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Preface

The authors have had as a long-term project the creation of examples using
power series to analyze and distinguish several properties of commutative rings
and their spectra. This monograph is our attempt to expose the results that have
been obtained in this endeavor, to put these results in better perspective and to
clarify their proofs. We hope in this way to assist current and future researchers in
commutative algebra in utilizing the techniques described here.

William Heinzer, Christel Rotthaus, Sylvia Wiegand
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completion is not integrally closed, 5,
142

a non-universally catenary 2-dimensional
Noetherian local domain with
geometrically regular formal fibers that
birationally dominates a 3-dimensional
regular local domain, 240

a non-universally catenary 2-dimensional
Noetherian local domain with

geometrically regular formal fibers that
birationally dominates a 3-dimensional
regular local domain., 404

a regular local ring over a non-perfect
field k that is not smooth over k, 106

a residually algebraically independent
element need not be primarily
independent, 287

an excellent ring that fails to satisfy
Jacobian criteria, 106

an idealwise independent element may
fail to be residually algebraically
independent, 290

where the constructed domains A and B
are equal and are not Noetherian, 5,
135

where the constructed domains A and B
are not equal but A is Noetherian, 3, 5

where the constructed domains A and B
are not Noetherian and are not equal,
248

Examples

classical, 2, 5

Discrete valuation rings that are not
Nagata rings, 129

iterative, 149

Non-catenary 3-dimensional local UFDs
with maximal ideal generated by two
elements that have m prime ideals of
height two and each prime ideal of
height two not finitely generated, 5,
173

Non-universally catenary n-dimensional
Noetherian local domains with
geometrically regular formal fibers, 5,

231

related to integral closure, 2

Excellence, 5–7, 40, 41, 104, 106, 107, 109,
110, 127, 130, 136, 263

preservation of under completion, 265

Excellent ring, 2, 3, 5–7, 25, 40, 50, 51, 84,
103, 104, 106, 109, 110, 113, 127, 129,
130, 136, 137, 145, 153, 156, 222, 224,
229, 240, 245, 252, 255, 257, 265, 293,
302, 327, 330–332, 340, 341

Exponential functions, 154

Extension

trivial generic fiber/TGF, 369, 373

Extension of commutative rings

height-one preserving, 115

weakly flat, 115

essentially finite, 11

essentially finitely generated, 11

essentially finitely presented, 11

essentially of finite type, 11

finite, 11

finite type, 11

height-one preserving, 123



420 INDEX

integral closure in, 12

integral extension, 12

LFd, 115, 294

LFd−1, 123, 134, 135

Extension of integral domains

birational, 1, 10, 60, 209–211

trivial generic fiber/TGF, 6, 342,
377–379, 385, 386, 389

Extension of Krull domains

height-one preserving, 276, 308

locally flat in height r, or LFr, 308

weakly flat, 276, 308, 309

PDE, 15, 276, 286, 307

Extension of local rings

étale, 111, 169, 170, 302

birationally dominates, 10

domination, 10

Extensions of Krull domains

a weakly flat extension is height-one
preserving, 119

height-one preserving and PDE imply
weakly flat, 121

height-one preserving does not imply
weakly flat, 120

PDE does not imply height-one
preserving, 121

PDE does not imply weak flatness, 121

PDE is equivalent to LF1, 121

weakly flat does not imply PDE, 121, 122

Factorial ring, 10

Faithful flatness, 18, 19, 37, 132, 137, 262,
264, 265, 350, 399

Faithfully flat module, 18, 26

Ferrand, 2

Fiber ring, 36

Fibers, 1, 88, 89, 234

Cohen-Macaulay, 6, 88, 245, 328

formal, 339, 340, 341, 371

generic, 339–341, 355, 371

geometrically normal, 5, 7, 39, 231, 244

geometrically reduced, 39

geometrically regular, 5, 7, 39, 42, 231,
232, 239, 240, 243, 340

normal, 39

of a ring homomorphism, 36

reduced, 39

regular, 39, 88, 89, 340

trivial generic fiber, 6

Filtration of ideals, 257

I-adic, 25

ideal-adic, 25

multi-adic, 257

multiplicative, 25, 257

not multiplicative, 257

Finite

algebra extension, 11

module, 11, 370, 374

ring extension, 11

Finite conductor domain, 206

Finite presentation, for an algebra
extension, 11, 91

Finite type, for an algebra extension, 11

Flat extension, 4–6, 18, 375, 379

conditions for, 83, 87

Flat homomorphism, 19, 20, 105, 189, 375,
379

Flat locus

of a polynomial ring extension, 87, 97

Flat module, 18, 37

Flatness, 4–6, 18, 19, 22, 30, 40, 42, 73, 74,
81–83, 87, 89, 100, 101, 129, 130, 154,
211, 215, 217, 233, 237, 238, 293, 350,
351

elementwise criterion, 19

localization, 19

relations to the Jacobian ideal, 95

Formal fibers, 5, 339, 340, 341, 371

Cohen-Macaulay, 246, 249, 250

for a Noetherian local ring, 40

geometrically normal, 5, 112, 113, 231,
233, 234, 244

geometrically reduced, 109, 112

geometrically regular, 110, 112, 113, 231,
232, 239, 240, 243, 340, 404

Formal power series ring, 13, 22

leading form, 13

Formal scheme, 375

Formal spectrum, 376

Formally equidimensional Noetherian local
ring, 233

Fossum, 15

Fractional ideal, 15

Frontpiece notation, 211, 212, 213, 220,
222, 223, 229

Fuchs, 262

G-ring, 40, 40, 136, 265

Gabelli, 184, 205

Gamma function, 157

gcd(a, b), 21

GCD-domain, 21

Generalization, stable under, 232, 235

Generalized local ring, 180, 180

Generalized power series, 170, 171

Generic fiber, 6, 398

trivial generic fiber, 6, 342, 378

Generic fiber ring, 340

mixed polynomial-power series rings,
339, 355

Generic formal fiber, 6, 322, 355, 371

Theorem: height of maximal ideals, 341

Generic formal fiber ring, 339, 340, 340,
361, 373

Geometrically normal fibers, 39, 40



INDEX 421

Geometrically normal formal fibers, 5, 7,
233, 234

Geometrically reduced fibers, 39, 40, 109

Geometrically regular fibers, 5, 7, 39, 39,
41, 42, 105, 108, 109

Geometrically regular formal fibers, 41,
232, 239, 240, 265, 340, 404

Gff, 355, 370, 371, 373

Gff (R), 339, 340, 340, 373

Gilmer, 113, 204, 375

Glaz, 5, 206

Going-down property, 19, 95, 120, 232, 236,
249, 331, 337, 352

Going-up Theorem, 183, 235, 358, 360

Goto, 144

Grade

of a module, 38

of a ring, 38, 256

Graded ring, with respect to an ideal, 217

Granja, 166

Greatest common divisor, 21

Greco, 240

Griffith, 391

Grothendieck, 103, 106, 109, 110, 234, 240

Hartshorne, 104

Hausdorff, 150, 151

Height of a prime ideal, 10

Height-one preserving, 115, 119–121, 123,
124, 276

Height-one prime ideals are radicals of
principal ideals, 117, 122–124

Heinzer, 46, 113, 163, 181, 340, 376, 380,
389, 399

Heitmann, 2, 4, 38, 77, 210, 232, 246, 258,
261, 262, 340

How to adjoin a transcendental element
preserving an ideal-adic completion, 4

Theorem: Every complete Noetherian
local ring (T, n) of depth at least two
such that no nonzero element in the
prime subring of T is a zerodivisor on
T is the completion of a Noetherian
local UFD, 232

Hensel’s Lemma, 36, 111

Henselian affine partially ordered set, 380

Henselian ring, 6, 25, 36, 37, 103, 111, 111,
169, 233, 257, 265, 267, 278, 302, 374

Henselization, 5, 37, 103, 111, 111–113,
142, 169, 170, 231, 233–235, 242, 243,
267, 291, 293, 302

Hilbert Nullstellensatz, 97

Hironaka, 109

Hochster, 6, 36, 257, 342, 377, 391

Hochster and Yao

Question: trivial generic fibers, 342, 377

Homomorphic image

of a regular local ring, 35, 240

Homomorphic Image Construction, 209,
211, 213, 216, 220, 237, 240, 402

Approximation domain, 213

approximation methods, 211

Homomorphism

étale, 111

essentially smooth, 91

flat, 19, 19, 20

local, 10

normal, 40

regular, 40, 51, 91, 101, 137, 234, 240

smooth, 91

Houston, 184, 204, 205

Huckaba, 140

Huneke, 46, 139, 140

Hypertranscendental element, 157

Ideal

annihilator of an element, 11

closed in the I-adic topology, 25, 28, 32,
42

completion, 262

contraction of, 35

element integral over, 139, 140

extension in a ring homomorphism, 36

filtration, 25, 26, 257–259, 261, 263

integral closure, 139, 140

integrally closed, 139, 140, 140–143,
145–147

Jacobian, 146

normal, 139, 140, 140

order function, 13

radical, 146, 147

reduction, 139, 140, 140, 142

topology, 262, 268

Ideal transforms, 125

Ideal-adic

completion, 2, 3, 25, 26, 30, 37, 45, 48,
72, 150, 209, 220, 257, 265–267, 375,
376

filtration, 25

ideal separated for, 87

topology, 1, 25, 32, 37, 87, 150, 371, 376,
378

Idealwise independent, 6, 275, 276–280,
285, 287, 293, 295, 298, 300, 303, 315

Igusa, 163

Immersion of schemes, 375, 376

closed, 375, 376

open, 375, 376

Inclusion Construction, 59, 60, 60, 65, 70,

73, 78, 81, 127, 153, 155, 186, 209, 209,
210, 211, 220, 229, 307, 401

Approximation Domain, 61

Independence

idealwise independence, 6, 275, 276, 278,
280, 285, 287, 293, 295, 298, 300, 303



422 INDEX

primary independence, 6, 277, 280, 283,
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