) for his patience and his constant encouragement during the preparation
of the manuscript.

Santiago de Compostela, April 2019







APPENDIX A

Some results on functional analysis

A.1. Monogeneous J∗-triples. The Gelfand representation

Recall that a Jordan algebra is a vector space A with a bilinear mapping ◦ : A×
A → A, referred to as the product in A, which is commutative (in general, not
associative) and satisfies the identity

(A.1) u2 ◦ (u ◦ v) = u ◦ (u2 ◦ v),
where u2 := u ◦ u and u, v ∈ A . If A is a Jordan algebra, the multiplicative
representation of A is the mapping R : A → L(A) defined by

(A.2) R(a)x := a ◦ x,
where a, x ∈ A. In terms of R, condition (A.1) can be written in the form
[R(u2), R(u)]v = 0 for all u, v ∈ A, which is equivalent to saying that the op-
erators R(u2) and R(u) commute whatever u ∈ A is.

A.1.1. Definition. Let U be J∗-triple and fix any c ∈ U . In U we define
a bilinear mapping U × U → U , called the c-product, by x · y := {xc∗y} where
u, v ∈ A.

A.1.2. Lemma. Let U be a J∗-triple and fix any element c ∈ U . Then U ,
equipped with the c-product, is a Jordan algebra.

Proof. The c-product is bilinear and is commutative due to the symmetry of
the triple product in the external variables. Now we show that R(u) and R(u2)
commute whatever u ∈ U is.

Let u, v ∈ U . From the weak associative property of the triple product (Corol-
lary 7.1.5) we get{

u
{
cu∗ {cv∗c}

}∗
u
}
=
{
u
{
{cu∗c} v∗c

}∗
u
}
=
{
u
{
cu∗ {cv∗c}

}∗
u
}
.

Using repeatedly the Jordan identity to compute each of the above products, we
get the result (cf. [22, prop. 10.42, page 263]).

Now we study the subtriple generated by a single element c in U . The powers
of c relative to the c-product are given by

c1 := c, cn := c · cn−1 = {cc∗ cn−1} = (c�c∗)cn−1 = · · · = (c�c∗)n−1c.

A.1.3. Lemma. If U is a J∗-triple and c ∈ U , then {cp cq∗ cr} = cp+q+r−1 for
p, q ≥ 1.

Proof. We proceed by induction on q. By [19, lemma 2.4.5], given any Jordan
algebra, the Jordan subalgebra generated by one single of its elements is associative.
In particular, the Jordan subalgebra generated by c in U is associative, hence
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{cp c∗ cr} = cp · cr = cp+r. This proves the statement of the lemma q = 1 and all
p, r ≥ 1.

Assume that {cp cq∗ cr} = cp+q+r−1 holds for some q and all p, r ≥ 1. From the
definition of the c-powers and the Jordan identity we get

{cp (cq+1)∗ cr} = {cp (c · cq)∗ cr} =
{
cp {cc∗cq}∗ cr

}
=

{
{cc∗ cp} cq∗ cr

}
+
{
{cc∗cr} cq∗ cp

}
−
{
cc∗ {cp c∗ cr}

}
= {cp+1 cq∗ cr}+ {cr+1 cq∗ cp} − (c�c∗){cp cq∗ cr}.

By the induction assumption, these products are

cp+q+r + cp+q+r − (c�c∗)cp+q+r−1 = 2cp+q+r − cp+q+r = cp+q+r.

�
A.1.4. Proposition. If U is a J∗-triple and c ∈ U , then Uc = spanC

{
cn : n ≥

1
}
.

Proof. By Lemma A.1.3, the set {cn : n ≥ 1} is closed relative to the operation
of taking “triple products”, hence so is the linear span, spanC

{
cn : n ≥ 1

}
and,

by the continuity of the triple product, so is the closure spanC
{
cn : n ≥ 1

}
, i.e.,

{Uc (Uc)∗ Uc} ⊂ Uc. Thus Uc is a J∗-subtriple, and it is clear that every closed
J∗-subtriple V of U containing c contains the powers of c and, therefore, it also
contains Uc. �

A.1.5. Corollary. Let U be a J∗-triple and c ∈ U . Then:

(i) The set P0 :=
{
p(c); p ∈ C[t], p(0) = 0

}
is dense in Uc.

(ii) Uc is an abelian J∗-triple.
(iii) We have (cj�ck∗)|Uc = (cj+k−1�c∗)|Uc for all j, k ≥ 1.
(iv) Uc is the smallest closed c�c∗-invariant vector subspace of U that contains

c.

Proof. The statement (i) is clear. By Lemma A.1.3,{
{xy∗z}u∗ v

}
=
{
x y∗ {zu∗v}

}
holds whenever x, y, z, u, v are powers of c and, by the linearity and continuity of
the triple product, it also holds for all elements in Uc, which shows (ii). The same
argument proves (iii). The statement (iv) is now clear. �

A.1.6. Remark. The set spanC
{
cn : n ≥ 1

}
equipped with the c-product is

a commutative and associative algebra. Since the c-product is continuous, we get
‖x · y‖ = ‖{xc∗y}‖ ≤M(c)‖x‖ ‖y‖ for all x, y ∈ U and hence Uc = spanC

{
cn : n ≥

1
}
is also a commutative and associative algebra. However, the norm induced by

U in Uc in general is not an algebra norm.

Let U be a J∗-triple and let c be a fixed element in U . We denote by Uc
R
the

real Banach space defined by

Uc
R := spanR

{
cn : n ≥ 1

}
.

Therefore, we have Uc = Uc
R
+ i Uc

R
.

A.1.7. Proposition. Let U be a J∗-triple and let c ∈ U . Then u�v∗ ∈
H
(
L(Uc)

)
holds for each pair u, v in Uc

R
.
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Proof. Let u, v ∈ Uc
R
. Clearly, u, v ∈ Uc and (exp itu�v∗)Uc ⊂ Uc, hence

(exp itu�v∗)|Uc ∈ L(Uc).

From Corollary A.1.5 (iii) and the continuity of the operation �, we get u�v∗|Uc
R
=

v�u∗|Uc
R
and, since Uc = Uc

R
+ iUc

R
, it follows u�v∗|Uc = v�u∗|Uc . Since U is

hermitian, we have u�v∗ + v�u∗ ∈ H
(
L(U)

)
and hence the restriction (u�v∗ +

v�u∗)|Uc satisfies (u�v∗ + v�u∗)|Uc = 2u�v∗|Uc ∈ H
(
L(Uc)

)
, as we wanted to

see. �
Let U b a J∗-triple and fix an element c ∈ U . Now we consider themultiplicative

representation of the Jordan algebra Uc, which according to (A.2) is the mapping
R := Rc : Uc → L(Uc) defined by

(A.3) x �→ R(x) := x�c∗|Uc .

It is clear that Rc depends on c. However, as long as this element is fixed, we
shall omit any reference to it in order to simplify the notation. Clearly, R is a
continuous linear operator between the algebras Uc and L(Uc). Moreover, it is
multiplicative since from the definition of the c-product and the abelian character
of Uc (Corollary A.1.5) we get

R(x · y)u = (R{xc∗y})u =
{
{xc∗y} c∗u

}
=
{
xc∗ {yc∗u}

}
= R(x)R(y)u

for all u ∈ Uc, hence R(x · y) = R(x)R(y).

A.1.8. Lemma. Let U be a J∗-triple and let c ∈ U be such that {cc∗c} �= 0.
Then Ω := Ωc := σL(Uc)(c�c∗|Uc)\{0} is not the empty set: ∅ �= Ω ⊂ R. With the
topology induced by R, Ω is a locally compact Hausdorff topological space.

Proof. The set Ωc depends on c ∈ U , however, we omit the reference to it to
simplify the notation. Since U is hermitian, so is Uc, hence σ(c�c∗|Uc) ∪ {0} ⊂ R.
If Ω = ∅, then we would have σ(c�c∗|Uc) = {0} and hence, by the Sinclair theorem,
the spectral radius and the norm of c�c∗|Uc satisfy ρ(c�c∗|Uc) = ‖c�c∗|Uc‖ = 0,
whence c�c∗|Uc = 0 and, from c ∈ Uc we obtain {cc∗c} = (c�c∗)c = 0, which is a
contradiction. �

In order to make sure that Ω �= ∅, in what follows whenever we consider a J∗-
triple U and the monogeneous subtriple Uc ⊂ U we shall assume that the generator
c satisfies {cc∗c} �= 0; in particular, c �= 0. The algebra C0(Ω) will be endowed with
the pointwise operations and the norm of the supremum, that we denote by ‖ · ‖Ω.
Let P0[t] :=

{
p ∈ C[t] : p(0) = 0

}
be the algebra of polynomials in t such that

p(0) = 0. Frequently we shall make no distinction between a polynomial p and
the corresponding polynomial function p(·). Thus, P0 is a subalgebra of C0(Ω),
endowed with the induced norm.

A.1.9. Lemma. Let U be a J∗-triple and fix c ∈ U with {cc∗c} �= 0. Then for
any q ∈ R[t] with real coefficients and q(0) = 0 we have

R
(
q(c)

)
= q(c)�c∗ in Uc and ‖R

(
q(c)

)
‖L(Uc) = ‖q(·)‖Ω.

Proof. By Proposition A.1.7, if q has real coefficients, then q(c) ∈ Uc
R
. From

the definition of R and Proposition A.1.7 we get R
(
q(c)

)
= q(c)�c∗ ∈ H

(
L(Uc)

)
.

Let h : A → B a homomorphism between the (possibly non-unital) complex
Banach algebras A and B, and let q ∈ C[t] be a polynomial such that q(0) = 0.
Then for every x ∈ A we have h[q(x)] = q[h(x)] and from the spectral mapping



530 A. SOME RESULTS ON FUNCTIONAL ANALYSIS

theorem we obtain σB
(
q[h(x)]

)
= q

(
σB[h(x)]

)
:=

{
q(ω) : ω ∈ σB[h(x)]

}
. Thus, for

the spectral radius we get

ρB
(
h[q(x)]

)
:= max

{
|η| : η ∈ σB

(
h[q(x)]

)}
= max

{
|q(ω)| : ω ∈ σB

(
h(x)

)}
.

Applying this to the algebras A := Uc and B := L(Uc), to the homomorphism
h := R and the element x := c ∈ Uc we obtain σ[R(c)] = σL(Uc)(c�c∗|Uc) = Ω∪{0}
and, as R[q(c)] is hermitian, Sinclair’s theorem and the previous calculations give

‖R[q(c)]‖L(Uc) = ρL(Uc)

(
R[q(c)]

)
= max

ω∈Ω
‖q(ω)‖ = ‖q(·)‖Ω.

�
If p ∈ C[t] and p denotes the complex conjugate of p, then clearly p̃(t) :=

1
t |p(t)|2 ∈ P0[t].

A.1.10. Lemma. Let U be a J∗-triple and c ∈ U . Then for all p ∈ P0[t] we have

p(c)�p(c)∗ = p̃(c)�c∗ = R
(
p̃(c)

)
.

Proof. If p(t) =
∑n

1 ajt
j where aj ∈ C, then the polynomial p̃ is given by

p̃(t) = 1
t |p(t)|2 =

∑n
l=1

(∑
j+k=l ajak

)
tj+k−1. By Corollary A.1.5,

(cj�ck∗)|Uc = (cj+k−1�c∗)|Uc

and hence

p(c)�p(c)∗ =
[ n∑
l=1

( ∑
j+k=l

ajak
)
cj+k−1

]
�c∗ = p̃(c)�c∗ = R

(
p̃(c)

)
.

�

A.1.11. Lemma. Let U be a J∗-triple and fix c ∈ U with {cc∗c} �= 0. Then for
all p ∈ C[t] with p(0) = 0, the following relations hold

‖p(c)�p(c)∗|Uc ‖ = ‖R
(
p̃(c)

)
‖ = ‖ 1

IdΩ
|p(·)|2‖,(A.4)

‖(c�c∗) ◦
(
p(c)�p(c)∗

)
|Uc ‖ = ‖ |p(·)|2‖.(A.5)

Proof. For p ∈ C[t] with p(0) = 0, p̃ has real coefficients, hence by
Lemma A.1.9 and A.1.10,

‖p(c)�p(c)∗|Uc ‖ = ‖R
(
p̃(c)

)
‖ = ‖p̃(·)‖ = ‖ | 1

IdΩ
p(·)|2 ‖

which shows (A.4).
(ii) Consider the algebras P0[t], U

c with the c-product and L(Uc) as well as the

homomorphisms P0[t]
ε−→ Uc R−→ L(Uc), where ε : p �→ p(c) ∈ Uc is the evaluation

at c ∈ Uc. For every p ∈ P0[t], we have the identity t p̃(t) = |p|2(t) which evaluated
at c gives c · p̃(c) = |p|2(c), where · represents the c-product in Uc. Applying the
homomorphism R and using Lemma A.1.10 we get

R
(
c · p̃(c)

)
= R(c) ◦R

(
p̃(c)

)
= (c�c∗) ◦

(
p(c)�p(c)∗

)
= R[|p|2(c)],

whence (A.5) follows by Lemma A.1.9. �

A.1.12. Proposition. If U is a J∗-triple and c ∈ U satisfies {cc∗c} �= 0,
then there is a unique continuous algebra homomorphism G : Uc → C0(Ω) such that
G(c) = IdΩ.
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Proof. We have already seen that Ω �= ∅. Let G : Uc → C0(Ω) be an algebra
homorphism satisfying G(c) = IdΩ. The restriction of G to the subalgebra A :={
p(c) : p ∈ P0[t]

}
⊂ Uc is given by

(A.6) p(c) ∈ A �→ p(·)|Ω ∈ C0(Ω).
The continuity of G and the density of A in Uc give the uniqueness of G, if it exists.
We shall now show that actually (A.6) defines a continuous homomorphism.

First, notice that the mapping p(c) �→ p(·) is well defined, i.e., if u ∈ A admits
two representations u = p1(c) = p2(c), then p1 and p2 define the same function in
Ω (they have the same restriction to Ω even if they are not the same polynomial).
Indeed, by Lemma A.1.11, for p := p1 − p2 we have

0 = ‖p(c)�p(c)∗|Uc‖ = ‖ 1

IdΩ
|p(·)|2‖,

whence p|Ω = 0. Clearly, p(c) �→ p is an algebra homomorphism and, from
Lemma A.1.11 and the continuity of the mapping (u, v) �→ u�v∗ we derive

‖ |p(·)|2‖ = ‖(c�c∗) ◦
(
p(c)�p(c)∗

)
|Uc‖

≤ ‖c�c∗‖ · ‖p(c)�p(c)∗‖ ≤M2‖c‖2 · ‖p(c)‖2 ≤ N‖p(c)‖2

for some constant N possibly depending on c but independent of p ∈ P0[t], which
shows the continuity of (A.6). Then G extends in a unique way by continuity to an
algebra homomorphism also denoted by G. �

A.1.13. Definition. Let U be a J∗-triple and c ∈ U . If {cc∗c} �= 0, we define
the Gelfand representation of Uc to be the unique continuous algebra homomor-
phism G : Uc → C0(Ω) such that G(c) = IdΩ.

Notice that G depends on the generator c of the algebra Uc, however, as long
as c is fixed we omit any reference to it in order to simplify the notation.

A.1.14. Proposition. Let U be a J∗-triple and let c ∈ U be such that {cc∗c} �=
0. Then the representation G : Uc → C0(Ω) satisfies

(A.7) ‖G(u)‖2 = ‖(c�c∗) ◦ (u�u∗)|Uc‖ and ‖u�u∗|Uc‖ = ‖ 1

IdΩ
|G(u)|2‖.

Proof. The relations (A.7) have already been established in Lemma A.1.11 for
elements of the form u = p(c) ∈ A, whence (A.7) extends to Uc by continuity. Let
u ∈ Uc be arbitrary and take a sequence of polynomials pn ∈ P0[t] such that un :=
pn(c) → u. Applying Lemma A.1.9 to each un we get ‖un�u∗

n|Uc‖ = ‖ 1
IdΩ
|pn|2‖,

hence it suffices to prove the following lemma.

A.1.15. Lemma. If pn is a sequence in P0[t] such that un := pn(c) satisfies
limn→∞ un = u in Uc, then

p̃n :=
1

IdΩ
|pn|2 →

1

IdΩ
|G(u)|2

where the limit is taken in the algebra C0(Ω).

Proof. Lemma A.1.10 applied to each pn gives

pn(c)�pn(c)
∗ = p̃n(c)�c∗ = R

(
p̃n(c)

)
,

whence
pn(c)�pn(c)

∗ − pm(c)�pm(c)∗ = R
(
p̃n(c)− p̃m(c)

)
.
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Moreover, p̃n− p̃m = 1
IdΩ

(|pn|2− |pm|2) and from Lemmas A.1.10 and A.1.9 we get

‖pn(c)�pn(c)
∗ − pm(c)�pm(c)∗‖ = ‖R

(
p̃n(c)− p̃m(c)

)
‖

= ‖p̃n − p̃m‖ = ‖
1

IdΩ

(
|pn|2 − |pm|2

)
‖

for all n,m ∈ N. The mapping (u, v) �→ u�v∗ is continuous and by assumption
un = pn(c) → u, therefore, pn(c)�pn(c)

∗ is a Cauchy sequence in L(Uc) and

the previous relation shows that
1

IdΩ
|pn|2 is a Cauchy sequence in C0(Ω). Thus,

1

IdΩ
|pn|2 → f for some f ∈ C0(Ω) and, therefore,

(A.8) |pn|2 → IdΩ f.

From the definition un := pn(c) we get G(un) = G[pn(c)] = pn(·) which, together
with un → u and the continuity of G, gives pn(·) → G(u) in the space C0(Ω), and
so

(A.9) |pn(·)|2 → |G(u)|2

which compared with (A.8) yields IdΩ f = |G(u)|2 and finally f = 1
IdΩ
|G(u)|2 ∈

C0(Ω). �

A.1.16. Corollary. Let U be a J∗-triple and let c ∈ U be such that {cc∗c} �= 0.
Then the representation G : Uc → C0(Ω) satisfies

G
(
{uv∗w}

)
=

1

IdΩ

{
G(u)G(v)∗ G(w)

}
.

Proof. If u, v, w are powers of c, then by Lemmas A.1.3 we have

G
(
{cj ck∗ cl}

)
= G(cj+k+l−1) =

(
G(c)

)j+k+l−1
= Idj+k+l−1

Ω

=
1

IdΩ
G(c)jG(c)kG(c)l = 1

IdΩ

{
G(c)j G(c)k∗ G(c)l

}
.

The linearity and continuity properties of G and of the triple product together with
the density of

{
p(c) : p ∈ P0[t]

}
in Uc complete the proof. �

A.1.17. Remark. Notice that by the above corollary, the representation
G : Uc → C0(Ω), which is a homomorphism of these algebra structures, is not a
homomorphism of the J∗-triple structures of Uc and C0(Ω). This leads us to intro-
duce a new representation for the monogeneous J∗-triples Uc.

A.1.18.Definition. Let U be a J∗-triple and let c ∈ U be such that {cc∗c} �= 0.
If c�c∗|Uc is positive in L(Uc), then the Jordan representation of Uc is the mapping
J : Uc → C0(Ω) defined by

J (u) :=
1√
IdΩ

G(u),

where Ω := σ(c�c∗)\{0} and G is given in Definition A.1.13.

By Lemma A.1.8 the assumption {cc∗c} �= 0 ensures that Ω �= ∅ and since Uc

is positive, by Lemma A.1.8 we have Ω := σL(Uc)(c�c∗|Uc)\{0} ⊂ (0,∞), hence
J (u) is well defined and continuous in Ω, i.e., J (u) ∈ C(Ω). However, if 0 is an
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accumulation point of Ω, the factor 1√
IdΩ

is not bounded, and therefore it is not

clear whether J (u) is an element of C0(Ω), or equivalently whether

(A.10) lim
ξ→0

1√
ξ
[G(u)](ξ) = 0.

If u ∈ Uc and pn ∈ P0[t] is a sequence of polynomials with pn(c) → u in Uc, then

by Lemma A.1.15 the functions p̃n ∈ C0(Ω) satisfy p̃n →
1

IdΩ
|G(u)|2 in C0(Ω); in

particular, f = 1
IdΩ
|G(u)|2 belongs to C0(Ω) and hence

√
f =

1√
IdΩ

|G(u)| ∈ C0(Ω),
and so (A.10) holds. �

A.1.19. Proposition. Let U be a J∗-triple and let c ∈ U satisfy {cc∗c} �= 0. If
c�c∗|Uc is a positive element in L(Uc), then the Jordan representation J : Uc →
C0(Ω) is a homomorphism of J∗-triples, where C0(Ω) is endowed with the pointwise

triple product defined for t ∈ Ω by {fg∗h}(t) := f(t)g(t)h(t).

Proof. By Corollary A.1.16 for u, v, w ∈ Uc we have

J ({uv∗w}) =
1√
IdΩ

G({uv∗w})

=
1

IdΩ
√
IdΩ

G(u)G(v)G(w) = {J (u)J (v)∗ J (w)}.

�
The Jordan representation will be useless unless we have a detailed description

of its kernel and range. This is what we discuss below.

A.1.20. Proposition. Let U be a J∗-triple and fix any c ∈ U , {cc∗c} �= 0. If
the J∗-subtriple Uc is anisotropic and c�c∗|Uc is positive in L(Uc), then

(i) The operator c�c∗|Uc is injective.
(ii) The representations G and J of Uc are injective.

Proof. (i). Assume that (c�c∗)a = 0 for some a ∈ Uc. By (A.3), the relation
(c�c∗)a = 0 is equivalent to R(c)a = 0. Let pn ∈ P0[t], n ∈ N, be a sequence
of polynomials such that un := pn(c) → a in Uc and for t ∈ C and n ∈ N set
p̃n(t) =

1
t |pn|2(t). By Lemma A.1.10 we have(

pn(c)�pn(c)
∗)a = R

(
p̃n(c)

)
a =

[
p̃n
(
R(c)

)]
a = p̃n

(
R(c)a

)
= p̃n(0) = 0.

From the continuity of (u, v) �→ u�v∗, for n→∞ we get {aa∗a} = 0 and a = 0.
(ii). Assume that G(a) = 0 for some a ∈ Uc, a �= 0. By Proposition A.1.14

0 = ‖G(a)‖2 = ‖(c�c∗) ◦ (a�a∗)|Uc‖ ≥ ‖(c�c∗){aa∗ a

|a| }‖.

Since c�c∗|Uc is injective we get a = 0 which is contradictory. �
In order to study the kernel and the image of Uc under the representations G

and J , we establish the following.

A.1.21. Lemma. Let K ⊂ [0,∞) be a compact set such that ∅ �= K �= {0}, and
define Ω := K\{0}. Then the set of the polynomials { tp(t2) : p ∈ C[t]} is dense in
C0(Ω).
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Proof. Let f ∈ C0(Ω). Then f admits a unique continuous symmetric exten-
sion F to the set S := −K ∪K, which is given by F (−ω) := −F (ω) = −f(ω). By
the Stone-Weierstrass theorem there is a sequence of polynomials qn, n ∈ N, in C[t]
such that qn(t)→ F (t) uniformly for t ∈ S. Since F is symmetric, we may assume
that the qn are of odd degree. The restrictions qn|K satisfy qn|K → F uniformly in
K. �

A.1.22. Proposition. Let U be a J∗-triple and fix any c ∈ U , {cc∗c} �= 0. If
c�c∗|Uc is a positive element in L(Uc), then the representations G and J of Uc

have dense image in C0(Ω).
Proof. The image of Uc by G satisfies

G(Uc) ⊃ G
(
{p(c) : p ∈ C[t], p(0) = 0}

)
= {p(·) : p ∈ C[t], p(0) = 0} ⊃ {p ∈ C[t] : p is odd },

and the result relative to G follows from Lemma A.1.21.
The result concerning J is not a direct consequence of the previous one, since

G and J differ by a factor
1√
IΩ

which, if 0 is an accumulation point of Ω, is not

bounded.
Since Ω ⊂ [0,∞), the mapping τ : ω �→ √

ω is a homeomorphism from Ω onto√
Ω, hence τ induces a surjective isometry f �→ f ◦ τ−1 from C0(

√
Ω) onto C0(Ω).

Therefore, it suffices to prove that the set Ξ := {f ◦ τ−1 : f ∈ J (Uc)} is dense in

C0(
√
Ω). Now

J (Uc) =
1√
IdΩ

G(Uc) ⊃ { 1√
t
p(t) : p ∈ C[t], p(0) = 0} = {

√
tq(t) : q ∈ C[t]}

and

Ξ = {f ◦ τ−1 : f ∈ J (Uc)} ⊃ {tq(t2) : q ∈ C[t]} = {p ∈ C[t] : p is odd },
which completes the proof. �

A.1.23. Definition. For a positive J∗-triple U we define the spectral seminorm
‖ · ‖∞ in U by ‖x‖∞ := ρ(x�x∗)1/2, where ρ stands for the spectral radius in the
Banach algebra L(U). The spectral ball B∞ of a positive J∗-triple is defined by
B∞ :=

{
x ∈ U : ‖x‖∞ < 1

}
.

Recall that for the J∗-triple U = C0(Ω) the spectral seminorm is the usual norm
of the supremum over Ω, that is, ‖ · ‖∞ = ‖ · ‖Ω in that case.

A.1.24. Proposition. Let U be a J∗-triple and fix any c ∈ U , {cc∗c} �= 0.
Assume that Uc is anisotropic and that c�c∗|Uc is a positive element in L(Uc).
Then

(i) J : Uc → C0(Ω) is a (possibly non-surjective) linear isometry relative to
the norms ‖ · ‖∞ and ‖ · ‖Ω.

(ii) J is surjective if and only if the norm ‖·‖ induced by U in Uc is equivalent
to ‖ · ‖∞.

Proof. By Proposition A.1.14 for a ∈ Uc we have

‖J (a)‖2Ω = sup
ω∈Ω

|J (a)ω|2 = sup
ω∈Ω

( 1√
ω
|G(a)ω|

)2
= sup

ω∈Ω

1

ω
|G(a)ω|2 = ‖ 1

IdΩ
|G(a)|2‖ = ‖a�a∗|Uc‖ = ‖a‖2∞
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which shows that J is an isometry.
Assume now that ‖ · ‖ and ‖ · ‖∞ are equivalent in Uc. In particular, ‖ · ‖∞

is a norm in Uc and Uc is ‖ · ‖∞-complete. By (i), J : Uc → C0(Ω) is an isometry
relative to the norms ‖ · ‖∞ and ‖ · ‖Ω, therefore, the image J (Uc) is a complete
(hence, closed) subspace of C0(Ω). Since by Proposition A.1.22, the image J (Uc)
is dense in C0(Ω), J must be surjective. Conversely, assume that J is a surjective
mapping. Then J is a bijection since Uc is anisotropic and, by Proposition A.1.20,
J is injective. By the closed graph theorem, J is a homeomorphism relative to the
norms ‖ · ‖ and ‖ · ‖Ω. Since J is an isometry relative to ‖ · ‖Ω and ‖ · ‖∞, it follows
that ‖ · ‖∞ and ‖ · ‖ are equivalent in Uc. This completes the proof. �

A.1.25. Definition. Let U be a J∗-triple and fix any c ∈ U such that {cc∗c} �=
0 and c�c∗|L(Uc) is a positive element in L(Uc). We define the spectral semiball of
Uc to be the set

(A.11) Bc
∞ :=

{
x ∈ Uc : ‖x‖∞ < 1

}
= Uc ∩B∞.

Notice that Bc
∞ is the open unit ball of Uc relative to the spectral seminorm

‖·‖∞. Since the spectral seminorm is continuous in U , Bc
∞ is an open neighbourhood

of the origin in Uc. In general ‖ · ‖∞ and the norm ‖ · ‖ induced by U in Uc are not
equivalent in Uc. However, we have the following.

A.1.26. Proposition. Let U be a J∗-triple and fix any c ∈ U , {cc∗c} �= 0. If
c�c∗|Uc is positive in L(Uc), then the following conditions are equivalent:

(i) The open unit ball Bc
∞ of Uc relative to ‖ · ‖∞ is a bounded set in U .

(ii) ‖ · ‖∞ and ‖ · ‖ are equivalent norms in Uc.
(iii) There is a constant m(c) > 0 such that ‖a�a∗|Uc‖ ≥ m(c)‖a‖2 holds for

all a ∈ Uc.

Proof. (iii)⇒(ii). From (iii) and the continuity of ‖ · ‖∞ in U we get

m(c)‖a‖2 ≤ ‖a�a∗|Uc‖ = ‖a‖2∞ ≤M‖a‖2

for all a ∈ Uc, which shows that ‖ · ‖∞ is a norm equivalent to ‖ · ‖ in Uc.
(ii)⇒(i) and (i)⇒(iii) are well-known results in functional analysis. �
Notice that, if any of the conditions in the above statement holds, then, in

particular, the J∗-subtriple Uc is anisotropic.

A.2. Derivations of the Banach-Lie algebra L(E)

A.2.1. Lemma. Let E, F , and G be complex Banach spaces and let λ:L(E,F )→
L(E,G) be a continuous linear mapping. Then the following conditions are equiv-
alent:

(i): There exists some α ∈ L(F,G) such that λ(z) = αz holds for all z ∈
L(E,F ).

(ii): λ(zβ) = λ(z)β for all z ∈ L(E,F ) and all β ∈ L(E) with dim β(E) = 1.

If λ is invertible, then also α is invertible.

Proof. We only show (ii)⇒ (i) since the other part is trivial.

Step 1. By the Hanh-Banach theorem, given two vectors h and k with h �= 0 �= k
in the Banach spaces E and F , respectively, there is a continuous linear functional
φh ∈ E∗ which satisfies ‖φh‖ = 1 = 〈φhh〉. Then z(·) := 〈φh, ·〉k or, in the usual
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notation, z := φh ⊗ k satisfies z ∈ L(E,F ) together with z(h) = k and hence
dim z(E) = 1.

Step 2. First we show that ker(z) ⊂ kerλ(z) holds for all z ∈ L(E,F ). Let
e ∈ ker(z). We may assume e �= 0. Choose any projection p : E → Ce ⊂ E. Then
we have p(E) = Ce, hence

(zp)E = z
(
p(E)

)
= z(Ce) = 0,

that is, zp = 0 and due to the linearity of λ we get λ(zp) = 0. By assumption
we have λ(zp) = λ(z)p, hence λ(z)p = 0. In particular, by evaluation of the latter
relation at e we get 0 =

(
λ(z)p

)
(e) = λ(z)

(
p(e)

)
= λ(z)(e), that is, e ∈ kerλ(z).

Step 3. Now fix any e ∈ E, e �= 0. By Step 1, F = {x ∈ F : ∃ z ∈ L(E,F ) with
z(e) = x}. Define a linear mapping α : F → G by

(A.12) α(x) = α
(
z(e)

)
:=
(
λ(z)

)
(e), x ∈ F,

where z is any element in L(E,F ) satisfying z(e) = x. Remark that α might
depend on the vector e ∈ E we have chosen, therefore, we write αe. However, the
vector αe(x) does not depend on the operator z that we have chosen in L(E,F )
with z(e) = x, since if z and w satisfy z(e) = x = w(e), then e ∈ ker(z −w) and as
we have seen before e ∈ kerλ(z − w), that is,

(
λ(z)

)
(e) =

(
λ(w)

)
(e).

Clearly, αe ∈ L(F,G). Indeed, since for x ∈ F , αe(x) does not depend on the
operator z ∈ L(E;F ) whenever z(e) = x holds, we may assume z to be given by
z(·) := 〈φe ·〉x where φ ∈ E∗ satisfies φe(e) = 1 = ‖φe‖. Clearly, we have z(e) = x
whence from the definition of αe we get αe(x) =

(
λ(z)

)
(e) and, therefore,

‖αe(x)‖ = ‖λ(z)‖‖e‖ ≤ ‖λ‖‖z‖ ≤ ‖λ‖ ‖e‖ ‖x‖.

Step 4. We show that the mapping αe satisfies the required condition: λ(z) = αez
for all z ∈ L(E,F ), that is,

[λ(z)](y) =
(
αez

)
(y), y ∈ F, z ∈ L(E,F ).

Let y ∈ E and z ∈ L(E,F ) be arbitrarily given. Choose any σ ∈ L(E,E) with
σ(e) = y and dimσ(E) = 1, and compute the value of αe at the vector x :=
z(y) = (zσ)(e). The operator zσ ∈ L(E,F ) satisfies (zσ)(e) = x, whence from the
definition of αe (see (A.12)) and the properties of λ we get

αe

(
z(y)

)
= αe

(
(zσ)(e)

)
=
(
λ
(
zσ
))
(e) =

(
λ(z)σ

)
(e) = λ(z)

(
σ(e)

)
= λ(z)y,

that is, αez = λ(z).

Step 5. Finally, αe does not depend on e since from αez = λ(z) and αe′z = λ(z)
it follows (αe − αe′)z = 0 for all z ∈ L(E,F ), therefore, αe = αe′

Step 6. We prove that if λ : L(E,F ) → L(E,G) is invertible, so is α. Indeed,
assume 0 �= ξ ∈ kerα ⊂ F . Then there are operators z : E → F with z �= 0 and
z(E) = Cξ. Hence, αz(E) = α(Cξ) = 0, that is, 0 = αz = λ(z) which contradicts
the injectivity of λ. Thus α is injective.

Now assume α(F ) � G. Choose any η ∈ G\α(F ) hence, in particular, η /∈
{αz(ξ) : ξ ∈ E, z ∈ L(E,F )}. There are operators w : E → G with w(E) = Cη
such that the equality w = λ(z) = αz does not hold whatever z ∈ L(E,F ) is. This
contradicts the surjectivity of λ.

Finally, α−1 is continuous by the closed graph theorem. �
We shall also need the following.
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A.2.2. Lemma. Let E, F , and G be complex Banach spaces and let
λ : L(E,F ) → L(E,G) be a Banach space isomorpism. Then the following con-
ditions are equivalent:

(i) There are topological isomorphisms u : F → G and v : E → E such that
λ(z) = u · z · v−1 holds for all z ∈ L(E,F ).

(ii) There exists a topological isomorphism f : E → E such that λ(zβ) =
λ(z)·fβf−1 holds for all z ∈ L(E,F ) and all β ∈ L(E) with dim β(E) = 1.

Proof. We only show (ii)⇒(i) since the other part is easy.

Step 1. First, we claim that f(ker z) ⊂ ker
(
λ(z)

)
holds for all z ∈ L(E,F ).

Indeed, let e ∈ ker(z). We may assume e �= 0. Choose any projection p : E →
Ce ⊂ E. Then we have p(E) = Ce, hence (zp)E = z

(
p(E)

)
= z(Ce) = 0, that

is, zp = 0 and, therefore, λ(zp) = 0. By assumption λ(zp) = λ(z) · fpf−1, and so
λ(z) · fpf−1 = 0. In particular, evaluating the latter relation at the point f(e) we
get 0 =

(
λ(z)fpf−1

)
f(e) = λ(z)

(
fp(e)

)
= λ(z)f(e), that is, f(e) ∈ kerλ(z) and

hence f(ker z) ⊂ ker
(
λ(z)

)
.

Step 2. Fix any vector e ∈ E, e �= 0, and define αe : F → G by

αe(x) :=
(
λ(z) · f

)
(e), x ∈ F,

where z ∈ L(E,F ) is any operator satisfying z(e) = x. We claim that αe(x) does
not depend on z ∈ L(E,F ) as long as z(e) = x.

Indeed, if z, w ∈ L(E,F ) satisfy z(e) = x = w(e), then e ∈ ker(z − w) hence
f(e) ∈ kerλ(z − w) and so

(
λ(z) · f

)
(e) =

(
λ(w) · f

)
(e).

Step 3. One shows as in the proof of Lemma A.2.1 that αe belongs to L(F,G).
We assert that it satisfies

λ(z) = αe · z · f, z ∈ L(E,F ).

Indeed, let z ∈ L(E,F ) and y ∈ E be arbitrarily given. Choose any operator
σ ∈ L(E) with dim σ(E) = 1 and σ(e) = y. Then the vector x := z(y) satisfies
x = z(y) = (z · σ)(e), whence from the definition of αe we get

αe(x) =
(
λ(zσ)f

)
(e) = λ(z)

(
fσf−1

)
f(e) = λ(z)

(
fσ(e)

)
=
(
λ(z)f

)
(y),

αe(x) = αe

(
z(y)

)
=
(
αez

)
(y),

which gives αez = λ(z)f , and, therefore, λ(z) = αezf
−1.

Step 4. One shows as in the proof of Lemma A.2.1 that αe does not depend on
e and that α is invertible since so is λ. The lemma follows by taking u := α and
v := f . �

We shall use the below characterisation of the derivations of the Lie algebra of
operators V := L(E) where E is a complex Banach space.

A.2.3. Lemma. Let E be a complex Banach space, V := L(E), and λ ∈ L(V ).
Then the following conditions are equivalent:

(i): λ is an inner derivation of the Lie algebra V , that is, λ(z) = [a, z] holds
for all z ∈ V and some a ∈ V .

(ii): We have λ(z2) = λ(z)z + zλ(z) for all z ∈ V .

Proof. It is immediate to check that an inner derivation of V satisfies condi-
tion (ii).



538 A. SOME RESULTS ON FUNCTIONAL ANALYSIS

Remark. It is easy to see that the set of inner derivations of the Lie algebra L(V ) as
well as the set of the mappings λ ∈ L(V ) that satisfy condition (ii) are vector spaces.
Hence if λ ∈ L(V ) satisfies (ii) and λ1 is an inner derivation, then μ := λ− λ1 also
satisfies (ii).

Assume that λ satisfies (ii).Then clearly λ(1E) = 0. Now we may assume that
E = C⊕H holds for some Banach space H. Let us write the elements of C⊕H as
pairs (a, h) where a ∈ C and h ∈ H, in which case each z ∈ V is represented as a
matrix z =

(
z1 z2
z3 z4

)
where

z1 ∈ C, z2 ∈ L(H,C) ≈ H∗, z3 ∈ L(C, H) ≈ H, z4 ∈ L(H).

The element z2 ∈ L(H,C) ≈ H∗ will be represented in the form φ(·) ∈ H∗, whereas
z3 ∈ L(C, H) ≈ H will be represented (in a natural way) as a vector u ∈ H. With
this notation, in what follows the product of two matrices of the above type will be(

a φ(·)
u S

) (
b ψ(·)
v T

)
:=

(
ab+ φ(v) aψ(·) + φ(T (·))
ub+ S(v) ψ(·)u+ S ◦ T

)
.

Step 1. Let x :=
(
1 0
0 0

)
. From (ii) and x2 = x we get the existence of a vector

a1 ∈ V such that λ(x) = [a1, x]; we claim that in order to prove the lemma we may
assume that λ(x) = 0.

Indeed, let λ(x) =
(
a b
c d

)
. Applying λ to the relation x2 = x, using (ii) and the

expression of λ(x) we get a = 0 = d. Set a1 :=
(
0 −b
c 0

)
and define λ1 : V → V by

λ1(z) := λ(z)−[a1, z]. Then λ1 is an inner derivation of the Lie algebra L(V ) which
vanishes in the subspace Cx ⊂ V and, according to the above remark, satisfies (ii).
Hence it suffices to argue with μ := λ− λ1.

Step 2. In order to prove the lemma, we may assume that λ(y) = 0 holds for all
y :=

(
0 0
α 0

)
where α ∈ L(C, H).

First, we claim that there exists an element φ ∈ L(H) not depending on α,

such that λ(y) =
(

0 0
φ(α) 0

)
holds for all α ∈ H. Indeed, let y :=

(
0 0
α 0

)
be as stated.

It is immediate to check that then we have y2 = 0, yx = 0, and xy = y. Therefore,
(y + x)2 = y2 + yx+ xy + x2 = y + x. Applying λ and using condition (ii) we get

λ
(
(y + x)2

)
= (y + x)

(
λ(y) + λ(x)

)
+
(
λ(y) + λ(x)

)
(y + x) = λ(y) + λ(x),

hence, due to λ(x) = 0,
(
yλ(y) + λ(y)y

)︸ ︷︷ ︸
=λ(y2)=0

+xλ(y) + λ(y)x = λ(y). If λ(y) =
(
a b
c d

)
,

the above relation gives a = d = 0 and hence λ(y) =
(
0 b
c 0

)
where b = bα and

c = cα depend in a continuous linear manner on α ∈ L(C, H) ≈ H. Therefore, the
mapping α �→ cα belongs to L(H) and α �→ bα(·) is an element of L(H,H∗). By
replacing the expression of λ(y) in

0 = λ(0) = λ(y2) = yλ(y) + λ(y)y

we get αbα(·) = 0 = bα(·)α. The tensor product bα(·)α = bα ⊗ α vanishes only if
one of the factors is null and, as α ∈ H is arbitrary, the relation αbα(·) = 0 gives
bα(·) = 0 for all α ∈ H, that is, b = 0. This gives the stated expression for λ(y).

Now set b1 :=
(
0 0
0 φ

)
and define an inner derivation of V by λ1(z) = [b1, z]

for z ∈ V . It is easy to verify that λ(y) = λ1(y) and λ1(x) = 0. Thus μ :=
λ − λ1 satisfies condition (ii) and, moreover, μ(y) = 0 = μ(x), hence in order to
prove the lemma we may assume that λ(y) = 0 holds for all y :=

(
0 0
α 0

)
where

α ∈ L(C, H). �
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Step 3. We may assume that λ(z) = 0 for all z :=
(
0 0
0 β

)
where β ∈ L(H).

Indeed, let z be as stated. As in the previous steps, set λ(z) =
(
a b
c d

)
. From

(z+x)2 = z2+x applying λ and using (ii) we get a = b = c = 0 and so λ(z) =
(
0 0
0 d

)
where d depends on a continuous linear manner on β, hence the mapping β �→ d(β)
belongs to L[L(H)]. Replacing z with y + z in (ii), comparing the corresponding
matrices and using the assumption λ(y) = 0 we get d(β) = 0, whence λ(z) = 0 for
all z =

(
0 0
0 β

)
.

Indeed, from (z + x)2 = z2 + x and λ(x) = 0 we get by (ii)

λ
(
(z + x)2

)
=
(
λ(z) + λ(x)

)
(z + x) + (z + x)

(
λ(z) + λ(x)

)
= zλ(z) + λ(z)z︸ ︷︷ ︸

=λ(z2)

+λ(x),

λ(z2 + x) = λ(z2) + λ(x),

that is, λ(z)x+xλ(z) = 0. Set λ(z) =
(
a b
c d

)
, which replaced in the previous relation

give a = b = c = 0 and hence λ(z) =
(
0 0
0 d

)
where d depends linearly on β ∈ L(H).

Now replace z with y + z in (ii) and use the facts y2 = 0, λ(y) = 0 together with
yz = 0. We get

λ
(
(y + z)2

)
= (y + z)

(
λ(y) + λ(z)

)
+
(
λ(y) + λ(z)

)
(y + z)

= zλ(z) + λ(z)z︸ ︷︷ ︸
=λ(z2)

+yλ(z) + zλ(y),

λ(y2 + yz + zy + z2) = λ(y2)︸ ︷︷ ︸
=0

+λ(yz)︸ ︷︷ ︸
=0

+λ(zy) + λ(z2),

therefore, yλ(z) + λ(z)y = λ(zy). Moreover, the product zy is of the form zy =(
0 0

β(α) 0

)
whence λ(zy) = 0. Comparing the matrices obtained from the precedent

identity we get d(α) = 0 for all α ∈ H. But then d = 0 and λ(z) = 0.

Step 4. In a similar manner we can prove that λ(w) = 0 holds for all w =
(
0 γ
0 0

)
.

Indeed, set as before λ(w) =
(
a b
c d

)
. It is simple to check that w2 = 0 and,

using condition (ii), we get γ(c) = 0. Since γ is arbitrary in H∗, from the Hanh-
Banach theorem we obtain c = 0. With the help of the relations w2 = 0 and y2 = 0
we get (w + y)2 = w2 + wy + yw + y2 = wy + yw. Moreover, for yα =

(
0 0
α 0

)
we have wy =

(
γ(α) 0
0 0

)
and yw =

(
0 0
0 α⊗γ

)
and, by Steps 1 and 3, respectively,

λ(wy) = 0 = λ(yw), hence λ
(
(w + y)2

)
= 0. But then

0 = λ
(
(w + y)2

)
= (w + y)

(
λ(w) + λ(y)

)
+
(
λ(w) + λ(y)

)
(w + y)

= wλ(w) + λ(w)w︸ ︷︷ ︸
=λ(w2)=0

+yλ(w) + λ(w)y

which gives b(α) = 0 for all α ∈ H, that is, b = 0 and so λ(w) =
(
a 0
0 d

)
. Finally,

we have (w + x)2 = w2 + wx + xwx2 = wx + xw + x where wx = 0 and xw = w,
which yields λ

(
(w + x)2

)
= λ(w) and from it by (ii) we derive a = 0 = d, and so

λ(w) = 0.
Now the lemma is an easy consequence of these partial steps. �

A.2.4. Remark. If in V = L(E) we consider the Jordan product given by x ◦
y := 1

2 (xy+yx), which is commutative and not associative, we get a Banach-Jordan
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algebra. Condition (ii) can then be stated by saying that the inner derivations of the
Banach-Lie algebra V are precisely the derivations of V viewed as a Banach-Jordan
algebra.

A.3. Isomorphisms of the Banach algebra L(E)

A.3.1. Lemma. Let E and F be complex Banach spaces and let λ : L(E)→ L(F )
be an isomorphism of topological vector spaces.

(i): If λ(zw) = λ(z)λ(w) holds for all z, w ∈ L(E), then there exists a
topological isomorphism y : E → F that satisfies λ(z) = yzy−1 for all
z ∈ L(E).

(ii): If λ(zw) = λ(w)λ(z) holds for all z, w ∈ L(E), then there is a topolog-
ical isomorphism y : E∗ → F such that λ(z) = yz′y−1 for all z ∈ L(E).
In particular, E and F are reflexive.

Proof. (i) Recall that an idempotent p �= 0 in L(E) is minimal if for any
idempotent q �= 0 with pq = q we have qp = p. Two minimal idempotents p, q are
said to be eqivalent if pq = q. Clearly, p is minimal if and only if dim p(E) = 1,
and p, q are equivalent if and only if p(E) = q(E). By assigning to each minimal
idempotent p the one-dimensional subspace p(E) ⊂ E we can identify the set
of classes of equivalence of minimal tripotents with P(E). With the help of this
identification, λ can be viewed as a bijection between the corresponding sets of
classes of equivalence of minimal tripotents in L(E) and L(F ), and, therefore, it
induces a bijection y : P(E) → P(F ). With the help of the group of translations
(see (18.10) in Lemma 18.2.6), it is easy to see that y is a biholomorphic mapping.

The proof of Theorem 18.6.2 makes no use of Lemma A.3.1 if the grassmannian

manifolds M and M̃ are the corresponding projective spaces, hence we may assume
that y is a collineation (a direct proof for this can also be given), that is, we may
assume E = F and y = Id. From that it easily follows that for each z ∈ L(E)
with dim z(E) = 1 the elements z and λ(z) have the same image and the same
kernel. Besides, for each line M ⊂ E, the mapping λ leaves pointwise invariant the
subspace L(E,M) ⊂ L(E). By Lemma A.2.1 λ is the identity in L(E).

(ii) Let us assign to each class of equivalence of minimal idempotents p ⊂ L(F )
the kernel of λ−1(p), with which we define a biholomorphic mapping κ : P(F ) →
H(E) from the projective space P(E) onto the Grassmann manifold H(E) of closed
hyperplanes of E. The mapping μ : H(E) → P(E∗) defined by H �→ H∗ is biholo-
morphic. Then y := (μκ)−1 is a collineation. In this way we may assume that
F = E∗ and y = Id. The mapping σ : L(E∗)→ L(E∗) defined by σ(z) := z′, where
z′ stands for the transposed of z, is a multiplicative homomorphism that maps ev-
ery class of equivalence of minimal idempotents onto itself. From the arguments
made in (i) it follows that σ = Id, that is, λ(z) = z′. For each closed hyperplane
H ⊂ E, the isomorphim L(E/H,E) → L(E∗, H∗) induced by λ is the canonical
immersion E ↪→ E∗∗, that is, E is reflexive. �
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List of symbols and their meanings

L(mE,F ) space of continuous m-linear mappings from E to F
Ls(

mE,F ) space of continuous symmetric m-linear mappings from E to F
L(mE) space of continuous m-linear mappings from E to C
Ls(

mE) space of continuous symmetric m-linear mappings from E to C
P(mE,F ) space of continuous m-homogeneous polynomials from E to F
P(mE) space of continuous m-homogeneous polynomials from E to C

O(Ω, Y ) space of analytic germs in Ω with values in Y
O(Ω) space of analytic germs in Ω with values in C
OF

a space of analytic germs at a with values in F

h ∂
∂u

|a : OE
a → E mapping defined by h ∂

∂u
|afa := (f ◦ u−1)′

(
u(a)

)
h

∂
∂u

|a : OF
a → L(E,F ) mapping defined by ∂

∂u
|afa :=

(
f ◦ u−1

)′(
u(a)

)
∈ L(E,F )

TaX tangent space to the manifold X at the point a
TX tangent fiber to the manifold Xs

B(Ω, F ) space of bounded holomorphic functions in Ω with values in F
B(Ω) space of bounded holomorphic functions in Ω with values in C
‖ · ‖Ω norm on B(Ω, F ) of the supremum over the set Ω
distu(V, ∂U) distance from V to ∂U in the chart u : U → E
dU (f, g) distance in B(Ω, F ) given by dU (f, g) := supx∈U ‖f(x), g(x)‖

T(X) Lie algebra of holomorphic vector fields on the manifold X
aut(X) set of complete vector fields on the manifold X
(Df)(x) Gateuax derivative of f in direction D(x) at the point x
[(exp tD)f ](x) solution of equation d

dt
φ(t, x) = Dφ(t, x) , φ(0, x) = f(x)

Aut(X) group of holomorphic automorphisms of the manifold X

Aut(M,d) group of d-isometric automorphisms of the metric manifold (M,d)
Aut(M,ν) group of ν-isometric automorphisms of the normed

manifold (M,ν)
Oc(D) semigroup of holomorpic selfmappings f : D → D
Tlu topology in O(D) of local uniform convergence over D
Oc(M,d) semigroup of holomorpic d-contractions of the metric

manifold (M,d)
S � D S is a subset completely interior to the bounded domain D
IdX the identity mapping IdX : x �→ x in the set X
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g(X) Lie algebra of complete vector fields in the normed manifold (X, ν)
Ad(g) or g# adjoint action of an element in a Lie group G in its Lie algebra g(X)
Ad adjoint action of a Lie group G in its Lie

algebra g

ad(X) or X# adjoint action of an element X in a Lie algebra g(X) into itslef
ad adjoint action of a Lie algebra g into itself

GL(E) general linear group of the Banach space E
gl(E) general Lie algebra of the Banach space E
{xy∗z} Jordan triple product of the vectors x, y, z in E
x�y∗ the operator z �→ x�y∗z := {xy∗z}

Q(y) the operator x �→ Q(y)x := {xy∗x}
Aut(E, ∗) group of automorphisms of the J∗-triple E
aut(E, ∗) Lie algebra of the Lie group Aut(E, ∗)
Der(E, ∗) Jordan triple derivations of the J∗-triple E
Inder(E, ∗) inner triple derivations of the J∗-triple E
Int(E, ∗) group of inner automorphisms of the J∗-triple (E, ∗)
Isom(E) group of surjective linear isometries of a Banach space E
H(E) hermitian elements in the Banach algebra L(E)

T boundary of the unit disk in C
Λ(U) spectrum of the JB∗-triple U
̂ : U → CT

0 (Λ) Gelfand representation of the J∗-triple U
EU ultraproduct of a family of Banach spaces relative to an ultrafilter U
EU ultrapower of a family of Banach spaces relative to an ultrafilter U

span
C
(S) closed linear subspace of a space V generated by the set S ⊂ V

In,m space of bounded linear operators L(H,K), dimH = n, dimK = m,
n ≤ m,

IIn space of bounded symmetric operators a ∈ L(H) where dimH = n
IIIn space of bounded antisymmetric operators a ∈ L(H) where dimH = n
IVn Cartan factor of type IV in a Hilbert space H with dimH = n

G(B) Grassmann manifold of all proper topologically direct subspaces on B
GE(B) connected component of E in the Grassmann manifold G(B)
PLG(B) projective linear group of the Banach space B
P(B) projective space of the Banach space B
H(B) manifold of hyperplanes in the Banach space B
sl(E) Lie ideal of trace operators in L(E)

Tri(E) set of tripotents in the J∗-triple E
Min(E) set of minimal tripotents in the J∗-triple E
Max(E) set of maximal tripotents in the J∗-triple E
Ek(e) k-Peirce subspace in the J∗-triple E
Pk(e) Peirce projector onto Ek(e)
P(E) Peirce sum of the orthogonal family E
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intV (D) set of interior points of D ⊂ E relative to the vector subspace V ⊂ E
WD

e largest vector subspace V ⊂ E such that e is interior to D relative
to V

Kc affine component of the point c ∈ ∂B
Hc holomorphic component of the point c ∈ ∂B

At (E) set of atoms of a JBW∗-triple E
Eat atomic ideal of a JBW∗-triple E
Esp special ideal of a JBW∗.triple E
Eex exceptional ideal of a JBW∗-triple E

faceC(x) face of the point x in the convex set C
uf support tripotent of the functional f ∈ E∗

Contt(E) ideal of t-continuous elements in the JB∗-triple E
Contw(E) ideal of weak-continuous elements in the JB∗-triple E
Contw∗(E) ideal of weak-continuous elements in the JBW∗-triple E
Autt(E) group of t → t-continuous J∗-triple automorphisms of E
Autt(D) group of t → t-continuous holomorphic automorphisms of a

domain D
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[101] C. M. Edwards and G. T. Rüttimann, A characterization of inner ideals in JB∗-triples,
Proc. Amer. Math. Soc. 116 (1992), no. 4, 1049–1057, DOI 10.2307/2159488. MR1102856
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[129] R. V. Hügli and M. Mackey, Transitivity of inner automorphisms in infinite dimensional
Cartan factors, Math. Z. 262 (2009), no. 1, 125–141, DOI 10.1007/s00209-008-0366-x.
MR2491603

[130] J. M. Isidro, On the Lie algebra of holomorphic infinitesimal isometries of some classical
complex symmetric Banach manifolds, Cent. Eur. J. Math. 5 (2007), no. 4, 696–709, DOI
10.2478/s11533-007-0028-y. MR2342280

[131] J. M. Isidro, Banach manifolds of algebraic elements in the algebra L(H) of bounded
linear operators, Cent. Eur. J. Math. 3 (2005), no. 2, 188–202, DOI 10.2478/BF02479195.
MR2129921

[132] Holomorphic automorphisms of the unit balls of Hilbert C∗-modules. Glasg. Math.
J. 45 (200), 249-262.

[133] J. M. Isidro, The manifold of minimal partial isometries in the space L(H,K) of bounded
linear operators, Acta Sci. Math. (Szeged) 66 (2000), no. 3-4, 793–808. MR1804225

[134] J. M. Isidro, Behaviour of holomorphic automorphisms on equicontinuous subsets of the
space C(Ω, E), Proc. Amer. Math. Soc. 127 (1999), no. 2, 437–446, DOI
10.1090/S0002-9939-99-04585-2. MR1469414

[135] J.-M. Isidro and W. Kaup, Weak continuity of holomorphic automorphisms in JB∗-triples,
Math. Z. 210 (1992), no. 2, 277–288, DOI 10.1007/BF02571798. MR1166526

[136] J.-M. Isidro and W. Kaup, Determining boundary sets of bounded symmetric domains,
Manuscripta Math. 81 (1993), no. 1-2, 149–159, DOI 10.1007/BF02567851. MR1247595
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[151] W. Kaup, Über das Randverhalten von holomorphen Automorphismen beschränkter
Gebiete (German, with English summary), Manuscripta Math. 3 (1970), 257–270, DOI
10.1007/BF01338659. MR0277769

[152] W. Kaup, Einige Bemerkungen über polynomiale Vektorfelder, Jordanalgebren und die
Automorphismen von Siegelschen Gebieten, Math. Ann. 204 (1973), 131–144, DOI
10.1007/BF01433410. MR0407331
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spectrum of a, 237

trace of, 175

trivial, 163

Jacobson radical, 172

JB∗-triple, 234
JB∗-triple

real, 517

equivalent representations, 462

exceptional, 461

factor representation, 458

irreducible, 432

odd functional calculus, 316

representation, 436

special, 461

structure group, 317

JBW∗-triple, 400
JBW∗-triple

atoms, 445

factor, 432

normal representation, 461

type I, 433

JC∗-algebra



INDEX 559

reversible, 513
JC∗-triple, 460
JH∗-triple

degenerate, 202
negative, 202
positive, 202

JH∗-triples, 192
Jordan

algebraic automorphisms, 103
algebraic homomorphisms, 103
algebraic isomorphisms, 103
hermitian triple system, 105
inner triple automorphism, 105
inner triple derivation, 106
metric homomorphism, 103
triple automorphism, 103
triple derivation, 104
triple homomorphism, 103
triple identity, 101
triple isomorphism, 103
triple system, 102
weak associative property, 102

Jordan family
associated with a J∗-triple, 258
Bergmann operator of a, 258
in a Banach space, 257
quadratic operators, 258
structure group of a, 258

Jordan pair, 184
Jordan pair

algebraically simple, 184
polarisable, 184
semisimple, 184
simple, 184

JW∗-triple, 460

local
charts, 4
coordinates, 4
reflexivity principle, 255

local ring, 195

manifold
analytic, 4

automorphism, 20
Grassmann, 328
hermitian, 203
homogeneous, 94
isomorphism, 19
locally uniform, 19
metric, 53
morphism, 19
normed, 75
of hyperplanes, 329
symmetric, 94
universal cover, 135

metrics
Carathéodory, 56
compatible, 53

invariant, 54

locally compatible, 48, 53
uniformly equivalent, 48, 53

norm contraction, 75

normalised states, 210
numerical

radius, 210

range, 210

one-parameter group
global, 12

one-parameter group
analytic, 11

local, 8, 12
operator

closed, 511

dissipative, 511
orthogonal functionals, 447

Peirce

decomposition, 150
multiplication rules, 150

projectors, 150
subspaces, 150

sum, 160
point

complex extreme, 297

extreme, 295
holomorphically extreme, 297

interior relative to, 375
real extreme, 297

simple boundary, 297
polar decomposition, 413

polar decomposition
of a functional, 441
of an element, 476

polarisation formula, 101
polynomial

m-homogeneous, 3
power series

convergent, 3
formal, 3

predual
in Godefroy’s sense, 399
in Horn’s sense, 399

of a Banach space, 399
of a JBW∗-triple, 410
property (C), 417
property (P), 400

property (Q), 412
property (R), 413

principle

of local reflexivity, 418
projection

L-projection, 435
M -projection, 435

bicontractive, 522
contractive, 435
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projective

space, 329

property
metric, 234

topological, 234

quadratic representation, 102

quasi-inverse of a pair, 172
quasi-invertible pair, 172

range

of an element, 476
reduced

structure group, 320

representation

Gelfand, 531
Jordan, 532

multiplicative, 529

Riccati equation, 258

set

determinig, 391

radial, 264

stable, 388
Siegel domain, 158

space

well framed, 407

spectral
seminorm, 211, 534

spectrum of

an element, 315
standard embedding, 184

summand

L-summand, 435

M -summand, 435
support

of a normal functional, 448

of an element, 476
support of an element

in a JBW∗-triple, 478
symmetric manifold

irreducible, 203
of compact type, 203

of flat type, 203

system
flat, 163

tangent

compatible norm, 75

fiber, 7
norm, 75

space, 6

vector, 6

theorem of
Krein-Milman, 401

Artin-Wedderburn, 184

Bishop-Phelps, 405
Emch-Iochum, 445

Gelfand-Naimark, 381

Goldstine, 417
Hadamard, 40
Hahn-Banach, 276
James, 503
Kaplansky, 461

Krein-S̆mulyan, 405
Lebesgue, 279, 477
Liouville, 159, 276
Mackey-Arens, 499
Montel, 388
Sakai, 421
Sinclair, 154
Sirshov-Cohn, 390
Vidav-Palmer, 217
Weierstrass, 316

topology
properly admissible, 501
strong, 502
strong*, 497

trace
ideal, 346
of an operator, 346

transformation
T-equivariant, 237
of Gelfand, 237

triple product, 101
triple system, 101
tripotents

abelian, 432
compatible, 152
maximal, 151
minimal, 151
orthogonal, 154
regular, 295
unitary, 162

ultraproduct
of Banach spaces, 254
of JB∗-triples, 254
of linear operators, 254

uniformity
left uniform structure, 59
of local uniform convergence , 59

right uniform structure, 59
unique predual

in Godefroy’s sense, 399
in Horn’s sense, 399

universal frame, 407

vector field
complete, 15
extension of a, 16
tangent to a submanifold, 16

weak* topology, 400
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This book is a systematic account of the impressive developments in the theory 

of symmetric manifolds achieved over the past 50 years. It contains detailed and 

friendly, but rigorous, proofs of the key results in the theory. Milestones are the 

study of the group of holomomorphic automorphisms of bounded domains in a 

complex Banach space (Vigué and Upmeier in the late 1970s), Kaup’s theorem 

on the equivalence of the categories of symmetric Banach manifolds and that 

of hermitian Jordan triple systems, and the culminating point in the process: 

the Riemann mapping theorem for complex Banach spaces (Kaup, 1982). This 

led to the introduction of wide classes of Banach spaces known as JB∗ -triples 

and JBW∗ -triples whose geometry has been thoroughly studied by several 

outstanding mathematicians in the late 1980s.

The book presents a good example of fruitful interaction between different 

branches of mathematics, making it attractive for mathematicians interested 

in various fields such as algebra, differential geometry and, of course, complex 

and functional analysis.
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