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Preface 

Much curren t researc h i n probabilit y theor y i s concerne d wit h stochasti c pro -
cesses taking values in infinite dimensiona l stat e spaces , making the transition fro m 
the highl y successfu l theor y o f stochasti c (ordinary ) differentia l equation s t o tha t 
of stochasti c partia l differentia l equations . Thes e generalisation s ar e essentia l fo r 
the modellin g o f systems (evolvin g i n time ) fo r whic h th e spatia l structur e play s a 
significant role . On e o f the difficultie s i s that man y spatia l stochasti c processe s ar e 
not functio n value d an d s o much of the theory tha t ha s been developed simpl y doe s 
not apply . Superprocesse s represen t a  ric h clas s o f model s tha t d o not , i n general , 
fall int o th e framewor k o f stochasti c partia l differentia l equations , bu t fo r which , 
nonetheless, a  considerabl e bod y o f techniques hav e bee n developed . 

We use the term superproces s fo r tw o classes of measure-valued stochasti c pro -
cess, both of which are most easil y understood a s models of evolving populations. A 
familiar mode l fo r th e siz e of an evolvin g populatio n i s the Galton-Watso n branch -
ing process . I n 1951 , Feller observe d tha t fo r larg e population s on e ca n emplo y a 
model obtained fro m th e Galton Watson process by rescaling and passing to a limit . 
The Feller  diffusion  approximation  i s no w a  ke y too l i n mathematica l populatio n 
genetics. Superprocesse s aris e a s th e extensio n o f thi s ide a t o model s tha t recor d 
not onl y th e siz e o f th e population , bu t als o th e locatio n o f individual s withi n it . 
There ar e two fundamental examples : th e Dawson-Wa t anabe superproces s an d th e 
Fleming-Viot superprocess . I n th e first , th e siz e o f th e populatio n evolve s a s th e 
Feller diffusion , whil e i n th e second , althoug h individual s di e an d reproduce , th e 
total populatio n siz e i s constrained t o b e constant . 

One o f th e strength s o f th e superproces s model s i s thei r generality . Fo r ex -
ample, th e locatio n o f a n individua l coul d b e a  spatia l positio n i n E d , say , o r he r 
genetic type . I n th e geneti c setting , th e 'spatia l motion ' o f individual s i s a  mode l 
of mutatio n betwee n types . However , wit h th e exceptio n o f Chapte r 5  and par t o f 
Chapter 7 , we shall alway s assum e tha t individual s i n our populatio n mov e aroun d 
according t o Brownia n motio n i n R d. I n addition , w e dea l almos t exclusivel y wit h 
the simples t o f th e superproces s models . Thi s allow s u s t o introduc e som e o f th e 
important idea s withou t obscurin g the m wit h notatio n o r technica l assumptions . 

A numbe r o f differen t way s o f thinkin g abou t superprocesse s hav e emerge d 
over th e las t te n years , an d th e principa l ai m o f thi s boo k i s t o describ e the m i n 
an accessibl e way . Ofte n w e have sacrifice d rigou r fo r intuition . Th e philosoph y i s 
that onc e one understands wh y a  result shoul d b e true , the literatur e wil l seem les s 
daunting. W e wil l als o settl e fo r a  proo f o f a  weake r resul t i f tha t proo f ha s wide r 
applicability. 

XI 



X l l PREFACE 

There ar e man y omissions . I n particular , w e have shie d awa y fro m technique s 
from nonstandar d analysis , eve n thoug h the y ar e especiall y well-suite d t o thi s set -
ting. Nowher e d o w e discus s larg e deviation s fo r th e superprocess . No r hav e w e 
discussed th e us e o f Dirichle t forms . Th e lis t i s endless , bu t th e boo k i s not . 

We hav e als o avoide d a  discussio n o f th e histor y o f th e subject . Th e choic e 
of th e (no w widel y accepted ) nam e Dawson-Wa t anabe superproces s reflect s th e 
significance o f Wa t anabe's pape r o f 1968 , an d o f a  serie s o f paper s b y Dawson , 
beginning i n th e lat e 1970's . Th e nam e superproces s wa s coine d b y Dynki n i n th e 
1980's. Befor e that , th e Dawson-Wa t anabe superproces s wa s know n a s 'critica l 
measure-valued branchin g Brownia n motion' , 'th e critica l measur e diffusion ' an d 
other variant s o n that theme . Unfortunately , th e term 'superprocess ' lead s to som e 
confusion whe n on e begin s t o d o potentia l theory . (Harmoni c function s fo r th e 
superprocess ar e not th e same as superharmonic functions. ) However , mathematic s 
is riddled wit h suc h inconsistencies , an d th e ne w name i s certainly a n improvemen t 
on th e old . Ther e i s stil l no t complet e agreemen t i n th e literature . I n particular , 
the specia l proces s tha t w e have chosen t o cal l the Dawson-Wa t anabe superproces s 
is often calle d superBrownian  motion. 

There ar e excellen t set s o f note s o n superprocesse s b y Dawson , L e Gal l an d 
Perkins ([Daw93] , [LeG99] , [PerOO]) , each wit h it s ow n emphasis . I  a m particu -
larly gratefu l t o E d Perkin s fo r lettin g m e hav e a  previe w o f hi s S t Flou r notes . A 
(slightly older ) revie w o f Fleming-Viot superprocesse s i s provided b y [EK93] . Th e 
forthcoming boo k o f Donnell y an d Tavar e ([DTOO] ) explain s th e application s i n 
genetics. 

Although I  had alread y decided to write a  book on superprocesses, I  only bega n 
to thin k seriousl y abou t thi s projec t whe n Stev e Evan s an d Rut h William s invite d 
me t o joi n a  doubl e ac t wit h Ro b Adler , t o giv e a  serie s o f introductor y lecture s 
at MSRI , i n th e Fal l o f 1997 . I  shoul d lik e t o than k Steve , Rut h an d Ro b fo r thi s 
opportunity an d th e audienc e fo r thei r feedback . A n earl y versio n o f th e firs t fe w 
chapters wa s rea d b y Patric k Fitzsimmons , Vlad a Limic , Ambe r Puh a an d Rut h 
Williams i n U C Sa n Dieg o an d Anj a Stur m i n Oxfor d an d I  a m ver y gratefu l t o 
all thes e peopl e fo r thei r comments . Finally , i n th e Summe r o f 1999 , I  use d th e 
same earl y draf t t o giv e a  serie s o f lecture s t o th e Probabilit y Inter n Progra m a t 
the Universit y o f Madison , Wisconsin . Thank s t o To m Kurt z fo r tha t opportunit y 
and t o th e audienc e fo r stil l mor e feedback . Needles s t o say , th e man y error s an d 
obscurities tha t remai n ar e my  own . 

An Advanced Fellowshi p from EPSR C ha s freed u p enough time for the projec t 
to b e complete d an d Magdale n Colleg e ha s provide d unbeatabl e surrounding s i n 
which to work . I  am gratefu l t o Ed Dunn e fo r hi s help, and abov e al l for hi s patien t 
reminders ever y tim e I  misse d anothe r promise d completio n date . Lione l Maso n 
has provide d invaluabl e suppor t an d encouragemen t (an d sustenance) . 
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Index o f Notatio n 

In al l function an d measur e spaces , R d ca n b e replace d b y anothe r space . 

Spaces o f functions . Th e superscrip t +  adde d t o an y o f thes e spaces , indi -
cates the subspace of non-negative functions . Su b and superscripts can be combined 
in th e obviou s way . 

C(Rrf), continuou s functions . 
Cb(Rd), bounde d continuou s functions . 
Cx(Rd) , continuou s function s o f compact support . 
Cp(Rd), se e page 23. 
Cfc(Rd), k  time s continuousl y differentiabl e functions . 
C°°(Rd), infinitel y differentiabl e functions . 
C([0,£],Rd), continuou s map s fro m [0,t ] t o R d. 
C+, se e page 83. 
C, see page 29 . 
D([0,£],Rd), cadla g map s fro m [0,t]  to R d. 

Some specia l functions . 
XA, th e indicato r functio n o f the se t A. 
gd, pag e 15 0 
0d, pag e 11 5 
fa, pag e 11 5 
$ijf(xii%2, •  •  • >#n)> the functio n obtaine d b y replacin g Xj  b y X j (pag e 30) . 
$ ^ / ( x i , x 2 , . . . , x n ) , pag e 98 . 
Pt(x,2/) =p{t,x,y)  =p(t,x-y)  =  {2 J)d/2 exp(— ||x — y||2/(2t) th e hea t kernel . 

Tt, th e hea t semigroup , T t(j)(x) = Jp(t,x,y)(f){y)dy. 

Measures. 
6X, Dira c mas s a t th e poin t x 
.A/f (Rd), Bore l measures . 
Mi(Rd), probabilit y measures . 
MF^*), finite  measures . 
Mr

F(Rd), pag e 107 . 
Mp(R

d), tempere d measures , pag e 23. 
A/*, purely atomi c measures . 

Operators an d thei r domains . Fo r an y operato r L , it s domai n i s denote d 
by V{L).  W e adop t th e conventio n tha t fo r /  G  T>(L), Lf i s bounded . 

A, th e Laplacian . 
G, th e generato r o f the Dawson-Watanab e superproces s (§4.2) . 
Ga, pag e 127 . 
L, th e generato r o f the Fleming-Vio t superproces s (§4.2) . 
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184 INDEX O F NOTATIO N 

Ltt, pag e 13 9 

Miscellaneous. 
(0,M) =  /  <t>(x)p{dx) 
Ex, Brownia n expectatio n give n tha t BQ  = x. 
[M]t, th e quadrati c variatio n proces s o f the martingal e M . 
Ke —  {x  :  'mf y(zK \\x  — y\\  <  e} , the e-expansio n o f the se t K. 
ftu pag e 4 . 
17, as Q i wit h M  replace d b y MF-
Qr?AM th e expectatio n o f the historica l superproces s give n H r —  \i. 
S(/JL), th e close d suppor t o f the measur e /x. 
\/j,\ =  /i(l ) =  (1 ,M) , th e tota l mas s o f the measur e // . 
fi(A) =  {XA,IAI  th e measur e o f th e se t A  C  R rf. 
a A 6, the minimu m o f a  an d 6 . 
R + , Z_|_ , non-negative rea l numbers , integers . 
Be(x) =  B(x,  e) , ball o f radius e , centred o n x. 
7, paramete r i n superproces s define d o n pag e 15 . 
1Z, 7£(I) , rang e o f superprocess , define d o n pag e 110 . 



Index 

(A, 0)-superprocess , 2 0 
(a, d, /3)-superprocess, 2 2 
L2-martingale measure , 4 3 
7, 1 5 
</>-measure, 11 4 
cr-finite i n th e L 2 sense , 4 3 
cr-moderate solution , 15 4 
/i-excursions, 6 5 
A -  H  -  dim,  12 1 
£-polar, 12 0 
fc-polar, 120 , 15 0 
7£-regular points , 15 4 

absolute continuit y 
Dawson-Watanabe superprocess , 4 0 
Fleming-Viot superprocess , 5 6 

Aldous-Rebolledo criterion , 1 0 
ancestral selectio n graph , 10 2 
annealed law , 16 7 
approximate duality , 1 7 

binary roote d trees , 34 , 17 3 
branching Brownia n motio n 

and pde , 2 
definition, 1 
martingale problem , 5 

branching proces s i n rando m walk , 5 7 
branching property , 2 , 1 7 
Brownian path-value d process , 2 4 
Brownian snake , 6 9 

cadlag, 4 
Campbell measure , 11 6 
canonical measure , 10 6 
Canonical Representatio n Theorem , 1 8 
capacity, 149 , 153 , 15 4 
catalytic superprocesse s 

deterministic catalyst , 16 6 
mutually catalytic , 16 8 
random catalysts , 16 7 

charging o f sets , 11 8 
classical semimartingale , 13 5 
coalescent, 8 9 
collision loca l time , 12 4 
compact containment , 1 1 
comparison principle , 14 6 
competing species , 16 0 

contact process , 16 3 
critical parameter , 16 3 
limit o f rescaled , 16 5 

contour process , 6 9 
count ably additiv e i n L 2 sense , 4 3 
critical branching , 7 

Dawson's Girsano v transform , 126 , 13 3 
bivariate version , 140 , 16 1 
for Fleming-Viot , 13 9 

Dawson-Watanabe superproces s 
absolute continuity , 40 , 5 0 
as projectiv e limit , 6 5 
behaviour a t extinction , 82 , 10 2 
compact suppor t property , 11 0 
conditioned o n nonextinction , 61 , 64, 10 3 
continuity i n wea k topology , 4 8 
countable representation , 9 5 
density i n on e dimension , 42 , 4 4 
dual process , 1 7 
ergodic theorem , 5 4 
exact Hausdorf f measur e function , 11 5 
extinction/persistence dichotomy , 4 9 
genealogy, 90 , 9 5 
general branchin g mechanism , 2 0 
generator, 79 , 12 6 
Hausdorff dimensio n o f range , 11 3 
Hausdorff dimensio n o f support , 11 3 
historical modulu s o f continuity , 10 8 
infinite variance , 2 1 
intersection loca l time , 12 2 
martingale problem , 15 , 3 9 
moments, 37 , 3 9 
multiple points , 12 1 
noncritical, 15 , 13 8 
Poisson cluste r representation , 18 , 60, 10 6 
scaling, 5 1 
versus superBrownia n motion , vii i 

density dependen t regulation , 138 , 16 2 
dimension gap , 47 , 105 , 123 , 150 , 15 5 
Dirichlet proble m 

probabilistic solution , 14 4 
Dynkin's specia l Marko v property , 7 3 

erasing trees , 6 5 
Evans immorta l particle , 6 2 
evolution equation , 1 7 

185 



186 

series solution , 3 3 
exchangeable, 8 6 
exit measure , 73 , 14 4 
exploration process , 70 , 7 2 
exterior con e condition , 15 4 

Feller diffusion , 7 , 8 
Feller rescaling , 7 , 59 , 15 8 
Fleming-Viot superproces s 

countable representation , 88 , 9 4 
density i n on e dimension , 5 6 
dual, 2 9 
generator, 79 , 12 6 
martingale problem , 2 9 
moments, 55 , 8 5 
with selection , 96 , 13 9 

Frostman's Lemma , 11 2 

Gaussian whit e noise , 43 , 17 4 
genealogy, 5 8 
generator 

Dawson-Wat anabe superprocess , 79 , 12 6 
Fleming-Viot superprocess , 79 , 12 6 
in pola r coordinates , 8 0 

Gronwall's inequality , 17 5 
grove, 3 8 

Hausdorff dimension , 111 , 11 3 
support o f superprocess , 11 3 

Hausdorff measure , 11 4 
historical Brownia n motion , 2 4 
historical martingal e problem , 2 4 
historical representatio n theorem , 2 5 
historical superprocess , 24 , 10 3 

martingale problem , 2 4 
modulus o f continuity , 10 8 
Poisson cluste r representation , 10 6 

hitting o f sets , 11 8 

infinite varianc e superprocesses , 2 1 
infinitely divisible , 1 8 
intersection loca l time , 12 2 

kernel, 2 0 
Kolmogorov continuit y criterion , 4 7 
Kolmogorov's test , 15 5 

Levy-Khintchine formula , 1 8 
labelling trees , 7 0 
lexicographical order , 7 0 
local extinctio n 

almost sure , 5 2 
weak, 4 9 

local time , 4 4 
lookdown process , 8 8 

man-hours process , 4 4 
marked tree , 3 8 
martingale proble m 

(£1,1/), 5 

INDEX 

branching Brownia n motion , 5 
Dawson-Wat anabe, 15 , 3 9 
Fleming-Viot, 2 9 
historical superprocess , 2 4 

method o f duality , 1 6 
moderate solution , 15 3 
Moran mode l 

with fecundit y selection , 9 7 
with viabilit y selection , 9 6 

multilevel superprocess , 15 9 
mutually catalyti c superprocesses , 16 8 

natural cr-field , 4 
neutrality, 90 , 9 1 
noncritical superprocesses , 1 5 
nonlinear branching , 13 8 
nonlinear Dirichle t proble m 

a-moderate solution , 15 4 
Le Gall' s representation , 15 2 
mean valu e property , 14 7 
moderate solution , 15 3 
probabilistic solution , 144 , 14 6 

nonlocal branching , 1 9 
Novikov condition , 13 3 

Ohta-Kimura model , 2 6 
orthogonal martingal e measure , 4 3 

Palm distributions , 11 6 
parabolic boundar y valu e problems , 14 6 
Perkins' disintegratio n theorem , 83 , 10 3 
Perkins' stochasti c calculus , 12 6 

Donnelly-Kurtz approach , 13 0 
via historica l process , 12 7 

point interactions , 16 0 
Poisson cluste r representation , 18 , 60 , 10 6 
polar sets , 120 , 149 , 15 3 

quenched law , 16 7 

range, 11 0 
Ray-Knight Theorem , 7 2 
regular point , 14 7 
relatively compact , 9 
removable singularity , 14 9 
restricted Hausdorf f measure , 12 0 

selection, 91 , 13 9 
fecundity, 9 6 
viability, 9 6 

Skorohod topology , 9 
squared Besse l zer o process , 8 
stepwise mutatio n model , 2 6 
stick-breaking process , 6 3 
subordinator, 63 , 7 2 
super-2-Brownian motion , 15 9 
superBrownian motion , vii i 

tempered measures , 2 3 
tightness 



INDEX 

Aldous-Rebolledo criterion , 1 0 
definition, 9 
Kurtz's criterion , 17 3 
rescaled branchin g Brownia n motions , 1 2 

trace o n th e boundary , 15 3 
two-level branchin g process , 15 8 

usual conditions , 13 5 

vague topology , 5 4 

Wasserstein metric , 13 0 
weak topology , 4 , 8 , 2 3 
weighted occupatio n time , 4 4 

evolution equation , 4 6 
infinite varianc e superprocess , 4 7 

Wiener's test , 15 4 
Wild sums , 3 5 
Williams pat h decomposition , 6 3 

187 




		2014-08-31T10:09:40+0530
	Preflight Ticket Signature




