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Introduction 

These lectures attempt to give a taste of the accomplishments of manifol d 
topology ove r the las t thirty years . Th e decades 1930-5 9 witnesse d a  mas-
sive introduction of algebra into topology and the importance of this current 
continues unabated . Ou r emphasis her e i s on th e applicatio n o f geometri c 
ideas t o th e robus t allianc e o f algebr a an d topology . Th e workin g defini -
tion o f geometry wil l be psychological—the argument s shoul d be amenable 
to rather sharp mental pictures and not too dependent o n calculations. Ge -
ometry ranges at least from the point-set theory of decomposition space s to 
the Yang-Mills equation. 

We begin with the notions of manifold and smooth structures and a rather 
detailed discussion o f the Gauss-Bonnet theorem—th e prototypica l lin k be-
tween geometry and topology. A  certain amount of background and reference 
will be supplied as we move forward, but we do not attempt complete treat-
ments (fo r example , w e defin e "manifold " bu t leav e "submanifold " t o th e 
imagination). Ou r goal is to provide a not-too-technical glimps e into several 
active areas in geometric topology. Muc h of the material can be appreciated 
with only a general background, but in places we refer to notions well within 
topology or analysis on manifolds . 

From Gauss-Bonnet we proceed to a discussion of the topology and geom-
etry o f foliate d 3-manifolds , a  beautiful topi c whic h migh t b e viewed a s a 
toy model for Thurston's work on 3-manifolds. Thursto n proves some purely 
topological theorem s by using topological hypothese s (e.g. , M3 i s Haken) to 
create a  geometric structur e ( a toral su m of homogeneou s spaces ) an d then 
uses thi s ne w descriptio n t o conclud e topologica l informatio n (n\(M 3) i s 
residually finite—the detail s o f thi s exampl e wer e worke d ou t b y Hempl e 
[He2]). Th e sam e patter n arise s fo r foliate d 3-manifold s althoug h th e re-
sults are less spectacular—most o f th e topologica l conclusion s ar e available 
by other means. 

The next chapter (4) explains in terms of general position why dimension-
four is so special. Two-dimensiona l disks play a preferred role in topology— 
they mediate th e algebra and geometry of double points , the simplest o f all 

IX 



X INTRODUCTION 

singularities. I n dimension-fou r two-dimensiona l disk s ten d t o cros s them -
selves as do arcs on a  surface. W e follow Casson' s ideas to resolve this diffi -
culty and sketc h the course of subsequent wor k in the topological category . 

Chapter (5 ) on Donaldson's theory implicitly offer s a  different reaso n why 
dimension-four i s special : SO(4 ) i s no t simple , bu t rathe r so(4 ) =  so(3 ) © 
so(3). Thi s lead s t o th e existenc e o f th e anti-sel f dua l equatio n an d al l it s 
consequences fo r th e smoot h category . W e provide muc h o f th e elementar y 
material o n bundles , connections , an d curvatur e neede d t o appreciat e thi s 
idea. 

A final chapte r o n exoti c R 4,s summarize s a  few o f th e surprisin g conse -
quences of having two competing theories of 4-dimensional manifolds—on e 
topological and on e smooth . 

These notes adhere closely to lectures the first author gave at Pennsylvani a 
State University i n Februar y 1987 . However , background materia l ha s been 
added t o clarif y th e discussion . Th e secon d autho r ha s assume d muc h o f 
the tas k o f roundin g ou t th e lectures . I n addition , th e solution  t o "Reeb' s 
problem" presented i n section 3  is his work. W e would like to thank Richar d 
Herman and Steve Armentrout for arranging the lectures and Mr. Marke r fo r 
hosting them. W e also thank Kathy Wong for her careful typin g and Benedict 
Freedman fo r hi s comments o n a n earl y version . Th e secon d autho r woul d 
like to take this opportunity to thank his thesis advisor Michael H. Freedman. 

Michael H . Freedma n 
Feng Luo 



Selected 
Applications 
of Geometry to 
Low-Dimensional 
Topology 



This page intentionally left blank



References 

[ADHM) M . Atiyah, V. Drinfeld, N . Hitchin, and Yu. Manin, Construction  of  instantons, Phys . 
Lett. 65A (1978), 185. 

[AHS] M . Atiyah, N . Hitchin , an d I . Singer , Self-Duality  in four-dimensional Riemannian 
geometry, Proc. R. Soc. London A 362 (1978), 425-461. 

[ARJ J . Andrews and L. Rubin, Some spaces whose product with El is  E4, Bull . Amer. Math. 
Soc. 71 (1965), 675-677. 

[Bi] R . Bing , A  homeomorphism  between  the 3-sphere and  the sum of  two  solid horned 
spheres, Ann. of Math. (2 ) 56, 354-362. 

[BPST] A . Belavin, A. Polyakov, A. Schwartz, and Y. Tyupkin, // Pseudo-particle  solutions of 
Yang-Mills equation, Phys. Lett. 59B (1975), 85-87. 

[Cas] A . Casson, Three  lectures on new infinite constructions in  4-dimensional  manifolds, 
Notes by Lucian Guillou , Prepublication s Orsay 81 T06 . 

[CGLS] M . Culler, C. Gordan, J. Luecke, and P. Shalen, Dehn surgery on knots, Ann. of Math. 
(2) 125(1987) , 237-300 . 

[CS] S.-S . Chern and J. Simon, Characteristic forms and geometric invariants, Ann. of Math. 
(2)99(1974), 48-69 . 

[Dol] S . Donaldson, An  application of gauge theory to the topology of4-manifolds,  J . Diff . 
Geom. 18(1983) , 269-316 . 

[Do2] ,  Connections, cohomology,  and  the intersection forms of  '4-manifolds, J. Differ -
ential Geom. 24 (1986), 275 . 

[Do3] ,  Irrationality and the h-cobordism conjecture,  J . Differential Geom . 26 (1987), 
141. 

[DFN] B . Dubrovin, A . Fomenko, an d S . Novikov , Modern  Geometry  (Part  II), Springer , 
Berlin, 1985. 

[DW) A . Dold an d H. Whitney, Classification  of  oriented sphere bundles over a 4-complex, 
Ann. of Math. (2 ) 69 (1959), 667-677. 

[FHS] M . Freedman, J. Hass, and P. Scott, Least area incompressible surfaces in 3-manifolds, 
Invent. Math . 71 (1983), 609-642. 

[Frl] M . Freedman, The  topology of four-dimensional manifolds,  J. Differentia l Geom . 17 
(1982), 357-454 . 

[Fr2] ,  The disk theorem for four-dimensional manifolds, Proc. Internat. Cong. Math., 
1983, pp. 647-663. 

[FQ] M . Freedman and F. Quinn, Topology  of 4-manifolds, to be published by the Princeton 
University Press . 

[FS] R . Fintushel and R. Stern, SO(3)-connections and the topology of 4-manifolds, J. Dif -
ferential Geom . 20 (1984), 523-539. 

[FT] M . Freedman and L. Taylor, A universal smoothing of four-space, J. Differential Geom . 
24(1986), 69-78 . 

[Fu] L . Fuchs, Partially Ordered Algebraic Systems, Pergamo n Press , New York, 1963. 

77 



78 REFERENCES 

[FU] D . Free d an d K . Uhlenbeck , Instantons  and  Four  Manifolds,  Springer-Verla g MSR I 
Series, 1  (1984) . 

[Ga] D . Gabai , Foliations  and  topology  of '3-manifolds I.  and  II,  J . Differentia l Geom . 1 8 
(1983), 445-503 ; 2 6 (1987) , 461-478 . 

[Go] R . Gompf , Three  exotic  R 4,5 and  other  anomalies,  J . Differentia l Geom . 1 8 (1983) , 
317-328. 

[Hae| A . Hacfliger , Some  remarks  on  foliations with  minimal  leaves,  J . Differentia l Geom . 
15 (1980) , 269-284 . 

[Has] J . Hass , Minimal surfaces  in  foliated 3-manifolds,  Comment . Math . Helveti a 61(1986) , 
1-32. 

[Hat] A . Hatcher , Some  examples  of  essential  laminations  in  3-manifolds,  Top . Appl. 30 No . 
1 (1988) , 63-88 . 

[Hel] J . Hempel , Three-Manifolds,  Ann . o f Math . Stud . 86 , Princeto n Universit y Press , 
Princeton, 1979 . 

[He2] ,  Residual  finiteness for  3- manifolds, Combinatoria l Grou p Theor y (S . M . Ger -
sten an d J . R . Stallinas , eds.) , Ann . Math . Stud y III , Princeto n Univ . Press , 1987 . 

[Hi] M . Hirsch , Differential  Topology,  Springer , Berlin , 1976 . 
[HM] D . Husemolle r an d J . Milnor , Symmetric  Bilinear  Forms,  Springer , Berlin , 1973 . 
[Ja] W . Jaco , Lectures  on  3-manifold  topology,  CBM S Lectur e Note s 4 3 (1980) , Amer . 

Math. Soc . 
[Jo] K . Johannson , Homotopy  equivalence  of "3-manifolds with  boundaries,  Lectur e Note s 

in Math . 761 , Springer , Berlin , 1979 . 
[JS] W . Jaco an d P . Shalen, Seifert  Fibered  Spaces  in  3-Manifolds,  Mem . Amer . Math . Soc . 

2(1979). 
[Kir] R . Kirby , Topology  of "4-manifolds, Lectur e Note s Math . 1374 , Springer , Berlin , 1989 . 
[Kis] J . M . Kister , Microbundles  and  fiber bundles,  Ann . o f Math . (2 ) 8 0 (1964) , 190-199 . 
[Kl] W . Klingenberg , Riemannian  geometry,  Walte r d e Gruyter , Berlin , 1982 . 
[KM] M . Kervair e an d J . Milnor , On  2-spheres  in  4-manifolds,  Proc . Nat . Acad . Sci . US A 

47 (1961) , 1651-1657 . 
[Kn] H . Kneser , Geschlosse  Fldchen  in  dreidimensionalen  mannigfaltigkeiten,  J B Deutsch . 

Math. Verei n 3 8 (1929) , 248-260 . 
[Lai] H . B . Lawson , Minimal  Varieties  in  Real  and  Complex  Geometry,  L'Universit e d e 

Montreal Press , Montreal , 1974 . 
[La2] Foliations,  Bull . Amer . Math . Soc . 80 No . 3  (1974) , 369-418 . 
[La3] ,  The  theory  of  gauge  fields in  four dimensions,  Lectur e Note s fo r NSF-CBM S 

Conference, Univ . o f Californi a a t Sant a Barbara , 1983 . 
[Man] R . Mandelbaum , Four  dimensional  topology:  an  introduction,  Bull . Amer . Math . Soc . 

2 (1980) , 1-159 . 
[Mar] A . Markov, Vnsolvahility  of  the problem ofhomeomorphism  (Russian),  Proc . Int. Cong . 

Math., 1958 , pp . 300-306 . 
[Mil] J . Milnor , Topology  from  the  Differentiate  Viewpoint,  Universit y Pres s o f Virginia , 

1976. 
[Mi2] Morse  Theory,  Ann . o f Math . Studies , 51 , Princeton Universit y Press , Prince -

ton, 1963 . 
[Mi3] , . ! unique  factorization  theorem  for  3-manifolds,  Amer . J . Math . 8 4 (1967) , 1-7 . 
[Mi4] Lectures  on  h-cobordism  theorem,  Princeto n Universit y Press , Princeton , 1965 . 
[Mi5| Microbundles,  Part  I,  Topolog y 3  (1964) , 53-80 . 
[Mo] E . Moise , A  (fine structure  in  3-manifolds.  I , Ann. o f Math . 5 4 (1951) , 506-533 ; II , 

55 (1952) , 172-176 ; III , 5 5 (1952) , 202-214 ; IV , 5 5 (1952) , 215-222 ; V , 5 6 (1952) , 
96-114. 

[MS] J . Milno r an d J . Stasheff , Characteristic  classes,  Ann . o f Math . Studies , 76 , Princeto n 
University Press , Princeton , 1974 . 

[Mu| J . Murkcrs , Elementary  Differential  Topology,  Princeto n Universit y Press , Princeton , 
1966. 

[No] P . S . Novikov . Topology  of  foliations,  Trans . Mosco w Math . Soc . 1 4 (1963) , 268-305 . 



REFERENCES 79 

[Pal] C . Palmeira, Open manifolds foliated by planes, Ann. of Math. (2) 107 (1978), 109-131 . 
[Pap] C . Papakyriakopoulos , On  Dehn's lemma, Ann . of Math. (2 ) 66 (1957), 1-26 . 
[Qu] F . Quinn, Ends III, J . Differentia l Geom . 1 7 (1982), 503-521 . 
[Re) G . Reeb, Sur  une  generalisation  d'un theoreme  de M.  Denjoy,  Fourie r Annal s 11 

(1961), 185-200 . 
[Roh] V . Rohlin , New  results in the  theory of 4-dimensional manifolds,  Dokl . Akad. Nauk . 

SSSR, 84 (1952), 221-224. (Russian) . 
[RosJ H . Rosenberg, Foliations by planes, Topology 7(1968) , 131-138 . 
[RR] H . Rosenberg and R . Rossaire , Reeb foliation, Ann . of Math . (2 ) 91 (1970), 1-24 . 
[RSI C . Rourke an d B . Sanderson , Introduction  to Piecewise-Linear Topology, Springer, 

Berlin, 1972 . 
[SeJ S . Sedlacek, A direct method for minimizing  the  Yang-Mills  functional, Comm. Math. 

Phys. 86(1982), 515-528 . 
[Sh] H . Shapiro, (unpublished) . 
[SU] J . Sacks and K. Uhlenbeck, The  existence of minimal 2-spheres,  Ann. of Math. (2) 114 

(1981), 1-24 . 
[Sull D . Sullivan, A homological characterization of foliations consisting of minimal surfaces, 

Comment. Math . Helv . 54 (1979), 218-223. 
[SY] R . Schoen and S.-T. Yau, Existence of incompressible minimal surface and the topology 

of three dimensional manifold  with  non-negative scalar curvature, Ann . of Math. (2 ) 
110(1979), 127-142 . 

[Tal] C . Taubes, Self-dual Yang-Mills  connections on non-self-dual 4-manifolds, J . Differen -
tial Geom. 17(1982) , 139-170 . 

[Ta2] ,  A framework for Morse  theory for the  Yang-Mills  functional, Invent . Math . 94 
(1988), 327-402. 

[Ta3] ,  Gauge theory on asymptotically periodic 4-manifolds, J. Differentia l Geom . 25 
(1987), 363-430 . 

[Th] R . Thorn , Quelques  proprietes globales des varietes differentiables, Comment . Math . 
Helv. 28(1954), 17-86 . 

[UhlJ K . Uhlenbeck, Connections  with  Lp bounds  on  curvature,  Comm. Math . Phys . 8 3 
(1982), 31-42 . 

[Uh2] ,  Removable singularities in Yang-Mills  fields, Comm. Math. Phys . 83, 11-30. 
[Wal] C . T. C. Wall, Surgery on Compact Manifolds, Academic Press, New York, 1970 . 
[War] F . W. Warner, Foundation of differentiate manifolds  and Lie groups, Scott , Foresman 

and Company , Glenview, Illinois , 1971. 

MICHAEL H . FREEDMA N 
DEPARTMENT O F MATHEMATIC S 
UNIVERSITY O F CALIFORNIA , SA N DIEG O 
LA JOLLA , CALIFORNI A 92093-011 2 

FENG LU O 

DEPARTMENT O F MATHEMATIC S 
UNIVERSITY O F CALIFORNIA , Lo s ANGELE S 
Los ANGELES , CALIFORNI A 9002 4 




		2014-08-31T10:07:53+0530
	Preflight Ticket Signature




