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Preface

This book is about maximal functions and their applications in Sobolev spaces.
There are many good texts on the use of maximal functions in harmonic analysis,
but we feel that there is room for a source book gathering advances in maximal
function methods related to Poincaré and Sobolev inequalities, pointwise estimates
and approximation for Sobolev functions, Hardy’s inequalities, and partial differ-
ential equations. A recurring theme throughout the book is self-improvement of
uniform quantitative conditions. Our approach is partially motivated by the the-
ory of analysis on metric measure spaces, but in order to avoid extra complications
we restrict our attention only to prototypes in Euclidean space. Nevertheless, the
methods applied in analysis on metric measure spaces are useful already in the
Euclidean context.

Besides maximal functions and Sobolev spaces, we discuss several related con-
cepts. Capacities are needed for the study of fine properties of Sobolev functions
and characterization of Sobolev spaces with zero boundary values. The capacity
density condition is applied for Hardy’s inequalities and in partial differential equa-
tions. In addition to the Hausdorff dimension, we use the Assouad dimension and
the lower dimension to characterize density conditions and to give sufficient and
necessary conditions for Hardy’s inequalities and their generalizations. The dis-
tance function appears in Hardy’s inequality and also has applications in Sobolev
spaces. We study the Muckenhoupt weight properties of distance functions and
combine these with general weighted norm inequalities. At the end of the book
we discuss the theory of weak solutions to the p-Laplace equation and show how
maximal function techniques can be used in this context. The choice of topics is
exclusive and reflects the research interests of the authors.

Our style is concise and brief. Instead of lengthy motivations, we give detailed
proofs in order to make the arguments flexible and transparent. For this reason
some of the proofs are relatively long. We demonstrate interesting techniques, with
the idea that the methods will have a wider range of applications beyond the topics
covered by this book. This is not always the most direct approach and causes some
overlap. Part of the material is rather standard, while some results appear for the
first time in book form. One of our goals was to gather material that has been
scattered in research papers and make it accessible to a wider audience. Standard
references and related research papers are mentioned in the notes at the end of each
chapter. We hope that the list of references, which is long but not complete, will
make it easier for the reader to further investigate the literature.

We have primarily aimed the book for graduate students, but we also believe
that it can be used as a reference by researchers. Some parts of the material
have been used by the authors in graduate courses. Most of the book is self-
contained, only assuming knowledge of measure and integration theory, in particular

ix



x PREFACE

the Lebesgue measure and Lp spaces, as well as some functional analysis. We have
made an effort to arrange the material so that the chapters can be read relatively
independently.

We would like to thank many colleagues for discussions and comments, in par-
ticular, David Cruz-Uribe, Sylvester Eriksson-Bique, Jonathan Fraser, Napoleon
Freitas Paajanen, Tero Kilpeläinen, Peter Lindqvist, Juan Manfredi, Derek Robin-
son, Nageswari Shanmugalingam and Xiao Zhong. The authors have been sup-
ported by the Academy of Finland during the writing of this book.

Juha Kinnunen
Juha Lehrbäck

Antti Vähäkangas



Notation

We use the following notation for basic concepts throughout the text.

• N = {1, 2, 3, . . .}, N0 = N ∪ {0}, Z = {. . . ,−2,−1, 0, 1, 2, . . .}, Q is the set of
rational numbers, R is the set of real numbers and [−∞,∞] = R ∪ {−∞,∞} is
the set of extended real numbers.

• |x| = (x2
1+x2

2+· · ·+x2
n)

1
2 is the Euclidean norm and x·y = x1y1+x2y2+· · ·+xnyn

is the inner product of x = (x1, x2, . . . , xn) ∈ Rn and y = (y1, y2, . . . , yn) ∈ Rn.

• ej = (0, . . . , 0, 1, 0, . . . , 0), j = 1, 2, . . . , n, is the jth coordinate unit vector in Rn.

• diam(A) = sup{|a− b| : a, b ∈ A} is the diameter of A ⊂ Rn.

• d(A,B) = inf{|a− b| : a ∈ A and b ∈ B} is the distance between A,B ⊂ Rn and
d(x,A) = d({x}, A) is the distance between x ∈ Rn and A ⊂ Rn.

• ∂A is the boundary, A = A∪∂A is the closure and Ac = Rn \A is the complement
of A ⊂ Rn.

• A is compactly contained in Ω ⊂ Rn, denoted A � Ω, if A is a compact subset of
Ω.

• |A| is the n-dimensional Lebesgue outer measure of A ⊂ Rn.

• B(x, r) = {y ∈ Rn : |y − x| < r} is an open ball with center x ∈ Rn and radius
r > 0. The corresponding closed ball is B(x, r) = {y ∈ Rn : |y − x| ≤ r}.

• ωn = |B(0, 1)|, where B(0, 1) ⊂ Rn. Then |B(x, r)| = ωnr
n for every x ∈ Rn and

r > 0.

• σ(∂B(0, 1)) = nωn is the (n − 1)-dimensional surface measure of ∂B(0, 1) ⊂ Rn.
Here σ is a normalized Hausdorff measure; see Remark 3.1.

• Q(x, r) = {y ∈ Rn : −r ≤ yj − xj < r, j = 1, . . . , n} is a half-open cube with
center x ∈ Rn and side length 2r with r > 0.

• χ
A is the characteristic function of a set A ⊂ Rn, defined by χA(x) = 1 for x ∈ A

and χ
A(x) = 0 for x ∈ Ac.

• For a function f : A → R and B ⊂ A, the restriction of f to B is f |B : B → R,
f |B(x) = f(x) for every x ∈ B.

• f+(x) = max{f(x), 0} is the positive part and f−(x) = max{−f(x), 0} is the
negative part of a function f : A → R.

• supp f = {x ∈ A : f(x) 	= 0} is the support of a function f : A → R. If supp f is
a compact subset of B ⊂ A, then f is compactly supported in B.

• Ω ⊂ Rn is an open set.

• C(Ω) = C0(Ω) = {u : Ω → R : u is continuous}.
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xii NOTATION

• Ck(Ω) = {u : Ω → R : u is k times continuously differentiable}, k ∈ N.

• C0(Ω) = {u ∈ C(Ω) : u is compactly supported in Ω}.
• Ck

0 (Ω) = {u ∈ Ck(Ω) : u is compactly supported in Ω}, k ∈ N.

• C∞(Ω) =
⋂∞

k=0 C
k(Ω), C∞

0 (Ω) =
⋂∞

k=0C
k
0 (Ω).

• The integral mean value of an integrable function f over a Lebesgue measurable
set A ⊂ Rn with 0 < |A| < ∞ is

fA = �
A

f(x) dx =
1

|A|

∫
A

f(x) dx.
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[46] Verena Bögelein and Anna Zatorska-Goldstein, Higher integrability of very weak solutions
of systems of p(x)-Laplacean type, J. Math. Anal. Appl. 336 (2007), no. 1, 480–497.
MR2348520

[47] Bogdan Bojarski, Generalized solutions of a system of differential equations of first order

and of elliptic type with discontinuous coefficients, Mat. Sb. N.S. 43(85) (1957), 451–503.
MR0106324

[48] Bogdan Bojarski, Sharp maximal operator of fractional order and Sobolev imbedding in-
equalities, Bull. Polish Acad. Sci. Math. 33 (1985), no. 1-2, 7–16. MR798722

[49] Bogdan Bojarski, Remarks on Sobolev imbedding inequalities, Complex analysis, Joensuu
1987, Lecture Notes in Math., vol. 1351, Springer, Berlin 1988, pp. 52–68. MR982072

[50] Bogdan Bojarski and Piotr Haj�lasz, Pointwise inequalities for Sobolev functions and some
applications, Studia Math. 106 (1993), no. 1, 77–92. MR1226425

[51] Bogdan Bojarski, Piotr Haj�lasz, and Pawe�l Strzelecki, Improved Ck,λ approximation of
higher order Sobolev functions in norm and capacity, Indiana Univ. Math. J. 51 (2002),
no. 3, 507–540. MR1911044

[52] Bogdan Bojarski and Tadeusz Iwaniec, Analytical foundations of the theory of quasicon-
formal mappings in Rn, Ann. Acad. Sci. Fenn. Ser. A I Math. 8 (1983), no. 2, 257–324.
MR731786

[53] Jan Boman, Lp-estimates for very strongly elliptic systems, Technical Report 29, Depart-
ment of Mathematics, Stockholm University, 1982.

[54] E. Bombieri and E. Giusti, Harnack’s inequality for elliptic differential equations on minimal
surfaces, Invent. Math. 15 (1972), 24–46. MR308945

[55] D. Breit, L. Diening, and S. Schwarzacher, Solenoidal Lipschitz truncation for parabolic
PDEs, Math. Models Methods Appl. Sci. 23 (2013), no. 14, 2671–2700. MR3119635

[56] Haim Brezis, Functional analysis, Sobolev spaces and partial differential equations, Univer-
sitext, Springer, New York, 2011. MR2759829

[57] Haim Brezis and Moshe Marcus, Hardy’s inequalities revisited, Ann. Scuola Norm. Sup. Pisa

Cl. Sci. (4) 25 (1997), no. 1-2, 217–237 (1998). Dedicated to Ennio De Giorgi. MR1655516
[58] Haim Brezis, Moshe Marcus, and Itai Shafrir, Extremal functions for Hardy’s inequality

with weight, J. Funct. Anal. 171 (2000), no. 1, 177–191. MR1742864
[59] Alexander Brudnyi and Yuri Brudnyi, Methods of geometric analysis in extension and trace

problems. Volume 1, Monographs in Mathematics, vol. 102, Birkhäuser/Springer Basel AG,
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type in Carnot-Carathéodory spaces, Sobolev spaces in mathematics. I, Int. Math. Ser. (N.
Y.), vol. 8, Springer, New York 2009, pp. 117–151. MR2508841

[96] E. B. Davies, The Hardy constant, Quart. J. Math. Oxford Ser. (2) 46 (1995), no. 184,

417–431. MR1366614
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inequality, Trans. Amer. Math. Soc. 372 (2019), no. 3, 2235–2250. MR3976590

[120] Lawrence C. Evans, A new proof of local C1,α regularity for solutions of certain degenerate
elliptic p.d.e, J. Differential Equations 45 (1982), no. 3, 356–373. MR672713

[121] Lawrence C. Evans, Partial differential equations, Second edition, Graduate Studies in Math-
ematics, vol. 19, American Mathematical Society, Providence, RI, 2010. MR2597943

[122] Lawrence C. Evans and Ronald F. Gariepy, Measure theory and fine properties of functions,
Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1992. MR1158660

[123] Eugene B. Fabes, D. Jerison, and Carlos E. Kenig, The Wiener test for degenerate elliptic
equations, Ann. Inst. Fourier (Grenoble) 32 (1982), no. 3, vi, 151–182. MR688024

[124] Eugene B. Fabes, Carlos E. Kenig, and Raul P. Serapioni, The local regularity of solutions of
degenerate elliptic equations, Comm. Partial Differential Equations 7 (1982), no. 1, 77–116.
MR643158

[125] Kenneth Falconer, Fractal geometry. Mathematical foundations and applications, John Wi-
ley & Sons, Ltd., Chichester, 1990. MR1102677

[126] Herbert Federer and William P. Ziemer, The Lebesgue set of a function whose distribu-
tion derivatives are p-th power summable, Indiana Univ. Math. J. 22 (1972/73), 139–158.
MR0435361

[127] Charles L. Fefferman, The uncertainty principle, Bull. Amer. Math. Soc. (N.S.) 9 (1983),
no. 2, 129–206. MR707957

[128] Charles L. Fefferman and Elias M. Stein, Some maximal inequalities, Amer. J. Math. 93

(1971), 107–115. MR0284802
[129] Alberto Fiorenza and Miroslav Krbec, On the domain and range of the maximal operator,

Nagoya Math. J. 158 (2000), 43–61. MR1766576
[130] Wendell H. Fleming, Functions whose partial derivatives are measures, Illinois J. Math. 4

(1960), 452–478. MR0130338
[131] Bruno Franchi, Cristian E. Gutiérrez, and Richard L. Wheeden, Weighted Sobolev-Poincaré
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[182] Lars Inge Hedberg and Tero Kilpeläinen, On the stability of Sobolev spaces with zero bound-
ary values, Math. Scand. 85 (1999), no. 2, 245–258. MR1724237

[183] Toni Heikkinen, Juha Kinnunen, Janne Korvenpää, and Heli Tuominen, Regularity of the
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Ser. A I Math. 14 (1989), no. 1, 103–127. MR997974

[367] Susan G. Staples, Lp-averaging domains in homogeneous spaces, J. Math. Anal. Appl. 317
(2006), no. 2, 550–564. MR2209578

[368] Elias M. Stein, Note on the class L log L, Studia Math. 32 (1969), 305–310. MR0247534

[369] Elias M. Stein, Singular integrals and differentiability properties of functions, Princeton
Mathematical Series, No. 30, Princeton University Press, Princeton, N.J., 1970. MR0290095

[370] Elias M. Stein, Some results in harmonic analysis in Rn, for n → ∞, Bull. Amer. Math.
Soc. (N.S.) 9 (1983), no. 1, 71–73. MR699317

[371] Elias M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory
integrals, Princeton Mathematical Series, vol. 43, Princeton University Press, Princeton,
NJ, 1993. With the assistance of Timothy S. Murphy, Monographs in Harmonic Analysis,
III. MR1232192
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[395] Kjell-Ove Widman, Hölder continuity of solutions of elliptic systems, Manuscripta Math. 5

(1971), 299–308. MR296484
[396] Norbert Wiener, The Dirichlet problem, J. Math. and Physics 3 (1924), 127–146.
[397] Norbert Wiener, The ergodic theorem, Duke Math. J. 5 (1939), no. 1, 1–18. MR1546100
[398] Wilfried Wieser, Parabolic Q-minima and minimal solutions to variational flow,

Manuscripta Math. 59 (1987), no. 1, 63–107. MR901250
[399] Ingemar Wik, A comparison of the integrability of f and Mf with that of f�, Technical

Report 2, University of Ume̊a, 1983.
[400] P. Wojtaszczyk, Banach spaces for analysts, Cambridge Studies in Advanced Mathematics,

vol. 25, Cambridge University Press, Cambridge, 1991. MR1144277
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on domains, 239

Harnack’s inequality, 283
for 1 < p < ∞, 279

for p > n, 278
Hausdorff content, 22

and variational capacity, 105

density condition, 137, 147
Hausdorff dimension, 22

and capacity, 108
Hausdorff measure, 22

normalization, 47

Havin–Bagby characterization of W 1,p
0 (Ω),

100
Heaviside function, 12
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inequality, 71

density of smooth functions, 34

differentiability for p > n, 62
Haj�lasz type characterization, 65, 71



338 INDEX

local, 30
Morrey approach, 72
with zero boundary values, 35, 68, 79,

97, 100, 132
Sobolev–Gagliardo–Nirenberg inequality,

50, 57
Sobolev–Poincaré inequality
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spaces with zero boundary values. The authors consider several uniform quan-

titative conditions that are self-improving, such as Hardy’s inequalities, capacity 

density conditions, and reverse Hölder inequalities. They also study Muckenhoupt 

weight properties of distance functions and combine these with weighted norm 

inequalities; notions of dimension are then used to characterize density conditions 

and to give sufficient and necessary conditions for Hardy’s inequalities. At the end 

of the book, the theory of weak solutions to the p -Laplace equation and the use of 

maximal function techniques is this context are discussed.

The book is directed to researchers and graduate students interested in applica-

tions of geometric and harmonic analysis in Sobolev spaces and partial differential 

equations.
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