Maximal Function Methods
for Sobolev Spaces

Juha Kinnunen
Juha Lehrback
Antti Vahdkangas

o AMERICAN
20 A M MATHEMATICAL
SOCIETY




10.1090/surv/257

Maximal Function Methods
for Sobolev Spaces






Mathematical
Surveys

and
Monographs

Volume 257

Maximal Function Methods
for Sobolev Spaces

Juha Kinnunen
Juha Lehrbéack
Antti Vahdkangas

o AMERICAN
ol A M MATHEMATICAL
SOCIETY

Providence, Rhode Island



EDITORIAL COMMITTEE

Ana Caraiani Natasa Sesum
Robert Guralnick, Chair Constantin Teleman
Bryna Kra Anna-Karin Tornberg

2020 Mathematics Subject Classification. Primary 42B25, 46E35;
Secondary 26D10, 28A12, 31B15, 35A23, 35J92, 42B37.

For additional information and updates on this book, visit
www.ams.org/bookpages/surv-257

Library of Congress Cataloging-in-Publication Data

Names: Kinnunen, Juha, author. | Lehrbéck, Juha (Juha Tapio), 1979— author. | Vihakangas,
Antti V., author.

Title: Maximal function methods for Sobolev spaces / Juha Kinnunen, Juha Lehrback, Antti
Viahdkangas.

Description: Providence, Rhode Island: American Mathematical Society, [2021] | Series: Mathe-
matical surveys and monographs, 0076-5376; volume 257 | Includes bibliographical references
and index.

Identifiers: LCCN 2021013318 | ISBN 9781470465759 (paperback) | ISBN 9781470466602 (ebook)

Subjects: LCSH: Sobolev spaces. | Maximal functions. | Inequalities (Mathematics) | AMS:
Harmonic analysis on Euclidean spaces — Harmonic analysis in several variables — Maximal
functions, Littlewood-Paley theory. | Functional analysis — Linear function spaces and their
duals — Sobolev spaces and other spaces of “smooth” functions, embedding theorems, trace
theorems. | Real functions — Inequalities — Inequalities involving derivatives and differential and
integral operators. | Measure and integration — Classical measure theory — Contents, measures,
outer measures, capacities. | Potential theory — Higher-dimensional theory — Potentials and

capacities, extremal length and related notions in higher dimensions. | Partial differential
equations — General topics in partial differential equations — Inequalities applied to PDEs
involving derivatives, differential and integral operators, or integrals. | Partial differential

equations — Elliptic equations and systems — Quasilinear elliptic equations with p-Laplacian.
| Harmonic analysis on Euclidean spaces — Harmonic analysis in several variables — Harmonic
analysis and PDE.

Classification: LCC QA323 .K56 2021 | DDC 515/.782-dc23

LC record available at https://lccn.loc.gov/2021013318

Copying and reprinting. Individual readers of this publication, and nonprofit libraries acting
for them, are permitted to make fair use of the material, such as to copy select pages for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for permission
to reuse portions of AMS publication content are handled by the Copyright Clearance Center. For
more information, please visit www.ams.org/publications/pubpermissions.

Send requests for translation rights and licensed reprints to reprint-permission@ams.org.

(© 2021 by the American Mathematical Society. All rights reserved.
The American Mathematical Society retains all rights

except those granted to the United States Government.
Printed in the United States of America.

The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.
Visit the AMS home page at https://www.ams.org/

10987654321 26 25 24 23 22 21


www.ams.org/bookpages/surv-257
www.ams.org/publications/pubpermissions
reprint-permission@ams.org
https://www.ams.org/

Preface

Contents

Notation

Chapter 1. Maximal Functions

1.1.
1.2
1.3.
1.4.
1.5.
1.6.
1.7.
1.8.

Hardy-Littlewood maximal function
Hardy—Littlewood—Wiener maximal function theorem
Lebesgue differentiation theorem

A theorem of Stein

Restricted maximal function

Riesz potential

Fractional maximal function

Notes

Chapter 2. Lipschitz and Sobolev Functions

2.1.
2.2.
2.3.
2.4.
2.5.
2.6.
2.7.

Lipschitz functions

Sobolev spaces

Approximation and calculus in Sobolev spaces
Sobolev spaces with zero boundary values
Weak convergence and Sobolev spaces
Difference quotients

Notes

Chapter 3. Sobolev and Poincaré Inequalities

3.1
3.2.
3.3.
3.4.
3.5.
3.6.

Pointwise estimates for Lipschitz functions
Sobolev-Gagliardo—Nirenberg inequality
Sobolev—Poincaré inequalities

Poincaré inequalities for zero boundary values
Morrey’s inequality

Notes

Chapter 4. Pointwise Inequalities for Sobolev Functions

4.1.
4.2.
4.3.
4.4.
4.5.
4.6.
4.7.

Pointwise characterization of Sobolev spaces
Lipschitz truncation of Sobolev functions

Campanato and Morrey approaches to Sobolev spaces
Maximal operator on Sobolev spaces

Maximal function with respect to an open set
Fractional maximal operator on Sobolev spaces

Notes

EREHREEREE BREEEEEE EEEBEEREE BEEEEEEs== & &



vi CONTENTS

Chapter 5. Capacities and Fine Properties of Sobolev Functions
5.1. Sobolev capacity
5.2. Estimates for capacity
5.3. Quasicontinuity and fine properties of capacity
5.4. Lebesgue points of Sobolev functions
5.5. Sobolev spaces with zero boundary values revisited
5.6. Variational capacity
5.7. Capacity and Hausdorff content
5.8. Lipschitz test functions for variational capacity
5.9. Maz'ya’s inequality
5.10. Notes

Chapter 6. Hardy’s Inequalities
6.1. Introduction to Hardy’s inequalities
6.2. Measure density and Hardy’s inequality
6.3. Self-improvement of Hardy’s inequality
6.4. Capacity density and pointwise Hardy inequalities
6.5. Wannebo’s approach
6.6. Stability of Sobolev spaces with zero boundary values
6.7. Notes

Chapter 7. Density Conditions
7.1. Hausdorff content density
7.2.  Ahlfors—David regular sets
7.3. Lower dimension and capacity density

7.4. Density conditions and Hardy’s inequality in the borderline case

7.5.  Self-improvement of the capacity density condition
7.6. Truncation and absorption

7.7. Local Hardy inequality

7.8. Concluding argument

7.9. Notes

Chapter 8. Muckenhoupt Weights
8.1. Doubling weights
8.2. Dyadic cubes and the Calderén—Zygmund lemma
8.3. Self-improvement of weighted norm inequalities
8.4. Muckenhoupt A, weights for 1 < p < oo
8.5. Reverse Holder inequalities for Muckenhoupt weights
8.6. A; weights and Coifman—-Rochberg lemma
8.7. Self-improvement of reverse Holder inequalities

8.8. General self-improvement result for reverse Holder inequalities

8.9. Notes

Chapter 9. Weighted Maximal and Poincaré Inequalities
9.1. Poincaré inequalities on cubes
9.2. Single weight maximal and Poincaré inequalities
9.3. Weighted local Fefferman—Stein inequalities
9.4. Two weight maximal inequalities
9.5. Two weight Poincaré inequalities
9.6. Local-to-global inequalities on open sets

Bzl

EEEEEEE EEkEEEEREE EREEEEEEEE EEEEEEEE EEEEER=E



CONTENTS

9.7.  BMO and John—Nirenberg inequality
9.8. Maximal functions and BMO
9.9. Notes

Chapter 10. Distance Weights and Hardy—Sobolev Inequalities

10.1.
10.2.
10.3.
10.4.
10.5.
10.6.
10.7.
10.8.

Aikawa condition

A, properties of distance functions

Assouad dimension

Distance weighted Poincaré inequalities
Hardy—Sobolev inequalities

Necessary conditions for Hardy—Sobolev inequalities
Testing conditions

Notes

Chapter 11. The p-Laplace Equation

11.1.
11.2.
11.3.
11.4.
11.5.
11.6.
11.7.
11.8.

Weak solutions

A variational approach

Weak super- and subsolutions
Energy estimates

Local boundedness of weak solutions
Harnack’s inequality

Local Holder continuity

Notes

Chapter 12. Stability Results for the p-Laplace Equation

12.1. Higher integrability of the gradient
12.2.  Stability with respect to the exponent
12.3.  Very weak solutions
12.4. Notes

Bibliography

Index

<
=

El Bl EEEEE ERFEEEEEE EEEEEEREEE EEE






Preface

This book is about maximal functions and their applications in Sobolev spaces.
There are many good texts on the use of maximal functions in harmonic analysis,
but we feel that there is room for a source book gathering advances in maximal
function methods related to Poincaré and Sobolev inequalities, pointwise estimates
and approximation for Sobolev functions, Hardy’s inequalities, and partial differ-
ential equations. A recurring theme throughout the book is self-improvement of
uniform quantitative conditions. Our approach is partially motivated by the the-
ory of analysis on metric measure spaces, but in order to avoid extra complications
we restrict our attention only to prototypes in Euclidean space. Nevertheless, the
methods applied in analysis on metric measure spaces are useful already in the
Euclidean context.

Besides maximal functions and Sobolev spaces, we discuss several related con-
cepts. Capacities are needed for the study of fine properties of Sobolev functions
and characterization of Sobolev spaces with zero boundary values. The capacity
density condition is applied for Hardy’s inequalities and in partial differential equa-
tions. In addition to the Hausdorff dimension, we use the Assouad dimension and
the lower dimension to characterize density conditions and to give sufficient and
necessary conditions for Hardy’s inequalities and their generalizations. The dis-
tance function appears in Hardy’s inequality and also has applications in Sobolev
spaces. We study the Muckenhoupt weight properties of distance functions and
combine these with general weighted norm inequalities. At the end of the book
we discuss the theory of weak solutions to the p-Laplace equation and show how
maximal function techniques can be used in this context. The choice of topics is
exclusive and reflects the research interests of the authors.

Our style is concise and brief. Instead of lengthy motivations, we give detailed
proofs in order to make the arguments flexible and transparent. For this reason
some of the proofs are relatively long. We demonstrate interesting techniques, with
the idea that the methods will have a wider range of applications beyond the topics
covered by this book. This is not always the most direct approach and causes some
overlap. Part of the material is rather standard, while some results appear for the
first time in book form. Omne of our goals was to gather material that has been
scattered in research papers and make it accessible to a wider audience. Standard
references and related research papers are mentioned in the notes at the end of each
chapter. We hope that the list of references, which is long but not complete, will
make it easier for the reader to further investigate the literature.

We have primarily aimed the book for graduate students, but we also believe
that it can be used as a reference by researchers. Some parts of the material
have been used by the authors in graduate courses. Most of the book is self-
contained, only assuming knowledge of measure and integration theory, in particular
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the Lebesgue measure and LP spaces, as well as some functional analysis. We have
made an effort to arrange the material so that the chapters can be read relatively
independently.

We would like to thank many colleagues for discussions and comments, in par-
ticular, David Cruz-Uribe, Sylvester Eriksson-Bique, Jonathan Fraser, Napoleon
Freitas Paajanen, Tero Kilpeldinen, Peter Lindqvist, Juan Manfredi, Derek Robin-
son, Nageswari Shanmugalingam and Xiao Zhong. The authors have been sup-
ported by the Academy of Finland during the writing of this book.

Juha Kinnunen
Juha Lehrback
Antti Vahdkangas



Notation

We use the following notation for basic concepts throughout the text.

e N ={1,2,3,...}, Ny = NU {0}, Z = {...,-2,-1,0,1,2,...}, Q is the set of
rational numbers, R is the set of real numbers and [—oo, 0] = R U {—00, 00} is
the set of extended real numbers.

o |z| = (22 +a3+-- -—i—x%)% is the Euclidean norm and z-y = x1y1 +Z2y2+ - - +TnYn
is the inner product of © = (21, za,...,2,) € R™ and y = (y1,¥2,...,yn) € R™.

e ¢;=(0,...,0,1,0,...,0), j =1,2,...,n, is the jth coordinate unit vector in R".

e diam(A) = sup{|a — b| : a,b € A} is the diameter of A C R™.

e d(A,B) =inf{la —b|: a € A and b € B} is the distance between A, B C R™ and
d(z, A) = d({x}, A) is the distance between x € R™ and A C R™.

e OA is the boundary, A = AUOA is the closure and A° = R™\ A is the complement
of A C R™

e A is compactly contained in Q C R"™, denoted A € €, if A is a compact subset of
Q.

e |A| is the n-dimensional Lebesgue outer measure of A C R”™.

e B(z,r) ={y € R": |y — x| < r} is an open ball with center z € R™ and radius

r > 0. The corresponding closed ball is B(z,7) = {y € R" : |y — z| < r}.

e w, = |B(0,1)|, where B(0,1) C R™. Then |B(z,r)| = w,r™ for every z € R™ and
r > 0.

e 0(0B(0,1)) = nwy, is the (n — 1)-dimensional surface measure of 9B(0,1) C R™.
Here o is a normalized Hausdorff measure; see Remark [3.11

e Qlz,r) ={y e R*: —r <y, —x; <r,j=1,...,n} is a half-open cube with
center € R™ and side length 2r with » > 0.

e X 4 is the characteristic function of a set A C R™, defined by X 4(z) =1forz € A
and X 4(z) = 0 for z € A°.

e For a function f: A — R and B C A, the restriction of f to Bis f|g: B = R,
fle(z) = f(z) for every = € B.

o fi(x) = max{f(z),0} is the positive part and f_(z) = max{—f(x),0} is the
negative part of a function f: A — R.

e supp f = {z € A: f(x) # 0} is the support of a function f: A — R. If supp f is
a compact subset of B C A, then f is compactly supported in B.

e () C R™ is an open set.
e O(Q)=C%Q) = {u:Q— R:uis continuous}.

xi



xii NOTATION

o CF(Q) ={u:Q — R:uis k times continuously differentiable}, k € N.

Co(Q) = {u € C(Q) : u is compactly supported in 2}.
Ck(Q) = {u € C*(Q) : u is compactly supported in Q}, k € N.
C(Q) = MiZo C*(), C5°(Q) = N2y CE(EY).

The integral mean value of an integrable function f over a Lebesgue measurable
set A C R™ with 0 < |A] < o0 is

fA_]{‘f(x)dx—ﬁ/Af(x)dx.
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