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Preface
The Geometry of Positive Deﬁnite Quadratic Forms is a rich and old subject
which arose in the arithmetic studies of quadratic forms. Through the seminal
works of Minkowski and Voronoi a century ago, the geometric viewpoint became
predominant. The study of arithmetical and inhomogeneous minima of positive
deﬁnite quadratic forms turned into a study of lattice sphere packings and coverings. Lattices and, more generally, periodic (point) sets are by now widespread in
mathematics and its applications. The important monograph “Sphere packings,
Lattices and Groups” [69] by Conway and Sloane, with its over 100 pages of references, shows exemplarily the inﬂuence on other mathematical disciplines. This
becomes particularly apparent for the 24-dimensional Leech lattice and its connections to number theory, group theory, coding theory and mathematical physics.
Since the complexity of problems grows with the dimension, it is no surprise that
over the past decades more and more computer support was used to study higher
dimensional lattices and more general structures. Still, the Geometry of Positive
Deﬁnite Quadratic Forms is an essential tool, not only in the study of lattice sphere
packings and coverings.
One aim of this book is to give a nearly self-contained introduction to this
beautiful subject. We present the known material with new proofs, which then
admit natural generalizations. These extentions of the known theory were mainly
targeted to support the study of extreme periodic sets. However, it turned out
that the resulting new theory has other applications as well, as for example, the
classiﬁcation of totally real thin number ﬁelds. On the way, always an eye is kept on
computability; algorithms are developed that allow computer assisted treatments.
Using tools from combinatorial, from linear and from convex optimization, many
diﬃcult problems become accessible now. This is, for example, demonstrated in the
search for new currently best-known lattice sphere coverings and in the classiﬁcation
of 8-dimensional perfect lattices, which previously was thought to be impossible
with the known methods.
Although this book deals with classical topics which have been worked on extensively by numerous authors, it shows exemplarily how computers may help to
gain new insights. On the one hand it is shown how computer assisted (sometimes
heuristic) exploration helps to discover new exceptional structures. In many cases
these would probably not have been found without a computer. On the other hand
several computer assisted proofs are given, which deal with extraordinarily large
data or involve large enumerations. It is shown how proofs can be obtained from
numerical results, by postprocessing of roundoﬀ solutions. All of these aspects of
computer mathematics are nowadays supported by a growing functionality of computer algebra systems and by an increasing number of reliable small programs for
speciﬁc purposes. In some cases one has to combine, to supplement and to improve
on existing software tools. If solutions for basic tasks are obtained they should be
ix

x
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made accessible to the growing community of computer enthusiastic mathematicians. Underlying many of the presented computational results are in particular
two such programs: A program for rigorous determinant maximization (including
semideﬁnite programming) allowing exact certiﬁed error bounds, and secondly, a
program for polyhedral representation conversion under symmetries.
Computer assisted mathematical explorations and proofs are of increasing importance in many areas of modern mathematics. Even close to the topics of this
book there have been amazing developments recently. An example is the proof by
Hales [129], [130] of the famous Kepler conjecture. Several exciting results have
been obtained in the context of linear and semideﬁnite programming bounds for
spherical codes and point sets in Euclidean spaces. There is the new sphere packing bound by Cohn and Elkies [60], and based on it, the proof by Cohn and Kumar
[63] (see also [61]) that the Leech lattice gives the best lattice sphere packing in
24 dimensions. There is the proof of Musin [185] showing that the kissing number
in four dimensions is 24 (see [197] for an excellent survey). Shortly after, Bachoc
and Vallentin [6], gave more general, new bounds on the size of spherical codes.
Their works are followed by similar approaches for other problems, using semidefinite programming. As in some parts of this book, these works involve numerical
computations which are then turned into mathematical rigorous proofs. Often numerical quests and subsequent mathematical analysis lead to new mathematical
insights. A fascinating example is the study of universally optimal point conﬁgurations, recently invoked by Cohn and Kumar [62] (see also [9] and [264]). Although
all of this is happening literally next door to the topics of this book, I decided to
keep it focused as it is. Adequate treatments will hopefully ﬁll other books in the
near future. For now I encourage the reader to study the great original works.
Acknowledgments. This book grew out of lectures held at an Oberwolfach
Seminar on Sphere Packings and at the University of Magdeburg, together with
parts of research articles which were previously published, in a similar or partially
diﬀerent form (see [45], [95], [225], [226], [228], [229]). I thank my coauthors
David Bremner, Francisco Santos Leal and in particular Mathieu Dutour Sikirić
and Frank Vallentin for their many contributions and their shared enthusiasm for
the subject. I thank Frank, Mathieu, Henry Cohn, Slava Grishukhin, Jeﬀ Lagarias
and Jacques Martinet for their very helpful feedback on prior versions.
I am grateful to my teachers Ulrich Betke and Jörg M. Wills and thank many
other colleagues for fruitful communications on topics related to this book; among
them David Avis, Christine Bachoc, Eiichi Bannai, Yves Benoist, Anne-Marie
Bergé, Andras and Karoly Bezdek, Karoly Börözky Jr. and Sr., Jin-Yi Cai, Bob
Connelly, Renaud Coulangeon, Jesus DeLoera, Antoine and Michel Deza, Nikolai
P. Dolbilin, Noam Elkies, Bob Erdahl, Komei Fukuda, Lenny Fukshansky, Rajinder
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Hales, Jonathan Hanke, Martin Henk, Jenö Horvath, Michael Joswig, Abhinav Kumar, Wlodzimierz Kuperberg, Peter McMullen, Oleg Musin, Gabriele Nebe, Cordian Riener, Konstantin Rybnikov, Rudolf Scharlau, Claus-Peter Schnorr, François
Sigrist, Warren D. Smith, Sal Torquato, Stephanie Vance, Boris Venkov, Günter M.
Ziegler, Chuanming Zong and Stefan van Zwam. I thank the Deutsche Forschungsgemeinschaft (DFG) and the AMS editors for their support.
September 2008

Achill Schürmann

Overview
This overview is intended to guide through the topics and results of this book.
Deﬁnitions and explanations for used terminology can be found with help of the
index. Readers not so familiar with the treated topics may perhaps start by looking
into the introductory material in Chapter 1 and Sections 2.1, 3.1 and 4.1. Most of
the results in this book are described in the language of positive deﬁnite quadratic
forms because it is the basis for most computations. In the following summary we
nevertheless primarily use “lattice-terminology”, since it is more common nowadays.
References to the literature can be found in the corresponding context of the book.
Chapters 1 and 2: An introduction. The ﬁrst two chapters are mainly
introductory and contain, in contrast to the remaining chapters, only a few new
results.
In the ﬁrst chapter we brieﬂy recall the history of the theory of positive deﬁnite
quadratic forms and its natural connection to the lattice sphere packing problem.
Along the way, we introduce to basic notions and results used in the following
chapters. In Sections 1.2, 1.3 and 1.4 we review known results of our main aimed at
applications: the sphere packing, the sphere covering and the (simultaneous) sphere
packing-covering problem. For all three problems there is a notorious open question:
Do there exist dimensions in which lattices do not give optimal conﬁgurations? This
problem is one of our main motivations to extend Voronoi’s (lattice) reduction
theories in Chapter 3 and Chapter 4.
The second chapter deals with several aspects of Minkowski’s reduction theory, which in a sense is a prototype for other polyhedral reduction theories. In
Section 2.1, we start with a short discussion about reduction in general, and then
introduce Minkowski’s theory in Section 2.2. We in particular give a previously
unknown, non-redundant description of Minkowski’s polyhedral reduction domain
up to dimension 7. In Section 2.3 we describe relations to Minkowski’s successive
minima and state a challenging conjecture concerning an improvement of a classical
and central theorem in the Geometry of Numbers. In Section 2.4 we end the second
chapter with an application of Minkowski reduction to multidimensional continued
fraction expansions, used for simultaneous Diophantine approximations.
Chapter 3: Voronoi’s ﬁrst reduction theory. In Section 3.1 we start
by introducing to the theory of perfect lattices, respectively to “Voronoi’s ﬁrst
reduction theory”. Based on so-called Ryshkov polyhedra, we give complete proofs
for the theory and explain Voronoi’s algorithm. We provide some background on
computational tools (such as the shortest vector problem and isometry tests for
lattices), which were recently used to ﬁnish the classiﬁcation of perfect lattices up
to dimension 8.
xi
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Our treatment of Voronoi’s theory is presented in a way such that it can be
generalized naturally from a lattice theory to a theory for m-periodic point sets.
As lattices can be viewed as linear images of Zd in Rd , m-periodic sets are linear
images of a standard periodic set
(0.1)

m


ti + Z d

with

ti ∈ R d .

i=1
d,m
In Section 3.2, we introduce a new parameter space S>0
to deal with m-periodic
sets in Rd up to isometries. We introduce generalized Ryshkov sets, on which
determinant minimization yields the densest m-periodic sphere packings.
In Section 3.3 we analyze local optima (m-extreme periodic sets) of the packing
d,m
. We obtain necessary and suﬃcient conditions. It turns out that
density in S>0
our framework provides a new explanation for a previously by Conway and Sloane
observed phenomenon; namely for the existence of uncountably many 9-dimensional
2-periodic sphere packings (ﬂuid diamond packings) which are as dense as the
densest known lattice sphere packing. We investigate the possibility of improving
d,m
) locally, to obtain a periodic
the densest lattices (represented as points in S>0
non-lattice set with larger packing density. We show that this is not possible (see
Corollary 3.18). More generally, we show in Theorem 3.17 that a perfect, strongly
eutactic lattice is periodic extreme, that is, it cannot locally be improved to a denser
periodic point set.
In Section 3.4 we give extensions of Voronoi’s algorithm, hereby laying the theoretical foundations for systematic, computer assisted searches for dense periodic
sphere packings. We develop a “t-theory” which enables us to ﬁnd local sphere packing optima (t-extreme sets) among all t-periodic point sets. These are linear images
of a standard periodic set (0.1) with a ﬁxed translational part t = (t1 , . . . , tm ). For
the case of a rational matrix t we show in Theorem 3.23, in analogy to the classical
theory, that there exist only ﬁnitely many t-extreme sets. These can be enumerated
by a generalized Voronoi algorithm. On top of the t-theory, we extend the theory
of G-perfect and T -perfect lattices (where G is a ﬁnite subgroup of the orthogonal
group and T is a linear subspace in the space of quadratic forms).
This allows us to restrict searches for dense t-periodic sphere packings to ones
with speciﬁc features, for example with a ﬁxed ﬁnite symmetry group. For rational
t and a ﬁnite subgroup of the orthogonal group (leaving (0.1) invariant) we show
in Theorem 3.25 that there exist only ﬁnitely many local optima among sphere
packings with the corresponding properties. This generalizes works of Bergé, Martinet, Sigrist and others. Our proof relies on a general observation (Lemma 3.26)
regarding group actions on polyhedral subdivisions. The section ends with three
examples of the G-theory, describing new results for Eisenstein, Gaussian and Hurwitz quaternionic lattices.

Chapter 4: Voronoi’s second reduction theory. In the fourth chapter we
generalize Voronoi’s second reduction theory which is based on Delone polyhedra
and Delone subdivisions of lattices. In Section 4.1 we ﬁrst give the necessary deﬁnitions, some background and we explain Voronoi’s theory on secondary cones (also
called L-type domains). We give a simpliﬁed and generalized proof for Voronoi’s
theory in Section 4.2. Theorem 4.7 extends Voronoi’s theory to a “t-theory” for
Delone subdivisions having a standard periodic vertex-set (0.1). For rational t we
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show that there exist only ﬁnitely many non-equivalent secondary cones (see Theorem 4.13). This gives a foundation for systematic searches for thin periodic sphere
coverings. Another application is a possible search for “good” periodic quantizers.
In Section 4.3 we introduce an “equivariant G-theory” for secondary cones and,
more general, a theory of T -secondary cones, in analogy to the theory of G-perfect
and T -perfect periodic sets described in Section 3.4. As in Section 3.4 we derive
from Lemma 3.26 a ﬁniteness result for rational t and ﬁnite symmetry groups G
(see Theorem 4.19). We put special eﬀorts into an explicit description on how to
obtain all Delone subdivisions of lattices and periodic sets within the G- and T theory (see in particular Theorem 4.15 and the algorithms in Section 4.3.4). This
practicability of our results is of great importance for the applications in Chapter 5.
In Section 4.4 we introduce the secondary cones of single Delone polyhedra
and polyhedral complexes. We propose an algorithm to decide whether or not a
given simplex with integral vertices is Delone for some positive deﬁnite quadratic
form. It can possibly serve as a tool to classify lattice Delone simplices (up to
GLd (Z)-equivalence) of a given dimension. We show that the number of inequivalent
Delone simplices increases dramatically with the dimension, by constructing Delone
simplices with relative volume increasing super-exponentially with the dimension.
Previously only linear growth was known.
Chapter 5: Local analysis of coverings and applications. In the ﬁfth
chapter we harvest the fruits of Chapter 4 and apply them to obtain several results
in context of the lattice sphere covering problem. The ﬁrst two sections have a
preparatory character.
In Section 5.1 we formulate algorithms that allow to solve (in principle) the lattice sphere covering and packing-covering problem in a given dimension by solving
a ﬁnite number of convex optimization problems. We give explicit descriptions of
determinant maximization and semideﬁnite programs. They are subject to linear
matrix inequalities expressing that the covering radius of an underlying periodic set
is bounded by some given constant (see Proposition 5.5). We describe the software
tools we developed to ﬁnd local lattice covering and packing-covering optima (or at
least for generating certiﬁed bounds on their covering density or packing-covering
constant).
In Section 5.2 we provide tools for a detailed local analysis. These allow to
check for local optimality of a lattice, if necessary computationally. Using convex
optimization software, we sometimes only have certiﬁed ranges for the actual locally
optimal value. We show how this restricted information can nevertheless be used
to obtain structural informations about the actual local optimizers. We derive
quickly computable, local lower bounds for the lattice covering density and the
packing-covering constant, applicable to all lattices having a given collection of
Delone simplices. For some lattices (as seen for the Leech lattice in Section 5.5)
these bounds can be tight (for the right choice of simplices attaining the covering
radius). Hence they have the potential to prove local optimality of a lattice.
In Section 5.3 we explain how the tools from the previous two sections can be
used to ﬁnd new best known lattice coverings and packing-coverings. Our techniques enable us in particular to conﬁrm all previously known results up to dimension 5. It is notable that these were previously obtained (without computer assistance) in many years of work and on hundreds of published pages. Beyond the previously known, we extend the knowledge up to dimension 5 by additional information
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on all local optima. Although the lattice covering and the lattice packing-covering
problem have both not been solved in dimension 6 so far, we describe conjecturally
optimal lattices obtained by heuristic methods (see Section 5.3.3). Both lattices
have the property that their Delone triangulation reﬁnes the Delone subdivision of
the lattice E∗6 . As a ﬁrst step in direction of a proof for global optimality, we prove
computationally by a branch-and-bound method that the conjectural optimal covering lattice is the unique optimum among lattices having this reﬁnement property
(see Theorem 5.28). In many cases it is a problem to obtain exact coordinates for
the new lattices. Exemplarily we show how to obtain exact coordinates for the
new conjectural optimal 6-dimensional packing-covering lattice. We describe a new
conjecturally optimal 7-dimensional covering lattice whose corresponding positive
deﬁnite quadratic forms are (to our surprise) even rational (see Section 5.3.5). We
describe how we obtained new, currently best known covering lattices in dimensions
d ≥ 9. These computations are based on our new T -secondary cone theory.
In Section 5.4 we apply the theory of T -secondary cones to a problem in algebraic number theory: the classiﬁcation of all totally real thin algebraic number
ﬁelds. Our classiﬁcation is based on a list of 17 candidates, previously given by
Bayer-Fluckiger and Nebe. By proving lower bounds on the covering density of
positive deﬁnite quadratic forms in an associated linear subspaces T we exclude
three of the candidates. This ﬁnishes the classiﬁcation.
In Section 5.5 we take a closer look at two of the most exceptional lattices (in
low dimensions): The root lattice E8 and the Leech lattice. We show that both
lattices are rigid, meaning they are uniquely determined by the type of their Delone
subdivision. By applying our local lower bounds we show that the Leech lattice
is a local lattice covering and packing-covering optimum. This shows in particular
the existence of rigid, locally optimal lattice coverings, which aﬃrmatively answers
a long standing open question of Dickson (1968). The same method can not be
applied to the E8 root lattice. In fact, a local analysis reveals that it is not even a
locally optimal covering lattice. In connection with a proof of this fact, we ﬁnd a
new currently best known 8-dimensional covering lattice (see Section 5.5.6).
In Section 5.6 we continue the investigation of lattices similar to E8 , revealing a
previously unknown phenomenon: The existence of local lattice covering maxima,
for which we derive necessary and suﬃcient conditions. Based on them we prove
computationally that the E6 root lattice is the only lattice covering maximum in
dimensions less or equal to 6, aside of Z (which trivially is at the same time a
1-dimensional lattice covering optimum). The E8 root lattice itself turns out to be
only “almost” a local lattice covering maximum: Almost any, but not every local
change of an associated positive deﬁnite quadratic form yields a lower covering
density. We baptize these lattices covering pessima and prove that a lattice is a
covering pessimum, if the Delone polytopes attaining its covering radius are all
regular cross polytopes. This is for example the case for the root lattices D4 and
E8 .
In Section 5.7 we consider local lattice covering maxima within a linear subspace
T in the space of (associated) quadratic forms. We show a connection to the famous
Minkowski conjecture, respectively to the so-called covering conjecture. Based on
our new T -secondary cone theory we obtain an algorithm which can be used to
verify or falsify the covering conjecture in a given dimension. By a recent result of
Curtis McMullen the covering conjecture implies the Minkowski conjecture. Thus
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(in principle) the Minkowski conjecture can be veriﬁed in a given dimension using
our algorithm.
Appendix A: Polyhedral representation conversion. In Appendix A we
provide some background on polyhedra and in particular on a fundamental problem
in polyhedral combinatorics, on which many computational results described in this
book rely: The representation conversion of polyhedra with large symmetries. We
start with a brief review of some basic properties and explain how to compute
diﬀerent polyhedral symmetries. We address the group theoretical background
as well as data structures and software tools, which are necessary to deal with
large orbits. Finally, we describe Decomposition methods for the representation
conversion problem, which have proved to perform best in practice on the polyhedra
we treated during our studies.
Conclusions and prospects. In this book we describe foundations and some
applications of a Computational Geometry of Positive Deﬁnite Quadratic Forms.
Based on generalizations of Voronoi’s reduction theories, we provide new algorithms
and details on their practical implementation. So far, such implementations have
only been used for applications in the context of lattice sphere coverings (see Chapter 5). However, we are convinced that many more, new results can be obtained.
Some interesting possible future projects are listed in Appendix B.
We think in particular that (in analogy to the lattice covering problem) many
new record breaking lattices for the packing-covering constant and for the so-called
quantizer problem can be found. We strongly believe that the theory described in
this book can be used to ﬁnd periodic non-lattice sets, which are “better” (with
respect to any of the discussed problems) than any lattice of the same dimension.
We think that it is only a matter of time and a question of suﬃcient computational
resources, until we will see a solution of the 6-dimensional covering and the 9dimensional sphere packing problem.
A key ingredient for computational successes described in this book is the
representation conversion of polyhedra under symmetry. We think that further
improvement on the available tools will not only yield further progress for the
problems discussed here, but also for applications beyond the scope of this book.
Furthermore, we are convinced that the future will show more and more mathematical proofs based on rigorous numerical computations and non-linear convex
optimization. However, there is still plenty of groundwork to be done.
So let’s do it. . .
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[143] D.-O. Jaquet–Chiﬀelle, Énumération complète des classes de formes parfaites en dimension
7, Ann. Inst. Fourier (Grenoble) 43 (1993), 21–55.
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A. Schürmann and F. Vallentin, Local covering optimality of lattices: Leech lattice versus
root lattice E8 , Internat. Math. Res. Notices 2005, 1937–1955.
, Geometry of lattices and algorithms, 2005, http://www.math.uni-magdeburg.de/
lattice_geometry/.
, Methods in the local theory of packing and covering lattices, Proceeding of COE
Workshop on Sphere Packings, Fukuoka, Japan, 2005.
, Computational approaches to lattice packing and covering problems, Discrete Comput. Geom. 35 (2006), 73–116.
F. Schweiger, Multidimensional continued fractions, Oxford Science Publications, Oxford
University Press, Oxford, 2000.
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A. Thue, Über die dichteste Zusammenstellung von kongruenten Kreisen in einer Ebene,
Norske Vid. Selsk. Skr. 1 (1910), 1–9.
K.C. Toh, Primal-dual path-following algorithms for determinant maximization problems
with linear matrix inequalities, Comput. Optim. Appl. 14 (1999), 309–330.
S. Torquato and F.H. Stillinger, New conjectural lower bounds on the optimal density of
sphere packings, Experiment. Math. 15 (2006), 307–331.

152

BIBLIOGRAPHY

[254] F. Vallentin, Ph.D. thesis: Sphere coverings, lattices, and tilings (in low dimensions),
Center for Mathematical Sciences, Munich University of Technology, 2003, http://tumb1.
biblio.tu-muenchen.de/publ/diss/ma/2003/vallentin.html.
[255] B.L. van der Waerden, Die Reduktionstheorie der positiven quadratischen Formen, Acta
Math. 96 (1956), 265–309.
, Das Minimum von D/f11 f22 . . . f55 für reduzierte positive quinäre quadratische
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Kepler’s conjecture, 9
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Barnes-Wall ∼ , 54, 126
complex ∼ , 52
Coxeter ∼ , 12, 77, 108
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Horvath ∼ , 100
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∼ optimal lattice covering, 84
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∼ conjecture, 128
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∼ reduction, 19
∼ ’s algorithm, 20
∼ ’s second fundamental theorem, 22
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moduli space, 37
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Mordell type inequality, 54
Morse function, 128
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norm, 5
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∼ ray, 3
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outer
∼ coeﬃcient, 4
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packing-covering
∼ constant, 13
∼ optimizer, 90
∼ problem, 13
locally optimal lattice ∼ , 84
parallelotope, 5
partial quotient matrices, 24
partition backtrack, 136
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perfect
strongly ∼ , 44
perfect Delone polytope, 75
perfect form, 29
contiguous ∼ , 30
Eisenstein ∼ , 52
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Hurwitz quaternionic ∼ , 54
Voronoi’s ﬁrst ∼ , 31
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periodic form, 37
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m-∼ , 37
rational ∼ , 46
standard ∼ , 37
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upper, lower ∼ , 9
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vertex-set of ∼ , 60
polytope, 132
Gosset ∼ , 75, 126
regular cross ∼ , 127
repartitioning ∼ , 69
Schläﬂi ∼ , 75, 126
secondary ∼ , 57
positive
∼ deﬁnite quadratic form, 2
∼ semideﬁnite quadratic form, 4
PQF (see also under quadratic form), 2
principle congruence subgroup, 46
projective automorphism group, 134
quadratic form, 1
∼ rigid, 114
adjoint ∼ , 35
characteristic ∼ , 73
Eisenstein ∼ , 52
E-perfect ∼ , 52
eutactic ∼ , 34
extreme ∼ , 34
Gaussian ∼ , 53
GLtd (Z)-equivalent ∼ , 48
G-perfect ∼ , 49
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t-perfect ∼ , 47
(T, t)-perfect ∼ , 49
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randomized algorithm, 72
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rational
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reduction
∼ algorithm, 17
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∼ theory, 2
Hermite ∼ , 17
Korkin-Zolotarev ∼ , 23
Minkowski ∼ , 19
Venkov ∼ , 17
Voronoi ∼ , 26, 35, 58
reﬁnement, 57, 114
regulator, 57
relative volume, 77
repartitioning polytope, 69
representation
∼ conversion, 132
∼ of arithmetical minimum, 38
∼ of periodic set, 37
representatives of arithmetical minimum, 3
restricted
∼ automorphism, 134
∼ isomorphism, 134
rigid
∼ lattice, 113
∼ quadratic form, 114
rigidity index, 72
rigorous MAXDET, 85
root lattice, 8, 31, 41, 45, 53, 75, 108, 112,
126, 127
Ryshkov
∼ polyhedron, 27, 47
∼ set, 38
Schläﬂi polytope, 75, 126
secondary cone, 57, 60
∼ cruiser, 59
∼ of polyhedral complex, 75
∼ of polyhedron, 74
contiguous ∼ , 67
T - ∼ , 67
T -generic ∼ , 67
secondary polytope, 57
semialgebraic set, 39
semideﬁnite programming bound, x
semidirect product, 47
separable, 96
shortest lattice vector, 5
Siegel modular variety, 66
simultaneous approximation, 24
smooth function, 39
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sphere covering, 10
∼ density, 11
∼ radius, 11
lattice ∼ , 11
thinnest ∼ , 11
sphere packing, 9
∼ density, 7, 9
densest ∼ , 9
lattice ∼ , 6
spherical
∼ 2-design, 43, 126
∼ t-design, 116
standard
∼ lattice, 5
∼ periodic set, 37
star, 57
strongly
∼ eutactic, 43
∼ perfect, 44
subdivision, 133
Delone ∼ , 57
polyhedral ∼ , 35
successive minimum, 21
supertope, 75
support cone, 31
Sylvester criterion, 3
symmetry group of quadratic form, 33
Taylor series, 39
T -equivalent
∼ quadratic form, 50
∼ secondary cone, 71
T -extreme Delone polytope, 129
T -ﬂip, 68
thinnest (lattice) sphere covering, 11
topological Morse function, 128
totally real number ﬁeld, 110
T -perfect form, 49
triangulation, 133
Delone ∼ , 57
T -rigidity index, 72
T -secondary cone, 67
unimodular
∼ equivalent, 77
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totally ∼ , 79
unimodularity property, 24
unit ball, 5
universally optimal point set, x
upper facet, 69
Venkov reduction, 17
vertex of polytope, 132
vertex-set, 55
∼ of polyhedron, 60
Voronoi
∼ domain, 29, 40
∼ graph, 30
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∼ neighbors, 30
∼ reduction, 26, 35, 58
∼ ’s algorithm, 31
∼ ’s ﬁrst perfect form, 31
∼ ’s perfect domain, 36
∼ ’s principal domain of the ﬁrst type, 58
∼ ’s second reduction, 55
weakly thin number ﬁeld, 111
well-rounded lattice, 129
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Notations
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8
38
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packing density of discrete set, PQF or periodic form
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density of the densest m-periodic sphere packing in Rd
density of the densest sphere packing in Rd
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dens Λ
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DelΛ (Q)

57 Delone subdivision of PQF Q w.r.t. vertex-set Λ

Γd (N )

46 principal congruence subgroup of level N

γ
γd
γd∗
GLd (Z)

point density of a discrete set Λ

13, 84 packing-covering constant of discrete set or PQF
13 smallest lattice packing-covering constant in Rd
13 smallest packing-covering constant in Rd
2 {U ∈ Zd×d : | det U | = 1}
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162

GLd (R)
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˘

A ∈ Rd×d : det A = 0

¯

GLtd (Z)

46 automorphism group of standard periodic set Λt

gL,β

94 gradient of smooth surface BL,=β

Hd
λ(L), λ(Λ)
λ(Q), λ(X)
λi

6 Hermite’s constant
6, 9 packing radius of lattice or discrete set
3, 38 (generalized) arith. minimum of a PQF or periodic form
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Λt
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Md , M+
d

19 Minkowski’s reduction domains
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11 covering radius of discrete set Λ
83, 84 inhom. minimum of PQF w.r.t. Zd , respectively Λ
86, 87 squared circumradius of P with respect to Q

NV,w
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NΛ,P (Q)
Od (R)
P(Q), P(X)

57 quadratic form deﬁning regulator
57 quadratic form def. regulator for adj. Del. simplices L, L
125 normal cone of Baranovskii cone ∆(Λ, P ) at Q
5

˘

O ∈ Rd×d : Ot O = idd

¯

31, 40 dual cones of (generalized) Voronoi domain V(Q), V(X)

Pλ
Pm,λ
Pλ,t

27 Ryshkov polyhedron
38 generalized Ryshkov set
47 Ryshkov polyhedron of standard periodic set Λt

pi,j,v (X)

38 polynomial Q[ti − tj − v] for periodic form X = (Q, t)

Sd
d
S>0
d
S≥0

˘

¯

1
Q ∈ Rd×d : Qt = Q
2 {Q ∈ S d : Q positive deﬁnite}
4 {Q ∈ S d : Q positive semi-deﬁnite}

d
S̃≥0

d
35 rational closure of S>0

d,m
S>0
S d,m

37 parameter space for m-periodic point sets in Rd
d,m
37 Euclidean space S d × Rd×(m−1) containing S>0

Θ
Θd
Θ∗d
ΘP
TG
V(Q), V(X)
WD,≤β

11, 83
11
11
123

covering density of discrete set or PQF
density of thinnest lattice covering in Rd
density of thinnest covering in Rd
covering density function of Delone polytope P

34 linear space of G-invariant quadratic forms
29, 40 (generalized) Voronoi domain
92 set of PQFs in ∆(D) with µ(Q) ≤ β
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Starting from classical arithmetical questions on quadratic forms, this
book takes the reader step by step through the connections with lattice
sphere packing and covering problems. As a model for polyhedral
reduction theories of positive definite quadratic forms, Minkowski’s
classical theory is presented, including an application to multidimensional continued fraction expansions. The reduction theories
of Voronoi are described in great detail, including full proofs, new
views, and generalizations that cannot be found elsewhere. Based on
Voronoi’s second reduction theory, the local analysis of sphere coverings and several of its applications are presented. These include the
classification of totally real thin number fields, connections to the Minkowski conjecture,
and the discovery of new, sometimes surprising, properties of exceptional structures such
as the Leech lattice or the root lattices.
Throughout this book, special attention is paid to algorithms and computability, allowing
computer-assisted treatments. Although dealing with relatively classical topics that have
been worked on extensively by numerous authors, this book is exemplary in showing how
computers may help to gain new insights.
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