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Preface 

These ar e the note s t o a  course o f lectures I  gave a t Munic h i n the fal l o f 199 7 
and agai n a t Gotebor g th e followin g spring . I  sough t t o giv e i n seve n lecture s a 
unified expositio n o f fou r recen t article s i n th e genera l are a o f quantu m group s 
and kno t polynomials . Th e fou r article s hav e establishe d a n interestin g connectio n 
between th e notio n o f Probeniu s algebr a o r th e mor e genera l Probeniu s extensio n 
on the one hand an d Hop f subalgebra s [27] , solutions o f the Yang-Baxte r Equatio n 
[6], the Jone s polynomial s V L W [41] , and 2-dimensiona l topologica l quantu m field 
theories [1 ] on th e othe r hand . Ther e ar e interestin g possibilitie s fo r furthe r inter -
actions wit h th e theorie s o f Atiya h [3] , Drinfel'd [21] , Jones [37] , Turaev [94 ] an d 
Witten [99] . 

By a  Frobeniu s algebr a w e mea n a  finite  dimensiona l associativ e algebr a A 
which ha s a  nondegenerat e linea r functiona l (f>.  Equivalently, A  i s a  Probeniu s 
algebra i f A  an d it s dua l A*  ar e isomorphi c a s lef t A-module s vi a a  ma p a  H- » a<p. 
This particula r characterizatio n generalize s t o a  definitio n o f Probeniu s extensio n 
of rings: a  finite  projective rin g extension S  — » A  i s Probenius i f A  an d it s S- valued 
dual ar e isomorphi c a s A-S  bimodules . Ou r purpos e the n i s to elaborat e o n thes e 
ideas, providin g a  relativel y thoroug h accoun t o f Frobeniu s theor y base d o n th e 
literature b y Brauer , Eilenberg , Kasch , Nakayama , Morita , an d others . W e als o 
study separabilit y i n relation t o Frobeniu s theory , which i s important t o tw o of th e 
recent articles , [6 , 41] . The n a  unifie d expositio n i s give n th e fou r recen t topic s 
named above . A s a  bonus, a n interactio n o f the recen t topic s an d Probeniu s theor y 
is seen i n severa l o f the theorem s an d propositions . 

In Chapter s 1  an d 2 , an d i n Section s 4. 1 an d 7.1 , w e develo p th e theor y o f 
Frobenius extensions . I n Sectio n 4. 2 w e develo p som e mor e theor y fo r Frobeniu s 
algebras over commutative rings ; in Section 4.3, for th e classical Frobenius algebra s 
over fields;  an d i n Sectio n 6.1 , fo r augmente d Frobeniu s algebra s ove r commuta -
tive rings . Section s 2.4 , 2.5 , 2.6 , 5.3 , an d 7. 1 stud y th e relationshi p o f Frobeniu s 
extensions wit h separability . 

Chapter 3  elaborates o n [41 ] by the author , an d show s that a  certain separabl e 
Probenius extensio n o f algebra s wit h trace , whic h w e introduc e her e a s a  Marko v 
extension, ha s a n endomorphis m rin g theore m an d a  ke y idempotent . W e iterat e 
this construction , generatin g a  towe r o f algebras , an d obtainin g th e character s fo r 
the brai d group s tha t Jone s obtaine d vi a II\  subfactors . W e thereb y deriv e th e 
Jones kno t an d lin k polynomial s VL(£ ) [37 ] b y a  genera l method . Th e mechanis m 
in buildin g th e towe r o f algebra s i s th e endomorphis m rin g o f th e generi c typ e o f 
relatively semisimple  pai r give n b y a  Marko v extensio n o f algebra s ove r a n alge -
braically close d field. 

In Chapter 4  we study Frobeniu s algebras and prove a result o f [6 , Beidar-Fong-
Stolin]. W e sho w tha t th e Frobeniu s elemen t o f th e tensor-squar e o f a  Frobeniu s 

ix 
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algebra A  ove r a  commutativ e rin g A : is a  solutio n o f th e Yang-Baxte r Equation , 
though no t necessaril y a n invertibl e one . Th e proo f depend s o n th e Nakayam a 
automorphism o f a Frobenius algebra . Th e question o f when a  solution i s invertible 
is postponed unti l Chapte r 5 . Chapte r 4  ends wit h a  sketc h o f [1 , Abrams] wher e 
it i s proven tha t 2-dimensiona l topologica l quantu m field  theorie s ar e equivalen t t o 
commutative Frobeniu s algebras . 

In Chapte r 5  we develo p th e theor y o f Azumay a algebra s i n a  self-containe d 
section. W e stud y thre e characterization s o f Azumay a algebra s whic h provid e a 
simplification i n the proo f o f two theorems. First , w e prove tha t th e solution s fro m 
Chapter 4  o f th e Yang-Baxte r equatio n ar e invertibl e solution s i f an d onl y i f A  i s 
an Azumaya ^-algebra . Second , Azumay a algebra s with invertible Hattori-Stalling s 
rank ar e strongl y separable , symmetri c Frobeniu s algebras , a  theore m o f [16 , 30 , 
DeMeyer, Hattori] . 

Based o n [45 , author-Stolin] , Chapte r 6  develop s a  Frobeniu s theor y fo r a 
Hopf algebr a H  whic h i s finite  projectiv e ove r a  commutativ e rin g wit h trivia l 
Picard group . Certai n ke y properties o f norms an d integral s together wit h modula r 
functions ar e alread y give n fo r augmente d Frobeniu s algebras . W e then stud y th e 
basic theore m o f Larson-Pareigis-Sweedie r [57 , 75 ] whic h inform s u s tha t H  i s a n 
augmented Frobeniu s algebra . W e find  a n explici t Frobeniu s syste m (Frobeniu s 
homomorphism wit h dua l base ) wit h Nakayam a automorphis m fo r H.  The n w e 
obtain othe r Frobeniu s systems for H  b y applying the antipode S , it s compositiona l 
inverse 5 _ 1 an d th e automorphis m S 2. Th e Frobeniu s theor y i n Chapte r 1  which 
compares Frobeniu s system s an d Nakayam a automorphism s o f th e sam e algebr a 
then yield s twx > well-known Radfor d formula s involvin g S 2 an d S 4. A s a  corollar y 
to th e first  o f thes e formulas , w e sho w tha t Drinfeld' s quantu m doubl e D(H)  i s a 
unimodular, symmetri c algebra . 

In Chapte r 7  we restrict ou r attentio n t o finite  dimensiona l Hop f algebra s afte r 
making a  stud y o f j3- Frobenius extension s i n Sectio n 7.1 . Base d o n [27] , Section s 
7.2 an d 7. 3 sho w explicitl y tha t a  Hop f subalgebr a K  o f a  finite  dimensiona l Hop f 
algebra i f i s a  Frobeniu s extensio n H/K  twiste d o n on e sid e b y a n automorphis m 
(5 o f K.  A  (5- Frobenius syste m fo r H/K  i s give n i n term s o f a  relativ e Nakayam a 
automorphism an d th e Frobeniu s syste m studie d i n Chapte r 6 . W e conclud e wit h 
several example s o f Frobeniu s extension s draw n fro m th e Taf t algebr a an d th e 
quantum double . 

No prior knowledg e o f Frobenius algebras , separabl e algebras , o r Hopf algebra s 
is assumed o f the reader, althoug h a  look at tw o of the early chapters of [15 , Curtis-
Reiner] o n Frobeniu s an d separabl e algebras , an d th e first  severa l chapter s i n [90 , 
Sweedler] o n Hopf algebra s wil l put muc h o f this materia l i n perspective . A n inde x 
is provide d a t th e en d o f thi s paper . A  brie f historica l accoun t an d guid e t o th e 
literature ar e give n i n Appendi x A . 

I than k th e Carlsber g Foundatio n i n Copenhagen , Heidelber g University , th e 
Graduate Colleg e i n Mathematica l Physic s a t Ludwig-Maximilian s Universit y i n 
Munich, an d NorF A i n Osl o fo r thei r suppor t o f thi s projec t a t variou s stages . I 
also thank Professor s D . Kastler, J . Cuntz , B. Pareigis, and J . Brzezinski for invitin g 
me t o Marseilles , Heidelberg , Munich , an d Goteborg , respectively . I  thank to o th e 
participants of my two courses of lectures for their attention and valuable comments , 
especially J . Brzezinski , F . Kasch , R . Larson , B . Pareigis , P . Schauenburg , H.-J . 
Schneider, Y . Sommerhause r an d A . A . Stolin . A  special thank s t o Mari t i n whos e 
home i n Nesbye n muc h o f my wor k o n thes e note s too k place . 
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