
Mathematical 
Surveys 

and 
Monographs

Volume 260

Hopf Algebras and 

Galois Module Theory

Lindsay N. Childs 

Cornelius Greither 

Kevin P. Keating 

Alan Koch 

Timothy Kohl 

Paul J. Truman 

Robert G. Underwood



Hopf Algebras and 

Galois Module Theory

10.1090/surv/260





Mathematical 
Surveys 

and 
Monographs

Volume 260

Hopf Algebras and 

Galois Module Theory

Lindsay N. Childs 

Cornelius Greither 

Kevin P. Keating 

Alan Koch 

Timothy Kohl 

Paul J. Truman 

Robert G. Underwood



EDITORIAL COMMITTEE

Ana Caraiani
Robert Guralnick, Chair
Bryna Kra

Natasa Sesum
Constantin Teleman
Anna-Karin Tornberg

2020 Mathematics Subject Classification. Primary 16T05, 11R33;
Secondary 11S15, 12F10, 20B35, 16T25.

For additional information and updates on this book, visit
www.ams.org/bookpages/surv-260

Library of Congress Cataloging-in-Publication Data

Names: Childs, Lindsay, author.
Title: Hopf algebras and Galois module theory / Lindsay N. Childs, Cornelius Greither, Kevin P.

Keating, Alan Koch, Timothy Kohl, Paul J. Truman, Robert G. Underwood.
Description: Providence, Rhode Island: American Mathematical Society, [2021] | Series: Mathe-

matical surveys and monographs, 0076-5376; Volume 260 | Includes bibliographical references
and index.

Identifiers: LCCN 2021021477 | ISBN 9781470465162 (paperback) | 9781470467371 (ebook)
Subjects: LCSH: Hopf algebras. | Galois modules (Algebra) | AMS: Associative rings and algebras

– Hopf algebras, quantum groups and related topics – Hopf algebras and their applications. |
Number theory – Algebraic number theory: global fields – Integral representations related to
algebraic numbers; Galois module structure of rings of integers. | Field theory and polynomials
– Field extensions – Separable extensions, Galois theory. | Group theory and generalizations –
Permutation groups – Subgroups of symmetric groups. | Associative rings and algebras – Hopf
algebras, quantum groups and related topics – Yang-Baxter equations.

Classification: LCC QA613.8 .C47 2021 | DDC 512/.55–dc23
LC record available at https://lccn.loc.gov/2021021477

Copying and reprinting. Individual readers of this publication, and nonprofit libraries acting
for them, are permitted to make fair use of the material, such as to copy select pages for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for permission
to reuse portions of AMS publication content are handled by the Copyright Clearance Center. For
more information, please visit www.ams.org/publications/pubpermissions.

Send requests for translation rights and licensed reprints to reprint-permission@ams.org.

c© 2021 by the American Mathematical Society. All rights reserved.
The American Mathematical Society retains all rights
except those granted to the United States Government.

Printed in the United States of America.

©∞ The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.

Visit the AMS home page at https://www.ams.org/

10 9 8 7 6 5 4 3 2 1 26 25 24 23 22 21

www.ams.org/bookpages/surv-260
www.ams.org/publications/pubpermissions
reprint-permission@ams.org
https://www.ams.org/


Contents

Chapter 1. Introduction: What is this book about? 1
1.1. Background: Hopf-Galois theory and Galois module theory 1
1.2. Hopf-Galois structures since 2000 4
1.3. Galois module theory since 2000 6
1.4. What’s not in this book 9
Acknowledgments 10

Part I: Hopf-Galois Extensions 11

Chapter 2. Hopf-Galois structures on Galois extensions of fields, regular
subgroups, and skew braces 13

2.1. Introduction 13
2.2. Greither-Pareigis theory 14
2.3. Byott translation theory 16
2.4. Actions by the left regular representations 18
2.5. Counting 19
2.6. Working with regular subgroups of Hol(N) 19
2.7. Radical algebras 22
2.8. Skew (left) braces 23
2.9. Connecting skew braces with Hopf-Galois structures 24
2.10. Isomorphic skew braces 25

Chapter 3. (Non)-existence results on Hopf-Galois structures 27
3.1. Introduction 27
3.2. p-groups, p an odd prime, cyclic case 28
3.3. 2-groups 30
3.4. Groups of composite order n that decompose 31
3.5. Cases where G must be isomorphic to N 33
3.6. Realizability when G = Sn or An 35
3.7. Cases where given G, N can be any group with |G| = |N | 35
3.8. If G is abelian or nilpotent, then N is . . .? 36
3.9. Kohl’s non-existence theorem 37
3.10. The case G metabelian and radical algebras 38
3.11. Other realizability results 39

Chapter 4. Hopf-Galois structures arising from fixed point free pairs of
homomorphisms 41

4.1. Introduction 41
4.2. Fixed point free pairs of homomorphisms 42
4.3. The case N = G 43

v



vi CONTENTS

4.4. The action of L[N ]G on L 46
4.5. Fixed point free endomorphisms 48
4.6. Examples with N �= G 50
4.7. Bi-skew braces and semidirect products 54
4.8. Bi-skew braces and nilpotent rings 56

Chapter 5. Quantitative results 59
5.1. Introduction 59
5.2. Regular subgroups and nilpotent algebras 60
5.3. Elementary abelian p-groups 61
5.4. Almost trivial algebras 62
5.5. Asymptotic results on e(Cn

p , C
n
p ) for large n 65

5.6. Other counting results 66

Chapter 6. Enumeration of Hopf-Galois structures on Galois extensions of
degree mp 69

6.1. Introduction 69
6.2. Preliminaries 70
6.3. Twisted wreath products 71
6.4. Enumeration within Smp 73
6.5. Block systems and Hopf-Galois structures 78

Chapter 7. On the Galois correspondence for Hopf-Galois structures 83
7.1. Introduction 83
7.2. K-Hopf subalgebras 85
7.3. On the Galois correspondence for Hopf-Galois structures 87
7.4. Kohl’s application of Corollary 7.6 89
7.5. A skew brace setting 90
7.6. Fixed point free pairs 92
7.7. Radical algebras and the Galois correspondence 95
7.8. Commutative examples 97
7.9. Elementary abelian p-groups 98
7.10. Non-normal Hopf-Galois structures 99

Chapter 8. Normality in Hopf-Galois extensions 103
8.1. Normality for Hopf-Galois structures on Galois extensions 104
8.2. Skew braces and normality in Hopf-Galois extensions 108
8.3. Induced Hopf-Galois structures 111

Chapter 9. Descent theory, and the structure of Hopf algebras acting on
separable field extensions 117

9.1. General descent theory 118
9.2. Galois descent for Hopf algebras 126
9.3. Absolutely semisimple forms 142

Chapter 10. Hopf-Galois actions on purely inseparable extensions 145
10.1. A little bit of algebraic geometry 145
10.2. A short history 152
10.3. Hopf-Galois structures on modular extensions 159



CONTENTS vii

Part II: Hopf-Galois Module Theory 163

Chapter 11. Hopf-Galois module theory 165
11.1. The Normal Basis Theorem for Hopf-Galois structures 166
11.2. Hopf orders and Childs’ theorem 169
11.3. Associated orders for opposite Hopf-Galois structures 174
11.4. Subextension techniques 175
11.5. Tamely ramified extensions 179
11.6. Extensions of number fields 183

Chapter 12. Hopf orders in group rings 189
12.1. Hopf orders and Galois module theory 189
12.2. Dual Hopf orders 191
12.3. Byott’s theorem on realizability 195
12.4. Group valuations and Larson orders 197
12.5. Hopf orders in K[G], G = Cp 204
12.6. Hopf orders in K[G], G = Cp × Cp, G = Cp2 210
12.7. Hopf orders in K[G], G = Cp3 213
12.8. General constructions in the cases G = Cpn , G = Cn

p 215
12.9. Truncated exponential Hopf orders 216
12.10. Models of μμpn,K for n = 1, 2, 3 218
12.11. Hopf orders and realizability 219
12.12. Realizable Hopf orders in K[Cpn ], K[Cn

p ] 224
12.13. When K has characteristic p 225

Chapter 13. Ramification theory for separable extensions of local fields 237
13.1. Basic theory 237
13.2. Power series and Herbrand’s theorem 240
13.3. Properties of lower ramification breaks 247

Chapter 14. Stable and semistable Hopf-Galois extensions 255
14.1. Bondarko’s map ϕ for Hopf-Galois extensions 255
14.2. Some technical lemmas 261
14.3. Diagrams of elements of L⊗K L 266
14.4. H-stable and H-semistable extensions 271
14.5. Hopf-Galois module structure 273
14.6. A non-classical example 280

Chapter 15. Hopf-Galois scaffolds 285
15.1. H-scaffolds 285
15.2. Examples of H-scaffolds 286
15.3. Some basic properties of H-scaffolds 289
15.4. H-semistable extensions and H-scaffolds 291
15.5. Ramified extensions of degree p 293

Bibliography 297

Index 309







Bibliography

[AB18] Ali A. Alabdali and Nigel P. Byott, Counting Hopf-Galois structures on
cyclic field extensions of squarefree degree, J. Algebra 493 (2018), 1–19, DOI
10.1016/j.jalgebra.2017.09.009. MR3715201 ↑35, 53, 66, 92

[AB20a] E. Acri and M. Bonatto, Skew braces of size pq, Comm. Algebra 48 (2020), no. 5,
1872–1881, DOI 10.1080/00927872.2019.1709480. MR4085764 ↑110

[AB20b] Ali A. Alabdali and Nigel P. Byott, Hopf-Galois structures of squarefree degree, J.
Algebra 559 (2020), 58–86, DOI 10.1016/j.jalgebra.2020.04.019. MR4093704 ↑35,
53, 66

[AB20c] A. A. Alabdali and N. P. Byott, Skew braces of squarefree order, J. Algebra Appl.
(2020), 2150128. ↑53

[Abh64] Shreeram Shankar Abhyankar, Local analytic geometry, Pure and Applied Mathe-
matics, Vol. XIV, Academic Press, New York-London, 1964. MR0175897 ↑240

[Art42] E. Artin, Galois Theory - Notre Dame mathematical lectures no. 2, Field theory:
Lectures delivered at the university of Notre Dame, 1942. ↑1

[AW73] J. C. Ault and J. F. Watters, Circle groups of nilpotent rings, Amer. Math. Monthly
80 (1973), 48–52, DOI 10.2307/2319260. MR316493 ↑38

[Bac15] David Bachiller, Classification of braces of order p3, J. Pure Appl. Algebra 219
(2015), no. 8, 3568–3603, DOI 10.1016/j.jpaa.2014.12.013. MR3320237 ↑29, 30, 67

[Bac16] David Bachiller, Counterexample to a conjecture about braces, J. Algebra 453 (2016),
160–176, DOI 10.1016/j.jalgebra.2016.01.011. MR3465351 ↑14, 28, 29, 30, 38

[Bat18] Giulia Battiston, A theory of Galois descent for finite inseparable extensions, Proc.
Amer. Math. Soc. 146 (2018), no. 1, 69–83, DOI 10.1090/proc/13713. MR3723121
↑157

[BB99] Werner Bley and Robert Boltje, Lubin-Tate formal groups and module structure
over Hopf orders (English, with English and French summaries), J. Théor. Nombres
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[Ray74] Michel Raynaud, Schémas en groupes de type (p, . . . , p) (French), Bull. Soc. Math.
France 102 (1974), 241–280. MR419467 ↑216

[Ree55] D. Rees, Valuations associated with a local ring. I, Proc. London Math. Soc. (3) 5
(1955), 107–128, DOI 10.1112/plms/s3-5.1.107. MR67095 ↑270

[Rei75] I. Reiner, Maximal orders, Academic Press [A subsidiary of Harcourt Brace Jo-

vanovich, Publishers], London-New York, 1975. London Mathematical Society Mono-
graphs, No. 5. MR0393100 ↑181, 182
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solvable, 31
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Associated order, 3, 165, 166

Bachiller’s Theorem, 29

Baer product, 211

Base change, 88

Bi-skew brace, 5, 39, 94

Bialgebra, 2

Block system, 79

Bondarko diagram, 266–270, 274, 290

Brace, 4

additive group, 23

of order 4, 32

adjoint group, 23

bi-skew, see Bi-skew brace

bicyclic, 28, 32

circle group, 23

cyclic, 28, 32

of order p3, 29

of order pn, 67

skew, see Skew brace

Byott’s

conjecture, 35, 37

counting formula, 19

simple groups theorem, 16, 33, 35

translation theorem, 4
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Canonical non-classical Hopf algebra, 47

Canonical non-classical Hopf-Galois

structure, 44

Caranti’s Lemma, 65, 98

Characteristic subgroup, 38, 89

Childs’ Theorem, 169

Circle group, see Adjoint group

Circle operation, 61

Classical Hopf-Galois structure, 27, 44

Coassociative, 2

Cohomological Hopf order, 214

Coinverse = antipode, 2

Commutative local algebras, 68

Comultiplication, 2

Counit, 2

Crossed product, 130

Derivation, 152

field of constants, 152

higher derivation, 154

Descent datum, 119

Dieudonné modules, 226

Discriminant

Hopf algebra, 190

Duality Hopf order, 215

Faithfully flat, 119

Featherstonhaugh’s Theorem, 15

Field extension

almost classical, 83, 100

almost classically Galois, 114, 180

exponent, 154

modular, 154

primitive, 154

separable of degrees 2, 3, 4, 5, 100

Fixed field of a Hopf subalgebra, 2, 103

Fixed point free pair of homomorphisms,
35, 37, 42, 92

Formal group Hopf order, 216

Fundamental Theorem of Galois Theory,
see also Galois correspondence, 103

for Hopf-Galois extensions, 5

strong form, 83

weak form, 83
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Galois correspondence, 1, 87

for Hopf-Galois extensions, 2

not surjective, 97

image of, 101

ratio, 83, 91, 97

strong form, 97

surjective, 97, 101

Galois descent, 5

Galois extension, 1

Galois module theory

global, 9, 183

Galois object, 145, 194

Generalized binomial coefficient, 217

Generalized Greither order, 215

Generalized quaternion algebras, 130

Global Field, 3

Greither order, 212

generalized, 215

Greither-Pareigis theory, 14

non-normal setting, 99

Group

2-nilpotent, 32

almost Sylow-cyclic, 32

order 16, 32

alternating, 35, 89, 90

alternating group, 35, 94

double cover, 34

central series, 38

characteristically simple, 33

classification of finite simple groups, 34

complementary subgroups, 93

cyclic of odd order, 59

cyclic of order 2n, 30, 59

cyclic of order pn, 28

dihedral, 30, 32, 59, 101

elementary abelian, 59

elementary abelian p-group, 61

exponent p, 30

Frobenius, 101

Hamiltonian, 86

Heisenberg, 29, 67

Mathieu group of degree 10, 35

metabelian, 36

and radical algebras, 38

metacyclic, 60, 107, 110

nilpotent, 31, 32, 36

class of, 38

non-abelian simple, 33

number of subgroups, 92

of order 2n with a cyclic subgroup of
index 2, 30

of order p(p− 1), p a safeprime, 35, 39

of order p3q, 52

of order pq, 35, 59, 107, 110

of order 24, 90

of order 80, 32

of principal units, 62

orthogonal, 65

quaternion, 30, 32, 59, 108, 111

simple non-abelian, 89

solvable, 31, 36

squarefree order, 35, 39, 53, 55, 66, 95

Sylow-cyclic, 32

symmetric, 89

symmetric group, 35, 94

Group ring

as a Hopf algebra, 2

Group scheme

action, 148

affine, 147

Group valuation, 197

order bounded, 199

p-adic, 199

Grouplike elements, 14, 86

Hall’s Theorem, 31

Hasse-Herbrand functions, 237, 239, 240,
242, 244

Heisenberg group, 135

Herbrand’s Theorem, 246

Higher derivation, 154

Holomorph, 4, 13, 15

stabilizer of a regular subgroup in, 20

Hopf algebra, 2

Hopf comodule, 194

Hopf order, 169, 189

cohomological, 214

duality, 215

formal group, 216

ILD, 214

largest Larson order, 202

Larson order, 200

realizable, 6, 9, 170, 190

triangular, 216

truncated exponential, 217, 225

Hopf-Galois extension, 2, 85

almost classical, 100

not almost classical, 100

separable, non-normal, 99

Hopf-Galois module theory, 6, 165

Hopf-Galois structure, 2

canonical non-classical, 34, 44

classical, 44, 59

cyclic type, 34

induced, 111

non-realizability, 89

normality in, 5, 104

opposite, 109, 174

quotient, 103

type, 4, 13, 15

ILD Hopf orders, 214

Inner cocycle, 128

Inner form, 128

Integral, 190
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Jordan matrix, 62

Kohl’s Theorem, 15

Larson order
one-parameter, 201

Left regular representation, 13, 14, 23
Leopoldt’s Theorem, 3

Liftable cocycle, 128
Local field, 3

wildly ramified extensions of degree p2,
6, 171

Model, 218

Morita theory, 86

Nilpotent
Fp-algebra

almost trivial, 63
commutative, 97
commutative of dimension 5, 68

commutative of dimension 6, 68
isomorphic, 61

number of ideals, 99
primitive, 98

ring, 96
commutative, 61

Nilradical, 195

Noether’s Theorem, 3, 165, 169
Normal basis generator, 166

valuation criteria, 168
Normal Basis Theorem, 1, 3

Hopf-Galois, 166

One-parameter Larson order, 201

Order, 165
Outer form, 128

Precision, 291

Principal homogeneous space, 149

Radical algebra, 13, 28, 38

Radical algebra structures on an
elementary abelian p-group, 4

Radical ring, 96

commutative, 28
left ideal, 96

Ramification
breaks, 7, 237–240, 246, 247, 251–253,

263, 271, 272, 279, 280, 286, 288,
292–295

ramified prime, 3
tame, 3, 179

unramified, 3
wild, 3

Realizable pair of groups, 27, 37, 59

Regular embedding, 20
equivalence, 20, 41

Regular subgroup, 13, 14
equivalence, 61

Scaffold, 277, 285–295
Galois, 8

Scheme
affine, 145
affine group scheme, 147
geometric points, 146
morphism (natural transformation), 146

truncated, 157
truncated automorphism, 157

Semidirect product, 30, 39, 93, 94
Semiregular subgroup, 70
Semistable

with precision, 291
Semistable extension, 255, 271–274, 281,

282, 285, 291–293, 295
Skew brace, 4, 14, 23, 90

◦-quasi ideal, 109
�-quasi ideal, 109
homomorphism, 23
ideal, 109
isomorphism of, 25
of order p3, 60
opposite, 91, 109
quasi-ideal, 91, 109

Smash product, 85, 260
Stabilizer (of a regular subgroup of the

holomorph), 20
Stable extension, 255, 271, 273–275, 277,

279, 281, 282, 285, 291–293, 295
Sweedler notation, 84

Tamely ramified, see Ramification, tame
Teichmüller character, 205
Teichmüller

map, 238
representatives, 238, 239, 248, 262, 266

Torsor, 149
Triangular Hopf order, 216
Truncated

automorphism scheme, 157
polynomial algebra, 157

Truncated exponential, 216, 232
Truncated exponential Hopf order, 217, 225
Twisted form, 120

Wildly ramified, see Ramification, wild
Wreath product, 71

Zappa-Szép group, 92
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Hopf algebras have been shown to play a natural role in studying questions of 

integral module structure in extensions of local or global fields. This book surveys 

the state of the art in Hopf-Galois theory and Hopf-Galois module theory and can 

be viewed as a sequel to the first author’s book, Taming Wild Extensions: Hopf 

Algebras and Local Galois Module Theory, which was published in 2000.

The book is divided into two parts. Part I is more algebraic and focuses on Hopf-

Galois structures on Galois field extensions, as well as the connection between 

this topic and the theory of skew braces. Part II is more number theoretical and 

studies the application of Hopf algebras to questions of integral module structure 

in extensions of local or global fields.

Graduate students and researchers with a general background in graduate-level 

algebra, algebraic number theory, and some familiarity with Hopf algebras will 

appreciate the overview of the current state of this exciting area and the sugges-

tions for numerous avenues for further research and investigation.
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