


Titles in This Series 

Volume 

7 And y R . Magi d 
Lectures o n differentia l Galoi s theor y 

1994 

6 Dus a McDuf f an d Dietmar Salamo n 
J-holomorphic curve s an d quantu m cohomolog y 
1994 

5 V . I. Arnol d 
Topological invariant s o f plan e curve s an d caustic s 
1994 

4 Davi d M. Goldschmid t 
Group characters , symmetri c functions , an d th e Heck e algebr a 

1993 

3 A . N . Varchenk o an d P. I. Etingo f 
Why th e boundar y o f a  roun d dro p become s a  curv e o f orde r fou r 
1992 

2 Frit z John 
Nonlinear wav e equations , formatio n o f singularitie s 
1990 

1 Michae l H . Freedma n an d Feng Luo 
Selected application s o f geometr y t o low-dimensiona l topolog y 
1989 

http://dx.doi.org/10.1090/ulect/007



This page intentionally left blank



University 

LECTURE 
Series 

Volume 7 

Lectures o n Differentia l 
Galois Theor y 

Andy R . Magi d 

American Mathematical Society-
Providence, Rhode Island 



Editorial Committe e 

Jerry L . Bon a Donal d S . Ornstei n 
Theodore W . Gamel m Leonar d L . Scot t (Chair ) 

1991 Mathematics  Subject  Classification.  Primar y 12H0 5 

Library o f Congres s Cataloging-in-Publicarion Dat a 

Magid, And y R . 
Lectures o n differentia l Galoi s theory/And y R . Magid . 

p. cm . —  (Universit y lectur e series , ISS N 1047-3998 ; 7 ) 
Includes bibliographica l references . 
ISBN 0-8218-7004- 1 
1. Galoi s theory . 2 . Differentia l equations . I . Title . II . Series: Universit y lectur e serie s 
(Providence, R.I.) : 7 . 

QA174.2.M34 199 4 
512'.3-^dc20 94-1043 1 

CIP 

Copying an d reprinting . Individua l reader s o f thi s publication , an d nonprofi t librarie s actin g fo r them , 
are permitted t o make fair use of the material, suc h as to copy a  chapter for use in teaching or research. 
Permission i s granted t o quot e brie f passage s fro m thi s publicatio n i n reviews , provide d th e customar y 
acknowledgment o f the source i s given. 

Republication, systemati c copying, o r multiple reproductio n o f any material i n this publication (in -
cluding abstracts ) i s permitte d onl y unde r licens e fro m th e America n Mathematica l Society . Request s 
for such permissio n shoul d b e addressed t o th e Manage r o f Editoria l Services , America n Mathematica l 
Society, P.O . Bo x 6248 , Providence , Rhod e Islan d 02940-6248 . Request s ca n als o b e made b y e-mail t o 
reprint-permiss ionQmath.ams.org. 

© Copyrigh t 199 4 b y th e America n Mathematica l Society . Al l rights  reserved . 
Reprinted wit h correction s 1997 . 

The America n Mathematica l Societ y retain s al l rights 
except thos e grante d t o th e Unite d State s Government . 

Printed i n th e Unite d State s o f America . 

@ Th e pape r use d i n thi s boo k i s acid-fre e an d fall s withi n th e guideline s 
established t o ensur e permanenc e an d durability . 

This volum e wa s typese t b y th e autho r usin g A^fS-T^X. 
the America n Mathematica l Society' s Tg X macr o system . 

10 9 8 7 6 5 4 32 0 1 0 0 9 9 9 8 9 7 



Contents 

Preface vi i 
Outline o f approac h vii i 
Chapter-by-chapter summar y xii i 

CHAPTER 1 . Differentia l Ideal s 1 
Basic conventions 1 
Linear ideal s 3 
Examples 6 
Constants 1 0 

CHAPTER 2 . Th e Wronskia n 1 5 
Definition o f th e Wronskia n 1 5 
Linear independenc e ove r constant s 1 7 
The genera l equatio n o f orde r n  2 0 

CHAPTER 3 . Picard-Vessio t Extension s 2 3 
Definition o f Picard-Vessio t extension s 2 3 
Existence an d uniquenes s 2 5 
Characterization o f Picard-Vessio t extension s 2 7 
Examples 3 0 
Infinite extension s 3 8 

CHAPTER 4 . Automorphism s o f Picard-Vessio t Extension s 4 3 
Automorphisms o f ful l universa l solutio n algebra s 4 4 
Algebraic grou p structure s o n automorphism s 4 8 
Examples 5 3 

CHAPTER 5 . Th e Structur e o f Picard-Vessio t Extension s 6 1 
Examples 7 0 
Reduction t o a n algebraicall y close d bas e 7 3 

CHAPTER 6 . Th e Galoi s Correspondenc e an d it s Consequence s 7 5 
The fundamenta l theore m 7 5 
Virtually solvabl e extension s 7 8 
Integration i n finite  term s 8 1 
Abelian extension s 8 3 
Examples 8 4 



vi CONTENT S 

CHAPTER 7 . Th e Inverse Galois Problem 8 9 
Equivariant derivation s 9 0 
The inverse problem for unipoten t group s 9 5 
An Exampl e 9 7 
The inverse problem for tori 9 9 
The inverse problem fo r solvabl e groups 10 0 

Bibliography 103 



Preface 

Differential Galoi s theory is the theory of solutions of differential equation s ove r 
a differential bas e field, or rather the nature of the differential field extension generated 
by th e solutions , i n muc h th e sam e wa y tha t ordinar y Galoi s theor y i s th e theor y 
of fiel d extension s generate d b y solution s o f (on e variable ) polynomia l equations , 
with th e additiona l featur e tha t th e correspondin g differentia l Galoi s group s (o f 
automorphisms o f the extension fixin g th e base and commutin g with th e derivation ) 
are algebrai c groups . 

This book, despit e its title, deals only with the differential Galoi s theory o f linear 
homogeneous differentia l equations , whos e differentia l Galoi s group s ar e algebrai c 
matrix groups. Thi s branch of the theory is known as the Picard-Vessiot theory , afte r 
its founder s C . Picar d (1856-1941 ) an d E . Vessio t (1865-1952 ) whos e fundamenta l 
papers on the subject appeared in 188 3 and 1892 , respectively. (Thes e historical note s 
are du e t o Phylli s Cassidy. ) 

Thus differentia l Galoi s theory ha s a  history datin g back t o the 19t h century I t 
was subsequentl y advance d b y J . F . Rit t a t Columbia . However , i t wa s onl y pu t o n 
its present soli d footing i n the postwar wor k o f Elli s Kolchin , whic h sa w publicatio n 
beginning wit h hi s 194 8 Annals  paper . 

Kolchin's 197 3 Differential  algebra  and algebraic  groups, Ne w York , Academi c 
Press [Ko2] , comprehensivel y codifie s hi s work , althoug h hi s orgina l paper s fro m 
the 40 s an d 50 s remain equall y accessible . Reader s wh o fin d Kolchin' s idiosyncrati c 
language difficul t t o di p int o briefl y wil l appreciat e Irvin g Kaplansky' s Introduction 
to differential algebra,  2nd edition , Hermann , Paris , 197 6 [K], which treat s th e topi c 
marvelously concisel y (althoug h fo r som e reaso n Kaplansk y choose s t o omi t th e 
construction o f the Picard-Vessiot extensions , which play the same role in differentia l 
Galois theor y tha t Galoi s extension s pla y i n ordinar y Galoi s theory , referrin g th e 
reader t o Kolchin' s origina l paper s instead) . Ther e ar e als o many othe r account s o f 
differential Galoi s theor y i n th e literature , fo r exampl e b y Delign e [D] , Fahi m [F] , 
Levelt [L], Katz [Ka], Pommaret [P] , and Takeuchi [T] to name some recent examples. 

Kolchin's book end s with a  theorem tha t describe s the structur e o f a  differentia l 
Galois extension as a twisted form of the function fiel d of the differential Galoi s group 
(remember thi s is an algebrai c group s o it has a  function field ) wit h scalar s the bas e 
differential field . I n 1986 , Michae l Singe r [S ] gave a  proo f o f thi s theore m fo r th e 
Picard-Vessiot cas e base d o n differentia l Galoi s theory , an d henc e understandable , 
say, t o a  reade r wh o ha s mastere d Kaplansky' s boo k (Kolchin' s proof , o f a  mor e 
widely applicabl e theorem , use s cohomology) . O n th e othe r hand , i f one know s th e 
Kolchin theorem, the n i t should be easy to establish the fundamental correspondenc e 
theorem of differential Galoi s theory: i f E =  F(G),  the n i t is not very surprising tha t 
subfield extension s K betwee n F  an d E  correspon d t o subgroups of G.  (Her e we use 
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viii PREFAC E 

F(G) fo r the function field of the algebraic group with coordinate ring F[G].) Thu s if 
one could establish Kolchin' s theorem in the Picard-Vessiot cas e from firs t principle s 
(meaning differentia l algebr a without th e fundamental theore m o f differential Galoi s 
theory), the n on e could deduc e differentia l Galoi s theor y i n th e Picard-Vessio t cas e 
as a  consequence . 

I ha d th e opportunit y t o follo w thi s approac h t o differentia l Galoi s theor y i n 
the sprin g o f 1992 , an d th e presen t volum e o f lectur e note s i s th e result . Thes e 
lectures wer e first  presented i n a  course a t th e Hebrew Universit y i n Jerusale m fro m 
February throug h Jun e o f 1992 , and the n reprise d i n a  semina r a t th e Universit y o f 
Oklahoma fro m Septembe r through November o f 1992 . I  am grateful t o my student s 
in Jerusalem, particularl y Assa f Wool and Yaa'cov Kapelovich , an d my colleagues in 
Oklahoma, particularl y Richar d Resco , Bren t Gordon , E d Cline , Mura d Ozaydin , 
and Leoni d Dickey , fo r thei r comment s an d suggestion s o n these lectures . I  am als o 
grateful t o Michae l Singe r fo r som e helpfu l suggestion s an d references . 

The prerequisit e fo r th e course , an d henc e fo r followin g thes e notes , i s a  back -
ground in algebra, especially field theory and commutative algebra, in afflne algebrai c 
geometry, an d i n affin e algebrai c groups , suc h a s typicall y acquire d b y graduat e 
students who have had a years course in algebra and a semesters exposure to algebrai c 
groups. Fo r th e latter , Bore l [B ] is a  complet e reference . 

Ellis Kolchin , who m I  ha d know n sinc e my  day s a s a  J . F . Rit t Instructo r a t 
Columbia i n 1969-72 , passe d awa y i n th e fal l o f 1991 . I  deepl y regre t no t havin g 
had th e opportunit y t o discus s thi s projec t wit h him , an d hop e i t i s worth y o f hi s 
memory, t o whic h I  dedicate d th e course . 

Outline o f approac h 

This approac h t o differentia l Galoi s theor y vi a th e structur e theor y o f Picard -
Vessiot extension s ca n b e regarde d a s a  sequenc e o f si x theorems , whic h w e no w 
present. (Thi s outlin e doe s no t correspon d exactl y t o th e chapter-by-chapte r sum -
mary o f topic s whic h follows. ) 

We fix the followin g notation : 
F i s a differential field with derivation DF. denote d D when there is no confusion . 

(A derivation i s an additiv e map D  :  F — > F suc h tha t D(ab)  =  D(a)b  +  aD{b)  fo r 
elements a.b  o f F.  an d a  differentia l field  i s a  pai r {F,D F) consistin g o f a  field  and 
a designate d derivation. ) 

We als o sometime s denot e D !(y) b y y^\ 
L =  Y^  +  ai-\  y ^ - 1 ) +  . . . +  aoY^,  wher e a\  E  F,  i s a  linea r homogeneou s 

differential operato r ove r F. 
E D  F i s a differential extensio n field  of F\ tha t is , a  differential field  containin g 

F suc h tha t D E restricte d t o F  i s D F. 
For y  i n E,  L(y)  =  D ly +  ae-\D e~l +  \-  a$y an d th e solution s o f L  =  0  in 

E ar e {y  e  E\L{y)  =  0} . 
The first proposition show s that, unlik e the situation with polynomial equations , 

no matte r wha t F  i s an d n o matte r wha t L  i s there i s alway s a  prope r extensio n E 
of F  generate d b y solution s o f L  =  0 . 

PROPOSITION. Given  L and  F  there  exists  a  differential  extension  field E  ~D  F  in 
which L =  0  has £ solutions  algebraically  independent  over  F. 



OUTLINE O F APPROAC H IX 

PROOF. Le t R  =  F\y\$,  ye.t-i],  a  polynomia l rin g ove r F  i n £ 2 indetermi -
nates. Defin e a  derivatio n o n R  b y 

DR{yij) =  j / j+ i fo r j  <  £ - 1 

and 

AR(JV./-I ) =  - y ^ o ^ -
0 

i? i s a  differentia l integra l domai n ove r F  an d j/.o , 1  <  i  <  £,  ar e algebraicall y 
independent solution s o f L  =  0  in R.  W e let ^  =  Q(R),  th e fractio n field  o f R.  • 

Consider th e followin g example : 

EXAMPLE. Le t C  denot e th e complexes , le t F  =  C(e x), le t D  =  ^ , an d le t 
L =  y(i ) _  y(o) # The n (omittin g the subscripts) th e proposition yield s E =  C(e x)(y) 
with D(y)  —  y. 

Notice what happened : F  alread y contained solution s o f L  =  0 , for exampl e e x, 
and th e constructio n adjoine d a n additiona l independen t solution , namel y y.  W e 
also not e tha t i f z  =  £ , the n D(z ) =  0 . 

Elements o f a  differentia l field  ar e calle d constants  i f the y hav e derivativ e zero . 
In th e example , th e adjunctio n o f a  superfluou s solutio n adde d a  ne w constant . A s 
we wil l see , thi s i s generic . Fo r th e record , w e not e tha t th e se t o f constant s o f a 
differential field  is a subfield, an d that the set of solutions in the extension E  o f L =  0 
is a  vecto r spac e ove r th e field  o f constants . 

It turn s ou t tha t th e appropriat e extension s t o conside r fo r differentia l Galoi s 
theory, th e Picard-Vessiot  extensions , ar e thos e wit h n o ne w constants . 

DEFINITION. E  D  F i s a  Picard-Vessio t extensio n o f F  fo r L  i f 
(1) E  i s generated ove r F  a s a  differentia l field  b y th e solution s o f L  =  0  in E. 
(2) Th e constant s o f E  ar e th e constant s o f F. 
(3) L  =  0  has £  solution s i n E  linearl y independen t ove r constants . 

REMARK. Suppos e tha t E  D  F i s a Picard-Vessiot extensio n o f F fo r L  an d tha t 
E 5  K  5  F  i s a n intermediat e differentia l field.  The n i t follow s tha t E  i s als o a 
Picard-Vessiot extensio n o f K  fo r L  also . 

For convenience , w e refer t o a n extensio n E  D  F satisfyin g onl y par t (2 ) o f th e 
definition a s a  "n o ne w constants " extension . 

For th e res t o f thi s outline , w e make th e followin g conventions : 
Let C  denot e th e field  o f constant s o f F. 
Assume tha t F  i s characteristic zer o an d tha t C  i s algebraicall y closed . 
The followin g resul t give s a  conditio n fo r n o ne w constants : 

THEOREM 1 . Suppose  that  R  D  F is  a differential  integral  domain.  If  Q(R),  the 
fraction field of  R,  has  a new constant,  then  R  contains  a  non-zero prime  differential 
ideal. 

Combining Theore m 1  with th e propositio n abov e the n yields : 

COROLLARY. Let  P  C  F[y 7 ;] =  R  be  a  maximal  prime  differential  ideal,  where 
R is  as in  the  proposition. Then  E  =  Q(R/P)  D  F (where  E is  the  fraction field of 
R/P) satisfies  (1 ) and  (2 ) of  the  definition  of  a  Picard-Vessiot  extension. 
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PROOF. Sinc e J ? i s a  Noetheria n ring , maxima l prim e differentia l ideal s exist . 
Then R/P  ha s no non-zer o prim e differentia l ideals , hence by the theorem Q(R/P) 
has no new constants. Sinc e R i s differentially generate d over F b y solutions of L =  0, 
so ar e R/P  an d E.  • 

To guarante e th e thir d conditio n fo r Picard-Vessio t extensions , w e need t o us e 
Wronskian determinants : 

DEFINITION. Le t y\,...  ,y s b e element s o f th e differentia l fiel d E.  The n 

. . . ^ 0 ) 

w =  w(y\ 9...,ySi 

„(°) y\ 
„(0 
y\ 
„<2) 
y\ 

' (-v-l ) 
y\ 

„(°) yi 
„(0 
yi 
J2) yi 

' (.v-l ) 
y\ 

«(°) ?3 
i ,(0 
^3 
„(2) 
J>3 

' ( . v -
^3 

» (2 ) 

" . . . y ^ 

Just lik e th e classica l Wronskia n determinan t use d i n analysis , th e Wronskia n 
determines linea r independence : 

PROPOSITION. The  elements  y\,...  ,y s of  the  differential  field E  are  linearly  inde-
pendent over  the  constants  of  E  if  and  only  ifw(y\,...  ,y s) ^  0 . 

As i n analysis , thi s propositio n implie s tha t th e dimensio n o f th e spac e o f solu -
tions o f L  =  0  is limited : 

COROLLARY. L  —  0 has at  most  £  solutions in  E linearly  independent  over  constants. 

PROOF. Suppos e ther e ar e s  =  £  + 1  elements y,,  1  <  i  <  s,  wit h L(yt)  =  0 . 
Then i n th e determinan t w{y\,...  ,y s) th e las t ro w i s a  linea r combinatio n o f th e 
preceding ones , an d henc e th e determinan t i s 0 . Bu t the n b y th e propositio n th e y\ 
are linearl y dependen t ove r th e constants . • 

As a  consequence , we now have a  constructive proo f o f the-existence o f Picard -
Vessiot extensions : 

THEOREM 2 . Let  P  C  F\yij][w(y L0 -  • -ye.o)"1] =  i?[w -1] =  S  be  a  maximal 
prime differential  ideal.  Then  E  =  Q(S/P)  D  F (E  is  the  fraction field of  S/P)  is  a 
Picard-Vessiot extension  of  F  for  L. 

PROOF. B y Theorem 1 , E ha s n o new constants. Le t y{ denot e th e image o f j/. o 
in E.  The n w{y\,.. . 9 yi) ^  0  sinc e i t i s th e imag e o f w,  whic h i s a  uni t i n S  an d 
hence i n S/P.  Thi s mean s tha t th e y f ar e linearl y independen t ove r C . Also , E  i s 
generated ove r F  a s a  differentia l fiel d b y th e y t b y construction . • 

Next, w e note th e followin g normalit y propert y o f Picard-Vessio t extensions : 

NORMALITY. Suppos e E\  D F , i  =  1,2 , ar e Picard-Vessio t extension s o f F  fo r 
L an d tha t E  D  F i s a  n o ne w constant s extension . Suppos e tha t o\  :  E\ — » E ar e 
differential embedding s which are the identity on F.  Le t V\  be the solutions o f L —  0 
in Ej, an d let V  be the solutions in E. The n aj(Vj)  C  V  an d a dimension count based 
on conditio n (3 ) fo r Picard-Vessio t extension s an d th e corollary precedin g Theore m 
2 establishes tha t 0 7 (F/) =  F . I t the n follow s fro m conditio n (1 ) fo r Picard-Vessio t 
extensions tha t o\{E\)  =  02(Ei). 
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Using the normality of Picard-Vessiot extensions , we can prove their uniqueness: 

THEOREM 3 . Any  two  Picard-Vessiot extensions  of  F for L  are  isomorphic over F. 

PROOF. W e can assume that one of the extensions is constructed a s in Theorem 2, 
namely E\ =  Q(S/P)\  le t E2 b e the other one. Th e differential rin g T  =  (S/P)  ® F E 2 

is a  finitel y generate d F-algebra , henc e Noetherian . Le t M  b e a  maxima l prim e 
differential idea l in T.  The n the differential fiel d E  =  Q(T/M)  ha s no new constants 
(corollary t o Theore m 1 ) an d ther e ar e differentia l injection s 0 7 :  E\ — > E  induce d 
by th e tenso r inclusion s 5 ^ 5 0  1  and e n l ^ e . The n b y th e abov e remar k o n 
normality o  —  a2G^x i s a n isomorphis m fro m E\  t o E 2. • 

In fact , th e sam e metho d o f proo f use d i n Theore m 3  als o prove s a  stron g 
assertion abou t th e automorphism s o f a  Picard-Vessio t extension : 

THEOREM 4 . Let  E  be  a  Picard-Vessiot  extension  of  F  for  L,  and  let  x  be  an 
element of  E  not  in  F. Then  there  is  a differential automorphism  a  of  E  over  F with 
o{x) ^  x. 

PROOF. I n th e proo f o f Theore m 3 , assum e E\  =  E 2 =  Q(S/P).  On e check s 
that z = x < g ) l - l < g ) x i s no t nilpoten t i n T,  an d we localize T  a t the multiplicativel y 
closed se t generate d b y z , callin g th e resul t T  also . The n procee d a s i n Theore m 
3. B y construction , z  ha s non-zer o imag e i n Q(T/M)  fro m whic h i t follow s tha t 
o\{x) 7 ^ o2(x) an d henc e tha t x  ^  a(x).  • 

The se t o f differentia l automorphism s o f E  ove r F  form s a  group , whic h i s 
denoted G(E/F).  Th e nex t resul t i s tha t thi s i s a n algebrai c grou p ove r th e fiel d 
C o f constant s o f F. 

THEOREM 5 . Let  E  be  a  Picard-Vessiot  extension  of  F  for  L.  Then  G(E/F) 
is a  linear  algebraic  group over  C.  In  fact, if  E  =  Q(S/P)  as  in  'Theorem 2 , and 
V =  £ Cy/.o , then GL(V) acts  naturally on S andG(E/F)  =  {a  € GL(V)\P°  =  P}. 

Of course one needs to verify tha t the right-hand sid e of the equation in Theorem 
5 i s Zarisk i closed . 

Theorem 4 is really half the Galois correspondence theorem. Th e other hal f will 
be provided b y the following theorem , whic h i s the version o f Kolchin' s theorem fo r 
which w e have bee n aiming : 

THEOREM 6 . Let  E  be  a  Picard-Vessiot  extension  of  F  for L.  Let  G  <  G(E/F) 
be a  Zariski  closed  subgroup. Let  T  be  the  set  of  all  f  in  E  which  satisfy a  linear 
homogeneous differential  equation  over  EG. Then  T  is  a  finitely generated  G-stable 
EG-algebra with  fraction field E,  and  if  F  denotes  the  algebraic  closure  of F,  then 
there is a G-isomorphism  F  ®p  T  — • F  ® c C[G],  (Here  C[G]  is  the  coordinate  ring 
of the  algebraic  group G.)  In  fact T  consists  of  all  the  elements  of  E  such  that  the 
C-span of  their  G-orbit  is  finite dimensional 

PROOF. I n th e proof , w e ca n assum e tha t E G =  F  (se e th e remar k afte r th e 
definition o f Picard-Vessio t extensions) . B y Theore m 3  w e ca n assum e tha t E  = 
Q(S/P) a s i n Theore m 2 . Le t <S  denot e th e se t o f Cj-semi-invariant s i n E.  The n 
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one show s tha t T  =  S[S];  fro m thi s descriptio n on e show s firs t tha t T  ha s n o te -
stable ideals , then use s this to se e that F  ® F T  ha s no G-stabl e ideals , and the n use s 
this fac t t o conclud e th e desire d isomorphis m wit h F  <g> c C[G]. • 

Theorem 6 shows how the extension E DE G determine s the group G  (or rather its 
scalar extensio n t o F).  A s already noted , Theore m 4  shows how the group G(E/F) 
determines th e bas e field  F  fro m E.  W e combin e thes e t o ge t th e fundamenta l 
theorem o f differentia l Galoi s theory : 

FUNDAMENTAL THEORE M O F DIFFERENTIA L GALOI S THEORY . Let  E  be  a  Picard-
Vessiot extension of  F  for L.  Then  there  is a lattice  inverting  bijective correspondence 
between 

{E C  K  C  F\K is  a differential  subfield  {with  the  same derivation)} 

and 
{G <  G(E/F)\G  is  a Zariski  closed  subgroup} 

given by 
K^G(E/K) and  G  >-+ EG. 

Picard-Vessiot intermediate  field extensions  correspond  to  normal subgroups. 

PROOF. A S remarked above , E  i s also a  Picard-Vessiot extensio n o f any interme-
diate field K. The n one can deduce from Theorem 5 that G(E/K)  i s Zariski closed in 
G(E/F), an d Theorem4 implies that EG{E'K) =  K. KG  i s a Zariski closed subgrou p 
of G{E/F),  the n G  < G(E/E G) an d E G =  EG{E^°\ Le t K  denot e thi s latter field. 
In Theore m 6 , th e rin g T  depend s onl y o n K.  an d henc e fro m th e isomorphis m o f 
that theore m we conclude tha t 7® c C[G]  equals F<g>c C[G(E/E G)l an d thu s tha t 
G =  G(E/E G). D 

In additio n t o providing a  convenient pat h t o the Fundamenta l Theorem , Theo -
rem 6 also points the way to an approach to the inverse problem of differential Galoi s 
theory. Firs t w e stat e th e invers e problem : 

INVERSE PROBLEM. Give n a differential field F an d a linear algebraic group G  over 
the constant field  C  o f F, find a  Picard-Vessiot extensio n E  o f F wit h G(E/F)  =  G. 

We kno w fro m Theore m 6  tha t i f th e invers e proble m i s solved , the n E  i s th e 
fraction field of a domain T  wit h F' ®F T  —  F ® c C[G]  (we denote this latter F[Gj]). 
At leas t in the case that G  i s connected, s o that C[G]  is an integra l domain , thi s can 
be show n t o b e equivalen t t o finding  a n appropriat e derivatio n o n F[Gy],  namel y 
one commuting with G  and havin g no proper differentia l ideals . I t o f course suffice s 
to find  suc h a  derivatio n o n F[G F] itself . 

We conclude this outline with an historica l curiosity. I n 1895 , on the occasion o f 
the 100 th birthday o f l'Ecole Normale Superieure , Li e gave an addres s abou t Galois , 
in which he talked about the developing Galois theory of differential equations . Wit h 
a littl e creativ e anachronism , on e ca n rea d int o thos e comment s o f nearly a  centur y 
ago th e mai n poin t o f vie w o f th e presen t work : 

"De la  par exampl e es t nee une theori e generate s d'integration pou r le s systemes 
d'equations differentielle s don t la  solutio n la  plu s general e s'exprim e e n functio n 
particuliere pa r le s formule s qu i definissen t u n group e fini  e t continu ; cett e theori e 
a un e analogi e frappant e ave c celle d e Galois. " 
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Sophus Lie , Influence de Galois  sur le developpement des  mathematiques, Gesam . 
Abh., Volum e 6  (quote d b y Ut a Mertzbac h i n Lie's  Galois  theory  of  differential 
equations I: Historical background  (preliminary report) ; Specia l Session on History o f 
Mathematics, Amer . Math . Soc . meetin g numbe r 882 , DeKalb , IL , Ma y 22 , 1993) . 

For the reader who is willing to projec t a  lot into thi s brief assertion o f Lie's , we 
may say that he is asserting that the space V  =  L~ l (0 ) of solutions of the differentia l 
equation L  =  0 is a homogeneous space for a  finite (dimensional ) Li e group G.  Whil e 
this is obviously false i f taken literally, if we take Lie's remark about general solution s 
to mea n tha t V  contain s a  Zarisk i dens e subse t whic h i s a  principa l homogeneou s 
space fo r G,  the n th e Picard-Vessio t extensio n E  fo r L  ove r th e fiel d F  o f rationa l 
functions wil l be isomorphic to F(G). The n Lie's comment about the striking analogy 
of this theory with tha t o f Galois could mean tha t th e correspondence theory fo r th e 
differential subfield s o f th e extensio n E  =  F(G)  D  F wil l b e a  consequenc e o f thi s 
isomorphism, whic h i s also th e mai n ide a o f th e presen t work . 

Chapter-by-chapter summar y 

Chapter 1 : Differentia l Ideal s 
Topics includ e genera l introductio n t o differentia l rings , differentia l polynomia l 

algebra, characterizatio n o f ideal s differentiall y generate d b y a  linea r homogeneou s 
differential operator , an d th e fac t tha t th e quotien t o f th e differentia l polynomia l 
algebra b y suc h a n idea l i s an (ordinary ) polynomia l ring . Theore m 1  is proven i n 
this chapter . 

Chapter 2 : Th e Wronskia n 
Topics covere d ar e th e propertie s o f th e Wronskian . Th e propositio n followin g 

Theorem 1  and it s corollary ar e prove n i n thi s chapter . 
Chapter 3 : Picard-Vessio t Extension s 
Topics covered are the definition o f Picard-Vessiot extensions, their construction , 

and thei r uniqueness . Theorem s 2 , 3 , and 4  ar e prove n i n thi s chapter . 
Chapter 4 : Automorphism s o f Picard-Vessio t Extension s 
Topics covere d ar e th e structur e o f th e grou p o f automorphism s o f a  Picard -

Vessiot extensio n a s a n algebrai c group . Theore m 5  is proven i n thi s chapter . 
Chapter 5 : Th e Structur e o f Picard-Vessio t Extension s 
Topics covered include the structure of a Picard-Vessiot extension as the quotien t 

field o f a n affin e domain . Theore m 6  i s proven i n thi s chapter . 
Chapter 6 : Th e Galoi s Correspondenc e an d it s Consequence s 
Topics covere d includ e th e fundamenta l theore m o f differentia l Galoi s theor y 

and som e applications , includin g equation s wit h solvabl e (connecte d componen t o f 
their) Galois group and equations solvable by quadratures, and equations with Galoi s 
group SL n. Th e corollar y t o Theore m 6  i s proven i n thi s chapter . 

Chapter 7 : Th e Invers e Galoi s Proble m 
Topics covere d includ e th e invers e proble m an d derivation s o f th e coordinat e 

ring o f a n algebrai c group , an d th e constructiv e solutio n o f th e invers e proble m fo r 
various groups , includin g solvabl e groups . 
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