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Preface

In mathematics, dynamical systems is broadly concerned with self-maps
of spaces. The spaces under consideration usually have some kind of geomet-
ric or measure structure. Here, we will look at compact topological spaces.
For the most part, we will also content ourselves with having a single self-
map of this space, which we assume to be both continuous and invertible.
The main feature of such a self-map is that it can be iterated, as can its
inverse, and this collection of maps is the main object of study.

We will denote the space by X and the map by ϕ, so that for any integer
n, ϕn is the composition of this map with itself n times, when n is positive,
and the composition of ϕ−1 with itself |n| times, when n is negative.

There are many applications of these ideas. The space is a model for
the possible configurations of some system and the map is the evolution of
this system in time or space.

Returning to mathematics, such systems display a very wide range of
different phenomena and it is common to restrict attention to a class having
some special features. We will have two specific restrictions and the first
is that our systems will (usually) be minimal : for every point x in X, its
orbit, {ϕn(x) | n ∈ Z}, is dense in X. Intuitively, this suggests that the
system has a certain amount of complexity: every point is moved around by
the iteration under ϕ into every open subset of the space. We will see that
this is equivalent to the condition that there is no proper compact subset
of X which is mapped onto itself by ϕ, other than the trivial case of the
empty set. This means that it is not possible to study the dynamics by
decomposing it into smaller pieces. In a certain sense, it is irreducible.

We should mention that chaotic systems also have a weaker type of
irreduciblity condition, but they also have a wealth of finite orbits and so
are quite far from our minimal case.

The second restriction we place on our systems is that the underlying
space X be totally disconnected : that is, its only non-empty connected sub-
sets are single points.We refer to any compact, totally disconnected metric
space with no isolated points as a Cantor set, as Cantor’s famous ternary set
is an example. This may seem slightly less natural. But such spaces have a
nice universal property: every compact metric is the image of such a space
under a continuous function. A version of this even holds if we include the
dynamics, but we will not give a precise statement here. So our systems,
while special, have a universal property among minimal systems.

ix
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One important property of such spaces is that they have a structure
which is largely combinatorial. That is not very precise, but it should be-
come clearer as we proceed and we exploit that structure in a serious way.

Another important result for such dynamical systems is the Jewett-
Krieger Theorem which states that any measurable system which is irre-
ducible (in the precise sense that it is ergodic) can be modeled by a minimal
system on a Cantor set.

More importantly, these kinds of dynamical systems arise rather natu-
rally from substitution, subshifts and other symbolic or combinatorial con-
structions. They are also closely related to the field of aperiodic order, which
studies patterns or tilings of Euclidean space which display a high degree
of regularity and yet are not periodic. The most famous example of such
patterns are the Penrose tilings.

The study of minimal systems on the Cantor set has blossomed over
the past thirty years. The starting point was the observation of Anatoly
Vershik that well-known combinatorial objects could be used to construct
models. This construction and its refinements have become standard tools
in dynamical systems.

One of the main features of these systems is that there are algebraic
invariants for them and understanding them has led to deep results on their
structure. One such result on which will we focus is the theorem of the
author together with Thierry Giordano and Christian Skau which provides
a complete classification of these systems up to orbit equivalence: two such
systems are orbit equivalent if there is a homeomorphism between their
spaces which carries each orbit of one system to an orbit of the other. This
is an extension to the topological case of a seminal result of Henry Dye for
measurable systems. There is also a remarkable parallel theory for dynamics
on Borel spaces.

Two points are worth mentioning while comparing the result on Cantor
sets to Dye’s result in measurable dynamics. The first is that Dye’s Theorem
asserts that any two systems (with appropriate hypotheses) are orbit equiv-
alent. The situation for Cantor minimal systems is more complex: there is a
simple algebraic invariant which distinguishes and classifies them. Secondly,
the notion of orbit equivalence in the realm of connected topological spaces
is uninteresting (as we will discuss later). For such problems, Cantor sets
are the natural environment.

Finally, we will mention quickly that from a minimal Cantor system,
one may construct a group (or in fact, several groups) called its topological
full group. This also follows work of Dye in the measurable case. But un-
like Dye’s groups, these are countable and remarkably complicated. Recent
work of Grigorchuk, Medynets, Matui, Juschenko and Monod, has shown
that these provide the first examples of infinite, finitely generated, simple
amenable groups. These topics go beyond the scope of these notes.

The first aim of the notes is to provide an accessible introduction to
some of these concepts. They are not intended to be a definitive survey. We
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have chosen the classification of minimal AF-relations and minimal actions
of Z up to orbit equivalence as the main target. More accurately, we have
chosen their statements as the main targets. That is, we develop the theory
to the point that the statements makes sense and the reader has enough
familiarity with the concepts to appreciate what is involved. We will give a
proof only of a special case. On the other hand, this case is important. By
considering only this case, many of the technical difficulties of the proof are
removed, but the main idea is clear. In this sense, we believe that producing
a proof in this special case has merit.

The second and perhaps more important aim of the notes is to serve as
an introduction to provide a first exposure to a current line of mathematical
research for students who have a good background from an undergraduate
mathematics program and are just beginning to be involved in research.

The background required for the notes is not extensive: a good course
in general topology and a good course in algebra, especially group theory
including the first isomorphism theorem. In topology, our focus is on totally
disconnected spaces but we will develop the main results we need. Also,
the notion of an ordered abelian group will play an important part. That is
obviously not part of a typical undergraduate algebra class, but for student
with a solid background, we will develop the material needed.

As we indicated briefly above, one of the really appealing aspects of
area is that it brings together some seemingly diverse topics which interact
in beautiful ways. A very rough schematic might look like the following:

Combinatorics

Analysis Algebra

We can make this a little more precise by using specific technical terms
(which will be explained as we proceed) as:

Bratteli
diagrams

Cantor
minimal
systems

Ordered
abelian groups
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We can take this a step further by indicating exactly where each chapter
is getting us:

Bratteli
diagrams

Cantor
minimal
systems

Ordered
abelian groups

3,4

5

7,11

8

7,11

8

We discuss some practical aspects of the notes. They are intended for
use as a course, rather than an encyclopedic reference. As a course, the
material is designed to be followed in a linear fashion. There are a couple of
exceptions. The main result of Chapter 5, Theorem 5.1, is essential. But its
proof could be delayed, or even left as an assignment. Nevertheless, the proof
contains some fundamental ideals in the subject and should be covered at
some point. Secondly, the Effros-Handelman-Shen Theorem (Theorem 8.4)
is similar case. It is an important result, but its proof is somewhat less
central to the subject and could be skipped. Chapter 8 is divided into two
sections for exactly this reason.

The notes contain many exercises. They are intended less to challenge
the reader than to give the reader a chance to think about what is going on
and learn through experience about the concepts being introduced. All of
these should be attempted or discussed.

The reader will also notice that there are no proofs given for many of
the results. This means that the proof is

(1) fairly straight-forward and
(2) really an exercise for the reader.

Put another way, we have chosen to avoid excessive repetition of the phrase
’The proof is left as an exercise’. It is not really necessary that all of these
be attempted. That is left to the discretion of the reader.

As one might guess from the comments above, the notes were constructed
with the idea that they could be used for a Moore method course, but this
has not been attempted to this point.

I would like to thank Sergey Gelfand and Christine Thivierge at the
AMS for all of their assistance. My own understanding of this material
has benefited enormously from the experience, wisdom, enthusiasm and en-
couragement of many people over a period of many years. It is pleasure to
thank them: George Elliott, David Handelman, Mike Boyle, Benjy Weiss,
Eli Glasner, Jean Bellissard, Sergey Bezugly, Kostya Medynets, Nic Ormes,
Reem Yassawi and Karl Petersen, although that list is not complete. I would
especially like to thank my collaborators, Richard Herman and Hiroki Matui



PREFACE xiii

for their crucial contributions. Finally, I owe a special debt to Thierry Gior-
dano and Christian Skau for more than twenty-five years of collaboration on
these and related topics which has been one of my great joys.
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Within the subject of topological dynamics, there has been considerable recent interest 

in systems where the underlying topological space is a Cantor set. Such systems have 

an inherently combinatorial nature, and seminal ideas of Anatoly Vershik allowed for 

a combinatorial model, called the Bratteli-Vershik model, for such systems with no 

non-trivial closed invariant subsets. This model led to a construction of an ordered 

abelian group which is an algebraic invariant of the system providing a complete classi-

fication of such systems up to orbit equivalence.

The goal of this book is to give a statement of this classification result and to develop 

ideas and techniques leading to it. Rather than being a comprehensive treatment of 

the area, this book is aimed at students and researchers trying to learn about some 

surprising connections between dynamics and algebra. The only background material 

needed is a basic course in group theory and a basic course in general topology.

For additional information

and updates on this book, visit

www.ams.org/bookpages/ulect-70
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