
CHAPTER 1

Directed graphs and Cuntz-Krieger families

A directed graph E = (E0, E1, r, s) consists of two countable sets E0, E1 and
functions r, s : E1 → E0. The elements of E0 are called vertices and the elements
of E1 are called edges. For each edge e, s(e) is the source of e and r(e) the range of
e; if s(e) = v and r(e) = w, then we also say that v emits e and that w receives e,
or that e is an edge from v to w. All the graphs in these notes are directed, so we
sometimes get lazy and call them graphs. If there is more than one graph around,
we might write rE and sE to emphasise that we are talking about the range and
source maps for E.

We usually draw a graph by placing the vertices in a plane, and drawing a
directed line from s(e) to r(e) for each edge e ∈ E1. If necessary, we label the edge
by its name.

Example 1.1. If E0 = {v, w}, E1 = {e, f}, r(e) = s(e) = v, s(f) = w and
r(f) = v, then we could draw

(1.1) wv
fooe

$$

An edge which begins and ends at the same vertex v, like the edge e in Exam-
ple 1.1, is called a loop based at v1. A vertex which does not receive any edges, like
the vertex w in Example 1.1, is called a source. (Using the word “source” in two
ways doesn’t seem to cause confusion.) A vertex which emits no edges is called a
sink .

Conversely, every drawing like (1.1) determines a graph.

Example 1.2. The drawing

ve
$$

fdd

represents a graph E in which E0 = {v}, E1 = {e, f} and e and f are both loops
based at v. Notice that we are allowing multiple edges between the same pair of
vertices; graph theorists often don’t allow this.

Drawings are a useful aid when trying to follow arguments about graphs. How-
ever, there are many ways to draw the same graph, so it is important to remember
that two directed graphs E and F are the same (formally, isomorphic) if and only
if there are bijections φ0 : E0 → F 0 and φ1 : E1 → F 1 such that rF ◦ φ1 = φ0 ◦ rE
and sF ◦ φ1 = φ0 ◦ sE .

When it doesn’t matter what an edge is called, we don’t bother to label it in a
drawing; when it doesn’t matter what a vertex is called, we denote it by a •.

1This is standard graph-theory terminology. Unfortunately the word “loop” is used in the
graph-algebra literature to mean a closed path.
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Example 1.3. The drawing

v

w

e
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f
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represents a graph E with three vertices, two of which are called v and w, and five
edges, two of which are called e and f . We do this to simplify notation when we
are only going to refer to e and f .

These first three examples are all finite graphs in which both E0 and E1 are
finite sets. In general, we allow either or both to be infinite.

Example 1.4. The drawing

· · ·v4
µ5oov3

µ4oov2
µ3oov1

µ2oov0
µ1oo

e

77

represents a graph E in which E0 = {vn : n ≥ 0} is infinite, and E1 is the union of
a singleton set {e} and an infinite set {µi : i ≥ 1}.

Example 1.5. The drawing

· · · v3// v2// v1// v0
(∞) // v−1// v−2// · · ·//

represents a graph E with E0 = {vi : i ∈ Z}, one edge from vi+1 to vi for each
i 6= 0, and infinitely many edges from v1 to v0.

For reasons which we will discuss in Chapter 5, graphs in which some vertices
receive infinitely many edges pose extra problems for us. So we shall consider mainly
the row-finite graphs in which each vertex receives at most finitely many edges, that
is, in which r−1(v) is a finite set for every v ∈ E0. The graph in Example 1.4 is
row-finite, but that in Example 1.5 is not because v0 receives infinitely many edges.

Remark 1.6. The word “row-finite” refers to the corresponding property of
the vertex matrix AE of the graph E, which is the E0 × E0 matrix defined by

AE(v, w) = #{e ∈ E1 : r(e) = v, s(e) = w}.

(AE is sometimes called the adjacency matrix of E.) The graph E is row-finite if
and only if each row {AE(v, w) : w ∈ E0} of AE has finite sum.

We now seek to represent a directed graph by operators on Hilbert space: the
vertices will be represented by orthogonal projections and the edges by partial
isometries. Formally, let E be a row-finite directed graph and H a Hilbert space.
A Cuntz-Krieger E-family {S, P} on H consists of a set {Pv : v ∈ E0} of mutually
orthogonal projections on H and a set {Se : e ∈ E1} of partial isometries on H,
such that

(CK1) S∗eSe = Ps(e) for all e ∈ E1; and
(CK2) Pv =

∑
{e∈E1: r(e)=v} SeS

∗
e whenever v is not a source.
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Conditions (CK1) and (CK2) are called the Cuntz-Krieger relations, and Condition
(CK2) in particular is often called the Cuntz-Krieger relation at v.

Saying that the projections Pv are mutually orthogonal means that the ranges
PvH are mutually orthogonal subspaces of H. The relation (CK1) says that Se

is a partial isometry with initial space Ps(e)H (Proposition A.4); relation (CK2)
implies that the range projection SeS

∗
e of Se is dominated by Pr(e), and hence that

SeH ⊂ Pr(e)H (Proposition A.1). Thus Se is an isometry of Ps(e)H onto a closed
subspace of Pr(e)H; expressing this algebraically gives the relation

(1.2) Se = Pr(e)Se = SePs(e),

which is used all the time in manipulations with Cuntz-Krieger families. Rela-
tion (CK2) also implies that the partial isometries Se associated to the edges e
with r(e) = v have mutually orthogonal ranges (see Corollary A.3) with span PvH,
so

PvH =
⊕

{e∈E1 : r(e)=v} SeH,
in the sense that the map (he) 7→

∑
e he is an isomorphism of the direct sum onto

PvH.

Remark 1.7. Since the initial and range projections of the Se are all contained
in He := span

{ ⋃
v∈E0 PvH

}
, we may as well assume that H = He, in which case

we say the family is non-degenerate. If {S, P} is a non-degenerate Cuntz-Krieger
E-family, then the mutual orthogonality of the Pv implies that H =

⊕
v∈E0 PvH,

in the sense that the obvious map (hv) 7→
∑

v hv of⊕
v∈E0 PvH :=

{
(hv) ∈

∏
v∈E0 PvH :

∑
v ‖hv‖2 <∞

}
into H is an isomorphism (that

∑
v ‖hv‖2 < ∞ implies that the sum

∑
v hv con-

verges in norm in H).

Remark 1.8. Since the orthogonal projections on closed subspaces of H are
the bounded operators P satisfying P 2 = P = P ∗ and the partial isometries are
the bounded operators S satisfying S = SS∗S, we can talk about projections and
partial isometries in any C∗-algebra B (see Appendix A.1). A Cuntz-Krieger E-
family in B then consists of projections {Pv ∈ B : v ∈ E0} satisfying PvPw = 0
for v 6= w (so that {Pv} is a mutually orthogonal family of projections) and partial
isometries {Se ∈ B : e ∈ E1} satisfying (CK1) and (CK2).

Example 1.9. Consider the directed graph:

ve
$$

fdd

We have S∗eSe = Pv = S∗fSf , Pv = SeS
∗
e + SfS

∗
f . Take H = `2(N) = span{en :

n ≥ 0}, Pv to be the identity operator 1, Se(en) = e2n and Sf (en) = e2n+1. Then
{S, P} is a Cuntz-Krieger family for this graph.

In any Cuntz-Krieger family {T,Q} for this graph with Qv non-zero, QvH must
be infinite-dimensional. To see this, note that Te is an isometry of QvH onto TeH,
so dimQvH = dimTeH. Similarly, dimQvH = dimTfH. Thus QvH = TeH⊕TfH
implies

dimQvH = dimTeH+ dimTfH = 2dimQvH,
so dimQvH can only be 0 or ∞.



8 1. DIRECTED GRAPHS AND CUNTZ-KRIEGER FAMILIES

In general there is no problem finding Cuntz-Krieger E-families with every
Pv and every Se non-zero: take Hv to be a separable infinite-dimensional Hilbert
space for each v ∈ E0, set H =

⊕
v Hv, take Pv to be the projection of H on Hv,

decomposeHv as a direct sumHv =
⊕

r(e)=v Hv,e of infinite-dimensional subspaces,
and take Se to be a unitary isomorphism of Hs(e) onto Hr(e),e, viewed as a partial
isometry on H with initial space Hs(e).

Example 1.9 shows why we need to take the spacesHv to be infinite-dimensional.
This is not always necessary, though:

Example 1.10. Consider the graph E which consists of a single vertex v and
a single loop e based at v. Then the Cuntz-Krieger relations say that S∗eSe = Pv =
SeS

∗
e , so that Se is a unitary operator on PvH (and is 0 on (PvH)⊥). There is no

other restriction on Se: if U is a unitary operator on H, then we can take Pv = 1
and Se = U . So there is no restriction on dimH; we could even take H = C and U
to be multiplication by eiθ, for example.

Example 1.11. For the graph

wv
fooe

$$

we can define a Cuntz-Krieger family on H = `2 by

Pv(x0, x1, x2, · · · ) = (0, x1, x2, · · · ), Pw(x0, x1, x2, · · · ) = (x0, 0, 0, · · · ),
Sf (x0, x1, x2, · · · ) = (0, x0, 0, · · · ), and Se(x0, x1, x2, · · · ) = (0, 0, x1, x2, · · · ).

It is important here that PvH is infinite-dimensional: in any Cuntz-Krieger family
for this graph, the Cuntz-Krieger relation at v implies that

dim(PvH) = dim(SfH) + dim(SeH) = dim(PwH) + dim(PvH),

so if Pw and Pv are both non-zero, PvH must be infinite-dimensional. It is worth
observing now that the crucial factor in this argument is the presence of the edge
f entering the loop.

We will be interested in the C∗-algebras C∗(S, P ) generated by Cuntz-Krieger
families {S, P}, so we now investigate the ∗-algebraic consequences of the Cuntz-
Krieger relations.

Proposition 1.12. Suppose that E is a row-finite graph and {S, P} is a Cuntz-
Krieger E-family in a C∗-algebra B. Then

(a) the projections {SeS
∗
e : e ∈ E1} are mutually orthogonal;

(b) S∗eSf 6= 0 =⇒ e = f ;
(c) SeSf 6= 0 =⇒ s(e) = r(f);
(d) SeS

∗
f 6= 0 =⇒ s(e) = s(f).

Proof. For part (a), suppose first that r(e) = r(f). Then the Cuntz-Krieger
relation at r(e) implies that Pr(e) is the sum of SeS

∗
e , SfS

∗
f and other projections,

which because Pr(e) is a projection implies that SeS
∗
e and SfS

∗
f are mutually or-

thogonal (see Corollary A.3). On the other hand, if r(e) 6= r(f), then (1.2) implies
that

(SeS
∗
e )(SfS

∗
f ) = (SeS

∗
ePr(e))(Pr(f)SfS

∗
f ) = (SeS

∗
e )0(SfS

∗
f ) = 0.
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Part (b) follows from (a), since S∗eSf = S∗e (SeS
∗
e )(SfS

∗
f )Sf = 0 when e 6= f . For

(c), we just note that part (a) implies that SeSf = (SePs(e))(Pr(f)Sf ) vanishes
unless s(e) = r(f), and a similar argument gives (d). �

Part (c) of Proposition 1.12 is particularly crucial: it says that SeSf is zero
unless the pair ef is a path of length 2 in the graph E. More generally, a path of
length n in a directed graph E is a sequence µ = µ1µ2 · · ·µn of edges in E such
that s(µi) = r(µi+1) for 1 ≤ i ≤ n− 1. We write |µ| := n for the length of µ, and
regard vertices as paths of length 0; we denote by En the set of paths of length n,
and write E∗ :=

⋃
n≥0E

n. (Now our notation for the sets of vertices and edges
should make more sense.) We extend the range and source maps to E∗ by setting
r(µ) = r(µ1) and s(µ) = s(µ|µ|) for |µ| > 1, and r(v) = v = s(v) for v ∈ E0. If µ
and ν are paths with s(µ) = r(ν), we write µν for the path µ1 · · ·µ|µ|ν1 · · · ν|ν|.

Remark 1.13. It may seem slightly odd to define the source of µ = µ1µ2 · · ·µn

to be s(µn) rather than s(µ1). However, this is forced on us by Proposition 1.12(c):
the conventions of composition, which is the multiplication in B(H), say that in
the product RT we perform T first. This means that if we want juxtaposition of
edges in a path µ to be consistent with juxtaposition of the corresponding partial
isometries Sµi

in B(H), then we need to traverse µi+1 before µi.

For µ ∈
∏n

i=1E
1, we define Sµ := Sµ1Sµ2 · · ·Sµn

, and for v ∈ E0, we define
Sv := Pv. Proposition 1.12(c) says that Sµ = 0 unless µ is a path; if µ is a path,
then

S∗µSµ = (Sµ1Sµ2 · · ·Sµn
)∗Sµ1Sµ2 · · ·Sµn

(1.3)

= S∗µn
· · ·S∗µ2

(S∗µ1
Sµ1)Sµ2 · · ·Sµn

= S∗µn
· · ·S∗µ2

Ps(µ1)Sµ2 · · ·Sµn

= S∗µn
· · ·S∗µ2

Pr(µ2)Sµ2 · · ·Sµn

= S∗µn
· · ·Sµ3(S

∗
µ2
Sµ2)S

∗
µ3
· · ·Sµn

...
= Ps(µn) = Ps(µ).

Thus for µ ∈ E∗, Sµ is a partial isometry with initial projection Ps(µ), and since
Pr(µ)SµS

∗
µ = SµS

∗
µ, the range of Sµ is a subspace of Pr(µ)H.

Proposition 1.12 extends to the partial isometries Sµ as follows:

Corollary 1.14. Suppose that E is a row-finite graph and {S, P} is a Cuntz-
Krieger E-family in a C∗-algebra B. Let µ, ν ∈ E∗. Then

(a) if |µ| = |ν| and µ 6= ν, then (SµS
∗
µ)(SνS

∗
ν) = 0;

(b) S∗µSν =


S∗µ′ if µ = νµ′ for some µ′ ∈ E∗

Sν′ if ν = µν′ for some ν′ ∈ E∗

0 otherwise;

(c) if SµSν 6= 0, then µν is a path in E and SµSν = Sµν ;

(d) if SµS
∗
ν 6= 0, then s(µ) = s(ν).
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Proof. For (a), let i be the smallest integer such that µi 6= νi. Then, applying
(1.3) to µ1µ2 · · ·µi−1 gives

S∗µSν = (Sµ1Sµ2 · · ·Sµn
)∗Sν1Sν2 · · ·Sνn

= S∗µn
· · ·S∗µi

(S∗µi−1
· · ·S∗µ1

)(Sµ1Sµ2 · · ·Sµi−1)Sνi · · ·Sνn

= S∗µn
· · ·S∗µi

Ps(µi−1)Sνi · · ·Sνn

= S∗µn
· · ·S∗µi

Pr(µi)Sνi · · ·Sνn

= S∗µn
· · ·S∗µi

Sνi
· · ·Sνn

,

which vanishes by Proposition 1.12(b), giving (a).
For part (b), assume first that n := |µ| ≤ |ν|, and factor ν = αν′ with |α| = n.

Then
S∗µSν = S∗µ(SαSν′) = (S∗µSα)Sν′ .

If µ = α, then (1.3) implies that

S∗µSν = Ps(µ)Sν′ = Pr(ν′)Sν′ = Sν′ .

If µ 6= α, then part (a) implies that S∗µSν = (S∗µSα)Sν′ = 0. This gives (b) when
|µ| ≤ |ν|. When |µ| > |ν|, we can either run a similar argument factoring µ = βµ′,
or take adjoints and apply what we have just proved.

Parts (c) and (d) follow from the corresponding parts of Proposition 1.12. �

Corollary 1.15. Suppose that E is a row-finite graph and {S, P} is a Cuntz-
Krieger E-family in a C∗-algebra B. For µ, ν, α, β ∈ E∗, we have

(1.4) (SµS
∗
ν)(SαS

∗
β) =


Sµα′S

∗
β if α = να′

SµS
∗
βν′ if ν = αν′

0 otherwise.

In particular, it follows that every non-zero finite product of the partial isometries
Se and S∗f has the form SµS

∗
ν for some µ, ν ∈ E∗ with s(µ) = s(ν).

Proof. The formula follows from part (b) of Corollary 1.14. To see the last
statement, we suppose that W is a non-zero word — that is, a product of finitely
many Se and S∗f . Any adjacent Se’s can be combined into a single term Sµ, and
sinceW is non-zero, µmust be a path. Similarly, any adjacent S∗f ’s can be combined
into an S∗ν for some ν ∈ E∗. Thus W is a product of terms of the form SµS

∗
ν for

µ, ν ∈ E∗. (Since E0 ⊂ E∗, we can write S∗ν , for example, as Ss(ν)S
∗
ν = Ps(ν)S

∗
ν .)

The formula (1.4) implies that we can combine this product into one term of the
same form. �

Corollary 1.16. If {S, P} is a Cuntz-Krieger E-family for a row-finite graph
E, then

C∗(S, P ) = span{SµS
∗
ν : µ, ν ∈ E∗, s(µ) = s(ν)}.

Proof. The formula (1.4) implies that

span{SµS
∗
ν : µ, ν ∈ E∗, s(µ) = s(ν)}

is a subalgebra of C∗(S, P ), and since (SµS
∗
ν)∗ = SνS

∗
µ, it is a ∗-subalgebra. Thus

its closure is a C∗-subalgebra of C∗(S, P ), and since it contains the generators
Se = SeS

∗
s(e) and Pv = SvS

∗
v , it is all of C∗(S, P ). �
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Example 1.17. Let {S, P} be a Cuntz-Krieger family for the following directed
graph E:

w

v
g

__????????
u

e

����
��

��
��

f
oo

When s(µ) = s(ν) we have SµS
∗
ν = SµPs(µ)S

∗
ν ; unless s(µ) = w, we can apply the

Cuntz-Krieger relation at s(µ), and keep doing this until the paths begin at w. For
example,

Pu = SeS
∗
e + SfS

∗
f = SePvS

∗
e + SfS

∗
f

= Se

(
SgS

∗
g

)
S∗e + SfS

∗
f

= SegS
∗
eg + SfS

∗
f .

Thus

C∗(S, P ) = span{SµS
∗
ν : µ, ν ∈ E∗, s(µ) = s(ν) = w}

= span {SµS
∗
ν : µ, ν ∈ {w, f, g, eg}} .

Since w is a source, two paths µ, ν with s(µ) = w = s(ν) cannot satisfy ν = µν′

unless µ = ν. Hence

(SµS
∗
ν)(SαS

∗
β) =

{
SµS

∗
β if α = ν

0 otherwise.

Thus {SµS
∗
ν : µ, ν ∈ {w, f, g, eg}} is a set of matrix units which spans C∗(S, P ).

So we have by Proposition A.5 that if one is non-zero, they all are, and C∗(S, P )
is isomorphic to M4(C).

A path µ in a directed graph E is a cycle2 if |µ| ≥ 1, r(µ) = s(µ) and s(µi) 6=
s(µj) for i 6= j. In the graph-theory literature, people sometimes insist that |µ| > 1,
but this would make our statements much more complicated. The crucial feature
of the graph in Example 1.17 is that there are no cycles.

Proposition 1.18. Suppose E is a finite directed graph with no cycles, and
w1, · · · , wn are the sources in E. Then for every Cuntz-Krieger E-family {S, P} in
which each Pv is non-zero we have

C∗(S, P ) ∼=
⊕n

i=1M|s−1(wi)|(C),

where s−1(wi) = {µ ∈ E∗ : s(µ) = wi}.

Proof. As in Example 1.17, finitely many applications of the Cuntz-Krieger
relations show that

C∗(S, P ) = span{SµS
∗
ν : s(µ) = s(ν) = wi for some i}

and Ai := span{SµS
∗
ν : s(µ) = s(ν) = wi} is isomorphic to M|s−1(wi)|(C). When

µ ∈ s−1(wi) and α ∈ s−1(wj) for some j 6= i, µ cannot extend α and vice versa.
Thus AiAj = 0, and C∗(S, P ) ∼=

⊕n
i=1Ai by Proposition A.7. �

2In the graph-algebra literature, cycles are called simple loops.
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Example 1.19. Consider a Cuntz-Krieger family {S, P} for the following di-
rected graph E:

wv
fooe ::

The Cuntz-Krieger relations say that S∗eSe = Ps(e) = Pv, S∗fSf = Pw and Pv =
SeS

∗
e +SfS

∗
f . The element Pv +Pw is an identity for C∗(S, P ). The element Se+Sf

satisfies

(Se + Sf )∗(Se + Sf ) = S∗eSe + S∗fSe + S∗eSf + S∗fSf = Pv + 0 + 0 + Pw,

and hence is an isometry in C∗(S, P ). Since

(Se + Sf )(Se + Sf )∗ = SeS
∗
e + SfS

∗
e + SeS

∗
f + SfS

∗
f = Pv,

we can recover Pv, Pw = (Se+Sf )∗(Se+Sf )−Pv, Se = (Se+Sf )Pv and Sf = (Se+
Sf )Pw from the single element Se +Sf . Thus C∗(S, P ) is generated by the isometry
Se+Sf . Conversely, if V is an isometry, then Pw = 1−V V ∗, Pv = V V ∗, Se = V Pv,
Sf = V Pw defines a Cuntz-Krieger E-family such that C∗(S, P ) = C∗(V ).

Coburn’s theorem [93, Theorem 3.5.18] says that all C∗-algebras generated
by one non-unitary isometry are isomorphic, and in particular isomorphic to the
Toeplitz algebra T generated by the unilateral shift. The isometry Se + Sf is non-
unitary precisely when Pw 6= 0, so we deduce that all Cuntz-Krieger E-families
with Pw 6= 0 generate C∗-algebras isomorphic to T .

Proposition 1.18 and Example 1.19 suggest that, provided two Cuntz-Krieger
families are non-trivial in the sense that appropriate vertex projections Pv are non-
zero, the Cuntz-Krieger families generate isomorphic C∗-algebras. This is indeed a
general phenomenon. To study it, we introduce a C∗-algebra which is universal for
C∗-algebras generated by Cuntz-Krieger E-families, and analyse the representations
of this C∗-algebra.

To build the universal C∗-algebra generated by a Cuntz-Krieger E-family, we
mimic the behaviour of the spanning set {SµS

∗
ν}. In the next proposition, the

symbols dµ,ν are purely formal, all but finitely many coefficients zµ,ν in each sum
are 0, and the vector space operations on the formal sums are defined by

a
( ∑

wµ,νdµ,ν

)
+ b

( ∑
zµ,νdµ,ν

)
=

∑
(awµ,ν + bzµ,ν)dµ,ν .

The elements dα,β obtained by setting zα,β = 1 and zµ,ν = 0 otherwise then form
a basis for V .

Proposition 1.20. Let E be a row-finite directed graph. Then the vector space
V of formal linear combinations

V =
{∑

zµ,νdµ,ν : µ, ν ∈ E∗, s(µ) = s(ν)
}

is a ∗-algebra with (dµ,ν)∗ = dν,µ and

dµ,νdα,β =


dµα′,β if α = να′

dµ,βν′ if ν = αν′

0 otherwise.

To prove this, one has to check that the product is associative and compatible
with the ∗-operation. This is tedious but routine.

For every Cuntz-Krieger family {S, P} on H, the operators {SµS
∗
ν} satisfy the

relations imposed on the {dµ,ν}, and hence there is a ∗-representation πS,P of V
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on H such that πS,P (dµ,ν) = SµS
∗
ν . Since the norm of a projection P satisfies

‖P‖2 = ‖P ∗P‖ = ‖P‖, every non-zero projection has norm 1, and thus for every
non-zero partial isometry W , we have ‖W‖2 = ‖W ∗W‖ = 1. Thus∥∥πS,P

(∑
zµ,νdµ,ν

)∥∥ ≤ ∑
|zµ,ν | ‖SµS

∗
ν‖ ≤

∑
|zµ,ν |.

It follows that

‖a‖1 := sup{‖πS,P (a)‖ : {S, P} is a Cuntz-Krieger E-family}

is finite for every v in V , and ‖·‖1 is an algebra seminorm satisfying ‖a∗a‖1 = ‖a‖21.
Let I be the ∗-ideal {u ∈ V : ‖u‖1 = 0}. Then V0 = V/I is a ∗-algebra, and the
quotient norm ‖·‖0 defined by ‖v+I‖0 = inf{‖u+j‖1 : j ∈ I} is a C∗-norm, so the
completion V0 is a C∗-algebra. Each πS,P is ‖ · ‖0-continuous, and hence extends
uniquely to a representation of V0.

We have now outlined the main steps in the proof of:

Proposition 1.21. For any row-finite directed graph E, there is a C∗-algebra
C∗(E) generated by a Cuntz-Krieger E-family {s, p} such that for every Cuntz-
Krieger E-family {T,Q} in a C∗-algebra B, there is a homomorphism πT,Q of
C∗(E) into B satisfying πT,Q(se) = Te for every e ∈ E1 and πT,Q(pv) = Qv for
every v ∈ E0.

Proof. Take C∗(E) = V0, and check that se := de,s(e), pv := dv,v form a
Cuntz-Krieger E-family which generates V0. To get πT,Q, choose a faithful repre-
sentation ρ : B → B(H), and take πT,Q = ρ−1 ◦ πρ(T ),ρ(Q). �

The C∗-algebra C∗(E) is called the C∗-algebra of the graph E or the Cuntz-
Krieger algebra of E, and is generically described as a graph algebra. In these
notes, {s, p} will always be the universal family which generates C∗(E); in general,
we will try to use lower-case letters for a Cuntz-Krieger family only when we think
the family has a universal property.

Those whose native languages have definite and indefinite articles may have
noticed that we have been making implicit uniqueness assertions about C∗(E) and
{s, p}. We take the view that the next corollary justifies this, and that it is okay to
talk about “the” graph algebra C∗(E) and “the” generating family {s, p}, provided
we remember when it matters that they are only unique up to isomorphism in the
following precise sense.

Corollary 1.22. Suppose E is a row-finite directed graph, and C is a C∗-
algebra generated by a Cuntz-Krieger E-family {w, r} such that for every Cuntz-
Krieger E-family {T,Q} in a C∗-algebra B, there is a homomorphism ρT,Q of C
into B satisfying ρT,Q(we) = Te for every e ∈ E1 and ρT,Q(rv) = Qv for every
v ∈ E0. Then there is an isomorphism φ of C∗(E) onto C such that φ(se) = we

for every e ∈ E1 and φ(pv) = rv for every v ∈ E0.

Proof. We take φ := πw,r. It is onto because the range of πw,r is a C∗-algebra
containing {we, rv}, hence is all of C. Since ρs,p ◦ πw,r is the identity on {s, p}, it
is the identity on all of C∗(E). Thus

φ(a) = 0 =⇒ πw,r(a) = 0 =⇒ a = ρs,p(πw,r(a)) = 0,

and φ is injective. �
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Example 1.23. For the graph E which consists of a single loop at a single
vertex v, Cuntz-Krieger E-families {S, P} are determined by the single operator
Se, which is a unitary operator of PvH onto PvH. The operator Pv is an identity
for C∗(S, P ), and Se is a unitary element of C∗(S, P ). So (C∗(E), se) is universal
for C∗-algebras generated by a unitary element: if U is a unitary element of a C∗-
algebra B, then there is a homomorphism πU : C∗(E) → B such that π(se) = U .
We know from spectral theory that if T := {z ∈ C : |z| = 1} and ι : T → C is the
function ι(z) = z, then (C(T), ι) has this same universal property. So Corollary 1.22
gives an isomorphism φ of C∗(E) onto C(T) such that φ(se) = ι.

Example 1.24. In Example 1.19 we considered Cuntz-Krieger families {S, P}
for the following directed graph E:

wv
fooe ::

We saw there that Se +Sf is an isometry which generates C∗(S, P ), and that every
isometry on Hilbert space gives a Cuntz-Krieger E-family. Thus (C∗(E), se +sf ) is
the universal C∗-algebra (A, a) generated by an isometry a. In the representation-
theoretic analysis of (A, a), Coburn’s theorem becomes the assertion that, if π is
a representation of A and π(a) is non-unitary, then π is faithful on A (see [1], for
example).

Example 1.25. For a more exotic example, consider the following graph E:

•
��

• oo��
• oo��

• oo��
ggggbb

Hong and Szymański prove in [56, Theorem 4.4] that C∗(E) is isomorphic to the
non-commutative sphere C(S7

q ) of Vaksman and Soibelman, by checking that C(S7
q )

has the universal property which characterises C∗(E) and applying Corollary 1.22.
In [56] and [58], they show that a broad range of non-commutative spheres, projec-
tive spaces and lens spaces are isomorphic to the C∗-algebras of suitable directed
graphs.

Remark 1.26. We have insisted that our graphs are countable, and hence all
our graph algebras are separable. However, we have not really used this hypothesis,
and one can talk about graph algebras of uncountable graphs. Katsura has recently
shown that there is a graph E with uncountably many vertices whose C∗-algebra
is prime but not primitive [77, Proposition 13.4]. Of course one can take this two
ways: as evidence that uncountable graphs are interesting, or as evidence that they
should be avoided.




