CHAPTER 1
Basic Concepts and Results

1. Notation and preliminaries

We will begin by fixing some notation and recalling some standard facts
about connections. M will denote a smooth (i.e. C°°) finite-dimensional
manifold and T'(M) its tangent bundle. Sometimes we write M™ to indi-
cate that M has dimension n. For basic concepts about manifolds, such as
the notions of submanifolds, immersion, embedding and diffeomorphism, we
refer to Kobayashi and Nomizu [1963, 1969]. For p € M, M, denotes the
tangent space to M at p. x(M) or x is the linear space of smooth vector
fields on M and F(M) the ring of smooth functions on M. We will usually
denote a tangent vector at a point by a lower case letter and its extension
to a vector field by the corresponding capital.

A Riemannian metric is an assignment to each p € M of a symmetric
positive-definite bilinear form ( , ), on M, such that for any V,W € x(M)
the function p — (V, W), is in §(M). Also, (V, V>% is denoted by ||V]|.

An affine connection is a bilinear map

Vi x(M) x x(M) — x(M),
which has the following properties:
(1.1) VivW = fVyW,
(1.2) Vv fW=VHW + fVyW
for any f € (M), V,W € x(M).

We call VyyW the covariant derivative of W in the direction of V. We
refer to Bishop and Crittenden [1964] and Kobayashi and Nomizu [1963,
1969] for more detailed versions of connection theory.

The Fundamental Theorem of Riemannian Geometry states that for each

Riemannian metric there is a unique affine connection, called the Riemann-
ian connection, with the following two properties:

(1.3) XV, W) =(VxV, W) +(V,VxW),

(1.4) VyW — V'V — [V, W] =0,

where [, ] signifies the Lie bracket, [X,Y]f = (XY — Y X)f. The first of
these properties is a condition of compatibility between the affine connection

and the metric, while the second is a symmetry condition on the connec-
tion alone. In general, the quantity set equal to zero in (1.4) is called the
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2 1. BASIC CONCEPTS AND RESULTS

torsion of the connection, Tor(v,w). It is a tensor of type (1,2). Hence
the Fundamental Theorem may be paraphrased by saying that there is a
unique torsion-free connection compatible with any given metric. We recall
the proof.

To show uniqueness, it suffices to show that (VxY, Z) is determined by
(1.3), (1.4). Using (1.4),

X{Y,Z) =(VxY,Z) +(Y,VxZ),
Y(X,Z) = (Vy X, Z) + (X, Vy 2),
Z(X,Y) = (V2 X,Y) + (X, V,Y),

Subtracting the third of these equations from the sum of the first two and
using (1.4) yields

AVXY,Z) = XY, Z)+ Y (X, Z) — Z(X,Y)
+ <[X’ Y]’Z> - <[X’ Z]’Y> - <[Y7 Z]7X>'

Conversely, if we use this formula to define (VxVY, Z), it is straightfor-
ward to check that we get a connection satisfying (1.3) and (1.4).

From (1.1), (1.2) it is easy to see that (VyW)(p) is determined by W
and V(p). In fact it is not hard to show that it is determined by V' (p) and
W restricted to any curve through p in direction V' (p). If « is a 1-form, we
define Vy« by the equation

(Vva)(W) + a(Vy W) = V(a(W)).

We then define Vy o for any tensor field o by extending V as a derivation.

Let ¢ : [0,1] — M be a smooth curve, and let ¢/(t) denote the tangent
vector to c(t). For any v € M) there is a unique vector V (t) € M, such
that V(0) = v and V)V (t) = 0 We call V(t) the parallel field and V(1)
the parallel translate of v along c(t). In fact, one can easily find smooth
vector fields along ¢(t), E1(t),. .., E,(t) such that {F;(t)} is an orthonormal
basis for M. In terms of these fields, the above equation may be written
as a first-order system of ordinary differential equations. We have

d
&W, E)y =(V,E;) = (VuV.E;) + (V,VuE;) = (Vo E;, V).
Therefore ,
(V. En) (V, En)
= <VC’EZ'7E]'> .
(V,Ey) (V,Ey)

The existence theorem for ordinary differential equations tells us that we
can solve for V(t). Because the above equation is linear, we obtain a linear
map P : Mgy — M) defined by v — V/(1). It follows easily from (1.3)
that P. is an isometry.

In the sequel we will often be confronted with the following situation:
Let ¢ : N — M be a smooth map, and let M have a connection V. A vector
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field along ¢ is an assignment x — W, where W € M. Let {E;} be a
frame field in a neighborhood of ¢(z). Then we can write

W(z) = Efi(2)Ei(¢(2)).
We say that W (x) is smooth if the functions f;(z) are smooth. If v € N,
we can define V,W € Mgz, the covariant derivative of W in the direction
of v, by .
VoW = Zo(fi(x))Ei((z)) + fi(2)Vagw) Ei(o(z))-

The definition is easily seen to be independent of the choice of {E;(x)}. Let
M be Riemannian and V the Riemannian connection. If v € N,, Wy, Wy
are vector fields along ¢, then one easily checks that

(W1, Wa) = (Vo Wi, Wa) + (W1, V,Wa). (%)

Also, if Vi, V5 are vector fields in N, then d¢(V1), d¢(Va) are vector fields
along ¢ and

Viid(Va) = Vipdg(Vi) — dg([Vi, Vo) = 0. ()
A vector field along ¢ is also called a section of the induced bundle ¢*(TM).
We call V the induced connection. In the proofs of the first and second vari-
ation formulas and elsewhere, implicitly we will be using (*) and (**). How-

ever, for convenience we will suppress the notation V and proceed formally
as if the vector fields along ¢ were actually defined on M.

2. First variation of arc length

Let M be a Riemannian manifold. We denote the length of the contin-
uous piecewise smooth curve c : [a,b] — M by L[c|. By definition,

/ 1¢(1)]|dt.

It follows from the chain rule that L[c] does not depend on a particular
choice of parameterization. M becomes a metric space if we define the
distance between two points as the infimum of the lengths of all curves
between them. We denote the distance from p to g by p(p, ¢). When proving
that M is a metric space, the only point which is not entirely trivial to
check is that if p # ¢, then p(p,q) > 0. To see this, let z1,...,x, be a
local coordinate system with p at the origin, and let B,(p)~ denote the set
Ya? <. Let g denote the given Riemannian metric and g the Euclidean
metric g( RER am ) = 6;5. At each point, g may be diagonalized with respect

to g, and the smallest eigenvalue A(z) is a positive continuous function on
B, (p)~. It follows easily that any curve from p to the boundary of B, (p)~ has
length at least /\LO, where )¢ is the minimum of A(z). However, given g # p,
we may assume that r has been chosen sufficiently small so that ¢ ¢ B,.(p)~.
Then any curve from p to ¢ must contain an initial segment from p to the
boundary of By (p)~. Therefore p(p,q) > x-. A similar argument shows that
the metric space and manifold topologies coincide.
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Let p, g € M. In the next three sections we will investigate the conditions
under which there exists a curve v from p to g such that L[v] = p(p,q). We
are now going to derive a necessary condition for the existence of such a
curve. We begin by assuming that ¢ is smooth, ||¢/(¢)|| # 0, and without
loss of generality we may assume c to be parameterized proportional to arc
length. In other words, ||c/(¢)|| is a constant .

Let a: Q@ — M be a smooth function, where @ is the rectangle [a, b] X
(—¢,€) and such that

alla,b] x {0} = c¢: [a,b] — M.

« is said to define a smooth variation of the curve alla,b] x {0}. Let T,V
be the fields of tangent vectors on () corresponding to its first and second
variables. We shall identify these vectors with their images under the differ-
ential of a. Our goal is to compute the change in arc length over the family
of curves ¢s = al[a,b] x {s}, where —e < s < e. This is given by

b
O RAURAD)

N[

b 1
dt :/ V(T T)zdt

:%/ab(T,T)_§V<T,T>dt:/ab(TaT>_§<VVT’T>dt'

Since [T, V] = 0 on @, using (**) we may rewrite this as
b
/ (T, 7)YV, T)dt.

Since ||cp|| =1,

b
%L[CSHSZ()ZZ_I/ (VpV, T)dt

b
= z—l/ (T(V,T) — (V,VT)dt.

By integrating the first term we obtain

b
(15) Cfeloo = 1 (V.T) - / (V. VTt ).

This expression is called the first variation formula.

Suppose that rather than being smooth, the function o above is con-
tinuous, and has the property that a = {5 < t; < --- < t, = b is some
subdivision of [a,b] such that ap, 4, jx(—ee is smooth. In this case, a is
said to define a piecewise smooth variation. The first variation formula for
piecewise smooth variations is obtained by applying (1.5) to each segment
[ti, ti+1]. In particular, if ¢g is actually smooth, the intermediate terms can-
cel, and (1.5) remains valid. A vector field V' along ¢y is called piecewise
smooth if V' is continuous and there exists a subdivision as above such that
V|[ti, ti+1] is smooth vector field along c¢g. It is important to remark that
any piecewise smooth V' arises from some variation. In fact, for sufficiently
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small s, the variation a: (¢, ) — exp, ) (sV) will suffice. (See Section 3 for
the definition of exp).
If all curves ¢g have the same endpoints, then V' (a,0) = V(b,0) = 0, so

that

d b
T Lleslls=o = —1—1/ (V,V7T)dt.

If ¢ = ¢ is the shortest curve from c(a) to ¢(b), then

Llelemo =0
for any map a : Q — M. Hence for V any vector field along ¢ which
vanishes at the endpoints, the right-hand side of (1.5) vanishes. Therefore,
if ¢ is smooth and minimal, by taking a variation such that V = ¢(¢)VT
for some function ¢(t) such that ¢(t) > 0 for a <t < b and ¢(a) = ¢(b) =0,
we conclude that
VTT = VC/C/ =0.
The preceding calculation motivates the following definition.
DEFINITION 1.6. We call a smooth curve ¢ a geodesic if V¢ = 0.

If ¢ is a geodesic,
d{d,dy=2(Vu.c, ) =0,

so (¢, ) must be constant. Thus a geodesic is parameterized proportional
to arc length, and by (1.5) it is always a critical point of the arc-length
function under any variation with fixed end points. In fact, for this we only
need to know that the variation is perpendicular to T" at the endpoints, or,
more generally, that (T, V)2 = 0. If ||/|| = 1, c is called a normal geodesic.

The following useful proposition illustrates how the first variation for-
mula may be applied to obtain geometrical information.

PROPOSITION 1.7. Let N and N be two submanifolds of M, without
boundary, and let v : [0,t] — M be a geodesic such that v(0) € N, v(t) € N
and vy is the shortest curve from N to N. Then ~'(0) is perpendicular to
N0y and ~'(t) is perpendicular to N

Proor. 1If 4/(0) is not perpendicular to NN, choose & € N, such
that (7/(0),z) > 0, and let ¢ be a curve in N starting at v(0) such that
d(0) = z.

Construct a variation « : [0,¢] x (—€,€) — M such that

CKHO, t] X {0} =7 a(ov S) = 0(8)7 Oé(t, S) = 7(75)
Then if 75 = «|[0,¢] x {s}, formula (1.5) shows that
d -
C Llleco =~ (4(0),2) <0.

Therefore, for small s, L[ys] < L[], and 7 is not minimal. A completely
analogous argument shows that 4/(¢) must also be perpendicular to Ny .-
(See Fig. 1.1) O
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s

Fig. 1.1.

Note that in the above variation it is not necessary that the curves -,
be geodesics. As long as « is a smooth map, our calculation shows that for
small s, L[vs] < L[v].

3. Exponential map and normal coordinates

A fundamental property of geodesics is that, given a point p € M and a
vector v € M), there exists a unique geodesic v, through p whose tangent at
p is v. This follows from the fact that the defining condition for geodesics,
V., =0, is a second-order differential equation in the parameter ¢ of 7. p
and v are exactly the required initial conditions for existence and uniqueness
of v, (see Milnor [1963], p.56, for details). If v, : (—e,€) — M is a geodesic
parameterized by ¢, the curve ¢ : (=%,£) — M defined by c(t) = 7,(st)
(s fixed) is also a geodesic; for Voc' = s2V, v, = 0. Also ¢/(0) = sv, so
¢ = Ysp-

The exponential map exp, : M, — M is defined by exp,(v) = v,(1) for
all v € M, such that 1 is in the domain of 7,. From the above we know
that for any fixed v there exists a number s > 0 such that vs,(1) is defined,
and by the existence theorem of second-order differential equations, we can
pick s to vary continuously with v. It follows that exp, is defined on a
neighborhood of the origin in M,. Furthermore, it is a smooth map and,
by the implicit function theorem, a local diffeomorphism in a neighborhood
of the origin. Actually, since we have exp, : M;, — M for each p € M, we
can define the union of these maps exp : T(M) — M. We shall define exp
on the union over p of the domains of exp,, which is a neighborhood of the
zero section of T'(M).



3. EXPONENTIAL MAP AND NORMAL COORDINATES 7

If we choose an orthonormal basis {e; } for M,,, we can define a coordinate
system in a neighborhood of p by assigning to the point expp(Z‘xiei) the
coordinates (z1,...,%,). Such coordinates are called normal coordinates at
p. Since the rays through the origin are geodesics, normal coordinates have
the property that Vai(a%i) = 0. It follows that for all v in M,

()],

For these reasons, normal coordinates are convenient to use.

If M is a Riemannian manifold, by definition each tangent space M,
comes equipped with an inner product. For each v € M, the tangent space
(M), can be naturally identified with M,. Hence (M),), inherits an inner
product. Fixing v € My, dexp : (Mp)y — Meyp(y) is a linear map. dexp does
not in general preserve the inner products on these spaces.

If we let p(t) = tv be the ray from 0 € M, through v, and assume that
exp is defined along p, it is easy to verify that dexp(p/(t)) = ~,(¢) and that
1o/ ()]] = || (t)]]. Moreover, we have the following important result known
as the Gauss Lemma.

GAUss LEMMA 1.8. If p(t) = tv is a ray through the origin of M, and
w € (M), is perpendicular to p'(t), then dexp(w) is perpendicular to

dexp(p/(t)).

PROOF. Let ¢(s) be a curve in M, such that ¢(0) = v, ¢(0) = w and
such that every point of c is at the same distance from the origin of M,,. Let
a(t, s) be a rectangle in M defined by

a(t, s) = exp(ps(t)),

where p; : [0,1] — M), is the ray from 0 to ¢(s) in M. From the definition of
exp and « we know that the lengths of the curves t — a(t, s) are independent
of s. Also, t — a(t,0) is a geodesic, and

0 0
daa(o, 0) =0, daa(o, 1) = dexp(w).
The first variation formula gives
d
0= T Llexp(py)]| = (dexp(w),7;)]o = (dexp(w), 7,(t))-
The lemma follows. O

The Gauss Lemma is equivalent to the fact that on a normal coordinate

ball with the origin deleted the gradient of the function r = (Ew?)% is %.

Recall that the gradient of a function f is the unique vector field defined by
(gradf,z) = df(z) = z(f).
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In fact, using polar coordinates 7, 61, . . ., 0,1 (which are defined like normal
coordinates above) the Gauss Lemma implies that (8%1_, %> = 0. Then if

0 0
v =hg+2 g
we have 5 5 5
r r
<§,x> =h= hE + Zgza—ez = z(r).

So far we have not shown, even for sufficiently small ¢, that the length
of a normal geodesic segment ~ : [0, €] — M equals the distance between its
endpoints. The following corollary of the Gauss Lemma shows that this is
indeed the case. In fact we show directly that v has shorter length than any

other curve between its endpoints. This suffices because distance is defined
as the infimum of lengths of such curves.

COROLLARY 1.9. Let B,(0) € My, be a ball of radius r on which exp,, is
an embedding. Then:
(1) Forv € By(0), v : [0,1] — M is the unique curve satisfying
Lin) = p(p; expy(v)) = [[v]]

In particular for any curve ¢, if Lic] = p(c(0),¢(1)), then, up to repa-
rameterization, c is a smooth geodesic.

(2) If ¢ ¢ exp,(B,(0)) = Br(p), then there exists ¢ € OB.(p), the
boundary of By (p), such that p(p,q) =r+p(q’,q). In particular, p(p,q) > r.

PROOF. (1) Let ¢ : [0,1] — M be a piecewise smooth curve from p to
exp,(v). Assume c(t) € exp,(B,(0)) for t < tg, i.e. r(c(t)) < r for t < to.
Since H%H = 1, it follows that where ¢(t) is smooth we have

0
/ > [/ o
1@ = (), 5).
with equality holding if and only if ¢/(t) = A(t)(£), with A(£) > 0. Then

1 to 1
LM=/HM&=/!MW+/HM&
0 0 to

to

o 1
> !, )dt ’||dt.
> [ gaes [

As we have seen, grad r = %. Thus the right-hand side of the above is

equal to

to d 1 , 1 ,
/ —r(e(t))dt + |||t = r(e(to)) + / || |dt.
0 dt to to

By the Intermediate-Value Theorem, there will be a first value t; for which
r(c(t1)) = ||v]|. For this choice we get

1
Lmzww+[uﬂw.
1



4. THE HOPF-RINOW THEOREM 9

Thus L(c) = ||v|| if and only if wherever ¢(¢) is smooth we have ¢/(t) =
)\(t)% with A(f) > 0 and ||d|| = 0 for ¢ > t;. Then we may as well
assume t; = 1. Moreover, up to reparameterization, each smooth segment
of ¢ is a segment of a radial geodesic. But then, since ¢ is continuous, it
follows that c is actually, up to reparameterization, a (single smooth) radial
geodesic. In particular, if L[c] = p(c(0),¢(1)), then we conclude that up to
reparameterization ¢(t) is a (smooth) geodesic.

(2) Let ¢(t) be a curve from p to q. Since q ¢ By(p), there is a first value
to such that c(tg) € dB,(p). By the above,

Llc] > r + p(c(to),q) > 7+ p(0B;(p), q)-
Therefore

p(p,q) = infL[c] > r + p(0B(p), 9)-

But by triangle inequality the opposite inequality is also true. Therefore

p(p;q) =7+ p(0B:(p), q).

Since 0B, (p) is compact, there exists ¢ € 9B,(p) such that p(¢,q) =
p(0B,(p),q). This suffices to complete the proof. O

4. The Hopf-Rinow Theorem

The preceding discussion suggests two natural questions:

(1) When is exp,, defined on all of M,?

(2) When is it possible to join two arbitrary points by a geodesic whose
length is equal to the distance between them?

The answers to these questions are related and given by the Hopf-Rinow
Theorem.

THEOREM 1.10. The following are equivalent:

(a) M is a complete metric space where the distance from p to q in M
is defined as the minimum length of all curves from p to q.

(b) For some p € M, exp,, is defined on all of Mp.

(c) For all p € M, exp,, is defined on all of M.
Any of these conditions imply

(d) Any two points p,q of M can be joined by a geodesic whose length is
the distance from p to q.

In practice, the implication (a) = (d) is most important. (a) is a very
natural hypothesis which holds in particular whenever M is compact. On
the other hand, it is necessary to know (d) in order to apply geometrical
and analytical tools to the study of M. Theorems 1.31, 1.39, 1.42, as well
as various theorems in later chapters, illustrate this. We shall often use the
implication (a) = (d) without explicitly mentioning Theorem 1.10.

In the sequel we shall assume that all manifolds are complete.

PROOF OF THEOREM 1.10. (b) = (a). We shall first show that if for
some p, exp, is defined on all M), then any point ¢ can be connected to p
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by a geodesic whose length is the distance from p to g. We then show that
this statement together with (b) implies (a). Now, given p, let B,.(p) be a
normal coordinate ball. By Corollary 1.9(1) we may assume that ¢ ¢ B, (p),
so by Corollary 1.9(2) let ¢’ € 9B, (p) be such that

p(p.q) =7+ p(d,q).

Let 7 : [0,00) — M be the normal geodesic such that +[[0, ] is the unique
minimal geodesic from p to ¢’. The set of ¢ such that

p(p; (1)) + p(v(t),q) = p(p,q)

is clearly closed, so let tg € [r, p(p, )] be the last such value. Let B, (v(to))
be a normal coordinate ball about «(¢g) so that there exists ¢ € 9B, (v(to))
such that

p(v(to),a) = p(v(t0),d") + p(d", a).
Let o be the unique minimal geodesic from ~(tg) to ¢”. Since

p(p,q) = p(p,7(to)) + p(7(t0),q") + p(q", q),

by triangle inequality we have

p(p,7(to)) + p(7(t0),d") = p(p,q").
But
L0, t0] = p(p,7(t0)),  Llo] = p(y(to),q")-
Therefore
LiyUa] = p(p,q").
The the curves v and ¢ must fit together to form a smooth geodesic yUo =
][0, to 4+ r1]. Then

p(p,q) = p(p,¥(to +11)) + p(y(to +71),q),

which is a contradiction.

To finish the proof that (b) = (a), let ¢; be a Cauchy sequence, and let
vi : [0,t;] — M be a sequence of minimal normal geodesics with v(t;) = g;.
Clearly {t;} is also a Cauchy sequence with limit say ty. By compactness
of the unit sphere at p we may pass to a subsequence such that fyz’»j (0) — v.
Let v : [0,00) — M be the normal geodesic such that 7/(0) = v. Then the
theory of ordinary differential equations (continuous dependence of solutions
on initial data )applied to the geodesic equation gives ¢;; = y(t;;) — (o)
Since ¢; is a Cauchy sequence, in fact ¢; — (tp), which completes the proof.

(a) = (¢) We must show that given p and v € M,, there exists a geodesic
7 :10,1] — M such that '(0) = v. Let [0, %) be the largest open interval for
which such a ~ exists. Then if ¢; T tg, v(¢;) is a Cauchy sequence with limit
say q. Define y(t9) = ¢q. Then v][0, to] is continuous. Let B, (p) be a normal
coordinate ball. For i sufficiently large, v(t;) € B,(q). Let o : (—r,7) = M
be the unique minimal geodesic such that v(¢;) € ¢ and 0(0) = ¢. Then
v U o is continuous, piecewise smooth and

LyUol[to — r,to +r]] = 2r.
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Hence v U o is actually smooth, and v extends past ¢g, which is a con-
tradiction.

(c) = (b) is trivial.

(¢) = (d). This is the same argument as was already given in the first
part of the proof that (b) = (a). O

In Chapter 5 we will take up the question of finding conditions under
which the minimizing geodesic between two points is unique.

5. The curvature tensor and Jacobi fields

From the Gauss Lemma we know that at v € M), the deviation of dexp
from being an isometry is measured by the extent to which it fails to pre-
serve the inner product on vectors in P, the subspace of (M), which is
perpendicular to the direction v itself. This failure is in turn measured by
the curvature tensor.

The curvature tensor R assigns to each p € M a trilinear map of M, x
M, x M, — M,. If x,y,z are elements of M,, we extend them to vector
fields X, Y, Z and define

R(a:, y)z = VvaZ — VYVXZ — V[X,Y]Z'

It is easy to check that R(z,y)z does not depend on the extension to vector
fields and that it is antisymmetric in = and y. Also, a straightforward
computation shows that

R(z,y)z+ R(y, z)x + R(z,z)y = 0.
This is called the Jacobi (or the first Bianchi) identity. Moreover,
<R($v y)za w> = <R(Z’ w)$7 y>7

as is straightforward to check.

We now examine the relationship between curvature and the exponential
map.

Let v and w be orthonormal vectors in M. Using the natural iden-
tification of the tangent space at any x € M, with M, itself, v and w

induce(parallel) vector fields V' and W on all of M,. Consider the family p,
of rays in M), defined by

Ps(t) = (V + SW)t.

Then exp, o ps is a geodesic through p with initial tangent vector v+ sw. In
order to measure the effect of dexp, on the lengths of vectors in P, we shall
compute some terms of the Taylor expansion of ||dexp(tW)||?.

First some preliminaries. It is clear from the definition that dexp(tWW)
arises as the variation field of the 1-parameter family of geodesics exp,, o
ps. Fields of this type are called Jacobi fields and are characterized as the
solutions of a certain second-order differential equation. More precisely, let

a(t,s) : [a,b] X (—e,€) — M be such that for fixed s, a(t,s) is a geodesic.
Let T'= da(%) and V = da(%).
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We now determine the differential equation satisfied by V|a(t,0). By
the discussion at the end of Section 1,
VoV — VT — da[%, % -
But [%, aﬁ} =0, so VoV = VyT. Therefore VprVrV = VpVyT. Since
V1T =0, we may write
VrVrV =VrVyT =VrVyT — VyVrT.

Using the definition of the curvature tensor and the fact that
o 0

100G ) -0

T VI=da{]5 5
we get the Jacobi equation

VrVrV = R(T,V)T.

A vector field V, along a geodesic v with tangent vector T satisfying this
equation is called a Jacobi field. Let { E;(t)} be orthogonal and parallel along

a(t,0). Then the Jacobi equation may be written as the linear second-order
system of ordinary differential equations

12

(J B 1> :
(J, En) :
From the theory of ordinary differential equations it follows that the space
of solutions of this system is 2n-dimensional and that there exists a unique
solution with prescribed initial value and first derivative. This is equivalent
to prescribing J(0) and J'(0) = VrJ|i=o. Notice that since VT = 0, we
have

(J,T) =(J",T) =(R(T,J)T,T) = 0.
Therefore any Jacobi field J may be written uniquely as

J =Jo+ (at +b)7T,

where (Jo,T) = 0, Finally, if J is a Jacobi field, then J comes from a
variation of geodesics. In fact, let ¢(s) be a curve such that ¢/(0) = J(0),
and let 7" and J'(0) be extended to parallel fields along c(s). Then the
variation field of exp, 4 (t(T"+s.J'(0))) is a Jacobi field with the same initial
conditions as J. Therefore it equals J by the uniqueness theorem above.

We are now ready to calculate the Taylor series for ||dexp(tW)||2. Set
dexp(V) = T and dexp(tW) = J. Then it is easily seen that J'(0) = w.
Then

<J7 J)’tZO = 07
<J7 J>/|t:0 = 2<J7 J/>|t:0 = 07
()" |e=0 = 20", I )e=0 + 2(J", T |e=0 = 2[|W||* = 2.
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Note that in fact J”|;—g = R(T, J)T|t=o = 0, so

(J, )" = 6(J", Ym0 + 20", J)|1—o = 0.

Also,
J" =N (R(T, J)T)|i=0 = (Ve R)(T, J)T |i=0 + R(T, J')T|1=o.
So
J"|i=0 = R(T, J)T|t=0 = R(T,w)T|i—o.
Then
(J, )" =8(J", T =0 + 6(J", T t=0 + 2(J", J)| =0
=8(R(T,w)T,w) = —=8(R(w, T)T, w).
Therefore
(1.11) [dexp(tW)][2 = £ — %(R(w,T)T, Wyt + O(t5).

We find that when compared to the rays ps geodesics exp o ps come together
to the order of (3(w, R(w, v)v>)%t2. So if (R(w,v)v,w) is positive, geodesics
locally converge, and if it is negative, they locally diverge by comparison
with rays.

(1.11) may also be given the following interpretation. Let g;;(x) denote
the metric expressed in terms of normal coordinates. Then at the origin,
up to first order the metric looks like the Euclidean metric g;; = d;;. The
deviation comes in with the second-order terms, which are in turn measured
by curvature.

Given any plane o in M, and two vectors v and w which span o, we
define the sectional curvature K (o) to be

(R(v,w)w,v)
o A wl]?

Here ||v A w||? denotes the square of the area of the parallelogram spanned
by v and w. One can easily check that K(o) does not depend on the
choice of the spanning vectors. Furthermore, the curvature tensor R is
completely determined by the inner product together with the function
K : Gon(My,) — R, where Gy ,,(M,,) denotes the space of all 2-dimensional
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subspaces of M,,, the Grassmann manifold. In fact, a straightforward com-
putation shows that
(1.12)

(R(z,)2,w) = (K (2 +w,y+ 2l +w) Ay +2)]
(y+w, 2+ 2)[|(y +w) A (2 +2)| |
(@,y+2)llz Ay + 2)IIF = K(y, 2 +w)lly A (@ + w)|]”
(o w)llz Az + W) P = K,y + 2)llw A (g + =)
oy w)lle Ay + )P+ Ky, 2+ w)lly A e+ w)?
Gyt wllle Ay + w2+ K(w,z o+ 2)|[wA o+ )
(22 A 2l + Ky, w)lly A wl?
— K(e,)lle Al — Ky, 2)lly A 21

-K
-K
- K
+ K
+ K
+ K

Here K(x,y) denotes the curvature of the plane spanned by z,y. If the
curvatures of all plane sections are of the same sign, then this sign is a
fundamental invariant. By studying in more detail its effect on the behavior
of geodesics, we will derive topological and geometrical information. We will
use the notation Ky > H to indicate that for all plane sections at all points
of M the sectional curvature is bigger than the constant H.

The condition K = 0 is equivalent to the statement that in normal
coordinates g;; = d;;, as will be clear from the results of the next section
and Section 14.

6. Conjugate points

As was shown in Section 2, in order for a curve - to realize the distance
between its endpoints, it is necessary that v be a geodesic. However, if vy is
too long, this condition is not sufficient. For example, on the unit sphere,
geodesics are great circles. A geodesic of the length of more than 7 will not
minimize. Suppose, for example, that v starts at p. There are infinitely
many geodesics ¢ having length 7 and going from p to the antipodal point
q.

The path ¢ U 7 shown in Fig. 1.2, consists of the segment of ¢ from p
to r, and the minimal geodesic 7 from r to s will have length shorter than
the segment of v from p to s. Now in this example ¢ is a singular value of
exp,. Although the above argument just used the fact that there were two
distinct geodesics from p to ¢, the example suggests that there should also be
a connection between failure of geodesics to minimize globally and singular
values of exp. Intuitively, these are points at which distinct geodesics come
together at least infinitesimally. To demonstrate this connection, we shall
need an infinitesimal version of the argument. We begin with a character-
ization of the singularities of exp. We say that g is conjugate to p if ¢ is a
singular value of exp : M, — M. The conjugacy is said to be along v = v,
if dexp is singular at v. The order of a conjugate point is defined to be the
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p

Fig. 1.2.

dimension of the null space of dexp : (M,), — M,. Let us pick v € M,
and w € (M,),, and assume dexp(w) = 0. We know immediately that w
(when identified with its corresponding vector in M,,) is perpendicular to v,
because the length of any component of w in the v-direction is preserved by
dexp. Also, if as in the previous section we form the rays ps(t) = (v + sw)t
and geodesics s = exp o pg, we find

lexpopu(1)) =0

Hence there exists a one-parameter family of geodesics s which come from
p and whose associated Jacobi field, the variation vector field %(’ys(t)) van-
ishes at ¢ = 7p(1). Thus we have proved half of the following proposition.

PRrOPOSITION 1.13. ¢ is conjugate to p along a geodesic v if and only
if there exists a non-zero Jacobi field J along v such that J(0) = J(1) = 0.
Hence q is conjugate to p if and only if p is conjugate to q.

PROOF. Suppose there exists a nonzero J along v with J(0) = J(1) = 0.

a(t, s) = expy o) (T + sJ'(0))t is a rectangle whose associated variation field
is J. Then

deXpJ’(O)”Y’(O)GM,Y(O) = J(l) = 0,
so p is conjugate to g. Since the Jacobi-field condition is symmetric in p and
q, so is conjugacy. [l
Now we give two elementary facts about Jacobi fields and conjugate

points.

PROPOSITION 1.14. Let 7 : [a,b] — M be a geodesic, v/ = T, and

assume there is a Jacobi field J which vanishes at y(a) and v(b). Then
(J,T)=(J,T)=0.
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PRrROOF. We note that
T, J)={(T,J") = —(T,R(J,T)T) = —(R(T,T)J, T) = 0.
Therefore, (T, J') is constant on . But (T, J") = T(T, J), so that (T, J) as
a function of the parameter of v has constant derivative. But
<T> J>'y(a) = <Ta J>'y(b) =0,

so (T, J)y=0and (T,J") = 0. O

REMARK 1.15. This argument actually shows that

(T, J) = (T, J(0)) + (T, J'(0))t.

PROPOSITION 1.16. If y(a) and ~(b) are not conjugate, then a Jacobi
field J along v is determined by its values at y(a) and ~(b).

PRrOOF. Let W and J be two Jacobi fields which coincide at the end-
points of v. Then W — J is a Jacobi field which vanishes at both endpoints.
But since these points are not conjugate, W — J must be identically zero,
soW =1J [l

Suppose that M has constant curvature K. Then the formula of the
previous section specializes to

(R(z,y)z,w) = =K((z, 2){y, w) — (y, 2)(x, w)).
Then the Jacobi equation expressed in terms of parallel fields becomes
(J", Ei) = (VrVrJ, E;) = —(R(J,T)T, E;) = K((J, T(T, E;) — {(J, Ey)).
So if (J,T) = 0, we get simply
(JE)" = ~K(J,E;).

The reader may verify that the general solution is

K>0: Z(ai sin(VKt) + b cos(VEt)) E;(t);

K=0:Y (ait+b)E(t);

K <0:Y (a;sinh(vV=Kt) + b; cosh(vV=Kt))E;(t).

If K <0or K =0, geodesics have no conjugate points, while if K > 0
conjugate points occur at t = \;r—l?, where [ is an integer.

7. Second variation of arc length

We have shown in Section 2 that geodesics are always critical points of
the arc-length function. However, as we have observed in Section 6, they
are not always local minima. Therefore we compute the second derivative
of arc length with respect to a variation.

Let v : [a,b] — M be a geodesic, and let a : Q — M be a smooth map,
where @ is the rectangular solid [a, b] X [—¢, €] x [0, ] and «a(¢,0,0) = ~(¢).
This means that « is a 2-parameter variation of the geodesic v. We will look
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at the arc-length function differentiated successively with respect to these
two parameters. Let L(v,w) be the arc length of the curve t — a(t, v, w),
SO

b
Lo,w) = [ |17l

Assume ||7/|| = 1. Let T,V, W be vector fields corresponding to the first,
second and third variables of a, respectively.
As in the proof of the first variation formula

b
9 Lo, w) :/ V2V, T)

v ||
Then
92 o [P (VrV,T)
L = A 077
Juan ) = 5, / Tl
Y (VwVrV,T) + (VrV,VwT) (VwT,T)
= ’ ! —(VpV, T)——"""
/a [l ! Ak
B /b (RW, TV, T) + (VrVwV,T) + (V1 V, VW)
a |||
VeV, TNV W, T)
|T]]3 '
Using |]T||](070) =1 and VTT]((),O) =0,
0°L b
“ | = - T
sl = | TV TaW) — (ROV.DITY)
- T{(VwV,T) = T(V,T)T(W,T)
(1.17)

b
:—<VWV,T>]Z+/ (VeV, VW)

_ /b(R(W, T,V)—T{V, T)YT(W,T).

This is the second variation formula. Note that (1.17) is valid for 2-parame-
ter piecewise smooth variations (with the obvious definition). This follows
by restricting attention to the subintervals on which V, W are smooth, then
adding and observing that the endpoint terms cancel. In case the variation
is through geodesics, by Proposition 1.14, T(V,T') and T'(W, T') are constant.
Then if (V,T') or (W, T) vanishes at both endpoints, the last term drops out.
Moreover, if either V' or W vanishes at the endpoints or, more generally,
VyW =0, we get

9’L
Owov

We remark that in this case the second variation depends only on the
restrictions of V, W to 7. We call the above integral the index form I(V,W).

(1.18)

b
ooy = | (TIVVEW) ROV TV ).
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It is a symmetric bilinear form on the space of piecewise smooth vector fields
V, W along v such that (V,T) = (W,T) = 0. Notice that I is independent
of the orientation of ~. If I is positive definite on vector fields vanishing
at y(a),y(b), then ~ is a minimum among all nearby curves with the same
endpoints.

Ifa=ty<t) <---<t, ="bissuch that V,W]|[t;, t;+1] is smooth, then
using

(VeV,NeW)) = T(NpV, W) — (N V, W)
and integrating, we get

(119) 1V.W) = Y (a0 (T2V). W) - | VIV + (ROLTITD),

where
Ay, (VrV) = im V7V — lim V7 V.

t—tf t—ty

In particular, if V|[t;,t;41] is a Jacobi field, then
I(V,W) = (A (VrV), W),

]

PROPOSITION 1.20. Let I be defined on all piecewise smooth vector fields
along v which vanish at the endpoints. Then the null space of I is exactly
the set of Jacobi fields along v which vanish at v(a) and v(b). Specifically,
Vis a Jacobi field if and only if I(V,W) =0 for all W.

PRrOOF. By the above it suffices to show that I(V,W) = 0 for all W
implies that V is a Jacobi field. Let f be a function vanishing at {¢;} and
positive elsewhere. Then setting

W = f(t)(—VTVTV + R(T, V)T)

we see that V|[t;, t;+1] is a Jacobi field for all i. Now letting Wy be a field
such that Wy(t;) = Ay, V'V, the claim follows. O

COROLLARY 1.21. I has a non-trivial null space if and only if vy(a) is
conjugate to y(b) along ~y. The dimension of the null space is the order of
the congugate point ~y(b).

PRrROOF. The first statement is merely Proposition 1.13. The second fol-
lows from the construction used in the proof of that proposition. It provides
a linear isomorphism between the null space of dexp and the space of Jacobi
fields along v which vanish at the endpoints. (I

8. Submanifolds and the second fundamental form

We leave our study of the second variation of arc length in order to
present some facts about connections on submanifolds which we shall need
later. We return to second variation in Section 9.

Let N be a submanifold of M. Then for each p € N, let P : M, — N,
be the orthogonal projection with respect to ( , ). The normal bundle v (M)
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(or simply v) is the subset of T'(M) defined by: x € v if x € M), for p € N,
and P(xz) = 0. v is a vector bundle over N whose dimension is the difference
of the dimensions of M and N. Its fiber at p € N will be denoted v,.

The Riemannian metric of M also induces a positive-definite bilinear
form on each tangent space N,. So N inherits a Riemannian metric, and
hence an affine connection, which we shall call VY. In fact V° can be defined
as follows: Given X and Y vector fields on N, extend them to M and set
V%Y equal to P(VxY). It is easy to check that V'is the unique torsion-free
connection on N which is compatible with the metric.

The second fundamental form S of N is the difference between V and V.
Specifically if x and y are in N, we extend them to vector fields and define
S(x,y) to be VxY — V&Y. One checks that the definition is independent
of the extension and that S : N, x N, — v}, is a bilinear map. It is also
symmetric, because if we extend x and y so that [X,Y](p) € N,, then

VxY —VyX = [X,Y] = V%Y — VI X,
Given z € vp, we define S, : N, x N, — R by

S:(z,y) = (S(z,y), 2).
Of course, S is a symmetric bilinear form on N,,.

Generalizing the notion of conjugate point, we say that a focal point ¢
of N is a singular value of expl|,. We call ¢ a focal point of N at p if there
is a singular inverse image of ¢ somewhere in v,,.

There is a particular submanifold of codimension one which will prove
useful in what follows. Fix p € M and x a unit vector in M,. Let

zt = {y € My|(z,y) = 0}.
Since exp : M, — M is a local diffeomorphism at zero, there is a neigh-

borhood U of zero in * such that exp|y is an embedding. Let N be the
submanifold exp(U). We call N the geodesic submanifold defined by x.

LEMMA 1.22. S, =0, where S is the second fundamental form of N.

Proor. Pick z € N,. Let v be a geodesic from p in direction z. Then
near p, v C N, so we can extend z to a vector field Z on N such that Z
is the tangent vector to v near p. Then (VzZ)(p) = 0, so Sz(z,z) = 0.
Therefore, since S, is symmetric, S, = 0. [l

COROLLARY 1.23. Let z be extended to X, the unit normal field to N,
(X, X)=1,(X,)Y)=0 forallY € T(N). Then V,X =0 for z € Np.
Proor. If Y is any vector field on N, then
(VzY, X)), =Z(Y, X))y — (Y,V2X),.
But S; = 0 implies (V2Y, X), =0, and (Y, X) is zero on N, so z(Y, Z) = 0.
Therefore (y,VzX), =0 for all y € N,,. But since X has constant length,

(V1 X, X) = %Z(X,X> ~ 0,
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hence VzX = 0. O

If Sx vanishes identically, then N is called totally geodesic. Let + be a
geodesic of such an N. The equation

VoY =Voy +50H,9)=0

shows that v is a geodesic of M. By uniqueness of geodesics, this is equiv-
alent to the statement that if v is a geodesic of M tangent to N at ~(0),
then v remains in N. Conversely, if N has the latter property, then as in
Lemma 1.22, S = 0.

9. Basic index lemmas

In this section we prove two lemmas which show that in a certain sense,
Jacobi fields minimize the index form. The first lemma involves conjugate
points, while the second is an analogous statement with conjugate points
replaced by focal points of the submanifold N described above. These lem-
mas are of fundamental importance and are used in the proofs of Rauch
Comparison Theorems and the Morse Index Theorem in Chapter 4.

LEMMA 1.24 (First Lemma). Let vy be a geodesic in M from p to q such
that there are no points conjugate to p on ~v. Let W be a piecewise smooth
vector field on v and V the unique Jacobi field such that V(p) = W(p) =
0 and V(q) = W(q). Then I(V,V) < I(W,W), and equality holds only if
V=W.

LEMMA 1.25 (Second Lemma). Let v be a geodesic in M from p to q.
Let x be the tangent vector to v at p and let N be the geodesic submanifold
defined by x. Assume that N has no focal points along ~v. Let W be a
piecewise smooth vector field along v, V the unique Jacobi field such that
(VxV)(p) = 0 and V(q) = W(q). Then I(V,V) < I(W,W), and equality
holds only if V = W.

PROOF OF FIRST LEMMA. Let {V;} be a basis of T, M and extend each
V; to a Jacobi field along v such that V;(p) = 0. This is uniquely possible
since v has no conjugate points, and the V;’s are linearly independent except
at p. Since V;(p) = 0, we can write V; = tA;, where t is the parameter of
v :[0,1] = M and A; is some vector field on 7. Then V/(p) = A;, so {A4;}
is also linearly independent, and thus there are functions ¢;(¢) such that
W =3 "qi(t)A;. But since W), = 0, there exist piecewise smooth functions

fisothat W =5 f;V;. Then V=5 f;(1)Vi.
We shall make two preliminary calculations:

(1.26) IV, V) = (VI(1), V(1)) = > fil1) f((V/ (1), V(1))
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In fact, since V is a Jacobi field, V" = R(T, V)T, so

[(V.V) = /0 "V RV

= /1<V’, VY — (V" V)Y +(R(T, V)T, V) = (V'(1),V(1)).
0

If V;,V; are Jacobi fields, then
(1.27) Vi, Vj) = (Vi V) = ¢,
for some constant ¢. We compute
(<V;/7 V]> - <V;7V3'I>)/ = (Vz'//7 V]> + < ilvv'/> — ilﬂ V/> — (Vi ‘G'”>
= (V/", Vi) = (Vi, V)
= (R(T7 Vi)T7 V]> - <V;R<T7 VJ)T> =0.

The last step follows by the usual symmetry property of the curvature tensor.
In our case the constant in (1.9.2) is zero since the expression vanishes at
t =0. Now

VeW =) flVi+ f;iV{ = A+ B,

(W, W) = / (A, A) + (A, B) + (B, A) + (B, B) + (R(T, W)T, W),

[@m =X [rwivy =Y [ fpvivy - wv)
Integrating the first term by parts and applying the Jacobi equation to the
second gives

/ (B,B) = 3" L))V (1), V(1)

= [ ULV + BRIV + (REWT W),
By (1.26), the first term is I(V, V). By (1.27), the second term is [(A, B),
while the third term equals [(B, A). Hence
/<B, B) = I(V.V) - /(A,B> (B, A) + (R(T, W)T,W).
Therefore, referring to the original expression for I(W, W),
I(W, W) =1(V,V) +/<A,A>.
The second term on the right is nonnegative and vanishes only if W =V. [

We emphasize that the above calculation, in particular the integration
by parts, depends only on W being piecewise smooth.

To prove the second lemma we pick {v;} an orthonormal basis of T}, M
such that v; = T, and extend its members to Jacobi fields {V;} such that
(V7Vi)p = 0. We need the following:
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SUBLEMMA 1.28. If {V;} are as above and N, 7 are as in the second
lemma, then {V;} are linearly independent along ~ if and only if N has no
focal point.

Proor. Vi =T all along v and V5, ..., V,, are everywhere perpendicular
to T. Hence it suffices to show that {V5,...,V,} are independent or to
show that if Z is any nonzero Jacobi field on + such that (Z,T), = 0 and
(VrZ), =0, then Z is never zero.

Let i be the geodesic from p in direction Z, and extend T" along n so that
||T|| is constant and T' is perpendicular to N. Construct a geodesic from
each point of 7 in direction T'. This one-parameter family of geodesics gives
rise to a Jacobi field Zy on v. Clearly Zy(p) = Z(p). Also (Vz,T)(p) =0
by Corollary 1.23, so (V1Zp)(p) =0 and Zy = Z. From the construction of
Zy it is immediate that Zy has a zero implies exp v has a singularity over
~. Also, if there is such a singularity, one constructs Zj in a straightforward
manner. This proves the sublemma. O

Now the proof of the second lemma proceeds exactly as that of the first.
(VrVi, Vi)p, (B,W), and (V7V,V), are all zero because VrV; and V7V
are zero at p. O

We can now state that geodesics minimize locally up to the first conju-
gate point among curves with the same end points. More precisely, if v(¢o)
is the first conjugate point of v(0) along -, then for vector fields vanishing
at v(0),v(t) with t < to, the second variation is positive; that is, the index
form is positive definite. This follows by taking W (¢) = 0 in Lemma (1.24).
Moreover, we have the following important converse.

COROLLARY 1.29. Let v : [0,00) — M be a geodesic, and let v(to) be
conjugate to v(0). Then ~|[0,t] is not minimal for t > tg.

PROOF. We can assume that () is the first point conjugate to v(0).
Let J be a nonzero Jacobi field along ~[0, tg] such that J(0) = J(tp) = 0.
Extend J to a vector field X on all of v by declaring X (¢) = 0 for t > ty.
Clearly I(X, X) =0 on [0,t], but X is not smooth at t.

Fix ¢ small enough so that there are no conjugate pairs on v|[tg—d, to+9],
and define a vector field V' by:

V=Jon [O,to —5],

V' = Jacobi field W on [ty — 6, tg + d] such that

Wty — 8) = J(to —8),  W(to+06) =0,

V =0on [ty + ,t] (See Fig. 1.3)

Since X is not smooth on [tg— 9, to+ 6], it is definitely not a Jacobi field.
Hence on [ty — d,tg + ] we have I(V,V) < I(X, X). Since X = V outside
this interval, in fact on [0,¢] we have I(V,V) < I(X,X) = 0. Since any V
arises from a variation, it follows that there is a variation which keeps the
endpoints fixed and decreases the length of ~.

U
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Fig. 1.3.

10. Ricci curvature and Myers’ and Bonnet’s Theorems

As an application of the First Index Lemma (1.22), we now prove the
theorems of Myers and Bonnet. We define the diameter d(M) of M to be
the supremum of p(p, q) for p,q € M.

DEFINITION 1.30. The Ricci curvature is a symmetric bilinear form on
each M), of T(M) defined to be the trace of the linear tranformation z —
R(z,x)y. Hence

RiC(I‘, y) = Z(R(elv x)yv €i>,
i
where {e;} is an orthonormal basis of M,,.

THEOREM 1.31 (Myers and Bonnet). Let M™ be a complete Riemannian
manifold. If

(1) (Myers) for all unit vectors z, Ric(z,z) > (n — 1)H, or

(2) (Bonnet) Ky > H,
then every geodesic of length > W/\/ﬁ has conjugate points. Hence the
diameter of M satisfies d(M) < m//H.

PrOOF. Fix a normal geodesic v : [0,{] — M, and let {E;} be an or-
thonormal basis of parallel fields along ~ such that E,, = v = T. Let
W; = sin(5t) E;(t) be vector fields on . Then

l
(Wi W) = — / (Wi, V2W; + R(W;, T)T)dt
0

7t 2

l
:/(Sin(T))Q(lT_<R(Ei,T)T,Ei>)dt.
0

Thus if, for any i, (R(E;, T)T, E;) > H and | > n/v/H, then I(W;, W;) < 0.
Also,

nd ! it 2
S I(W, W) = /0 (sin(71))2((n — 1) Ty~ Rie(T, ).
=1

So if Ric(T,T) > (n—1)H and [ > \/Lﬁ, then the sum and therefore at least

one summand must be nonpositive. But if v had no conjugate points, the
First Index Lemma 1.24 would imply that there is a Jacobi field J such that

I(J,J) < 0 and J would vanish at v(0) and ~(/). This is impossible, so
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has conjugate points. By Corollary 1.29, ~ is not minimal. More directly,
since some I(W;, W;) is negative, the second variation of arc length is in
some direction negative, so v cannot be minimal. The theorem follows. [

The following is our first result which illustrates the influence of the sign
of the curvature on the topology of M.

COROLLARY 1.32. Let M be complete. If there exists a constant H > 0
such that for all unit vectors x we have Ric(z,x) > (n—1)H > 0, then M is
compact and has finite fundamental group.

To prove this corollary, we use the notion of local isometry.

Let M and N be Riemannian manifolds with metrics ((, )) and (, ),
and let ¢ : M — N be a smooth map. We say ¢ is a local isometry if for all
p €M and v,w € M)y,

((v,w)) = {dp(v), dp(w)).

¢ is an isometry if ¢ is local isometry and also a diffeomorphism.

This notion of isometry is equivalent to the usual notion of isometry of
M and N as metric spaces. The implication in one direction is easy, but
it is not so obvious that every metric space isometry is smooth. This is an
essential step in the Theorem of Myers and Steenrod quoted in Chapter 3.
It is easy to check that a local isometry respects Riemannian connections
and maps geodesics to geodesics.

Note also that if ¢ is a local isometry, then d¢ must be everywhere
nonsingular; for if d¢(v) = 0, then

(v,0) = (do(v), do(v)) =0,

so v is the zero vector. Conversely, if d¢ is everywhere nonsingular, then we
can use the Riemannian metric of N to induce one on M. For v,w € M,,
we define ((v,w)) to be (do(v),dd(w)). It is easy to check that ((, )) is a
Riemannian metric and that ¢ is a local isometry with respect to the metrics
((,))onMand(, )onN.

PrROOF OF COROLLARY. Let M, be the universal covering space of M.
Since m : M. — M is a local diffeomorphism, it induces a Riemannian
structure on M., and the curvature tensor R. at p. € M, is isomorphic to
R at m(p.) € M. Therefore by Myers’ theorem, d(M) < TH™2, so M, is
compact. Hence the set 7~ !(p) must have finite cardinality and the corollary
follows. O

11. Rauch Comparison Theorem

We will often study a Riemannian manifold when our only given infirma-
tion consists of bounds on its sectional curvature. The following theorems
allow us to draw geometrical conclusions from such information by compar-
ing lengths in M to corresponding lengths in a manifold My whose curvature
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is suitably related to that of M. We usually take My to have constant cur-
vature, in which case the lengths in M, can be calculated explicitly.

THEOREM 1.33 (First Theorem (Rauch)). Let M™, MJ™, be Riemann-
ian manifolds (dimMy > dimM), and let v, : [0,1] — M, My be normal
geodesics, and set v =T, v, = Ty. Assume that for each t € [0,1] and any
X € Myyy, Xo € (Mo)yy), the sectional curvatures of the sections o, og
spanned by X, T and Xo, Ty satisfy K(oo) > K(o). Assume further that for
no t € [0,1] is yo(t) conjugate to vo(0) along ~yo. Let V,Vy be Jacobi fields
along v,7o0 such that V(0),Vp(0) are tangent to ~, o,

VOl = IVo(0)ll, (T, V'(0)) = (To, V5(0)), and |[V'(0)I] = [[V5(0)]]

Then for all t € [0,1],
VOl = [[Vo@®)]]-

THEOREM 1.34 (Second Theorem (Berger)). Let the notation be as above,
and assume that for all t € [0,1] and plane sections o,0q as above, K (o¢) >
K(o). Assume further that for no t € [0,1] is v(t) a focal point of the
geodesic submanifold Ny defined by Ty. Let V,Vy be Jacobi fields along
7,70 satisfying V'(0), Vi(0) are tangent to 5,70, and [[V'(0)|] = [[V5(0)],
(T, V(0)) = (To, Vo(0)), [[V(O)I] = [IVo(0)]|. Then for all t € [0,1],

V@I = Vo)l

The theorems will be referred to in the sequel as Rauch I and Rauch II.
Before proving them, we will investigate a few of their consequences.

Notice first of all that by continuity it is only necessary to assume that
[0,1) (rather than [0,1]) is free of conjugate (respectively focal) points. Also,
suppose that the hypothesis K(og) > K(o) holds for all ¢ € [0,00). It then
follows that the first conjugate (respectively focal) point along v occurs no
sooner than the first conjugate (respectively focal) point along ~y. In fact, if
v has no conjugate point on [0,[) then by the theorem, for any Jacobi field
as above, ||V (t)|| > [|Vo(t)|]. But ||[Vo(t)|| > 0 by assumption, so ||V (¢)|| > 0.
In particular, if the sectional curvature of M satisfies Ky < K, and B,(0)
denotes the ball of radius r in the tangent space at m € M, then exp,,|B;(0)
is nonsingular for r < W/\/E

COROLLARY 1.35 (Corollary of Rauch I). Let M, My be Riemannian
manifolds with dim My > dim M, and let m,mg € M, My. Assume Ky, >
Ky, i.e., for all plane sections 0,00 € M, My, K(o¢) > K(o). Let r be cho-
sen such that exp,,|B(0) is an imbedding and exp,, |B(0) is nonsingular.
Let I : My, — M, be a linear injection preserving inner products. Then
for any curve c: [0,1] — exp,,(Br(0)), we have

Llc] > Llexp,,, o I oexp;,'(¢)] = Llco(t)].

PROOF OF COROLLARY. Let ¢ : [0,1] — B,(0) be the unique curve
in B,(0) such that exp,,é(s) = c(s). Consider the rectangle a(t,s) —
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exp,,(t¢(s)). For fixed s, the associated variation field Vs is a Jacobi field
along the geodesic 75 =t — exp,, (t¢(s)) with Vs(1) = ¢/(s). Then
Vy = dexp,(t7/(s)) = tdexp,, (¢'(s)).
Therefore VoVs = &(s). Similarly, associated to the rectangle ag(t,s) —
exp,,, © 1(t&(s)) there is a Jacobi field Vo, with
Vos(1) = co(s),  VrVos = (I o ((s))) =T o ((s)).

Since I preserves lengths,

llco ()] = [11(c'(s))]I-
By Rauch I,
I (I = Vs = [Vos(D] = lleo ()],
and by integrating this inequality we are done. (Il

COROLLARY 1.36 (Corollary of Rauch II). Let ,vo be geodesics on M
and My parameterized on [0, 1], with tangent vectors T and Ty. Let E and Fy
be parallel unit vectors along v and vy which are everywhere perpendicular
to T and Ty. Let ¢ :[0,1] — M be a smooth curve defined by

c(t) = exp(f(t)E(t)),

where f:1]0,1] — R is a smooth function, and let ¢y : [0,1] — My be defined
by

co(t) = exp(f(t)Eo(t)).
Assume that Ky, > Ky, and assume that for each t the geodesic ng : [0, 1] —
My defined by

no(s) = exp(sf(t)Eo(t))
contains no focal points of the geodesic submanifold defined by n|(0). Then

L[c] > Licg).

PROOF. Since ¢ and ¢ are both parameterized from 0 to [, it suffices to
compare the lengths of their tangent vectors.
Fix t; € [0,1]. Let n be the geodesic

1(s) = exp(sf(t1) E(t))

and let
h(t) = exp(f(t1)E(?)), ho(t) = exp(f (1) Eo (1))
Then
d(tr) = 1'(tr) + f'(t)n' (1),
while

co(t) = ho(tr) + fo(t1)no(1).
By the Gauss Lemma, these sums decompose ¢(t1) and ¢{,(¢1) into pairs of
perpendicular vectors. Since E(t1) and Ey(t1) are both unit vectors,

1/ )" W = [1f E)mo (D]
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Therefore we need only compare b’ and h{,. but A’ and hy, are tangents to the
families of geodesics 7¢(s) = exp(sE(t)) and 7o1(s) = exp(sEy(t)). Therefore
h' and h{, can be extended to Jacobi fields V' and V; along n and 79, and
since F and Fy are parallel, these fields satisfy the hypotheses of the Second
Rauch Theorem, that is

VyV =VrE =0, Vi Vo =V, Eg = 0.
The corollary follows.! U

ProOF OF THE FIRST RAuUCH THEOREM 1.33. First assume that V, Vj
are perpendicular to T, Tj or that

IVO)l| =(T.V'(0)) =0,  [[Vo(0)]| = (Tb, V5(0)) = 0.

2
Consider the ratio %, as a function of the parameter ¢ of the geodesics.

Since Vy = 0 only at ~(0), this is well defined everywhere except at ¢ = 0.
By L’Hopital’s rule (taking two derivatives),
VR vV

lim = =1.
=0[|Voll?  (V5, Vg)

Therefore to show that ||V|| > ||Vb]| it suffices to show that

d (VI
— > 0.
dt(HVoHQ> -
Equivalently, for ¢ > 0,
VY (V)
(V,v)y = (W, Vo)
Fix ¢, € [0,1) and define vector fields
V() Vo(t)
Wy = m—55 Wot, = 775
b V)] b V)l
Then ||W(t1)|| = [[Wo(t1)|| = 1, and since W4, is a constant multiple of V/,
(Vv _ Way, W) (Vo, Vo) _ (Wors, Wey,)

<‘/’ V> <Wt15 Wt1> ’ <%a ‘/0> <W0t15 W0t1> .
In particular,

(V.V')
(V,V) Ity

(Vo, Vo)
<V07 ‘/0> t1

= <Wt,1 ) Wt1> ’t17

= <W6t17 W0t1 > |t1 .

!One might conjecture that Corollary 1.36 could be strengthened so as to compare
lengths of any two curves which have the same expression in Fermi coordinates (see Hicks
[1965], p. 133, for definition). Somewhat surprisingly this turns out not to be possible.
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= <Wt/17 Wt1>‘t1

t1
:/ <W1€/1’Wt1>/
0
t1
- /0 (WL W)+ (WY W)
t1
- /0 (Wi, W) — (R(Wi,, T)T. W)

t1
— /0 (WL WL — K ()W |1

where o is the plane section spanned by 7" and Wy,.

Let P_., denote parallel translation along v with the opposite parame-
terization and P, parallel translation along yo. Let I : M) — (Mo)~,(0)
be an inner product-preserving injection and define Iy : M) — (Mo), (1)
by

Ii(X)=PyoloP (X).
Assume that I has been chosen so that I;(T) = Ty and I, (W, ) = Woy,.
Define a field Wy, by
Wor, = Li(We, (1))

Since Wgtl has the same expression in terms of parallel frames as W,

clearly

(Wi, (£), W, () = (Wor, (), Wor, (£)),
(W, (1), Wy (£)) = (Wi, (£), Wor, (£)).

Using this and our assumption on the curvatures gives

t1
| i) = rov T W)
t1 . P - .
2/ (Woe,» Wor, ) — (Ro(Woey, To)To, Wor, )
0

t1
Z / <W6t17 W6t1> - <RO(W0t1 ) T)T7 W0t1>7
0

where the last inequality is just the First Index Lemma 1.24. But reversing
the first part of our argument shows that this last expression is equal to

<Vb7 V0/> ’tl
(Vo, Vo)
Thus for arbitrary t1,
(V. V)
(V,V) I

Vg, Vo)

> .
o <Vb7 ‘/0> t1
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and we are done.
In the general case let

V=V+@T WV, Vo= Vo+ (To,Vo)To.
Then ||V (t)]| > ||Vo(t)|| as above. Also,
(T, V) =(T,V(0)) + (T, V'(0))t = (Tp, Vo),
so [[V()|| > [[Vo(t)]]- O

Note that the equality of the index form and the term (W ,W3,) may
be seen geometrically as follows. Let ¢(s) be a curve in M, g such that
||é(s)]| = 1 and

dexp(t1'(s))|s=0 = Wr, (t1)-

Consider the rectangle a : (t,5) — exp,)(té(s)). Then da(%) is a
vector field along a extending W;,. We will denote this field by Wy, also.
Then

<thla Wt1> = (thl T, Wt1> =Wy <T7 Wt1> - <T7 Vth Wt1>
= —(T, thl Wi,)

The curves t — exp.(t¢(s)) are all geodesics of length ¢;. Therefore
the second variation formula for the variation « gives

<th1 Wi, T) + I1(Wy,, Wy, ) = 0,
where [ is the index form. This, together with the above, yields

<Wt/17 Wt1> = I(th th)'

PROOF OF THE SECOND RAUCH THEOREM 1.34. In this case ||V || =
[|[Vollo and Vj is never zero since vy contains no focal point. Therefore we
need only show

d /||V]]?
_( I H2> > 0.
e\ [[Vol|
This follows in the same way as in the previous proof by the use of the
Second Index Lemma 1.25. |
REMARK 1.37. It is interesting to study the case ||V (¢)|| = ||Vo(2)]] in

Theorems 1.33 and 1.34. One finds immediately that all the inequalities of
the proofs must be equalities. Also, by lemma 1.24,

Wor = War.

Thus (R(V,T)T,V) = (R(Vo, To)To, Vo).
Warner [1966] gives technical generalizations of the Rauch Theorems.
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12. The Cartan-Hadamard Theorem

An easy application of Rauch I gives us some information about mani-
folds of nonpositive sectional curvature. We begin with a lemma.

LEMMA 1.38. If ¢ : M™ — N™ is a local isometry and M is complete,
then ¢ is a covering map; i.e. for all p € N there exists a neighborhood U of
p such that ¢~ (U) = UU,, a union of disjoint subsets of M, and for each

(0%

a, ¢lUy : Uy — U is a diffeomorphism.

ProOF. Fix p € N and assume r is small enough so that a ball about p
of radius r is properly contained in a normal coordinate neighborhood of p.
Let U be the ball of radius r about p. Let {go} = ¢~ (p), and let U, be the
ball of radius 7 about g,. We will show that ¢~(U) is the disjoint union
%JUQ, and that ¢ : U, — U is a diffeomorphism for each a.

First let B,(0), BX(0) be the balls about zero of radius r in N, M,,_,
respectively. Since ¢ is a local isometry, the diagram

d¢
M‘Ia - Np

l expg,, l expy,

M — N
commutes. It restricts to the diagram

BS(O) — BT(O)

! !

v, —— U
and since exp,, o d¢ : B¥(0) — U, is a diffeomorphism, so is ¢ : Uy — U.

It is clear that UU, C ¢~ }(U). We shall show the opposite inclusion.
Given ¢ € ¢~ 1(U), let ¢ = ¢(q), and let v be the normal minimal geodesic
from ¢ to p. Let v = d¢~(v'(q)), and let ¥ be the geodesic from ¢ in
direction v. Since M is complete, ¥ may be extended arbitrary far. Let
to = p(p, q) and set ¢ = y(to).

Since ¢ oy =7, ¢(p) = p. Also p(p,q) = p(p,q) < r. Hence q € LdJUa.

It remains to show that U, NUg is empty if a # 3. For this it is clearly
sufficient to show that if pa,ps € ¢~ 1(p), then p(pa,pg) > 2r. Let v be a
minimal geodesic from p, to pg. Then v = ¢ o7 is a closed geodesic on
p. Therefore, since p is contained in a normal coordinate neighborhood of
radius > r, v must have length more than 2r. Therefore p(pa,pg) > 2.
The lemma follows. O

THEOREM 1.39 (Cartan-Hadamard). Let M be complete and Ky < 0.
Then for any p € M, exp, : My, — M 1is a covering map. Hence the
universal covering space of M is diffeomorphic to R"™. Hence the homotopy
groups m;(M) vanish fori > 1.
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Proor. Using Rauch I and comparing with Euclidean space, we find
that M has no conjugate points. Hence exp, : M), — M has nonsingular
differential. Therefore we can let exp, induce a metric ((, )) on M, which
makes it a local isometry. The lines through the origin of M,, are geodesics
in this metric because they are mapped by exp,, into geodesics on M. Hence
by the Hopf-Rinow Theorem 1.10, M, is complete in the metric ((, )).
Therefore by Lemma 1.38, exp, is a covering map. It is a standard fact
from the theory of covering spaces that if M covers M,

(M) = m;(M) for i > 2.
Hence
7T1(M) = Fi(Rn) = 0.
O

COROLLARY 1.40. Let M™ be complete, simply connected and have non-
positive curvature. Then M is diffeomorphic to R™.

PROOF. A covering map onto a simply connected space must be a home-
omorphism. exp, is smooth and nonsingular, so it is a diffeomorphism. [J

13. The Cartan-Ambrose-Hicks Theorem

We shall prove a theorem which tells how under suitable conditions re-
lating the curvatures of M™ and M™, we can construct an isometry between
them.

We begin with a local result. Fix p € M™, p € M™ and let I : My — Mg
be a linear isometry. Let B,(p) be a normal coordinate neighborhood of p.
Define ¢ : B,.(p) — By (p) by ¢ = expzo [ oexp, L. Then if r is sufficiently
small, B,.(p) is a normal coordinate about p and ¢ is a diffeomorphism.
Let P, denote parallel translation along a geodesic v. Let R, R denote the
curvature tensors in M, M and 4 = ¢(v). Set I, = PsoloP_.,. The following
lemma is the local version of the fact that behavior of the curvature tensor
under parallel translation determines the metric.

LEMMA 1.41. In the above situation suppose that for all geodesics =
emanating from p we have

I’Y(R(xv y)z) = R(I’Y(ZL‘)a I’Y(y))l’y(z)v
Then ¢ is an isometry and d¢ = I,.

PRrROOF. Given z € My, let v be the geodesic from p to ¢ = v(t*) lying
in B,(p) and let J be the Jacobi field along 7 such that J(0) = 0 and
J(t*) = x. Let 4 = 7[[0,], and define J along ¥ by J(t) = IL,,(J(t)). It
follows immediately from the hypothesis that J(t) is a Jacobi field along 7.
Moreover, clearly

7@ = 11T @II-



32 1. BASIC CONCEPTS AND RESULTS

To complete the proof it will suffice to show that J(t) = d¢(J(¢)). From the
relation

J(t) = Py, 0IoP_y,(J(t))

it follows that I(J'(0)) = J'(0). Since J,J are Jacobi fields vanishing at
t = 0, we have, as in Section 6.

J(t) = deXp,y<0)tJ/(0)|t,y/(0), j(t) = deXp,—y(O)tjl(O)‘t,—y/(O)

Then
T () = dexps o) T(t'(0) o)
::dexpﬁm)O(i[odexp;é)ﬁfﬁ))::d¢Q]@)L
which completes the proof. O

Now let M be complete. We proceed to a global version of the ablove
lemma.

A broken geodesic is a continuous curve 7 : [0,{] — M such that there
exists 0 < tg < t] < --- <ty <land v|[t;, t;+1] is a smooth geodesic. Set

and define v; by
YN[tis tiva] =t — expoy,) ((E = ti)vi).

Ifr:mM,— Mﬁ, we define a correspondence between broken geodesics
emanating from p, p as follows: Set

Y1(t) = expy o) (tL(vo))-

Assume #; is already defined.
Set

- yi(t), 0<t<t
Yig1(t) =
exXPs, () (t(Py, 0 T 0 Ps, (7)), ti <t <tip.

Note that this is consistent with the definition of 4 preceeding Lemma 1.41.

THEOREM 1.42 (Cartan, Ambrose, Hicks). Let M", M™ be complete,
M™ simply connected and I : My — Mg be a linear isometry. Suppose that
for all broken geodesics 7,

L(R(z,y)z) = R(Iy(2), I,(y)) I, (2).
Then for all broken geodesics o, v1 from p such that ~vy(lp) = v1(l1) we have
Yo(lo) = Y1(ln).

Thus there is a map ® : M™ — M™ defined by v(I) — 7(I). Moreover, ® is
a local isometry and hence a covering map.
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PROOF. (1) First assume that vo(lp) = v1(l1), and that ~vo,71,%0, 71
are contained in normal coordinate balls B, (p), B,(p), respectively. Then
Lemma 1.41 implies that the map ¢ = exp;olo exp1;1|Br(p) is an isometry.
It follows that ¢(v;) = 7;. Therefore Yo(lp) = ¥1(l1) and d¢ = I, = I,.

(2) Now, for convenience and without real loss of generality, we will
suppose that vg,v1 both have n breaks at the points ¢; < --- < t,,, and
lo =13 = l. Assume that for all i, vy (ti+2), v1(ti+1), Yo (ti+1) and the minimal
segments between them lie in a normal coordinate ball about 7y(¢;) and that
the same is true for 31 (¢i12), 71 (tit1), Yo(ti+1),J0(t:). Let 7: (tn—1,tn] — M
be the minimal geodesic from ~o(t,—1) to Y1(tn). By induction we may
assume that

n—17Yo U T(tn) =nM <tn)

and that
In—l"}/()UT = In’n- (*)
Also the isometry In—1 @ My (,_) — ]\Zf%(t”_l) induces a correpondence

(which we denote with a double bar) between geodesics emanating from
’yo(tn_l) and :)’O<tn—1)- Set

o0 = Yol[tn—1,1], 01 = v1|[tn, 1].
Applying step (1) gives

ao(l) = T U6(D), Isy = 1100, -

But this is equivalent to

Fo(l) = n-170 UT UOL(0), Iy = I, 7ourup; -
Using (x), the isometry on the right can be rewritten as

Py ol _jyyuroP_g =B 0l 0P g =1y.

In particular, ¥o(1) = 41 (1).

(3) Now let v and 1 be any two broken geodesics such that ~o(l) =
~v1(l). Since M is simply connected, there is a homotopy hs from 7y to
~v1. By uniform continuity of hs we may choose subdivisions 0 < s1 <
e < Sp < land 0 <ty < --- < t, <[ such that for all 7, j, the points
hs; 1 (tive), hs;pq(tit1), hs;(tiv1) and the geodesics between them lie in a
normal coordinate neighborhood of hs, (t;). By inserting further breakpoints
we can assume that {¢;} is exactly the set of breakpoints of vo,71. Let 7s,
denote the broken geodesic formed by minimal segments from hg (0) to
hs;(t1), hs;(t1) to hs,(t2) ... Since from the theory of ordinary differential
equations the correspondence v — 7 is continuous in an obvious sense, we
may assume that for all j, 45, and 7s,,, are sufficiently close, so that for all
iy Ysji1 (tiv2)s Vs; 1 (tiv1),¥s; (tiv1) lie in a normal coordinate neighborhood
of s, (t;). Therefore, each pair 7s;,7s,,, satisfies the hypothesis of step (2).
Therefore

Fo(l) = s (1) = -+ =7 (D).
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Finally, let ¢ € M be arbitrary, and let v be a geodesic such that v(I) = q.
Then by Lemma 1.41 the map

¢ =expyqyolyo exp;(ll)
is an isometry from a neighborhood of B, (v(l)) to B.(3(1)). But referring
to the definition of the correspondence v — %4 and of ®, one sees that
¢ = ®|B,(q). Therefore ® is a local isometry. O

14. Spaces of constant curvature

The simplest examples of Riemannian manifolds are those whose sec-
tional curvature is a constant K. The complete ones are called space forms.
We will show that for each K all simply connected spaces forms with cur-
vature K are isometric. They may be described as follows:

(a) K =0. Let M™ = R" with the usual metric.

(b) K > 0. Let M™ = S™, , the sphere in R"*!, with the induced metric.?
VE
(c) K <0. Let M™ be the open set in R™ defined by
4
M = { eR" 2 < ——}.
v R Jlalf? < ——

Using the standard coordinates in R", define the metric by
> viw;
i=1

T+ iKY ()

i=1

(v, w)

where v, w € M,.
Recall from Section 6 that if M has constant curvature K, then

R(z,y)z = K((z,y)z — (2, 2)y).

THEOREM 1.43. Let M™ and M™ be complete simply connected manifolds
with constant curvature K. Then M™ and M™ are isometric.

In fact, given any p € M™, p € M™ and an isometry I : My — M]g‘,
there exists an isometry ® : M™ — M™ such that ®(p) = p and d®, = I.

ProoOF. This is immediate from the Cartan-Ambrose-Hicks Theorem
1.42 and the formula above for R(z,y)z. O

Theorem 1.42 (or Lemma 1.41) shows in particular that the vanishing
of the sectional curvature is a necessary and sufficient condition for M to be
locally isometric to Euclidean space.

2As a matter of notation, we will denote by ST the n-sphere of radius r. We denote
by S™ the unit sphere and by S} the tangent space at p € S".



