CHAPTER 1

Geometric Mechanics on the Heisenberg Group

The Heisenberg group and its sub-Laplacian are at the cross-roads of many
domains of analysis and geometry: nilpotent Lie groups theory, hypoelliptic sec-
ond order partial differential equations, strongly pseudoconvex domains in complex
analysis, probability theory of degenerate diffusion process, subRiemannian geom-
etry, control theory and semiclassical analysis of quantum mechanics, see e.g., [13],
[16], [30], [31], and [44].

Here we give a detailed discussion of the behavior of the subRiemannian geodesics
on the Heisenberg group, which is the paradigm of the theory. Research on the sub-
Riemannian geometry induced by the sub-Laplacian and its analytic consequences
has been studied extensively in the past ten years (see e.g., [3], [13], [4], [19], [18]
and [26]). To the best of our knowledge, the first time these geodesics have been
computed by Koranyi, see [39], [38], and [40]. In this chapter we shall provide a
systematic method to handle problems along this direction.

The Heisenberg group is the prototype for the subRiemannian manifolds of step
2, which makes this case very special in the class of subRiemannian manifolds.

There are a few ways to introduce the Heisenberg group. In the first section
we shall show that all of these are equivalent.

1.1. Definitions for the Heisenberg group

Let G be a noncommutative group. If h,k € G are two elements, define
the commutator of h and k by [h, k] = hkh™1k=' = hk(kh)=l. If [hk] = e,
we say that h and k& commute (e denotes the unit element of G). The set of
elements which commute with all other elements is called the center of the group
Z(G) ={g € G;[g,k] =e,Vk € G}. If K < G is a subgroup of G then let [K, G]
be the group generated by all commutators [k, g] with ¥ € K and ¢ € G. When
K = G, then [G, G] is called the commutator subgroup of G.

DEFINITION 1.1. Let G be a group. Define the sequence of groups (F”(G))n>1
by To(G) = G, T',11(G) = [T,(G), G]. G is called nilpotent if there is an n € N
such that I',(G) = e. The smallest integer n with the above property is called the
class of nilpotence of G.

The subset of M3(R) given by

(1.1) G= ja,b,ceR

O O =
O = Q
S0

=



2 1. GEOMETRIC MECHANICS ON THE HEISENBERG GROUP

defines a noncommutative group with the usual matrix multiplication. Consider
the matrices

1 a1 as 1 b b3
(12) A= 0 1 as s B = 0 1 b2
0 0 1 0 0 1
Then
1 a1 +b1 az+bz+ab
(13) AB = 0 1 as + by R
0 0 1
1 —a1 ai1a2 — ag 1 71)1 b1b2 — bg
(14 A7't=[o0 1 —as , Bt=|01 —bo
0 0 1 0 0 1
The commutator
1 0 Cl1b2 — blag
[A,B]=ABA™'B '=| 0 1 0 :
0 0 1
and hence the commutator subgroup is
1 0 k&
I'(G)=[G,G]|=([A,B];A,Be G) = 0 1 0 |;keR
0 0 1
Let
1 0 k
C=1010
0 0 1
Then
1 a c+k
AC=|( 0 1 b = CA,
0 0 1

and therefore [A,C] = AC(AC)™! = I3. Hence I'y(G) = [['1(G),G] = I = e,
and the group G is nilpotent of class 2. G is called the Heisenberg group with 3
parameters.

The nilpotence class measures the noncommutativity of the group. In the

following we shall associate with this group a noncommutative geometry of step 2.
This geometry will have the Heisenberg principle built in.

The bijection ¢ : R? — M3(R),

1 T t
(b(l‘h.%‘g,t) = 0 1 Z9
0 0 1

induces a noncommutative group law structure on R3
(1.5) (@1, m2,t) o (x], x5, t') = (z1 + 2}, 22 + 25, t + ' + 2125).
The zero element is e = (0, 0,0) and the inverse of (x1, z2,t) is (—x1, —z2, T122 —1t).

R3 together with the group law (1.5) will be called the nonsymmetric 3-dimensional
Heisenberg group. This group can be regarded also as a Lie group. The left
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translation L, : G — G, L,g = ag, Vg € G is an analytic diffeomorphism with
inverse L, = L,-1. A vector field X on G is called left invariant if

(La)*(Xg) = Xag, Va,g € G.

The set of all left invariant vector fields form the Lie algebra of G, denoted by
L(G). The Lie algebra of G has the same dimension as G and it is isomorphic
to the tangent space T.G. We shall use this result in the following proposition in
order to compute a basis for the Lie algebra of the Heisenberg group.

PROPOSITION 1.2. The vector fields
(16) X :8x1, Y:8I2 +1’18t, T:5‘t

are left invariant with respect to the Lie group law (1.5) on R3.

ProOF. Consider the notation x3 = t. In this case the left translation is
Lia as,a3)(T1, T2, 23) = (a1 + 21, a2 + 22, a3 + T3 + a122).

Let X be a left invariant vector field. Then Va = (a;,a2,a3) € G, X, = (Lg)« Xe.
In local coordinates X, =, X29,,. The components are given by

(L.7) Xi = Xo(2;) = (La)o Xo(2:) = Xe(s 0 L),

where x; is the i-th coordinate and X, is the value of the vector field X at the
origin. Let b = (b1, b2,b3) € G. Then

(10 La)(b) = z1(Lagb) = z1(ab) = a1 + b1 = z1(a) + z1(b),
(za0Ly)(b) = x2(Lgb) = x2(ab) = as + by = xa(a) + x2(b),
(x30Lg)(b) = z3(Lab) = z3(ab) = ag + bz + a1bs = z3(a) + x3(b) + x1(a)z2(b).
Dropping b, yields
rioLl, = z1(a)+ 1,
xz90L, = z3(a)+ zo,
xz30L, = x3(a)+x3+ x1(a)ws.

Substituting in equation (1.7) and using X, = £10,, + £20,, + £30,,, yields

Xe = Xe(wi(a)+mz)=¢",
Xg = Xe(x2(a) + 1'2) = §2a
X2 = X(z3(a) + a3 +z1(a)zs) = € + 21(a)€>.

Hence, the left invariant vector field X depends on the parameters &°
X = &0p + 00, + (& + 218200,
= 00, + &0, + 1104,) + E0s,
X +Y +€°T,
and the Lie algebra is generated by the linear independent vector fields X, Y and
T. |

In the following we shall show that the nonsymmetric model can always be reduced
to a symmetric model, using a coordinate transformation.
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ProPOSITION 1.3. Under the change of coordinates
Y1 =11, Y2 =2, T=4t— 22120,

the vector fields
X:axl, Y:(?xQ +l’18t, T:@,

are transformed into

(1.8) X =0y, —2y20;, Y =0y, +2y10,, T =40-.

PROOF. The proof follows from the following relationships

6t = 487'7
89:2 = ayz - 2y187a
811 = 8y1 - 21/237-

O

Making y1 = 21, y2 = x2, T = —t in (1.8) we consider the vector fields X; =
Oy, +2220;, Xo = Oy, — 2210;, X3 = 0; on R? = R2 x R;. We are interested in a
Lie group law on R? such that X;, X5 and X3 are left invariant. This shall be done
using the Campbell-Hausdorff formula. The constants of structure are denoted by

cfj and are defined by

3
X5, X5) = el Xx.
k=1

From [X;, Xo] = —40; and [X1, 8] = [X2, 0¢] = 0, the constants of structure are

1 _ 2 _ 3 _
Cig =12 =0, c1o = —4,

Ady=cly=0, =123

If x = (z1, 22, 23) and y = (y1,¥2,y3), a locally Lie group structure is given by the
Campbell-Hausdorff formula:

1 ) 1 .
(1.9) (zoy)i=wzi+y+ 52%%% T D Ty syt
gk k,s,p.j

In our case, we obtain a globally defined group structure

(xoy) = x1+uyi,
(oy)s = x2+yo,
1
(xoy)s = w3+ys— 5 4r1y2 — 21),

2

because the term x, y; x c’;j cis = (0. We arrived at the following result.

PROPOSITION 1.4. The vector fields X1 = 0;, + 2220, Xo = 0y, — 2210, are
left invariant with respect to the following Lie group law on R?

(1.10) (z1,22,1) 0 (2,25, 1) = (z1 + 2, x2 + b, t + ' — 2(z125 — w92))).
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The Lie group H; = (R3, o) is called the symmetric three dimensional Heisen-
berg group. The unit element is e = (0,0,0) and the inverse is (z1,29,t)" =

(—.1‘1, —ZX2, —t).

We shall study the subRiemannian geometry associated with this model. The
geometry has the Heisenberg uncertainty principle

(1.11) [X1, Xo] = —40,

built in. This brings the hope, that Heisenberg manifolds (step 2 subRiemannian
manifolds) will play a role for Quantum Mechanics in the future, similar to the
role played by the Riemannian manifolds for Classical Mechanics. (see e.g. [2],
1], [14]). In Quantum Mechanics, the states of a quantum particle (position,
momentum) are described by differential operators. It is known that two states,
which cannot be measured simultaneously correspond to operators, which do not
commute (see [45]).

For instance, if x and p are the position and the momentum of a particle,
then one cannot measure them simultaneously and hence, we write [x, p] # 0. The
state of the particle is measured using a radiation beam sent towards the particle.
The radiation is reflected partially back. Using the variation of frequency between
the sent and reflected beams, the Doppler-Fizeau formula will provide the speed
of the particle. This method will provide accurate results if the radiation will not
significantly change the speed of the particle i.e., its kinetic energy K = muv?/2.
This means the radiation has a low energy and hence, a low frequency, because
E.adiation = hv. Therefore the wave length of the radiation A = 1/v will be large.
In this case the position of the particle cannot be measured accurately (see [32]).

In order to measure the position accurately, the radiation wave length has
to be as small as possible. In this case the frequency v is large as will be the
energy E,qgiation. This will change the kinetic energy of the particle and hence its
velocity. Hence, one cannot measure accurately both the position and the speed of
the particle.

The Heisenberg uncertainty principle, fundamental in the study of quantum
particles, can be found also in other examples at the large scale structure. Let’s
assume that you are watching high-street traffic from an airplane. You will notice
the position of the cars but you cannot say too much about their speed. They
look like they are not moving at all. A policeman on the road will see the picture
completely differently. For him, the speed of the cars will make more sense than
their position. The latter is changing too fast to be noticed accurately.

The Heisenberg group is also closely linked with theory of functions in several
complex variables. Let us start with the unit disc {w € C: |w| < 1}. Consider the
Cayley transform:
1=z
itz
It is known that the transformation (1.12) maps the real line Im(z) = 0 together
with the point “co” into the unit circle |w| = 1, and the upper half plane {z =
x +iy € C: Im(z) > 0} into the disc |w| < 1. From the point of view of Fourier
analysis, there are two groups of holomorphic self-mappings on it which are of
importance to us. The first one is the translation group, z = z+1iy — (x+h)+ iy,

(1.12) w =
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h € R, which is isomorphic to R. This group acts transitively on each level set
{z =2+iy € RZ : y = ¢, ¢ > 0}, which is responsible for the fact that many
important operators, e.g., Hilbert transform and Cauchy operator, are convolution
operators. The second one is the dilation group, z — dz, 6 > 0, which determines
the homogeneity of the kernels of these operators. The analogues of these groups
are equally significant.

A complex analogue of the upper-half plane R%r is the Siegel upper-half space

U= {(zl,ZQ) €C?: Im(z) > |zl\2}.
Its boundary is the “paraboloid”
U = {(21,22) € C*: Im(22) = |=1|*}.
The domain U is biholomorphically equivalent with the unit ball
By = {(wi,w2) € C*: |wy]* + |wo]* < 1}

via the generalized Cayley transform:

2i21 7;722
w1 = = y W2 = = .
1+ 29 )

In this correspondence the boundary OU, together with the “point at co” maps
onto the unit sphere in C2.

It is known that the Heisenberg group H; gives the translations of the domain
U. The action of an element (z,t) € Hy on the domain i is given by

(1.13) (€1,6) = (L + 2,6 +t+i(26 - 21+ |=]?)).
Since [&; + 21]% — |21|* = Im{i(2&; - 21 + |21]?)}, this mapping preserves each “level
surface”

Im(&) — |&1|* = constant.

It follows that the mapping (1.13) is simply transitive on the boundary oU: the
boundary OU therefore may be identified as the orbit of the “origin” (0,0) under
the action of the group Hj:

H, € (2,t) — (2,t+1]z]?) € oU.
The second group consists of dilations. The action on the domain U is given by

(&1,8) — (661,6%6), 5> 0.

It is easy to see that these are automorphisms of the group structure of H;. Sum-
marizing our discussion, the group H; is isomorphic to the boundary oU. Similar
to analysis in R?, we may use the Heisenberg group and the Siegel upper-half space
to “approximate” a bounded strongly pseudoconvex domain in C"*!. This phe-
nomena indeed happened in many situations, see Folland-Stein [24] , Phong-Stein
[49], [48], and Greiner-Stein [28].
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1.2. The horizontal distribution

Unlike on Riemannian manifolds, where one may measure the velocity and
distances in all directions, on Heisenberg manifolds there are directions where we
cannot say anything using direct methods.

On the Heisenberg group, an important role is played by the distribution H
generated by the linearly independent vector fields X; and Xo:

x — H, = span,{X;, Xz},

called the horizontal distribution. As [X1, Xa] = —40; ¢ H, the horizontal distri-
bution H is not involutive, and hence, by Frobenius theorem, it is not integrable,
i.e., there is no surface locally tangent to H.

A vector field V on R? is called horizontal if and only if V. € H,, V. A curve
¢ :]0,1] — R3 is called horizontal if the velocity vector ¢(s) is a horizontal vector
field along c(s). Horizontality is a constraint on the velocities and it is called a
non-holonomic constraint.

In this chapter we shall construct many horizontal objects, i.e., geometrical
objects which can be constructed directly from the horizontal distribution and the
subRiemannian metric defined on it. The main goal is to recover the external
structure of the space, such as the missing direction 0; by means of horizontal
objects.

PROPOSITION 1.5. A curve ¢ = (1, x2,t) is horizontal if and only if
(1.14) t = 2(i129 — 1129).

PRrOOF. The velocity vector can be written as
¢ = @10y, + 20, +10;
i1 (0p, + 2220;) — 201220,
+i2(0p, — 2010;) + 221220, + (0,
= 1 Xy + @2 Xo + (6 4 22182 — 2w0d1) 0y
Hence, ¢ € H iff the coefficient of J; vanishes i.e., (1.14) holds. O

COROLLARY 1.6. A curve ¢ = (1, x2,t) is horizontal if and only if
(1.15) ¢ =iy X1 + 2 X5,
In the following we shall give a geometrical interpretation for the ¢ component of a

horizontal curve. This will be used in the proof of the connectivity theorem later.
Using the polar coordinates x1 = r cos ¢, o = rsin ¢, equation (1.14) becomes

t = 2(1‘1%2 — .1313.3‘2)
= 72r2¢(sin2 ¢ + cos? P)
= —2r2q5.

In differential notation
(1.16) dt = —2r* dg.

Let r = r(¢) be the equation in polar coordinates of the projection of the horizontal
curve on the z-plane. The area of an infinitesimal triangle with vertices at the origin,
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(r(¢), ¢) and (r(¢ +do), ¢ +d¢) is 37(¢)r(¢ + dp)dp ~ 57°($)d¢. Integrating, we
obtain the area swept by the vectorial radius between the initial angle ¢y and ¢,
see Figure 1.1.

A

)
DL

Figure 1.1 : The area swept by the vectorial radius between two points in the plane.
Taking the derivative, we obtain

dA 1,

@ 2" (),
or

L o
(1.17) dA = 3" do.
Dividing the equations (1.16) and (1.17) yields
dt

1.1 — =4
(1.18) &’y

which says that the t-component is roughly the area swept by the vectorial radius
on the z-plane, up to a multiplication factor. The negative sign in (1.18) shows that
when ¢ is increasing, the rotation in the z-plane is done clock-wise. The equation
(1.18) is valid only if ¢ is not constant.
The areal velocity is defined as
_dA
Areal velocity also appears in Kepler’s laws: all of the planets have plane

trajectories, which are ellipses with the sun in one of the focuses. The areal velocity
« is constant along the motion.

THEOREM 1.7. A curve c in R? is horizontal if and only if the rate of change
of the t-component is equal to 4a, i.e., t = 4a.

PROOF. ¢ = (21,22,t) is a horizontal curve iff
i = 2(1‘1:172 — xliig),
which in polar coordinates is

. . 2
L1 — T1d2 = 77,
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and hence
1 (d ) li
o= =(t1x9 — x1d9) = —t.
5 (122 172 1
|
The characterization of horizontal curves with ¢ constant is given in the follow-
ing result.

PROPOSITION 1.8. A smooth curve c(s) is horizontal with ¢(s) = ¢ constant if
and only if ¢(s) = (as, bs,t), with a,b € R, a® + b* # 0.

PROOF. If ¢(s) is horizontal with ¢ constant, the equation { = —2r2¢ yields
¢ =constant. Hence the projection on the z-space is a line which passes through
the origin.

If ¢(s) = (as, bs,t), with ¢ constant, then

2(Z1wy — w1d9) = 2(abs — abs) =0 =t
and hence the horizontality condition (1.14) holds. O
The following proposition shows that the left translation of a horizontal curve is a
horizontal curve.

PROPOSITION 1.9. If ¢(s) is a horizontal curve, then ¢(s) = L,c(s) is a hori-
zontal curve, for any a € Hy.

PROOF. If ¢ = (¢, ¢2,¢3) and € = (¢1,¢2,C3), then

(1L19) & = amt+a==¢
Cy = a2+02:>é2:c'2
63 = a3z+c3— 2(&162 - agCl) — 53 = ég - 2(0410.2 - azél).

Using that c is horizontal, equation (1.14) yields
C3 = ¢3—2(a16e — agéq)
= 2(¢1eg — c169) — 2(a1éa — aséy)
2(é1(az + c2) — é2(ay + c1))
= 2(¢162 — 7).

From equation (1.14) it follows that ¢(s) is horizontal. O

COROLLARY 1.10. The velocity of the horizontal curve ¢(s) = L,c(s) is
(120) E(S) = (La)*C(S) e él(S)X1|E(s) + éQ(S)XQ‘E(S).

PROOF. As ¢(s) is horizontal, from equations (1.15) and (1.19) we have
c(s) = u(s)Xuje(s) + C2(8) Xapg(s)
= ¢1(8) Xipg(s) + C2(5) Xaps(s)
é1(5) (La) X1je(s) + ¢2(8)(La) , Kaje(s
(La)*( 8)X1je(s) + €2(8) Xae(s))
(La) ¢(s

*
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1.3. Horizontal connectivity theorem

On the Heisenberg group Hy, the vector fields X7, X and [X7, X5] generate
the tangent space of R3 at every point. Such a subRiemannian manifold is called
step 2. In the case of a general subRiemannian manifold, the number of brackets
needed to generate all directions +1 is called the step of the manifold. The higher
the step, the more noncommutative and the harder it will be to study the geometry.
The step 1 corresponds to Riemannain geometry, which is the commutative case.
The step condition was used independently by Chow [22] and Hérmander [33] to
study connectivity and hypoellipticity, respectively. Using Hormander’s theorem,
the Heisenberg Laplacian Ay = %(Xf + X2) is hypoelliptic, i.c., Agu = f €
C® = ueC™.

In the following we shall prove Chow’s connectivity theorem (see [22]) in the
particular case of the Heisenberg group Hj.

PROPOSITION 1.11. Any two points in Hy can be joined by a piece-wise hori-
zontal curve, i.e., a curve tangent to the horizontal distribution.

PROOF. Let P and @ be two points in R3. Let tp and tg be the t-coordinates
of P and ). We distinguish between the following two cases:
case (i): tp # tg
Consider the number oo = tp —tg # 0. Let P, and @ be the projections on the
z-plane of the points P and @. Consider in the z-plane a curve ¢ : [0,1] — R?
which joins P; and @1, such that the area situated between the graph of ¢ and the
segments OP; and OQ) is equal to a/4. The area will be considered positive in the
case of a counter clock-wise rotation of the curve ¢ between P; and @1, see Figure
1.2. If ¢(s) = (21(s), z2(s)), then consider the function

(1.21) Hs) = tp+2 /0 | (2(w)ir(w) — 1 () )

We claim that ¢ : [0,1] — R* defined as ¢(s) = (é(s),t(s)) is a horizontal curve
joining P and Q. Differentiating in (1.21) we obtain the horizontality condition
t(s) = 2(w2(s)d1(s) — x1(s)d2(s)) and hence, ¢(s) is a horizontal curve. We shall
check that ¢ joins the points P and Q.

¢(0) = (¢(0),£(0)) = (z(P1),tp) = P.
Using ¢(0) = tp, integrating between 0 and 1 in equation (1.18) yields
D) = H0) — 4(A(1) ~ A))

= t(O)—Oz:tp—(tp—tQ)
= tQ,

and hence, ¢(1) = (¢(1),t(1)) = (z(Q1),tq) = Q.
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X2

)

X Pl
Figure 1.2: The projection of a horizontal curve.

case (ii): tp =tg =1
Let R = (0,0,t). From Proposition 1.8 the curves ¢; : [0,1] — R3
c1(s) = (sw1(P), sz2(P), 1),

ca(s) = (s21(Q), s72(Q), 1)

are horizontal and join the points R with P and R with @, respectively. Then the
piece-wise defined curve

[ a(l-2s), 0<s< 3
¢(8)_{ 02(2571), %gsgi
is horizontal with ¢(0) = ¢1(1) = P and ¢(1) = c2(1) = Q. O

The piece-wise condition in the above proposition can be dropped. The proof
can be modified such that any two given points can be connected by a horizontal
smooth curve. In order to do that, we should take advantage of the group law.

Given the points P(z1,y1,t1) and Q(x2,y2,t2), a translation to the left by
(=21, —y1, —t1) will transform them into O(0,0,0) and S(z’,y’,t’), with

¥ =xo—x, Y =yo—uy1, t =ts—t1—2yz2— 21Y2).

If ¢ # 0, applying case (i) of the previous proposition, we get a smooth horizontal
curve ¢(s) joining O and S.

If ¢ = 0, then ¢(s) = (s, sy’,0) is horizontal and joins O and S, see Proposition
1.8. Translating to the left by (x1,y1,t1), the points O and S are sent into P and
@, respectively. Applying Proposition 1.9, the curve c(s) = (c1(s), ca(s), c3(s)) is
sent into the horizontal smooth curve between P and @

(1.22) (z1,y1,t1)0c(s) = (1;1 +c1(8),y1 +ca(s), t1 +e3(s) — 2(x1ea(s) — ylcl(s)).
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COROLLARY 1.12. By aleft translation, the t-axis ¢(s) = (0,0, s) is transformed
into
L(xlvyhtl)c(s) = (z1,91,t1 + 5).

PRrROOF. It is an obvious consequence of equation (1.22). O

In the following we shall find an explicit smooth horizontal curve between the
origin and a given point P(x1,X2,t).

LeMMA 1.13. For any a,b,a, B € R, the curve c(s) = (xl(s),xg(s),t(s)),

z1(s) = as+ bs?
ra2(s) = as®+ps’
2 3 1_ 2,55
t(s) = —gaas” - afs* — gbﬁs

is horizontal and passes through the origin.

PROOF. A computation shows that
B1my —wydy = (a+ 2bs)(as® + Bs®) — (as + bs?)(2aa + 365%)
= —aas®—2a8s® —bB3s* = %f
and hence the curve is horizontal. For s = 0 the curve passes through the origin. [

We shall show that given x3,x2,t, we can chose the constants a, b, a, 8 such
that the curve given by Lemma 1.13 passes through the point P(x1,xz2,t) for s = 1.
This means that a, b, « and 3 are solutions of the following system

x1 = a+b
X2 = Oé+ﬂ
2 2
t = —gaa—aﬁ— gbﬁ.

By computation
15t = —10aa — 15a8 — 6b3 = —10a(a + 3) — bafS — 6b3
—10ax2 — (ba + 6b)8 = —10ax2 — (5x1 + b)3
= —10(x1 — b)x2 — 5x10 — bf = —10x1x2 + 10bx2 — (5x1 + b)5.
Hence
15t + 10x1x2 — 10bxs + (5x1 + b)3 = 0.
Choose b such that 5x3 + b # 0. Then
—15t — 10x1x9 + 10bxo

A= 5% + b ’

and

a =X — f3, a=x1—0b.
Hence we have constructed a family of horizontal curves between the origin and P,
which depends on the parameter b.



1.4. HAMILTONIAN FORMALISM ON THE HEISENBERG GROUP 13

1.4. Hamiltonian formalism on the Heisenberg group

The Heisenberg group is a good environment to apply the Hamiltonian formal-

ism. Consider the Hamiltonian H : T*R%x H R given by

(1.23) H(f,e,l‘,t) = %(51 + 2.1’209)2 + %(fg — 23?19)2,

which is the principal symbol of the Heisenberg Laplacian
1
(1.24) Ap = (X7 + X3),

where X7 = 0y, +2x20;, Xo = 0y, — 2210;. In Quantum Mechanics, the procedure
of obtaining the operator (1.24) from the Hamiltonian (1.23) is called quantization.
It is natural to consider the Hamiltonian system

= OH/O¢
OH /00
—0H/0x
= —0H/ot.

The solutions c(s) = (x(s),t(s),&(s),0(s)) of the system (1.25) are called
bicharacteristics.

(1.25)

DEFINITION 1.14. Given two points P(xg,to), Q(z1,t1) € R3, a geodesic be-
tween P and @ is the projection on the (x,t)-space of a bicharacteristic ¢ : [0, 7] —
R3, which satisfies the boundary conditions:

(1.26) (2(0),8(0)) = (z0,t0),  (2(7),8(7)) = (x1,t1).

The most basic questions we shall answer in this chapter are:

e Given any two points, can we join them by a geodesic?
e How many geodesics are between any two given points?

We shall start by proving the following result.

PrOPOSITION 1.15. Any geodesic is a horizontal curve.

PROOF. Let ¢(s) = (21(s),z2(s),t(s)) be a geodesic. From the Hamiltonian

system (1.25)
jil = 51 + 23320, .i'2 = 52 — 25619,
and then
OH
00
2x9(&1 + 2x20) — 221 (&2 — 210)
= 2x911 — 2T129,

which is the horizontality condition (1.14). Hence, any geodesic is a horizontal
curve. (]
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Solving the Hamiltonian system. We shall solve the Hamiltonian system
explicitly. We start with the observation that H does not depend on t. Then

O0H
=0
ot
and hence, 6§ = constant. The equations
oOH . OH

€Tl = 8751’ T2 = 6752
become
(127) i’l = 51 + 213297 l"g = &2 - 21’19
Differentiating, yields
(1.28) By =€)+ 2&90,  Fg = &y — 2i40.

Using £ = —@H/dx and the system (1.27) we obtain

£ = 20(& — 2210) = 20,
(1.29)

£ = —20(&1 + 2x90) = —204.
(1.30)
From systems (1.28) and (1.29)
(1.31) B =400y,  dy = —40iy
with constant 6. The system (1.31) can be written as
(1.32) Z(s) = 40Jx(s),
where

7= (4)

and © = (21 1). The equation (1.32) describes the projection of the geodesic on
the xz-space. We shall show that this is a circle.

With the substitution y(s) = @(s) equation (1.32) becomes
(1.33) y(s) = 40.Jy(s),
with the solution
y(s) = e*"7°y(0).
Therefore #(s) = e*?/5y(0). Integrating and using that J and e

x(s) = x(O)—i—/OS e*®7y(0) du

I 1 400s u=s
49J ¢ y(O) u=0

_ L jete0s 1
2(0) = 15 7€ y(0) + 5T y(0)
(1.34) = K1)

where K = —Jy(0)/(46) and C = 2(0) + K. We need the following result.

4075 commute, yields

= z(0) +
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0 1
-1 0
rotation by angle o in the x-plane.

LEmMMA 1.16. If J = then €%/ = Rups, where R, denotes the

PROOF. A computation yields

> (40s)"J" o . (46s) 4R+
pt0rs -y BT os)~J" _ Z + 7 Z
—= = ! = (4k +1)!
o0 dk+2 4k+3
I Z (460s) =, (405)
= (dk +2)! = (4k +3)!

_ k)' T (4k+2)! (Ak+1)!1 " (4k+3)!
- Z 4.93)4’“+1 (49s)4+3 (405)*  (40s)2F T2
k=0 (4k+1)! (4k+3)! Ak T(dk+2)!

cos(46s)  sin(40s)
— sin( 495 cos(40s)

oo( 495 4k (465)*F+2 (465)*F+1 (405)4k+3>

= Rygs.
]
Using Lemma 1.4, the equation (1.34) becomes
(1.35) x(s) = Raps K + C.
As |z(s) — C| = |Rygps K| = |K| = constant, z(s) will describe a circle centered at

C with the radius

(1.36) 1< [0 WOl O

46 410 4]0

ProPOSITION 1.17. Consider a geodesic which joins the points P(xg,t) and
Q(I‘l,tl), with to 7é tl.
(i) The projection of the geodesic on the z-space is a circle or a piece of a circle
with end points z¢ and x;.
(ii) If the projection is one complete circle, with o = 1, let o be its area. Then
_ |t1 — to]

Y

PROOF. (i) comes from the solution of the Hamiltonian system discussed above.
(#4) By Proposition 1.15, any geodesic is horizontal. From equation (1.18), the area
of the projection on the z-plane and the t-component of a horizontal curve are
related by

4dA = —dt
Integrating, yields
40 = / 4d.A:—/ dt
0 0
= to—t,
where x(7) = 21, t(1) = 1. O

[t1—to]

COROLLARY 1.18. The radius of the projection circle is R = e
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If we let § — 0 in (1.36), the radius of the circle |K| — oco. This corresponds to
a circle with infinite radius, which is a line. This case is covered by the next result.

ProprosITION 1.19. If 6 = 0, the projection of the geodesic onto the z-space is
a line.

PRrROOF. If # = 0 the equation (1.32) yields & = 0, which corresponds to a
line. (]

Proposition 1.15 claims that geodesics are horizontal curves. We shall show
that the converse is false.

PROPOSITION 1.20. There are horizontal curves which are not geodesics.

PRrOOF. Consider c(s) = (s?/2,s,5%/3). The curve is horizontal, because the
horizontality condition holds

t(s) = s2 = 2(32 — 32/2) = Q(x'lxg — xldcg).

On the other hand, the system (1.31) becomes 40 = 1 and 0 = —40s, which leads
to a contradiction. ]

The t-component
Using the Hamiltonian equation ¢ = 9H /36, and (1.36) yields

t(s) = 2(1"2(3)561(3) - 1‘1(8)1‘2(8))
= 2x(s), J(i(s)))
= 20K +C, J(40Je°K))
= 2(eYK, —40e*T K + 2(C, —40e*7° K)
= —80|K|* —80(C,e"*K).

Integrating we obtain

t(s) = / (,89|K|2 —80(C, e49J8K>) ds.

As

d 40Js d 40Js 40Js

d—{JC,e Ky = <JC7d—e K)=(JC,40Je*’°K)

s s

= 40(JTJC, M K) = 40(C, Y/ K)
then
/(C, MK ds = 4—10<JC, YIS K + const

Hence

t(s) = —80|K|*s — 2(JC, M7 K) + C}
where C = t(0) + 2(JC, K).
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The conservation of energy. Let E = %(x% + x%) be the kinetic energy.
One may show that the Hamiltonian is equal to E along the geodesics, and hence
FE is a first integral for the Hamiltonian system. In the following proposition we
shall give a direct proof.

ProprosITION 1.21. The kinetic energy is preserved along the geodesics.

ProOF. Using equation (1.32)
i
ds ds 2
= (&) =40 (i, Ji) = 0.

= 121 + TaZ2

O

In the following we shall show that the projection of the solution is a circle, using
the conservation of energy. Let 2E = R? with R > 0 constant. For conservative
systems with #1(s)? + @2(s)? = R?, there is a function o = a(s) such that
(1.37) Z1(s) = Rcos a(s), Z2(s) = Rsina(s).

Then
Z1(s) = —Rsina(s) &(s), Fa(s) = Rcos a(s) a(s),
and the system (1.31)

1 = 401
Lo = —4014
becomes
sina(s)(40+a) = 0
cosa(s)(40+ca) = 0.

Adding the squares, yields a(s) = 46. Integrating, we obtain
afs) = —40s — ap.

Hence equations (1.37) can be integrated

x1(s) = R/ cos(—40s — ap) ds
0

_ R sin(40s + ag) + x1(0).

40
xa(s) = R/ sin(—460s — ag) ds
0
R
= — cos(40s + ag) + z2(0),
46
here
v Rsin g R cos ay
21(0)=~——5—  20)=-—p—.
We obtain the solution
R
x(s) = E(sin(él@s + ag), cos(40s + ao)) + z(0),

which is the parametric equation of a circle of radius % centered at z(0).
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1.5. The connection form

Let * — H, = span,{ X1, X2} be the horizontal distribution on R3. A connec-
tion 1-form is a non-vanishing form w € T*R? such that ker,w = H,. The form w
is unique up to a multiplicative factor. In this chapter we shall choose the standard
1-form with the property w(9;) = 1, which is
(1.38) w=dt — 2(xedry — x1dx2).

DEFINITION 1.22. The curvature 2-form of the distribution H is defined as
Q:HxH—F (R3 )

(1.39) QU,V) = dw(U, V).

In our case 2 = 4dx; A dzo. If the horizontal distribution H belongs to the
intrinsic subRiemannian geometry, the form 2 describes the extrinsic geometry of
the Heisenberg group. In general, the 2-form 2 describes the non-integrability of
the horizontal distribution.

DEFINITION 1.23. The pair (R?,w) is called a contact manifold if w A Q never
vanishes.

In our case w A Q) = 4dt Adxy Adze and hence, the Heisenberg group becomes a
contact manifold. The following theorem shows that, locally, all contact manifolds
are the same as the Heisenberg group, see Cartan [21].

THEOREM 1.24. (Darbouz) FEach point p of a contact manifold admits a local
coordinate system t,x1,xs in a neighborhood U such that w = dt —2(xodry —x1dxs).

1.5.0.1. The osculator plane. Let c(s) = (z1(s),z2(s),t(s)) be a curve. The
osculator plane at c(s) is defined by span{¢é(s), é(s)}.

PROPOSITION 1.25. Let ¢(s) be a curve. Then the curve c(s) is horizontal if
and only if the osculator plane at c(s) is the horizontal plane H. ), for any s.

PROOF. If span{¢(s),é(s)} = Hees), then ¢(s) € Heey. Hence, the curve is
horizontal.
If the curve c(s) is horizontal, ¢(s) € He. It suffices to show &(s) € He(s). From
the horizontality condition (1.14),

(1.40) t =200y — 221%0.
Differentiating in equation (1.40) yields
t = 2iodq + 2x9d — 24140 — 22170
(1.41) —  2rody — i
The acceleration vector along c(s) is
¢ = #10y, + 20, +10,

= i (6961 + 2z28t) — 29710,

+#9(0py — 2010;) + 231820, + 10,
= 1X71+ 32Xo + (Z'f'— 2201 + 25&2%1)81:
= @1 X1+ 32Xy,

since we used equation (1.41). Hence, ¢ € H, and the osculator plane is horizontal.
O
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COROLLARY 1.26. For a horizontal curve ¢

(1.42) ¢ =21X1 + 22X,

DEFINITION 1.27. Let J : H — H be defined by J(X;) = — X5, J(X2) = X;.
J is called the complex structure of the horizontal plane.

We shall use J in order to write the equations for the geodesics on the Heisen-
berg group. The following result shows that the geodesics satisfy a Newton type
equation. The left side is the acceleration, while the right side is the force, which
keeps the distribution bent. As before, 8 is a constant.

PROPOSITION 1.28. A curve c is a geodesic on the Heisenberg group if and only
if
(i) ¢ is a horizontal curve and
(ii) ¢ satisfies

(1.44) &= 460J¢.

PROOF. If ¢(s) is a geodesic, by Proposition 1.15, ¢(s) is horizontal. Using
Corollary 1.26 and the system (1.31),

¢ = i1X1 4 iaXs

= 4039 X7 — 4031 X2

= 40i2J(Xso) +4021J(X4)

= 49J($1X1 + i‘gXQ)

= 40J(¢).
We shall now prove the converse: if (i) and (i¢) hold, then ¢ is a geodesic. We shall
use the definition 1.14. The horizontality condition (i) can be written as { = 0H /90,
which is the Hamiltonian equation for ¢. Using a similar computation as in the first
part, equation (1.44) written in components becomes the system (1.31). Let x1(s)

and z5(s) be solutions of this system. Define the following curve in the cotangent
space

’Y(S) = (x1(8)7x2(8)7t(8)>£1(8);€2(8)59))
where
&1 = @1 —2w2(s)0, & = do + 2110,

with 6 constant. Then v(s) satisfies the bicharacteristics system (1.25) for the
Hamiltonian (1.23). Then the projection on the (x,t)-space is a geodesic and hence
¢(s) is a geodesic. O
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The subRiemannian metric.

DEFINITION 1.29. A non-degenerate, positive definite bilinear form g, : H, %
H, — F(R) at any point x € R3, is called a subRiemannian metric.

We shall consider the subRiemannian metric in which the vector fields X7, X5
are orthonormal. The subRiemannian metric will become a Kaehler metric on the
horizontal distribution, as we shall explain later. The following definitions can be
found, for instance, in Kobayashy and Nomizu, see [37].

DEFINITION 1.30. A Hermitian metric on a real vector space V with a complex
structure J is a non-degenerate, positive definite inner product A such that

WJIX,JY) = h(X,Y), for X,Y € V.

We associate with each Hermitian metric of a vector space V' a skew-symmetric
bilinear form on V.

DEFINITION 1.31. The fundamental 2-form & is defined by

O(X,Y)=h(X,JY), for all vector fields X and Y.

A Hermitian metric on a vector space V with a complex structure J is called a
Kaehler metric if its fundamental 2-form is closed.

The relationship with the subRiemannian metric is given in the following propo-
sition.

PROPOSITION 1.32. The subRiemannian metric g in which {X;, X5} are or-
thonormal is a Kaehler metric on H,, for any x € R3. The fundamental 2-form
satisfies 4® = (2. Hence

QU,V)=4g(U,JV), for all horizontal vectors U and V.

ProoF. Consider V = H,. We shall show first that g is a Hermitian metric.
Let U = U'X; +U%X5 and V = VX, + V2X, be two horizontal vector fields.
Using JX; = — X5 and J X5 = X7, yields

JU = —U'X, +U? X,

JV = -VX, + V2X;.
Using the orthonormality of X; and X5 we obtain

g(JU, JV) g(U?X, —U'X,, V32X, - V1Xy)
Utvt+utve

= g(U'X, + U Xy, VX, +V32Xy)
= g(UV),
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and hence ¢ is invariant by J. The 2-form € is closed because it is exact Q = dw.
QU V) = QU'X1+UXo, VX, +V2X,)

(U'V2 - U*VH(Xy, X,)

= (U'V? - UV (X1(w(X2)) = Xa(w(X1)) = w([X1, Xa]))

= 4UW? -UVHw(9,)

AUtV - UtV

49(U'X, + U X5, V2 X, — VXy)

= 4g(U,JV).

Using the skew-symmetry of ) we obtain:

COROLLARY 1.33.
g(U,JU) =0, for any horizontal vector U.

The geometrical interpretation of € is given below.

ProrPOSITION 1.34. Let 7 : Rz(”z H = R2 be the projection which sends the
horizontal plane onto the xz-plane

W*(Xl) = amlv W*(XZ) = azg~

Then, for any horizontal vectors U and V, the area of the parallelogram generated
by m.(U) and 7. (V) is equal to |Q(U,V)|/4.

ProoF. We have

QU,V) = 4(dxy Adao)(U, V):4’ Zi;gg; Zi;g; ‘
_ 4| U@) V() |_, vl V!
- U(ra) V(x2) vz vz

Using the interpretation of the determinant as an area, the proof is complete. [

PROPOSITION 1.35. Let ¢(s) be a geodesic curve. Then
0Q(U, ¢) = g(U, ¢) for any horizontal vector U.

Proor. Using the Kaehler property of the metric g and the geodesics equation
(1.44)
0Q(U, ¢) = 404(U, J¢) = g(U, é).
|

If § = 0, then g(U, ¢é) = 0 for any horizontal vector U and then ¢ = 0. Hence
¢1(8) = ¢2(s) = 0. We obtain the following result:

COROLLARY 1.36. Let ¢(s) be a geodesic for which the momentum 6 vanishes.
Then
c(s) = (as + ag, bs + by, to),
with a, ag, b, by and ty constants.
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PRrROOF. The fact that ¢1(s) = as+ agp and ca(s) = bs+ by is obvious. We shall
show that t(s) is constant. We have

i(s) = 2(wir —212)
= 2(coé1 — c169)
= 2<(bs—|—b0)a— (as+a0)b)
= 0,
i.e., t is constant. O

The following proposition deals with the metric properties of the velocity and
acceleration.

PROPOSITION 1.37. Let ¢(s) be a geodesic. Then
(i) The velocity ¢ and the acceleration ¢ vector fields are perpendicular in the
subRiemannian metric.
(i) The magnitude of ¢ in the subRiemannian metric is constant along the geodesic.
(iii) The magnitude of ¢ in the subRiemannian metric is constant along the geodesic.

PRrROOF. (i) For U = ¢, Proposition 1.35 yields
9(é,8) = 09Q(¢,¢) = 0.
(#4) Differentiating and using () yields

Eg(ca C) - g(C7 C) +g(c, C) - 07

i.e. g(é(s),¢é(s)) is constant.
(#4i) The vector field ¢ is horizontal, and using equation (1.44) and (i) we have
g(6,8) = g(40.J¢,40.J¢) = 160%g(J¢, Jé) = 1602g(é,¢) = constant.
]

In the classical theory of three dimensional curves, the curvature becomes along
a curve ¢(s) is a function defined by k(s) = |T'(s)|, where T(s) = é(s)/|é(s)| is the
unit tangent vector. If s is the arc length parameter, |¢(s)] = 1 and the curvature
becomes k(s) = |¢(s)].

PROPOSITION 1.38. The curvature of a geodesic curve is constant, k(s) = 4/6].

PRrOOF. Consider the geodesic ¢(s) parametrized by the arc length. Then
k(s)2 = |62 = g(¢,¢) = 1602g(¢, ¢) = 1662.
O

The curvature of a geodesic depends on the momentum 6. As we shall show
later, 0 is a Lagrange multiplier which describes the number of rotations of the
geodesics around the t-axis. Hence, we shall be able to prove a Gauss-Bonett type
theorem for the geodesic curves.

The following proposition provides the complex structure of the horizontal dis-
tribution in function of €2 and the basic horizontal vector fields.



1.6. LAGRANGIAN FORMALISM ON THE HEISENBERG GROUP 23

PrOPOSITION 1.39. For any horizontal vector field U, we have

J(U) = i(Q(Xl, U)X, + Q(Xo, U)Xg).

PrOOF. As both sides are linear, it suffices to check the relation only for
the basic vector fields X; and X3. Using (X1, X2) = —Q(X2,X1) = 4, and
Q(XZ,Xl) = 0, yields

1 1
X1 = =Xy = 79Xz, X1) Xz = 1 (X1, X1) X1 + Q(X2, X1) X2 )

1 1
JXo =X, = ZQ(XlaX2)X1 =1 (Q(X17X2)X1 + Q(X2,X2)X2)-

1.6. Lagrangian formalism on the Heisenberg group

In this section we shall find the subRiemannian geodesics and characterize their
lengths. The horizontality condition is a constraint on velocities, i.e., they are non-
holonomic. The Lagrangian which describes the geodesics has a non-holonomic
constraint. This constraint can be expressed using the 1-form w.

PROPOSITION 1.40. If ¢(s) is a horizontal curve, then

(1.45) Lw&

PROOF. As ¢*w is a 1-form on R, then ¢*w and ds are proportional
¢ w(s) = h(s)ds,
where the proportionality function h(s) is
d
h(s) = 6 (—)
(S) ¢(s)w ds
Let ¢(s) be defined on [0, 1]. Then

/- =L[¢w=45mmw=01@wm%)m
[ o (B as= [ wtitsn <o,

because ¢ € H. |

We shall associate a Lagrangian L : TR®> — R with the Hamiltonian (1.23).
This will be done using a formal Legendre transform in (i, t), see [14]. In the case of
a quadratic Hamiltonian, the Lagrangian is given by the maximal distance between

the hyperplane < £,4 > +6f and the convex surface given by the Hamiltonian in
RS:

Lietad) = mape($1d + oo + 00 = H(E0,2,0))

nge})xF(x,t,s’c,i,ﬁ,G).
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In our case the Hamiltonian is degenerate, so that the equivalence between the
Lagrangian and the Hamiltonian formalism of Classical Mechanics might not hold.
We shall still proceed formally, and set
or 0 or
oe 00
as in Classical Mechanics, where the partial derivatives vanish when the maximum
is reached.

The equations (1.46) can be written as

OH . OH

(1.46)

(1.47) T = P, =20 = 0,
(1.48) By =& 4 2x00, do =& — 2110, = 2woiy — 2wy,
Using relations (1.48), we formally define the Lagrangian by
L(z,t,d,0) = &d1+ Epdg+ 0f — %(51 +2250)% — %(gg —22,0)°
= (@1 — 2220)d1 + (@2 + 2310) i + Of — %(:'c% + 43)

: 1
(3% + @3) + O(f = 2wpy + 2w1dy) — 5 (37 + i3)
1 ,

= 5(jc? + 2) 4+ 0(f — 22001 + 22109).

Using the 1-connection form w, we write the Lagrangian as
. 1. . .
(1.49) L(c,¢) = 5(95% + #3) + fw(e),

where ¢ = (z1, z2,t). Let the action integral be

(1.50) S(C,T):/OTL(c,c')ds:/OT%(@“{H':%)CJH@/CW.

The action has two parts: the kinetic energy and the non-holonomic constraint. In
this case the constant 6 is a Lagrange multiplier. The curves ¢, which are critical
points for the action S(c, 7), satisfy the Euler-Lagrange equation
d (OL\ 0L
(56) = 5

The partial equivalence between the Lagrangian and the Hamiltonian formalism
is given in the following result.

(1.51)

PROPOSITION 1.41. A solution of the Euler-Lagrange equation (1.51) is a geo-
desic if and only if it is a horizontal curve.

PROOF. As any geodesic is a horizontal curve, it suffices to show that a hori-
zontal solution of (1.51) is a geodesic. If ¢ = (21, 22, t), the equation (1.51) becomes
on components

iy =40iy, iy = —40%, 6 =0=—> 6 = constant.

Proposition 1.28 completes the proof. (Il
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REMARK 1.42. The Euler-Lagrange equation (1.51) does not imply horizontal-
ity of solutions, which corresponds to the Hamiltonian equation { = OH /0. Hence
the Hamiltonian and the Euler-Lagrange systems are not equivalent. This behavior
is specific to subRiemannian geometry and has no analog in the Riemannian case.

Lagrangian symmetries. The symmetry of the Lagrangian influences the
symmetry of the solutions of the Euler-Lagrange system and hence the geodesics.
The study of the Lagrangian symmetries makes easier the understanding of geodesic
behavior.

PROPOSITION 1.43. The Lagrangian (1.49) is left invariant with respect to the
Heisenberg Lie group structure, i.e., L(¢,¢) = L(c,¢), where ¢ = Ly(c), for any
a e Hl-

PRrOOF. If ¢ = (¢1, ¢9,¢3), € = (¢1,C2,¢3) and a = (a1, az, a3), then

Ci = a1+c =70 =¢
Co = Qg+ cy=—0Cy =0y
Cy = a3+03—2(a102 —agcl) = C3 = C3 —2((11@2 —agél)

Then the kinetic energy is left invariant

1. . 1 .2 -2
5(0% +é3) = 5(01 +7c ).
The horizontal constraint is also invariant
5.3 — 2625.1 + 25152 = (3 — 2((1162 — GQél) — 2((12 + Cz)él + 2((11 + Cl)ég
= (3 — 2¢2¢1 + 2¢169.

Hence, the Lagrangian is preserved by left translations. O

COROLLARY 1.44. The solutions of the Euler-Lagrange equation (1.51) are left
invariant by the translations on H;.

In the following we shall use Noether’s theorem approach to find first integrals
of motion for the Lagrangian (1.49)

. 1 .
L(z,t,&,1) = 5(x'% + &2) 4 0(f — 2xody + 2x15).

The following theorem can be found in Arnold [2]. For its generalizations on man-
ifolds one may consult [14].

THEOREM 1.45. (Noether) To every one-parameter group of diffeomorphisms
(hs)s of the coordinate space M of a Lagrangian system which preserves the La-
grangian, corresponds a first integral of the FEuler-Lagrange equations of motion

I:TM — R given by

. OL dhs(q)

1.52 I =(—=

(152) @D ={Ge a5 |._o)

where (,) denotes the standard inner product on R3.
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In the case of the Heisenberg group, M = R3, ¢ = (z,t) and
oL OL 90L OL
3 = i i ot
Consider the following three independent one-parameter groups of diffeomorphisms

hs(x,t) = Lq(s)(z,t) = (a1(s) + 1, a2(s) + 22, a3(s) +t — 2(a1(s)z2 — az(s)z1)),
with a(s) € {(0,0,s), (0, s,0),(s,0,0)}. The associated vector field is

) = (:icl — 2029, 39 + 29$179).

(0,0,1), for a(s) = (0,0, s)
dh;(Q) —{ (0.1.221), fora(s) = (0.5,0)
5 =0 (1,0, —2x5), for a(s) = (s,0,0).

Hence, formula (1.52) provides the following three functional independent first in-
tegrals

I = 0 = constant,
I, = 5+ 40z, = constant,
I3 = &7 — 40z = constant.

Differentiating, we obtain the Euler-Lagrange system
I, = 4014
o = —4014
f = constant,

which is equivalent to (1.51).

The rotational symmetry of the Lagrangian will provide a non obvious first
integral. The Lagrangian is invariant by the one-parameter group of rotations
hs(z,t) = (Rsz,t). Using Rs(z) = e’*z, we have % = Je’* and hence, the vector
field generated by the rotation is

dhs(q)

ds

The first integral associated to the rotation vector field is the kinetic momentum
with respect to the t-axis

I = (&1 —20x3)xe + (T2 + 20x1)(—21)

= (&129 — dow1) — 20|22

o (Jac,O) = (z2, —21,0).

Using the horizontality condition £ = 2&29 — 2@221, we get the first integral
(1.53) 2T = — 46|x|* = constant.

PrOPOSITION 1.46. If ¢ is a geodesic, for any a € H; we have
(i) the left translation ¢ = L,c is also a geodesic,
(ii) the geodesics ¢ and ¢ have the same length.

PROOF. (i) Let ¢ be a geodesic and let ¢ = L,c. From Proposition 1.41 the
curve ¢ is horizontal and solves the equation (1.51). From Corollary 1.44 and
Proposition 1.9, the curve ¢ is a solution of the Euler-Lagrange equation (1.51) and
it is horizontal. Using Proposition 1.41, we find that ¢ is a geodesic.

(#4) From Corollary 1.10
C=¢1X1pz + 2 Xopz
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and hence |¢|? = |¢|2. Proposition 1.37, (ii) yields

e(c)z/o |é|ds:|c'|=\é|:/0 3 ds = €(2).

Connectivity by geodesics. Consider a geodesic joining the points P and Q.
By a left translation, the point P can be transformed into (0,0,0). By Proposition
1.46, the geodesic is transformed into another geodesic of the same length, which
starts at the origin. Hence, it makes sense to study the metric properties and the
connectivity only for geodesics starting from the origin.

Because of the Lagrangian rotational symmetry, it is useful to use polar coor-
dinates x1 = rcos ¢, zo = rsin¢. The Lagrangian becomes

(1.54) L= %(&Mr%}?) +0(t +2r%9).

The symmetries for the Lagrangian will provide symmetries for the geodesics. The
Lagrangian (1.54) is invariant under the symmetry

(1.55) S:(ryo,t;0) — (r,—¢, —t; —0).

If (r(s), ¢(s),t(s)) is a geodesic corresponding to 6, then (r(s), —o(s), —t(s)) is a
geodesic corresponding to —f#. Consequently, whatever statement is made for the
geodesics joining the origin with the point (r(s), ¢(s),t(s)), when 6 > 0, it can also
be made for the geodesics between the origin and (r(s), —¢(s), —t(s)), when 6 < 0.
This allows us to do the analysis only for the case § > 0 and 6 = 0.

1.6.0.2. Euler-Lagrange equations. A computation shows

d oL . oL "
(1.56) oo = o =rp(d+ 49),
oL . oL
1.57 — =72¢ +20r?, — =0,
(1.57) 99 ¢ 9
oL oL
(1.58) 5 =0 5 =0,
and hence r(s), ¢(s) and 6 satisfy the Euler-Lagrange system
7 :r¢(¢ + 49)
(1.59) r2(¢ + 26) = C(constant)

0 = Oy(constant).

If a geodesic starts at the origin, then 7(0) = 0 and hence C' = 0. The second
equation of (1.59) yields ¢ = —260. With the assumption 6 > 0, the argument angle
¢ will rotate clock-wise. The Euler-Lagrange system becomes

P = —46%r
(1.60) b =—20
0 = Op(constant).
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When 6 = 0, the system (1.60) becomes

=0
(1.61) ¢=0
9 =0.

PROPOSITION 1.47. Given a point P(z,0), there is a unique geodesic between
the origin and P. It is a straight line in the plane {t = 0} of length |z|, and it is
obtained for 8 = 0.

PROOF. In the case § = 0, the Hamiltonian is H(§) = 17 + 1£3. From the

Hamiltonian equation ¢ = 9H/90 = 0, and hence ¢(s) is constant. Since #(0) = 0,
it follows that ¢(s) = 0 and the solution belongs to the z-plane. Using the equation
7 =0, it follows the solution is a straight line. ]

From now on, unless otherwise stated, we shall assume 6 > 0. From the system
(1.60) we can arrive at a first integral of energy.

PROPOSITION 1.48. (i) The function I(r,t,6) = 72 +46%r? is a first integral for
the system (1.60).
(i) %I(r, t,0) is equal to the energy of the system, i.e., I = @3 + 3.

PRrROOF. (i) Differentiating
d : L 2
%I(r, t,0) = 27(¥ + 46°r) = 0.
(ii) In polar coordinates, #? + #3 = 72 + r2¢2. Using ¢ = —20 completes the
proof. O
Let c(s) = (x1(s), z2(s),t(s)) be a geodesic. Since c(s) is a horizontal curve,
¢=a1X1 + 22Xo
Let g denote the subRiemannian metric in which X7, X5 are orthonormal. Then
|6(s)[5 = g(c(s), é(s)) = @(s) + @3(s).
If s is the arc length along the geodesic, the curve ¢(s) becomes unit speed
i3(s) + @3(s) = 1.
Proposition 1.48 yields
(1.62) #2(s) + 40%r2(s) = 1.
Separating the variables, we have

dr

Ve

and integrating, we obtain

1

% arcsin(20r(s)) = +£s,
which yields

1.
(1.63) r(s) = i% sin(20s),
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where we consider
+ sign for 2nm < 20s < (2n+ 1), and
— sign for (2n + )7 < 20s < (2n + 2)7.
This yields a circle of diameter 1/(26) which passes through the origin.
LEMMA 1.49. If ¢(0) = ¢o, then

(1.64) (@) = (%)2 sin?(¢ — ¢o),
(1.65) 1) — t(o) = 4_;2 sin 2(¢ — ¢o>2— 2(¢ — do)

PRrROOF. From the second equation of the system (1.60) we obtain ¢(s) —¢(0) =
—20s. Substituting in (1.63) yields (1.64). One of the Hamiltonian equations yields
. OH .
t=—= 2(i‘1l‘2 — $1j32) = —2’/‘2¢.

00

Integrating between ¢g and ¢ and using equation (1.64) we have
1\2 [? .y
do=2(55) [ sint(o— o) do
%o
_ _i/¢—¢0 i du — Lsin2(¢—¢0) —2(¢p — ¢o)
0

t(¢) — t(¢o)

I
|
[\
T
=3
[ V)
—~
-
S
[\
>

462 2
(]

1.6.0.3. Boundary conditions. We are interested in connecting the origin with
a point P(z,t) by a geodesic ¢ : [0,sf] — R3. Consider the following boundary
conditions:

(1.66) 2(0) =0, ¢(0)=0, ¢(0)= do,

(1.67) lz(sp)ll = R, t(sg) =t,  o(sp) = ¢y

Because of the rotational invariance around the t-axis, we may choose ¢y = 0.
From ¢ = —2r2¢ and ¢ = —20, we get ¢ = 40r2 > 0. Hence t(s) is increasing and if
t(0) = 0, then t(ss) > 0.

LEMMA 1.50. The following relations among the boundary conditions take place:

(1.68) ¢ = —20sy,
(1.69) (sings)? = 40°R?,

_ 1 sin(2¢5) — 2¢5
(1.70) b= m— "
(1.71) % = —p(dg) = n(20sy),
where
(1.72) () = —o— — cot .
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PROOF. Integrating in the second equation of the system (1.60) and using the
boundary conditions yields (1.68). Equations (1.64) and (1.65) together with the
boundary conditions (1.66)-(1.67) yield equations (1.69) and (1.70). Eliminating
46? from equations (1.69) and (1.70) yields (1.71). O

The behavior of the function p given by (1.72) is very important in understand-
ing the subRiemannian geometry of the Heisenberg group. The function p was first
used by Beals, Gaveau and Greiner in [3]. The graph of p for z > 0 is given in
Figure 1.2.

60
50

40

30

20

10

0 5 10 15 20
X

Figure 1.2: The graph of u(x) for x > 0.

LEMMA 1.51. u is a monotone increasing diffeomorphism of the interval (—m, )
onto R. On each interval (mm, (m + 1)), m = 1,2,..., u has a unique critical
point Tp,. On this interval p decreases strictly from +o0o to u(x,,) and then increases
strictly from p(xm) to +00. Moreover

(173) ﬂ(fm) +m< /u’(zm-‘rl)7 m=12...
1 1

PrOOF. As p is an odd function, it suffices to show that it is a monotone
increasing diffeomorphism of the interval (0, 7) onto (0,400). We note that sinz —
x cosx vanishes at = 0 and it is increasing on (0, 7). Then

1 " )_sinx—xcosx_ =1/3, =0,
gh V)= sin® x Tl >1/3, xe€(0,m).
The first identity holds as an application of the I’'Hospital rule:
. sinz —xcosx . cosx —cosz+ xsinx
lim ————— = lim —5
z—0 sin® x z—0 3sin”“ x
1 I z 1

— lim — .
3 z—0sinx 3
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The second inequality holds because

1, x + 2z cos?r — 3cosxsinx
5/‘ (x) = . 4
sin® x

The numerator vanishes at x = 0, and its derivative is
4dsinz(sinx —xcosz) >0, x € (0,m).

Therefore p is a diffeomorphism of the interval (0, 7) onto (0,00). In the interval
(mm, (m + 1)7) the function p approaches +o0o at the endpoints. In order to find
the critical points, we set

1 sinx —xcosx 1—xzcotx
i,u/(m): 3 = 1 = 0.

sin” x sin™ x

Hence the critical point x,, is the solution of the equation z = tan z on the interval
(mm, (m + 1)m). Note that

r+T7

r+mw) = —5———cot(x+7
He ) sin?(z + 7) ( )
T Ho+7) + T
= ———— —cot(z+7)+ ——
sin?(z + ) sin? 2
= p@)+-———,
sin®

so the successive minimum values increase by more than 7. From Figure 1.3 we
have

(1.75) mm < Ty, < mm+ g =(m+ %)w

Using x,, = tan x,,, yields

(1.76) cot Ty, = i < %

Let f(z) =cotx. As f'(x) = — 5= < —1, there is a { between x and y such that

fl@) = fy) = O —y) <—(x—y).
Hence  —y < f(y) — f(x). Choosing x = mm + 3, y = &, and using

™ cos(mm + §
- )= &' — O
f(m + 2> sin(mm + %) ’

~—

and (1.76) yields

1 1
0<(m+=)m—xpy < cota, < —.
2 mm
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Figure 1.3: Crritical points of p are solutions of tanx = x.

The number of geodesics which join the origin with an arbitrary given point is
given in the following theorems, which can be found in [3].

THEOREM 1.52. There are finitely many geodesics that join the origin to (x,t)
if and only if x # 0. These geodesics are parametrized by the solutions ¢ of
]
(1.77) A o),
]|
There is exactly one such geodesic if and only if
(1.78) [t < u(an) ],

where x1 is the first critical point of u. The number of geodesics increase without
bound as |t|/||z||*> — oo. Let {1 < (o < -+ < (N be the solutions of (1.77). The
square of the length of the geodesic associated with the solution (,, is

(1.79) sfn=( Cm )2\|x||2-

sin (,p,

PROOF. The enumeration of geodesics follows from Lemma 1.51. The line
y = |t|/||x]|* intersects the graph of p finitely many times. There is only one
intersection if and only if inequality (1.78) holds. See the graph of y in Figure 1.2.
As the geodesic was parametrized by arc length, its length is given by the value of
the parameter s;. Dividing the square of the equation (1.68) by equation (1.69)
yields the square of the length
5? = (—¢f >2R2.

sin gy
¢ satisfies equation (1.71). For each ¢y = —(,, we obtain the length described by
formula (1.79). O
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The natural dilations of the Heisenberg Laplacian operator

%(aml + zxzat)z n %(am - 23:1@)2

are
(w1, 29,t) — (Az1, Az2, N2t), A > 0.

We are looking for a formula for the length of geodesics, different than (1.79), such
that sy is homogeneous of degree 1 with respect to the above dilations. This is
done in the next result.

THEOREM 1.53. Consider the geodesics joining the origin with the point (x,t),
x # 0. Let (1,...,(n be the solutions of equation (1.77). Then the square of the
lengths is given by

(1.80) 2= v(Gn) (It + l1al?).

where

I2

v(z) =

z +sin?z — sinx cos x

ProOF. Equation (1.77) yields

[t + l2l® = ()2l + 2] = (L + p(Gn) 12,

and hence
1

Il = ey (1 )

Using equation (1.79) and the definition of x given in (1.72)

2
2 _ 2 & )( )
s = t|+ ||z
2, (smg ) llal? = (5 1+ ]+ 2]
T (\t|+||m|\2) o) (1t + 21
sin® Cp, + G — sin” G, cot Gy
For the graph of v see Figure 1.4. O

PROPOSITION 1.54. The projection of the geodesics joining the origin and (z, t),
x # 0 are circles or arcs of circle with diameters of at least ||x||
20, | sinGp| —

(1.81)

PrOOF. From the first equation of Lemma 1.49, the diameter of the circle is
1/26. Using relation (1.69) yields

1 R
20 |singy|’

Replacing R by ||z|| and ¢¢ by (,, we arrive at relation (1.81). O
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Figure 1.4: The graph of v(x).

1.6.0.4. Geodesics between the origin and points on the t-azis. We have seen
that the number of geodesics increases without bound as [t|/[|z]|> — oo. The
following theorem deals with the limit case ||| = 0. This result was found by
Gaveau (see [26] and [3]).

THEOREM 1.55. The geodesics that join the origin to a point (0,0,t) have
lengths si1,ss ..., where

(1.82) 52 = mmrlt|.

m

For each length s,,, the geodesics of that length are parametrized by the circle S*.

PRrOOF. We shall treat the problem as the limit case ||z|| — 0 of Theorem 1.53.
Then the solutions ¢,,, — mm. Relation (1.80) becomes
2

so, = v(mm)lt|,

with the coefficient given by
m2n?
v(mm) = — - = mm.
mm + sin® mm — sinmm cos mmw

O

The above proof is using Theorem 1.53. In the following we shall provide a
direct proof. The approach will use polar coordinates and the fact that the solution
is given by

T(¢) = rmam‘ Sin(gb - ¢O)|
Consider the solution v parameterized by [0, 1], with the end points «(0) = (0,0, 0)
and y(1) = (0,0,¢). Using that || is constant along the solution, we have the
identity in Cauchy’s inequality

0= [ eas=( [ @) ([ )" = va
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where E is the constant value of the energy along the solution

1
|’Y|2 (3:1 +d3).

1.6.0.5. Quantization of . 0 is constant along the solution and it is an eigen-
value for the following boundary value problem

Po= —46%r
r(0) = 0, r(1)=0.
The solution is r(s) = Asin(26s). The boundary conditions yield
(1.83) 20 = mm,
with m integer. Each value of 6 will determine a certain length.

- 1.6.0.6. The energy and t. Consider the boundary condition t(1) = t. One has
¢ = —20 and then ¢(s) = ¢ — 20s, where ¢pg = ¢(0) and ¢; = ¢(1) = ¢g — 20 =

¢o — mm. One may integrate between ¢o and ¢1 = @9 — mm in the equation
t=—2r2¢ .
Po—mm bo—m
e R e T L
0 )
—mm mT
= —2rfnaw/ sin udu_ZTmm/ sin® u du
0 0
mm
= 27"72mw(§u ~ 1 sin QU)‘O =72 amm = 20r2

From the conservation of energy

1 oy 1
5 (7 +726%) = S (7% + 4r°0%) =

When r = r2 then 7 = 0. Hence

max)

and using t = 2072 one obtains

max?

The lengths are
(bm)? =2E =20t =mnt, m=123...

PROPOSITION 1.56. The equations of the geodesics starting at the origin are

rm(P) = \/7 n(¢ — ¢o)

() = 5 (sin(2(6 — 60)) ~ 26— o). m>1
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Y A . N o i
mae 262 20 mn
o
Tm(¢) - mi Sln((b (bO)

For computing ,,(¢) one integrates dt = —2r? d¢ between ¢y and ¢

ProoF. Using

then

mm

t(p) = —2r;, /¢ sin®(¢ — o) dp = —2—|t| /¢¢O in? ud
- max 0 - SIn” u au.
$o 0

Hence
1n(6) = 5 ((sin(2(6 — 60)) — 206 — b))

2mm
O

COROLLARY 1.57. The projection of the m-th geodesic on the z-plane is a circle
with the radius

1/

1.84 - =
(1.84) R 2V mm

and area
_w
™ am”

We note that r,, and t,, depend on ¢y but the corresponding lengths ¢,, =
/mm|t] do not. This is because of the rotational symmetry around the t-axis.

1.6.0.7. A Milnor-type property. In the classical theory of three dimensional
curves one defines the total curvature of a curve ¢ : [0,7] — R? as fOT k(u) du,
where k(s) is the curvature along the curve c¢. Milnor’s theorem states

THEOREM 1.58. The total curvature of a closed curve in R? is 21y, where x
18 an integer.

It is known that x represents the number of knots of the curve c. In the case of
a plane curve, y = 1. This result was proved independently by Fechnel. For these
proofs the reader may consult Millman and Parker [46].

We shall show a similar property for the geodesics between the origin and points
on the t-axis. We shall prove the following:

PrOPOSITION 1.59. The total curvature of a geodesic between the origin and
the point (0,0,t) is 2rm, where m = 1,2, ... is an integer which gives the number
of rotations of the geodesic.

PROOF. Consider the curve ¢ : [0,sf] — R3 joining (0,0,0) and (0,0,t),
parametrized by the arc length. Then |¢(u)| = 1, and by Proposition 1.38, the
curvature is k(u) = |¢é(u)| = 4|0|. Hence, the total curvature is

Sf
/ () du = 4105
0
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From the boundary value problem
Po= —46%r
r(0) = 0, r(sf)=0

it follows that 20s; = mm. Therefore, the total curvature is equal to 2mrm, m =
1,2,... |

Geodesics between any two arbitrary points. Given two points P; (z1, y1,t1)
and Py (2, yo, t2), we shall study the connectivity by geodesics in the cases (z1,y1) =
(22,y2) and (z1,y1) # (x2,y2). Making a left translation by (—xz1,—y1, —t1), the
point P; will become the origin and the point P» will have the coordinates

(z2 — @1,y2 — Y1, t2 — t1 — 2(y122 — T1Y2)).

By Proposition 1.46 the left translation of a geodesic is a geodesic of the same
length. Then theorems 1.52 and 1.53 become:

THEOREM 1.60. Given the points Pi(x1,y1,t1) and Pa(x2,ys2,ta2), there are
finitely many geodesics between Py and Py if and only if (x1,y1) # (x2,y2). These
geodesics are parametrized by the solutions ¢ of

[ta —t1 — 2(y122 — T1Y2)|
(1.85) (o —21)%+ (y2 —1)? Hle)

There is exactly one such geodesic if and only if
(1.86) [t — t1 — 2(y12 — 2192)| < plcr)[(22 — 21)* + (y2 — 1)),

where ¢ is the first critical point of u. The number of geodesics increase without
bound as

lta — 11 — 2(y122 — 2132))|

(22 — 1) + (y2 — v1)?]
Let § < (o < -+ < (N be the solutions of (1.85). The square of the length associated
with the solution (, is

S = (silclrzm)2[<x2 —21)> + (g2 — )7

V(Cm)<|t2 —ty = 2(y1w2 — 21y) | + [(w2 — 21) + (y2 — y1)2]>,

— OQ.

where

72

v(z) =

z +sin?z — sinz cos
Theorem 1.55 becomes:

THEOREM 1.61. Given the points Pi(xz1,y1,t1) and Pa(xa,y2,ta), with x1 = 9
and y1 = y2, the geodesics that join Py and P have lengths

2

so, = mmlta — tq].
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1.7. Carnot-Carathéodory distance
Recall that a curve c(s) = (x1(s), z2(s),t(s)) is horizontal if ¢(s) € He(s), i.€.,
t— 2woy + 2x185 = 0.

By Proposition 1.11, any two points P and () can be joined by a horizontal curve.
We have shown that the curve can be considered smooth. Hence the set

{¢; ¢(0) = P,¢(1) = Q, ¢ horizontal curve} # 0.

The length of a horizontal curve c is

1
Ue) = / Va(@(s), s)) ds,

where g : H x H — F is the subRiemannian metric. The Carnot-Carathéodory
distance is defined as d¢ : R3 x R? — [0, 0),

(1.87) de(P, Q) = inf{l(c);c € S}.

One may verify that do verifies the distance axioms:
(1) dC’(PaP) = Oa
(iii) de (P, R) < dc(P,Q) +d(Q, R).

The main result of this section is to show that the Carnot-Carathéodory dis-
tance d¢ is complete, i.e., any Cauchy sequence with respect to d¢ is convergent.
We shall prove this using the equivalence between the geodesic completeness and
the completeness as a metric space.

DEFINITION 1.62. If for any point P, any geodesic ¢(t) emanating from P is
defined for all ¢t € R, the geometry is called geodesically complete.

The following theorem can be found in Strichartz [50], [51]:

THEOREM 1.63. Let M be a connected step 2 subRiemannian manifold.
(a) If M is complete, then any two points can be joined by a geodesic.
(b) If there exists a point P such that every geodesic from P can be indefinitely
extended, then M is complete.
(¢) Every nonconstant geodesic is locally a unique length minimizing curve.
(d) Every length minimizing curve is a geodesic.

It is known that geodesics starting from the origin on the Heisenberg group are
infinitely extendable. Using (b) of Theorem 1.63 we obtain:

THEOREM 1.64. The Carnot-Carathéodory metric dc is complete.

Computing the Carnot-Carathéodory distance. In the following we shall
describe two ways to obtain the Carnot-Carathéodory distance.

First method:
From (c) and (d) of Theorem 1.63 we obtain a way to compute the Carnot-
Carathéodory distance as

de(P,Q) = {{(c), where c is the shortest geodesic joinning P and Q}.
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Using Theorem 1.53 with m = 1, the Carnot-Carathéodory distance from the origin
to (x,t) is

de (0, (2, 1)) = v(G) ([t + [|z]?)-
In particular, if the points are on the same vertical line, the Carnot-Carathéodory
distance squared is proportional to the Euclidian distance

do((x,1), (2, 1)) = 7[t' —t] = 7dg (2, 1), (z, ).
Second method:
Another way to obtain the Carnot-Carathéodory distance is using the complex
action. We shall discuss this issue in more detail later in the Complex Hamiltonian
Mechanics chapter, (ch 5).
Consider the modified complex action function
f(z,t,7) = 7g(x,t,7) = —itt + 7 coth(27)||z||?,

where
slatr) = -it+ [ (@6~ Hyds
0

= —it + coth(27)||z||?

is the complex action. Like the classical action, the complex action g satisfies the
Hamilton-Jacobi equation, see [3]

9y 9y

(2, 2) =0

ar T \" o,
Using Theorem 1.66 of [3], there is a unique critical point with respect to 7 of
the modified complex action function f in the strip {|Im(7)| < 7/2} given by
Te(x,t) = i6.(x,t), where 6, is the solution of

t = p(270) 2|

in this interval. At the critical point

1
fla,t, ) = §dc(0, (z,t)).
This works only in the case z # 0.
Application to the fundamental solution. We plan to investigate whether

we can use the subRiemannian geometry to construct the fundamental solution of
the operator

Ax X2+ X2
= (311 + 2$23t)2 + (&cz - 25Clat)2

— 92 +02, +40, (zgaxl . x181.2> A2+ a2)d.

It is expected that the subRiemannian distance (Carnot-Carathéodory distance)
will play a role similar to the one the Euclidian distance plays for the Laplacian,
i.e., the fundamental solution is the inverse of the Carnot-Carathéodory distance

C C
K(z,t;0,0) = do@D) s e

We need the following lemma.
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LEMMA 1.65. For any functions f,h € C*(R?), we have

2
FAXh+hAf+2) " Xi(f)Xi(h)

(1.88) Ax(fh) =

(1.89) Ax(f?) = 2fAxf+2) Xi(f)
1 2 & , 1

(1.90) AX(?) - F;(Xm - xS

PrROOF. For ¢ = 1,2 we have

X2(fh) = Xi(Xa(fm) = Xi(f Xaf +h Xf)
Xi(f Xih) + X (h Xif)
= fX!h4+h XPf+2X,(f)Xi(h).

Summing in the above relation with ¢ = 1,2 we obtain relation (1.88). Making
f = h we obtain the second relation. By Lemma 1.65, we have

(1.91) OzAX(f%) :fAX(%) +%Axf+2iXi(f)Xi(%).

Using
we get

and substituting in (1.91) yields

(1.92) 8x(F) = 75 LA - AxS,
O

LEMMA 1.66. Ifd is the Carnot-Carathéodory distance from the origin, do(x,t) =

V|z|* + 12, then
> Xi(d)? = 4z

PRrROOF. From X (d?) = 2dX;(d) we get
1
(1.93) Xi(d) = ﬁXl(d?).

The right side of (1.93) can be computed explicitly

X1(d?) (O + 2210;) (23 + 22)% + 1?)

= A|z[*zy + 424t
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Hence
2
(1.94) Xi(d) = (|x|23:2 + a:lt).
Similarly,
Xo(d?) = 4(|a:|23:1 — x2t>,
(1.95) Xo(d) = 2 (Jaf?as — 2at)
. 2 d 1 20 ).

Summing the squares of (1.93) and (1.95) yields

X1(d)? + Xo(d)?

4
(G2l +16)? + (o as - 221)?)

a2
4
= (ol +a3) + (et + )
= 4z|%.
|
LEMMA 1.67. We have
Ax(d?) = 24|z|?.
PROOF. Using the formula for X;(d?) from the previous proof
X3(d*) = (Ony, +2210;)(4(23 + 23) o + 4211)
4((27 4 23) + 223 + 227)
= 12z
Similarly,
X2(d?) = 12|z|2.
Summing the squares of the last two relations yields the result. (]

LEMMA 1.68. We have
dAxd = 8|z|?.

PROOF. Substitute the formulas of Lemma 1.66 and Lemma 1.67 into the re-
lation

Axd® =2dAxd +2) (Xid)*.

PROPOSITION 1.69. For (z,t) # (0,0), we have
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ProOF. Choosing f = d in the third formula of Lemma 1.65 and using the
relations given by Lemma 1.67 and Lemma 1.68 yields

1 2 , 1
Ax(y) = FLX@ - phxd
2 18z
= -
= 0.

One may show that in the sense of distributions

52 (3) =00

For details see Folland [25].

1.8. Exercises

EXERCISE 1.1. Let ) : R® — R? given by 6, (x,t) = (Az, \%t).
i) Show that (d))aer form a group, called the one-parameter group of dilations.

ii) Show that (9))*X; = A 71Xy, (60)*Xe = A1 X,, where X, Xy are the
Heisenberg vector fields.

iii) The length of a horizontal curve is multiplied by |A| under the action of d.
iv) Show that dc(dxp, 6xq) = |A|dc(p, q), for any two points p, ¢ € R3.

v) Prove the following estimation
1
< (2 +18172) < do (0. (2,1) < 4(Jz| + 14/2).
EXERCISE 1.2. Define the unit ball centered at p as
B(p,1) = {(z,1) € R* dc(x,t) < 1},
where d.(z,t) = (Jz|* +t2)1/2.

i) Draw the unit ball centered at the origin.

ii) Find the volume of the unit ball.

iii) How is the volume of the unit ball changing under left translations?
iv) How is the volume of the unit ball changing under dilations?

v) Draw the unit ball centered at a point (zg, tp) in the cases
a) xzo=0, b) xo #0.
vi) Find two constants C7,Cy > 0 such that
Cil=¢ el x [—€,¢] x [-€*, €] CB(0,€) C Ca—¢, ] x [—€,¢] x [-¢*, €.
vii) Show that
Vol(B(p,e)) = €*Vol(B(0,1)),  Vp€R3,

where Vol denotes the usual volume defined by the Lebesgue measure.
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EXERCISE 1.3. (see [20]) Let ¢ = (c1, ¢2,¢3) : I — Hj be a Cl-curve, such that
0 is in the interior of I and ¢(0) = g. Show that if ¢5(0) # 0, then there exists e > 0
such that
B(g()ve) C U Hc(s)7
sel
where B(go,¢) = {g € H : do(g5'g) < ¢}, and H, denotes the horizontal plane
through the point p.

EXERCISE 1.4. Find the expression for the exponential map of the Lie group
H; as subgroup of GL(3,R).

EXERCISE 1.5. Show that on every vertical line in R? the Carnot-Carathéodory
metric is locally equivalent to vEuclidean metric.




