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Preface

Generally speaking, a dynamical system is a space in which the points (which
can be viewed as configurations) move along with time according to a given rule,
usually not depending on time. Time can be either continuous (the motion of
planets, fluid mechanics, etc.) or discrete (the number of bees each year, etc.).
In the discrete case, the system is determined by a map f : X → X, where X is
the space, and the evolution is given by successive iterations of the transformation:
starting from the point x at time 0, the point f(x) represents the new position at
time 1 and fn(x) = f ◦ f ◦ · · · ◦ f(x) (f iterated n times) is the position at time n.

A dynamical system ruled by a deterministic law can nevertheless be unpre-
dictable. In particular, in the early 1960s, Lorenz underlined this phenomenon after
realizing by chance that in his meteorological model, two very close initial values
may lead to totally different results [114, 115, 116]; he discovered the so-called
“butterfly effect”. This kind of behavior has also been exhibited in other dynam-
ical systems. One of the first to be studied, among the simplest, is given by the
map f(x) = rx(1 − x) acting on the interval [0, 1] and models the evolution of a
population. If the parameter r is small enough, then all the trajectories converge
to a fixed point – the population stabilizes. However, May showed that for larger
values of r, the dynamics may become very complicated [120].

This book focuses on dynamical systems given by the iteration of a continuous
map on an interval. These systems were broadly studied because they are simple
but nevertheless exhibit complex behaviors. They also allow numerical simula-
tions using a computer or a mere pocket calculator, which enabled the discovery of
some chaotic phenomena. Moreover, the “most interesting” part of some higher-
dimensional systems can be of lower dimension, which allows, in some cases, to
boil down to systems in dimension one. This idea was used for instance to reduce
the study of Lorenz flows in dimension 3 to a class of maps on the interval. How-
ever, continuous interval maps have many properties that are not generally found
in other spaces. As a consequence, the study of one-dimensional dynamics is very
rich but not representative of all systems.

In the 1960s, Sharkovsky began to study the structure of systems given by a
continuous map on an interval, in particular the co-existence of periodic points of
various periods, which is ruled by Sharkovsky’s order [150]. Non-Russian-speaking
scientists were hardly aware of this striking result until a new proof of this theorem
was given in English by Štefan in 1976 in a preprint [162] (published one year later
in [163]). In 1975, in the paper “Period three implies chaos” [111], Li and Yorke
proved that a continuous interval map with a periodic point of period 3 has periodic
points of all periods – which is actually a part of Sharkovsky’s Theorem eleven years
earlier; they also proved that, for such a map f , there exists an uncountable set such
that, if x, y are two distinct points in this set, then fn(x) and fn(y) are arbitrarily
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close for some n and are further than some fixed positive distance for other integers
n tending to infinity; the term “chaos” was introduced in mathematics in this paper
of Li and Yorke, where it was used in reference to this behavior.

Afterwards, various definitions of chaos were proposed. They do not coincide
in general and none of them can be considered as the unique “good” definition
of chaos. One may ask, “What is chaos then?” It relies generally on the idea of
unpredictability or instability, i.e., knowing the trajectory of one point is not enough
to know what happens elsewhere. The map f : X → X is said to be sensitive to
initial conditions if near every point x there exists a point y arbitrarily close to x
such that the distance between fn(x) and fn(y) is greater than a given δ > 0 for
some n. Chaos in the sense of Li-Yorke (see above) asks for more instability, but
only on a subset. For Devaney, chaos is seen as a mixing of unpredictability and
regular behavior: a system is chaotic in the sense of Devaney if it is transitive,
sensitive to initial conditions and has a dense set of periodic points [74]. Others
put as a part of their definition that the entropy should be positive, which means
that the number of different trajectories of length n, up to some approximation,
grows exponentially fast.

In order to obtain something uniform, the system is often assumed to be tran-
sitive. Roughly speaking, this means that it cannot be decomposed into two parts
with nonempty interiors that do not interact under the action of the transforma-
tion. This “basic” assumption actually has strong consequences for systems on
one-dimensional spaces. For a continuous interval map, it implies most of the other
notions linked to chaos: sensitivity to initial conditions, dense set of periodic points,
positive entropy, chaos in the sense of Li-Yorke, etc. This leads us to search for (par-
tial) converses: for instance, if the interval map f is sensitive to initial conditions,
then, for some integer n, the map fn is transitive on a subinterval.

The study of periodic points has taken an important place in the works on
interval maps. For these systems, chaotic properties not only imply existence of
periodic points, but the possible periods also provide some information about the
system. For instance, for a transitive interval map, there exist periodic points of all
even periods, and an interval map has positive entropy if and only if there exists a
periodic point whose period is not a power of 2. This kind of relationship is very
typical of one-dimensional systems.

The aim of this book is not to collect all the results about continuous interval
maps but to survey the relations between the various kinds of chaos and related
notions for these systems. The papers on this topic are numerous but very scattered
in the literature, sometimes little known or difficult to find, sometimes originally
published in Russian (or Ukrainian, or Chinese), and sometimes without proof.
Furthermore some results were found twice independently, which was often due
to a lack of communication and to language barriers, leading research to develop
separately in English and Russian literature. This has complicated our task when
attributing authorship; we want to apologize for possible errors or omissions when
indicating who first proved the various results.

We adopt a topological point of view; i.e., we do not speak about invariant
measures or ergodic properties. Moreover, we are interested in the set of contin-
uous interval maps, not in particular families such as piecewise monotone, C∞ or
unimodal maps. We give complete proofs of the results concerning interval maps.
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Many results for interval maps have been generalized to other one-dimensional
systems. We briefly describe them in paragraphs called “Remarks on graph maps”
at the end of the concerned sections. We indicate some main ideas and give the ref-
erences. This subject is still in evolution, and the most recent works and references
may be missing.

This book is addressed to both graduate students and researchers. We have
tried to keep to the elementary level. The prerequisites are basic courses of real
analysis and topology, and some linear algebra.

Contents of the book

In the first chapter, we define some elementary notions and introduce some
notation. Throughout this book, a continuous map f : I → I on a nondegenerate
compact interval I will be called an interval map. We also provide some basic
results about ω-limit sets and tools to find periodic points.

In Chapter 2, we study the links between transitivity, topological mixing and
sensitivity to initial conditions. We first prove that a transitive interval map has
a dense set of periodic points. Then we show that transitivity is very close to the
notion of topological mixing in the sense that for a transitive interval map f : I → I,
either f is topologically mixing or the interval I is divided into two subintervals
J,K which are swapped under the action of f and such that both f2|J and f2|K are
topologically mixing. Furthermore, the notions of topological mixing, topological
weak mixing and total transitivity are proved to be equivalent for interval maps.

Next we show that a transitive interval map is sensitive to initial conditions
and, conversely, if the map is sensitive, then there exists a subinterval J such that
fn|J is transitive for some positive integer n.

Chapter 3 is devoted to periodic points. First we prove that topological mixing
is equivalent to the specification property, which roughly means that any collection
of pieces of orbits can be approximated by the orbit of a periodic point.

Next we show that, if the set of periodic points is dense for the interval map
f , then there exists a nondegenerate subinterval J such that either f |J or f2|J is
transitive provided that f2 is not equal to the identity map.

Then we present Sharkovsky’s Theorem, which says that there is a total order
on N – called Sharkovsky’s order – such that, if an interval map has a periodic point
of period n, then it also has periodic points of period m for all integers m greater
than n with respect to this order. The type of a map f is the minimal integer n for
Sharkovsky’s order such that f has a periodic point of period n; if there is no such
integer n, then the set of periods is exactly {2n | n ≥ 0} and the type is 2∞. We
build an interval map of type n for every n ∈ N ∪ {2∞}.

Next, we study the relation between the type of a map and the existence of
horseshoes. Finally, we compute the type of transitive and topologically mixing
interval maps.

In Chapter 4, we are concerned with topological entropy. A horseshoe for
the interval map f is a family of two or more closed subintervals J1, . . . , Jp with
disjoint interiors such that f(Ji) ⊃ J1 ∪ · · · ∪ Jp for all 1 ≤ i ≤ p. We show
that the existence of a horseshoe implies that the topological entropy is positive.
Reciprocally, Misiurewicz’s Theorem states that, if the entropy of the interval map
f is positive, then fn has a horseshoe for some positive integer n.
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Next we show that an interval map has a homoclinic point if and only if it has
positive topological entropy. For an interval map f , x is a homoclinic point if there
exists a periodic point z different from x such that x is in the unstable manifold of
z and z is a limit point of (fnp(x))n≥0, where p is the period of z.

We then give some upper and lower bounds on the entropy, focusing on lower
bounds for transitive and topologically mixing maps and lower bounds depending
on the periods of periodic points (or, in other words, on the type of the map for
Sharkovsky’s order). In particular, an interval map has positive topological entropy
if and only if it has a periodic point whose period is not a power of 2. The sharpness
of these bounds is illustrated by some examples.

To conclude this chapter, we show that a topologically mixing interval map
has a uniformly positive entropy; that is, every cover by two open nondense sets
has positive topological entropy. Actually, this property is equivalent to topological
mixing for interval maps.

Chapter 5 is devoted to chaos in the sense of Li-Yorke. Two points x, y form
a Li-Yorke pair of modulus δ for the map f if

lim sup
n→+∞

|fn(x)− fn(y)| ≥ δ and lim inf
n→+∞

|fn(x)− fn(y)| = 0.

A δ-scrambled set is a set S such that every pair of distinct points in S is a Li-Yorke
pair of modulus δ; the set S is scrambled if for every x, y ∈ S, x 
= y, (x, y) is a
Li-Yorke pair (of modulus δ for some δ > 0 depending on x, y). The map is chaotic
in the sense of Li-Yorke if it has an uncountable scrambled set. We prove that
an interval map of positive topological entropy admits a δ-scrambled Cantor set
for some δ > 0 and is thus chaotic in the sense of Li-Yorke. We also show that a
topologically mixing map has a dense δ-scrambled set which is a countable union
of Cantor sets.

Next, we study an equivalent condition for zero entropy interval maps to be
chaotic in the sense of Li-Yorke, which implies the existence of a δ-scrambled Cantor
set as in the positive entropy case. A zero entropy interval map that is chaotic in the
sense of Li-Yorke is necessarily of type 2∞ for Sharkovsky’s order, but the converse
is not true; we build two maps of type 2∞ having an infinite ω-limit set, one being
chaotic in the sense of Li-Yorke and the other not.

Then we state that the existence of one Li-Yorke pair for an interval map is
enough to imply chaos in the sense of Li-Yorke.

Finally, we show that an interval map is chaotic in the sense of Li-Yorke if and
only if it has positive topological sequence entropy.

In Chapter 6, we study some notions related to Li-Yorke pairs.
Generic chaos and dense chaos are somehow two-dimensional notions. A topo-

logical system f : X → X is generically (resp. densely) chaotic if the set of Li-Yorke
pairs is residual (resp. dense) in X × X. A transitive interval map is generically
chaotic; conversely, a generically chaotic interval map has exactly one or two tran-
sitive subintervals. Dense chaos is strictly weaker than generic chaos: a densely
chaotic interval map may have no transitive subinterval, as illustrated by an exam-
ple. We show that, if f is a densely chaotic interval map, then f2 has a horseshoe,
which implies that f has a periodic point of period 6 and the topological entropy
of f is at least log 2

2 .
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Distributional chaos is based on a refinement of the conditions defining Li-
Yorke pairs. We show that, for interval maps, distributional chaos is equivalent to
positive topological entropy.

In Chapter 7, we focus on the existence of some kinds of chaotic subsystems
and we relate them to the previous notions.

A system is said to be chaotic in the sense of Devaney if it is transitive, sensitive
to initial conditions and has a dense set of periodic points. For an interval map,
the existence of an invariant closed subset that is chaotic in the sense of Devaney is
equivalent to positive topological entropy. We also show that an interval map has
an invariant uncountable closed subset X on which fn is topologically mixing for
some n ≥ 1 if and only if f has positive topological entropy.

Finally, we study the existence of an invariant closed subset on which the map is
transitive and sensitive to initial conditions. We show that this property is implied
by positive topological entropy and implies chaos in the sense of Li-Yorke. However
these notions are distinct: there exist zero entropy interval maps with a transitive

Figure 0.1. Diagram summarizing the relations between the
main notions related to chaos for an interval map f .
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sensitive subsystem and interval maps with no transitive sensitive subsystem that
are chaotic in the sense of Li-Yorke.

The last chapter is an appendix that recalls succinctly some background in
topology.

The relations between the main notions studied in this book are summarized
by the diagram in Figure 0.1 on page xi.

I thank all the people who have contributed to improve this book by remarks or
translations: Jozef Bobok, Victor Jiménez López, Sergiy Kolyada, Jian Li, Micha�l
Misiurewicz, T. K. Subrahmonian Moothathu, L’ubomar Snoha, Émilie Tyberghein,
Zheng Wei, and Dawei Yang. I particularly thank Roman Hric who helped me to
fill a gap in a proof.

I want to thank CNRS (Centre National de la Recherche Scientifique) for giving
me time (two sabbatical semesters) to write this book, which allowed me to finish
this long-standing project.

Sylvie Ruette
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Mat. Ž., 17(3):104–111, 1965.
[153] A. N. Sharkovsky. Behavior of a mapping in the neighborhood of an attracting set (Russian).
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Notation

�n,m�: interval of integers, 1

#E: cardinality of a set, 1

f |Y : restriction of a map, 1, 2

|J |: length of an interval, 4

〈a, b〉: interval [a, b] or [b, a], 4

X < Y , X ≤ Y : inequalities between
subsets of R, 4

→ (e.g. J → K): covering of intervals, 7

→ (e.g. u → v): arrow in a directed graph,
9

‖ · ‖: norm of a matrix, 10

�, �, �, �: Sharkovsky’s order, 41

2∞: a type for Sharkovsky’s order, 46

∨: refinement of covers, 57

≺, �: C ≺ D if D is finer that C, where
C,D are covers, 57

Un := U ∨ f−1(U) ∨ · · · ∨ f−(n−1)(U), 57

A ≥ 0: nonnegative matrix, 77

A ≤ B ⇔ B −A ≥ 0 (where A,B are
matrices), 77

A > 0: positive matrix, 77

A < B ⇔ B −A > 0 (where A,B are
matrices), 77

fP : connect-the-dots map associated to

f |P , 79
k|n: k divides n, 91

↑: increasing, 182

↓: decreasing, 182

|B|: length of a word, 188

Σ := {0, 1}Z+
, 113

σ: shift map on Σ, 113

ω(x, f): ω-limit set of a point, 3

ω(f): ω-limit set of a map, 3

Bn(x, ε): Bowen ball, 58

G(f |P ): graph associated to P -intervals, 76

G(fP ) := G(fP |P ), 79

htop(U , f): topological entropy of a cover,
58

htop(f): topological entropy of a map, 58

hA(f): topological sequence entropy of a
map with respect to a sequence, 133

LY(f, δ), LY(f): set of Li-Yorke pairs, 155

M(f |P ): adjacency matrix of G(f |P ), 76
M(fP ) := M(fP |P ), 79
mod n: integer modulo n, 1
N(U): minimal cardinality of a subcover of

U , 57
Nn(U , f) := N : Un), 57

Of (x),Of (E): orbit of a point/set, 2
Pn(f): set of points s.t. fn(x) = x, 3
Rα: rotation of angle α, 20
rn(f, ε): minimal cardinality of an

(n, ε)-spanning set, 58
rn(A, f, ε): minimal cardinality of an

(A, n, ε)-spanning set, 133
slope(f): slope of a linear map, 5
sn(f, ε): maximal cardinality of an

(n, ε)-separated set, 58
sn(A, f, ε): maximal cardinality of an

(A, n, ε)-separated set, 133
Uε(f): set of ε-unstable points, 26
V(z): family of neighborhoods of z, 67
Wu(z, fp): unstable manifold of z, 67

Notation of topology
Y : closure of a set, 1, 193
Int (Y ): interior of a set, 1, 193

Bd(Y ): boundary of a set, 1, 193
∂J : endpoints of an interval/graph, 4, 6
X \ Y : complement of Y in X, 191
X1 ×X2: product of sets, 191
Xn := X × · · · ×X, 191
d(x, y): distance between 2 points, 1, 191
d(A,B): distance between 2 sets, 193

B(x, r), B(x, r): open/closed ball of center
x and radius r, 1, 192

diam(Y ): diameter of a set, 1, 193

Sets of numbers
C: set of complex numbers, 1
N: set of natural integers, 1
Q: set of rational numbers, 1
R: set of real numbers, 1
Z: set of integers, 1
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Index

Σ, 113

σ, 113

σ-algebra, 194

ω-limit set of a map, 3

ω-limit set of a point, 3

ω(f), 3

ω(x, f), 3

accessible endpoint, 22

adding machine, 148

adjacency matrix, 9

almost periodic point, 141

approximately periodic point, 110

arrow in a directed graph, 9

B(x, r), B(x, r), 1, 192

Baire category theorem, 197

basis of open sets, 193

basis of the topology, 193

Bd(Y ), 1, 193

bijection, bijective map, 199

Bn(x, ε), 58

Bolzano-Weierstrass theorem, 196

Borel set, 194

boundary of a set, 1, 193

bounded set, 194

Bowen ball, 58

Bowen’s formula, 59

branching point of a topological graph, 6

C, 1

Cantor set, 197

cardinal of a set, 1

Cartesian product of sets, 191

Cauchy sequence, 196

chain of intervals, 7, 9

chaos

chaos in the sense of Auslander-Yorke,
181

chaos in the sense of Devaney, 175

chaos in the sense of Li-Yorke, 109

chaos in the sense of Ruelle and Takens,
181

chaos in the sense of Wiggins, 181

dense δ-chaos, 155

dense chaos, 155

generic δ-chaos, 155

generic chaos, 155
strong chaos, 177

weak chaos, 117

chaotic, see chaos

circle in a topological graph, 6

circumferential ω-limit set, 132

closed ball, 1, 192
closed set, 192

closure of a set, 1, 193

cofinite set, 92

compact set, 196

complement of a set, 191
complete space, 196

concatenation of paths in a graph, 10

concatenation of words, 188

conjugacy, 4

connect-the-dots map, 79
connected component, 195

connected set, 195

continuous map, 199

countable basis of open sets, 196

countable set, 1
cover, 57

covering, 7, 9

critical point, 5

cycle in a directed graph, 10

cycle of graphs, 6
cycle of intervals, 5

d(A,B), 193

d(x, y), 1, 191

decreasing, 5

degenerate interval, 4
degree of a circle map, 51

dense δ-chaos, 155

dense chaos, 155

dense set, 194

diam(Y ), 1, 194

diameter of a set, 1, 194
directed graph, 9

disconnected set, 195
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discrete topology, 192

distance, 191

distance between two sets, 193

distributional chaos, 168

division, 92

dynamical system, 2

endpoint of a topological graph, 6

endpoints of an interval, 4

entropy, 57
equivalent distances, 192

eventually periodic homoclinic point, 67

eventually periodic point, 3

expanding, 14

extremally scrambled set, 111

Feigenbaum map, 50, 148

finer cover, 57

finite word, 188

fixed point, 3

full shift, 113

fundamental cycle (in the graph of a
periodic orbit), 42

G(f |P ), 76

Gδ-set, 194
generic δ-chaos, 155

generic chaos, 155

graph (directed), 9

graph (topological), 6

graph associated to a family of intervals, 76

graph map, 6

graph of a periodic orbit, 42

hA(f), 133

homeomorphism, 200

homoclinic point, 67

horseshoe, 52

horseshoe for graph maps, 66
htop(f), 58

htop(U , f), 58

image of a set under a map, 199

increasing, 5

induced topology, 194

infinite word, 188

injective map, 199

Int (Y ), 1, 193

interior of a set, 1, 193

Intermediate value theorem, 6

interval, 195

interval (P - ), 76

interval in a topological graph, 6
interval map, 4

interval of integers, 1

invariant set, 2

inverse image of a set under a map, 199

irrational rotation, 20

irreducible matrix, 77

isolated point, 197

Lebesgue number, 197

length of a word, 188

length of an interval, 4

leo, 21

Li-Yorke pair, 109, 155

lifting of a circle map, 51
limit in a metric space, 192

limit point of a sequence, 196

limit point of a set, 193

linear (P - ), 79

linear map, 5

locally eventually onto, 21

logistic family, 50

lower bound, 202

LY(f, δ), LY(f), 155

M(f |P ), 76

Markov map, 80
Markov shift, 177

maximal eigenvalue, 78

maximal element, 202

mean value inequality, 167

metric space, 191

minimal element, 202

Misiurewicz’s Theorem, 60

mixing, 12

mod n, 1

monotone, 5

monotone (P - ), 79

monotone (for graph maps), 6

monotone graph map (P - ), 83
Mycielski’s Theorem, 111

N, 1

N(U), 57

neighborhood, 193

Nn(U , f), 57

no division, 92

nondecreasing, 5

nondegenerate graph/tree, 6

nondegenerate interval, 4

nonnegative matrix, 77
nonseparable (f - ), 118

norm of a matrix, 10

odometer, 148

Of (x),Of (E), 2

one-to-one map, 199

onto map, 199

open ball, 1, 192

open cover, 57, 196

open set, 192

orbit, 2

P -interval, 76

P -linear map, 79

P -monotone graph map, 83
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P -monotone map, 79

partial order/partially ordered set, 202
partition, 57

path in a directed graph, 10
perfect set, 111
period of a cycle of graphs, 6

period of a cycle of intervals, 5
period of a periodic point/obit, 2

periodic interval, 5
periodic orbit, 3

periodic point, 2
Perron-Frobenius Theorem, 78

piecewise linear map, 5
piecewise monotone map, 5
Pn(f), 3

positive matrix, 77
preimage of a set under a map, 199

primitive cycle in a directed graph, 10
primitive matrix, 77

product of sets, 191
product topology, 194

Q, 1

R, 1
real interval, 195

rescaling (of an interval map), 5
restriction of a map, 1, 2

rn(f, ε), 58
rn(A, f, ε), 133

rotation, 20

scrambled set, 109
scrambled set (extremally), 111

semi-conjugacy, 4
sensitive (to initial conditions), 26
sensitivity, 26

separable (f - ), 118
separated set ((A,n, ε)- ), 133

separated set ((n, ε)- ), 58
sequence entropy, 133

Sharkovsky’s order, 41
Sharkovsky’s Theorem, 41

shift, 113
simple directed graph, 10
slope (of a linear map), 5

slope(f), 5
sn(f, ε), 58

sn(A, f, ε), 133
solenoidal ω-limit set, 120, 132

spanning set ((A,n, ε)- ), 133
spanning set ((n, ε)- ), 58
specification, 33

spectral radius, 77
square root of a map, 48, 88

stable point, 26
star, 51

Štefan cycle, 43
strictly monotone, 5

strong transitivity, 22
strongly invariant set, 2
sub-additive sequence, 57
subgraph (of a topological graph), 6
subinterval, 195
subsequence, 196
subshift associated to a graph, 177

subshift of finite type, 177
subsystem, 2
surjective map, 199

tent map, 16
topological conjugacy, 4
topological dynamical system, 2
topological entropy, 57
topological graph, 6
topological Markov shift, 177
topological sequence entropy, 133
topologically exact, 21
topologically mixing, 12
topologically weakly mixing, 12
topology, 192
total order/totally ordered set, 202
totally independent set, 112
totally transitive, 11

T2 (tent map), Tp, 15
trajectory, 2
transitive map, 11
transitive set, 11
tree, 6
tree map, 6
triadic Cantor set, 198
triangular inequality, 191
turbulent, 52
turning points, 5
type (for Sharkovsky’s order), 46

Uε(f), 26
Un, 57
uniform convergence of a sequence of maps,

201
uniform distance, 201
uniformly continuous map, 200
uniformly positive entropy, 105

unimodal map, 50
unstable manifold of a periodic point, 67
unstable point, 26
upe, 105
upper bound, 202

V(z), 67
vertex, vertices (in a directed graph), 9

weak mixing, 12
weakly unimodal, 154
word, 188
Wu(z, fp), 67

Zorn’s Lemma, 202
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60 William H. Meeks III and Joaqúın Pérez, A Survey on Classical Minimal Surface

Theory, 2012

59 Sylvie Paycha, Regularised Integrals, Sums and Traces, 2012

58 Peter D. Lax and Lawrence Zalcman, Complex Proofs of Real Theorems, 2012

57 Frank Sottile, Real Solutions to Equations from Geometry, 2011

56 A. Ya. Helemskii, Quantum Functional Analysis, 2010

55 Oded Goldreich, A Primer on Pseudorandom Generators, 2010

54 John M. Mackay and Jeremy T. Tyson, Conformal Dimension, 2010

53 John W. Morgan and Frederick Tsz-Ho Fong, Ricci Flow and Geometrization of
3-Manifolds, 2010

52 Marian Aprodu and Jan Nagel, Koszul Cohomology and Algebraic Geometry, 2010

51 J. Ben Hough, Manjunath Krishnapur, Yuval Peres, and Bálint Virág, Zeros of
Gaussian Analytic Functions and Determinantal Point Processes, 2009

50 John T. Baldwin, Categoricity, 2009
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The aim of this book is to survey the relations between the various 

kinds of chaos and related notions for continuous interval maps 

from a topological point of view. The papers on this topic are 

numerous and widely scattered in the literature; some of them 

are little known, diffi  cult to fi nd, or originally published in Russian, 

Ukrainian, or Chinese. Dynamical systems given by the iteration of 

a continuous map on an interval have been broadly studied because 

they are simple but nevertheless exhibit complex behaviors. They 

also allow numerical simulations, which enabled the discovery 

of some chaotic phenomena. Moreover, the “most interesting” part of some higher-

dimensional systems can be of lower dimension, which allows, in some cases, boiling it 

down to systems in dimension one.

Some of the more recent developments such as distributional chaos, the relation 

between entropy and Li-Yorke chaos, sequence entropy, and maps with infi nitely many 

branches are presented in book form for the fi rst time. The author gives complete proofs 

and addresses both graduate students and researchers.
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