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Preface

Perverse sheaves were discovered in the fall of 1980 by Beilinson–Bernstein–
Deligne–Gabber [24], sitting at the confluence of two major developments of the
1970s: the intersection homology theory of Goresky–MacPherson [85,86], and the
Riemann–Hilbert correspondence, due to Kashiwara [121] and Mebkhout [175].
Those same two ingredients had already been combined a few months prior for a
breakthrough in representation theory: the proof of the Kazhdan–Lusztig conjec-
ture on Lie algebra representations [26, 50, 129, 130]. From today’s perspective,
the Kazhdan–Lusztig conjecture may be seen as the spectacular first application
of perverse sheaves. Ever since, perverse sheaves have been a powerful tool of
fundamental importance in geometric representation theory.

This is partly due to the diversity of perspectives from which one may approach
this subject. Perverse sheaves have close connections (especially in their compu-
tational aspects) to topics in classical algebraic topology, including fundamental
groups, covering spaces, and singular cohomology. On the other hand, perverse
sheaves (at least with field coefficients) have algebraic features reminiscent of mod-
ules over an artinian ring: every perverse sheaf has a composition series, and one
can classify the simple perverse sheaves.

But in my opinion, the most significant reason for the usefulness of perverse
sheaves is the following secret known to experts: perverse sheaves are easy, in the
sense that most arguments come down to a rather short list of tools, such as proper
base change, smooth pullback, and open–closed distinguished triangles. In practice,
one can reason and compute with perverse sheaves just using a list of these tools,
much as calculus students might use a table of integrals. One does not have to
dig into the details of flabby resolutions or sheafification any more than a calculus
student needs to revisit Riemann sums to integrate a polynomial. In this book, I
have tried to emphasize this perspective with computational exercises and with the
Quick Reference pages near the end of the book.

Organization and prerequisites. This book is divided into two parts: the
first six chapters develop the general theory of constructible sheaves on complex
algebraic varieties, and the last four chapters give brief introductions to selected
applications of perverse sheaves in representation theory. The prerequisites for the
first six chapters are: familiarity with the language of derived and triangulated
categories; familiarity with introductory algebraic topology; and (starting from
Chapter 2) some minimal familiarity with complex algebraic varieties. For the
applications in Chapters 7–10, some knowledge of Lie theory is required.

Chapter 1 covers the foundations of sheaf theory on topological spaces, in-
cluding the definitions of the six basic sheaf operations, and a number of natural
compatibilities between them, such as the proper base change theorem and the

ix
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projection formula. This chapter also contains material on local systems and fun-
damental groups. Much of this material can be found in many other textbook-level
sources, so a number of proofs in this chapter are merely sketched, or sometimes
omitted entirely.

In Chapter 2 we begin the study of constructible sheaves on complex algebraic
varieties. Some highlights of results proved in this chapter include Artin’s vanishing
theorem, the Verdier duality theorem, and the “constructibility theorem” (which
says that in the algebraic setting, all six sheaf operations preserve constructibility).
We also show that in the setting of constructible sheaves, the external tensor prod-
uct functor and the extension-of-scalars functor commute with all sheaf operations.
The chapter ends with a selection of other topics related to constructible sheaves,
including hyperbolic localization, Borel–Moore homology, and fundamental classes.

In Chapter 3, we begin the study of perverse sheaves, including the impor-
tant special case of intersection cohomology complexes. Key results in this chapter
describe the behavior of perverse sheaves with respect to push-forward along affine
morphisms, and pullback along smooth morphisms. The former is very closely re-
lated to Artin’s vanishing theorem. In the context of the latter, we prove that
perverse sheaves satisfy “smooth descent”—that is, a perverse sheaf can be recov-
ered from its pullback along a smooth surjective morphism. The chapter concludes
with a discussion of two of the deepest results about perverse sheaves with coeffi-
cients in Q: the decomposition theorem and the hard Lefschetz theorem.

Chapter 4 discusses the nearby cycles functor. The definition of this functor
requires leaving the algebraic setting (it involves the exponential map exp : C →
C×), so most results from Chapter 2 cannot be applied directly. Nevertheless, we
prove that this functor preserves constructibility; that it takes perverse sheaves to
perverse sheaves; and that it is compatible with Verdier duality and the extension
of scalars. As an application, we prove Beilinson’s theorem, which says that the
derived category of perverse sheaves (with coefficients in a field) is equivalent to
the constructible derived category.

Chapter 5 gives an overview of two separate (but conceptually related) topics:
mixed �-adic sheaves in the étale topology, and mixed Hodge modules. Both of
these theories provide a kind of “enrichment” of perverse sheaves: the objects carry
additional structure, most notably the weight filtration. This chapter includes
discussions of some related side topics, including the sheaf–function correspondence
and the Riemann–Hilbert correspondence. Most theorems in this chapter are stated
without proof.

The final chapter in the first part of the book, Chapter 6, is devoted to the
study of equivariant sheaves. It is straightforward to define the abelian category
of equivariant sheaves (or equivariant perverse sheaves), but it is rather nontrivial
to define the correct triangulated analogue. (The derived category of the abelian
category of equivariant sheaves is usually the “wrong” answer.) We present a
solution to this problem following Bernstein–Lunts. We also study compatibilities
of sheaf functors with various ways of modifying the group action, such as forgetting,
inflation, and averaging. Perhaps the two most useful results from this chapter are
the quotient equivalence and the induction equivalence.

The remaining chapters deal with applications in representation theory.
Chapter 7 deals with the study of Borel-equivariant perverse sheaves on the

flag variety of a reductive group. This chapter contains a proof that these perverse
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sheaves give a categorification of the Hecke algebra. This fact, which essentially
goes back to a 1980 paper of Kazhdan–Lusztig, is one of the ingredients in the
Kazhdan–Lusztig conjectures for Lie algebra representations. This chapter also
discusses some more recent developments around sheaves on flag varieties, including
parity sheaves and Soergel bimodules.

Chapter 8 studies perverse sheaves on the nilpotent cone of the Lie algebra
of a reductive group. The starting point for this topic was Springer’s discovery in
the late 1970s that the stalks of some of these perverse sheaves (with coefficients
in Q) carry a natural action of the Weyl group. By the mid-1980s, Lusztig had
extended Springer’s work to cover all perverse sheaves (still with coefficients in Q);
this became the starting point for his theory of character sheaves. This chapter
also discusses recent developments on Springer theory for perverse sheaves with
coefficients in a field of positive characteristic.

In Chapter 9, we study perverse sheaves on the affine Grassmannian of a
reductive group G. Results of Lusztig going back to 1983 indicated that these
perverse sheaves contained a great deal of information about representations of
the Langlands dual group Ǧ. In a landmark 2007 paper, Mirković and Vilonen,
following an idea of Drinfeld, proved that this can be upgraded to an equivalence
of tensor categories, known as the geometric Satake equivalence. We give proofs of
the more sheaf-theoretic steps in this theorem, but we will not prove it in full.

Lastly, in Chapter 10, we use perverse sheaves on the space of representations
of a quiver to construct the canonical basis for a quantum group. The fact that
quantum groups are related to (functions on the space of) quiver representations is
due to Ringel. The project of upgrading this by replacing functions by sheaves is
due to Lusztig.

The book concludes with two appendices. Appendix A contains background
(mostly without proofs) on category theory and homological algebra. One fact that
is proved is the duality theorem for rings of finite global dimension. This result can
be seen as a precursor to Verdier duality. Appendix B contains a number of
calculations involving sheaves on Cn. The results in this appendix are enlightening
examples in their own right, but they are also needed for the proofs of a number of
theorems in the main body of the book.
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Acknowledgments. This book grew out of notes for a mini-course I gave at
East China Normal University in July 2015 on the topic of “Perverse sheaves in
representation theory.” This mini-course was part of a workshop organized by Bin
Shu and Weiqiang Wang. I am grateful to them for the opportunity to participate,
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notes into a book.
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geometric representation theory. I am grateful to him and to all the students in
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the presentation of a number of topics in this book.
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Carl Mautner, and Simon Riche. Some of these examples appear as exercises in
this book.

I would like to thank Laura Rider for extensive comments on an earlier draft
of this book. I am also grateful for suggestions and corrections from Tom Braden,
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This work was supported by the National Science Foundation under Grant
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Some notation and conventions. The 1-point topological space is denoted
by pt. For any topological space X, the unique continuous map from X to pt is
denoted by aX : X → pt.

All rings in this book are unital. Sheaves will almost always have coefficients
in a commutative ring, usually denoted by k. Starting from Chapter 2, the ring
k is almost always assumed to be noetherian and of finite global dimension. The
category of k-modules is denoted by k-mod, and the category of finitely generated
k-modules by k-modfg. However, if π is a group and k[π] is its group ring, the

notation k[π]-modfg means the category of k[π]-modules that are finitely generated
over k (and not merely over k[π]).

We write Hi(A) for the the ith cohomology object of a chain complex A. We
write Hi(X,F) for the ith sheaf (hyper)cohomology of a topological space X with
coefficients in a sheaf (or chain complex of sheaves) F .

Sheaf functors such as f! and f∗ are always derived; a separate notation (◦f!,
◦f∗) is used for their non-derived counterparts.

Pramod N. Achar
Baton Rouge
March 2021
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I.R.M.A., no. 3, Institut de Recherche Mathématique Avancée, Strasbourg, 1969.
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de groupes de Lie compacts (French), Ann. of Math. (2) 57 (1953), 115–207, DOI
10.2307/1969728. MR51508

[34] Armand Borel, Seminar on transformation groups, With contributions by G. Bredon, E.
E. Floyd, D. Montgomery, R. Palais. Annals of Mathematics Studies, No. 46, Princeton
University Press, Princeton, N.J., 1960. MR0116341

https://www.ams.org/mathscinet-getitem?mr=3455233
https://www.ams.org/mathscinet-getitem?mr=662961
https://www.ams.org/mathscinet-getitem?mr=1272539
https://www.ams.org/mathscinet-getitem?mr=177422
https://www.ams.org/mathscinet-getitem?mr=2895485
https://www.ams.org/mathscinet-getitem?mr=0242802
https://www.ams.org/mathscinet-getitem?mr=3839695
https://www.ams.org/mathscinet-getitem?mr=923134
https://www.ams.org/mathscinet-getitem?mr=923133
https://www.ams.org/mathscinet-getitem?mr=751966
https://www.ams.org/mathscinet-getitem?mr=610137
https://www.ams.org/mathscinet-getitem?mr=1299527
https://www.ams.org/mathscinet-getitem?mr=366940
https://www.ams.org/mathscinet-getitem?mr=2165545
https://www.ams.org/mathscinet-getitem?mr=2040915
https://www.ams.org/mathscinet-getitem?mr=131271
https://www.ams.org/mathscinet-getitem?mr=788176
https://www.ams.org/mathscinet-getitem?mr=51508
https://www.ams.org/mathscinet-getitem?mr=0116341


BIBLIOGRAPHY 547

[35] Armand Borel, Sous-groupes commutatifs et torsion des groupes de Lie compacts con-
nexes (French), Tohoku Math. J. (2) 13 (1961), 216–240, DOI 10.2748/tmj/1178244298.
MR147579

[36] Armand Borel, Linear algebraic groups, 2nd ed., Graduate Texts in Mathematics, vol. 126,
Springer-Verlag, New York, 1991, DOI 10.1007/978-1-4612-0941-6. MR1102012

[37] A. Borel, P.-P. Grivel, B. Kaup, A. Haefliger, B. Malgrange, and F. Ehlers, Algebraic D-
modules, Perspectives in Mathematics, vol. 2, Academic Press, Inc., Boston, MA, 1987.

MR882000
[38] A. Borel and et al., Intersection cohomology, Modern Birkhäuser Classics, Birkhäuser
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MR0301725
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versité Paris 7, 2007.

[118] Daniel Juteau, Decomposition numbers for perverse sheaves (English, with English and

French summaries), Ann. Inst. Fourier (Grenoble) 59 (2009), no. 3, 1177–1229. MR2543666
[119] D. Juteau, C. Lecouvey, and K. Sorlin, Springer basic sets and modular Springer correspon-

dence for classical types, arXiv:1410.1477.
[120] Daniel Juteau, Carl Mautner, and Geordie Williamson, Parity sheaves, J. Amer. Math. Soc.

27 (2014), no. 4, 1169–1212, DOI 10.1090/S0894-0347-2014-00804-3. MR3230821
[121] Masaki Kashiwara, The Riemann-Hilbert problem for holonomic systems, Publ. Res. Inst.

Math. Sci. 20 (1984), no. 2, 319–365, DOI 10.2977/prims/1195181610. MR743382
[122] M. Kashiwara, On crystal bases of the Q-analogue of universal enveloping algebras, Duke

Math. J. 63 (1991), no. 2, 465–516, DOI 10.1215/S0012-7094-91-06321-0. MR1115118
[123] Masaki Kashiwara, Semisimple holonomic D-modules, Topological field theory, primitive

forms and related topics (Kyoto, 1996), Progr. Math., vol. 160, Birkhäuser Boston, Boston,
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[178] Ivan Mirković and Kari Vilonen, Perverse sheaves on affine Grassmannians and Lang-
lands duality, Math. Res. Lett. 7 (2000), no. 1, 13–24, DOI 10.4310/MRL.2000.v7.n1.a2.
MR1748284

[179] I. Mirković and K. Vilonen, Geometric Langlands duality and representations of alge-
braic groups over commutative rings, Ann. of Math. (2) 166 (2007), no. 1, 95–143, DOI

10.4007/annals.2007.166.95. MR2342692
[180] Takuro Mochizuki, Asymptotic behaviour of tame harmonic bundles and an application to

pure twistor D-modules. I, Mem. Amer. Math. Soc. 185 (2007), no. 869, xii+324, DOI
10.1090/memo/0869. MR2281877

[181] Takuro Mochizuki, Asymptotic behaviour of tame harmonic bundles and an application to
pure twistor D-modules. II, Mem. Amer. Math. Soc. 185 (2007), no. 870, xii+565, DOI
10.1090/memo/0870. MR2283665

[182] V. V. Morozov, On a nilpotent element in a semi-simple Lie algebra, C. R. (Doklady) Acad.
Sci. URSS (N.S.) 36 (1942), 83–86. MR0007750

[183] David Mumford, The red book of varieties and schemes, Second, expanded edition, Lecture
Notes in Mathematics, vol. 1358, Springer-Verlag, Berlin, 1999. Includes the Michigan lec-
tures (1974) on curves and their Jacobians; With contributions by Enrico Arbarello, DOI
10.1007/b62130. MR1748380

[184] D. Mumford, J. Fogarty, and F. Kirwan, Geometric invariant theory, 3rd ed., Ergebnisse
der Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)],
vol. 34, Springer-Verlag, Berlin, 1994, DOI 10.1007/978-3-642-57916-5. MR1304906

[185] James R. Munkres, Elements of algebraic topology, Addison-Wesley Publishing Company,
Menlo Park, CA, 1984. MR755006

[186] Amnon Neeman, Triangulated categories, Annals of Mathematics Studies, vol. 148, Prince-
ton University Press, Princeton, NJ, 2001, DOI 10.1515/9781400837212. MR1812507

[187] Madhav V. Nori, Constructible sheaves, Algebra, arithmetic and geometry, Part I, II
(Mumbai, 2000), Tata Inst. Fund. Res. Stud. Math., vol. 16, Tata Inst. Fund. Res., Bombay,

2002, pp. 471–491. MR1940678
[188] Chris A. M. Peters and Joseph H. M. Steenbrink, Mixed Hodge structures, Ergebnisse der

Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics
[Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in
Mathematics], vol. 52, Springer-Verlag, Berlin, 2008. MR2393625

https://www.ams.org/mathscinet-getitem?mr=1600804
https://www.ams.org/mathscinet-getitem?mr=3544308
https://www.ams.org/mathscinet-getitem?mr=2958928
https://www.ams.org/mathscinet-getitem?mr=0579177
https://www.ams.org/mathscinet-getitem?mr=1011461
https://www.ams.org/mathscinet-getitem?mr=3836847
https://www.ams.org/mathscinet-getitem?mr=1867203
https://www.ams.org/mathscinet-getitem?mr=734785
https://www.ams.org/mathscinet-getitem?mr=0239612
https://www.ams.org/mathscinet-getitem?mr=2124171
https://www.ams.org/mathscinet-getitem?mr=1748284
https://www.ams.org/mathscinet-getitem?mr=2342692
https://www.ams.org/mathscinet-getitem?mr=2281877
https://www.ams.org/mathscinet-getitem?mr=2283665
https://www.ams.org/mathscinet-getitem?mr=0007750
https://www.ams.org/mathscinet-getitem?mr=1748380
https://www.ams.org/mathscinet-getitem?mr=1304906
https://www.ams.org/mathscinet-getitem?mr=755006
https://www.ams.org/mathscinet-getitem?mr=1812507
https://www.ams.org/mathscinet-getitem?mr=1940678
https://www.ams.org/mathscinet-getitem?mr=2393625


554 BIBLIOGRAPHY

[189] S. Ramanan, Global calculus, Graduate Studies in Mathematics, vol. 65, American Mathe-
matical Society, Providence, RI, 2005, DOI 10.1090/gsm/065. MR2104612

[190] Michel Raynaud, Faisceaux amples sur les schémas en groupes et les espaces homogènes
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summary), Astérisque 239 (1996), xii+253 pp. (1997). With a preface by Luc Illusie; Edited
and with a note by Georges Maltsiniotis. MR1453167

[242] Daya-Nand Verma, The rôle of affine Weyl groups in the representation theory of algebraic
Chevalley groups and their Lie algebras, Lie groups and their representations (Proc. Summer
School, Bolyai János Math. Soc., Budapest, 1971), Halsted, New York, 1975, pp. 653–705.
MR0409673

[243] Hassler Whitney, Local properties of analytic varieties, Differential and Combinatorial
Topology (A Symposium in Honor of Marston Morse), Princeton Univ. Press, Princeton,
N.J., 1965, pp. 205–244. MR0188486

[244] Geordie Williamson, On torsion in the intersection cohomology of Schubert varieties, J.

Algebra 475 (2017), 207–228, DOI 10.1016/j.jalgebra.2016.06.006. MR3612469
[245] Geordie Williamson, Schubert calculus and torsion explosion, J. Amer. Math. Soc. 30 (2017),

no. 4, 1023–1046, DOI 10.1090/jams/868. With a joint appendix with Alex Kontorovich and
Peter J. McNamara. MR3671935

[246] Xinwen Zhu, An introduction to affine Grassmannians and the geometric Satake equiva-
lence, Geometry of moduli spaces and representation theory, IAS/Park City Math. Ser.,
vol. 24, Amer. Math. Soc., Providence, RI, 2017, pp. 59–154. MR3752460

https://www.ams.org/mathscinet-getitem?mr=0447623
https://www.ams.org/mathscinet-getitem?mr=804054
https://www.ams.org/mathscinet-getitem?mr=1453167
https://www.ams.org/mathscinet-getitem?mr=0409673
https://www.ams.org/mathscinet-getitem?mr=0188486
https://www.ams.org/mathscinet-getitem?mr=3612469
https://www.ams.org/mathscinet-getitem?mr=3671935
https://www.ams.org/mathscinet-getitem?mr=3752460


Index of notation

[1], 480, 487

(1), 64, 75
F � G, 28, 291
F ⊗ G, F ⊗pre G, 23
F ⊗ch G, 23
k′ ⊗ F , 26

F+, 3
F � G, 329, 394, 395, 445
Fx, 2
F|Y , 5

γ ∗ γ′, 43
L∨, 46, 142
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X/G, 263, 311
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AvGH!, AvGH∗, 297
aX , xii
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Fln, 448
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grade, 41, 82, 510
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H, Haff , Hext, Hsph, 327, 398, 400
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H, 350
Hk, Hk
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c,G, 304

Hk, 117
HBM
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k-mod, xii, 467

k-modfg, xii, 468
k[π]-mod, 44

k[π]-modfg, xii, 44
KP, KP(v), 437

Loc(X, k), 41
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�(w), 325, 388
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MHM(X, k), 252
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Monx0 , 44, 227
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Ñ , 363
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Oc, 437
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Osreg, 385

OX , 243
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orf , 34
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pτ≤n, pτ≥n, 129

rank, 41
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Rep(G), 403, 428

Rep(Q,F), 434
Res, 45
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Resϕ, 296
resV,U , 1, 218
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SBim, 349

Semis(X,Q), 172
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ν , 405
supp, 2
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U(g), 338
U+(Φ), 443
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Ξf , 192
X(T ), 308

Y(T ), 308
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abelian category, 3, 7, 42, 132, 147, 252,
434, 475

acyclic chain complex, 487

acyclic map, 112, 168, 266

acyclic object, 58, 493

adapted class, 10, 24, 491

adapted order, 437

additive category, 172, 343, 349, 474

adjoint functor theorems, 9, 17, 24, 30

adjoint quotient, 364

affine morphism, 188, 212, 238, 321

push-forward along, 154

affine paving, 81, 257

affine variety, 68, 96, 123, 151, 154

alpha-partition, 81

Artin’s vanishing theorem, 96, 123, 151, 154

Artin–Schreier, 228, 317

artinian, 146, 479

aspherical space, 61

associativity constraint, 330, 396, 446, 472

attracting, 111, 114, 256, 260, 327, 377,
405, 458

averaging functor, 297, 420

bar involution, 327, 398, 400, 443

base change, 13

for a locally trivial fibration, 60, 89

for a product, 57

for a topological submersion, 59

open, 15

proper, 13, 14

smooth, 75

Beilinson’s theorem, 209, 252, 302

Borel–Moore homology, 117, 417

Bott–Samelson variety, 327

Bruhat decomposition, 325, 389

Bruhat order, 326, 388

canonical basis, 328, 398, 400, 454

central character, 362

chain complex, 486

cohomology, 487

chain homotopy, 486

chain map, 486

characteristic function, 234, 341, 464

characteristic variety, 246

clean, 179, 383

closure partial order, 80

cohomological dimension, 30, 36, 94, 137,
153, 303, 493, 524

cohomological functor, 482
commutativity constraint, 409, 410, 473

complete intersection, 155

composition series, see also finite length

cone, 482

for chain maps, 487

constructible, 63, 81, 97, 189, 221

weakly, 81, 82, 86, 87
continuous module, 227

convolution, 329, 340, 394, 445, 463

costalk, 17, 144, 348

cosupport, 134

c-soft, 10, 24

relatively, 14, 24

c-soft dimension, 30, 69, 181
cup product, 9

cuspidal, 380, 381

D-module, 51, 244

coherent, 244

holonomic, 247

regular holonomic, 247, 248, 252

de Rham functor, 248

deck transformation, 47, 181, 226, 274, 379,
529

decomposition theorem, 172, 259, 330, 370,

449
failure of, 180, 359

Deligne’s construction, 178

derived category, 4, 61, 207, 220, 244, 252,
283, 488

derived functor, 5, 8, 17, 23, 491

descent datum, 161, 232, 273

differential operator, 243

dimension of a variety, 68
distinguished triangle, 480

for open and closed embeddings, 19

split, 482
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truncation, 489, 498
divisor with simple normal crossings, see

normal crossings divisor
dualizing complex, 35, 78, 109

effaceable, 62, 202, 302, 490, 500
Ehresmann’s fibration theorem, 72
eigenspace decomposition, 199, 506
Elias–Williamson calculus, 357
equivariant cohomology, 304

of a point, 307
equivariant derived category, 285

for finite groups, 302
for unipotent groups, 303

equivariant descent, 293
equivariant sheaf, 269

perverse, 269
twisted, 278

étale morphism, 70
étale neighborhood, 218
étale open set, 217
Euler characteristic, 123
Euler class, 122, 124–126, 172, 452
Euler–Poincaré pairing, 434
evaluation map, 102

∗-even, !-even, 343, 398, 401
Ext group, 490
extension, 476, 482

stable under, 482
extension by zero, 17
extension of ground field, 230
extension of scalars, 26, 109, 189
external tensor product, 28, 105, 291

relative, 188

fête champêtre, 315
fiber functor, 424, 427
filtration by smooth varieties, 81
finite length, 146, 247, 252, 434, 479
finite morphism, 69, 134
flabby, 10, 24
flag, 328

isotropic, 359
flag variety, 325, 448, 453

affine, 389
quiver, 448

flat, 24, 496
forgetful functor, 270, 286, 291
Fourier–Laumon transform, 315, 367, 454
free action, 263
Freyd–Mitchell embedding theorem, 477
Frobenius element, 227
Frobenius morphism, 231
functor of (co)invariants, 298
fundamental class, 119

dual, 121
see also Euler class

fundamental group, 43, 73
equivariant, 274, 362

étale, 226

G-resolution, 266

G-variety, 262

Galois group, 47, 226

geometric Hom functor, 220, 253, 289, 310,
384

geometric point, 217

geometric quotient, 262, 311

germ, 2, 57

global dimension, 494

global sections, 5, 9

see also hypercohomology

Godement resolution, 15, 28, 59

good filtration, 246

grade, 41, 82, 510

Grassmannian, 126, 264, 393, 466

affine, 389

Beilinson–Drinfeld, 407

quiver, 446

Grothendieck group, 508

split, 508

Grothendieck–Springer simultaneous
resolution, 364

Hall algebra, 439

generic, 441

hard Lefschetz theorem, 172

Hecke algebra, 327

affine, 398

extended affine, 398

spherical, 400

Hodge cohomology, 251

Hodge filtration, 249, 250, 252

homology, 117

homotopy, 52, 54, 55, 112

for constructible sheaves, 112

homotopy category, 486

Hopf fibration, 51

hyperbolic localization, 114, 260, 377, 410

hypercohomology, 5

equivariant, 304

induced maps in, 11, 18, 22, 52, 55, 305

with compact support, 5

indecomposable, 505

induction equivalence, 273, 280, 294

induction space, 265

inflation functor, 270, 292

injective object, 4, 7, 24, 478

integrable connection, 51, 244

regular, 246

intermediate extension, 138, 238

see also minimal extension

intersection cohomology complex, 141

inverse system, 471

Iwahori subgroup, 389

Iwasawa decomposition, 405
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Karoubian category, 349, 504

Kazhdan–Lusztig conjecture, 338
Kazhdan–Lusztig polynomial, 328, 338, 342

Kostant partition, 437
Krull–Schmidt category, 345, 350, 505
Künneth formula, 29, 107, 191

large enough, 492

lattice model, 392, 397, 431
Lefschetz hyperplane theorem, 155

length function, 325, 388
limit, 471

lisse sheaf, 225
local homeomorphism, 34, 70

local system, 41
dual, 46, 142, 148
finite type, 41, 225

locally free, 41
shifted, 130, 142

locally compact, 7
locally trivial fibration

differentiable, 72
étale, 264, 265
holomorphic, 264

locally isotrivial, 264
stratumwise, 101

transverse, 72
Zariski, 264

Lusztig conjecture, 347

maximal extension functor, 193
Mayer–Vietoris sequence, 22, 56, 324, 352

Milnor fibration, 211
minimal extension, 246
minuscule, 392

Mirković–Vilonen cycle, 418
mixed Hodge module, 252, 384, 457

mixed Hodge structure, 250
mixed perverse sheaf, 237

mixed Q
-sheaf, 236, 341, 464
modified dimension of support, 82

for field coefficients, 82, 130
monodromy, 43, 44, 227

for nearby and vanishing cycles, 183

internal, 50
logarithm of, 202

nilpotent, 202
monoidal category, 330, 335, 346, 406, 472

symmetric, 409, 424, 473
monoidal functor, 355, 426, 472

Nagata’s compactification theorem, 69
nearby cycles, 183

unipotent, 199
neutral Tannakian category, 428

nilpotent cone, 361
nilpotent orbit

distinguished, 384
regular, 361

subregular, 385

Noether normalization lemma, 69

noetherian, 145, 478
noetherian induction, 68

normal crossings divisor, 71, 86, 87, 92, 189

coordinate chart, 87, 103

stratification, 86, 524
transverse to, 72, 88, 101

normal crossings stratification, 88

octahedral axiom, 481
∗-odd, !-odd, 343, 398, 401
orientation, 76, 122

see also relative orientation sheaf

p-canonical basis, 347, 359
p-smooth, 178

parabolic induction, 373

series, 381
parabolic restriction, 373

parity sheaf, 343

PBW basis, 443

perverse sheaf, 129, 225
on A1, 178, 212, 324

on B , 359

on Ev, 179, 466

on Gr , 431
on N , 179, 385, 386

on P1, 213, 358

perversity function, 134
Poincaré duality, 78, 118

pointwise pure, 236, 255, 342, 384, 457, 464

polydisc, 86, 189, 532

presheaf, 1
étale, 218

principal bundle, 263

principal series, 382
projection formula, 25

projective object, 22, 478

proper map, 8, 69

proper push-forward, 8
pullback, 8

pure, 236, 241, 249, 252, 255

push-forward, 8

quasi-finite morphism, 69

quasi-isomorphism, 487

quasicoherent, 244

quiver, 433
quotient equivalence, 273, 280, 293

rank

of a local system, 41

of a vector bundle, 122, 315
rational homology manifold, 178

rationally smooth, 178

realization functor, 209, 302, 500
recollement, 21, 134, 503

reduced expression, 325
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refinement, 81

relative dimension, 70

relative orientation sheaf, 34, 75

repelling, see attracting

representable functor, 470

representable morphism, 311

resolution of singularities, 71

restriction of scalars, 26

restriction with supports, 17

rigid, 473

Satake isomorphism

classical, 403

geometric, 429

Schubert cell, 326

Schubert variety, 326

self-injective, 221

semi-infinite orbit, 405

semiperfect ring, 505

semisimple, 479

semisimple complex, 172

semismall morphism, 168, 363, 365

stratified, 171, 376, 405

Serre subcategory, 133, 144, 179, 233, 478

sheaf, 2

constant, 3, 219, 285

étale, 218

locally constant, 6, 219

see also local system

restriction map, 1, 218

restriction to a subset, 5

section, 1

skyscraper, 3

sheafification, 3, 218

shift functor, 480, 487

simple object, 146, 479

singular (co)homology, 5, 117

small morphism, see semismall morphism

smooth equivalence relation, 311

smooth morphism, 70

descent along, 163, 311

pullback along, 78, 155, 159

smooth pair, 79, 121, 173

Soergel bimodule, 349

solutions functor, 248

special fiber, 181

Springer correspondence, 368

generalized, 383

Springer resolution, 363

Springer splitting field, 362

square-root sheaf, 6, 219, 225

stack, 311

stalk, 2, 219

Steinberg variety, 363

stratification, 80

good, 84, 295

trivial, 80

Whitney, 72, 85

see also normal crossings divisor
structure sheaf, 243
support, 2, 4

t-exact, 499
t-structure, 132, 497

heart, 498
natural, 222, 497
perverse, 129, 225, 237
t-cohomology, 498

table of stalks, 63
Tate twist, 64, 75, 220, 224, 250

ignoring, 76, 348, 368, 444
square root of, 258, 343, 444

Tate type, 257, 342
tilting, 212, 358
topological submersion, 12, 33, 59, 74, 528
Tor group, 496
Tor-finite, 222
torsion in stalks, 147, 348
transverse slice, 256, 384, 458
triangulated category, 288, 480

generators for, 484
triangulated functor, 483
truncation, 489, 498

universal coefficient theorems, 27, 118

vanishing cycles, 183
and gluing, 197
Beilinson’s version, 195

vanishing theorems, 96, 99, 100, 118
variety, 67
Verdier duality, 35, 102, 104, 189
Verdier localization, 486

weakly Gm-equivariant, 111
weight filtration, 236, 250, 252
weight functor, 410
Weil perverse sheaf, 232
Weil structure, 232
Weyl algebra, 243
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Since its inception around 1980, the theory of perverse 

sheaves has been a vital tool of fundamental importance in 

geometric representation theory. This book, which aims to 

make this theory accessible to students and researchers, is 

divided into two parts. The first six chapters give a compre-

hensive account of constructible and perverse sheaves on 

complex algebraic varieties, including such topics as Artin’s 

vanishing theorem, smooth descent, and the nearby cycles 

functor. This part of the book also has a chapter on the equi-

variant derived category, and brief surveys of side topics including étale and � -adic 

sheaves, D-modules, and algebraic stacks.

The last four chapters of the book show how to put this machinery to work in the 

context of selected topics in geometric representation theory: Kazhdan-Lusztig 

theory; Springer theory; the geometric Satake equivalence; and canonical bases 

for quantum groups. Recent developments such as the p -canonical basis are also 

discussed.

The book has more than 250 exercises, many of which focus on explicit calcula-

tions with concrete examples. It also features a 4-page “Quick Reference” that 

summarizes the most commonly used facts for computations, similar to a table of 

integrals in a calculus textbook.
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