
CHAPTER 1

The Classical WKB Method

1.1. Introduction

Various problems of mathematical and theoretical physics involve partial dif-
ferential equations with a small parameter in the highest derivative terms. For con-
structing approximate solutions to these equations, the asymptotic method has long
been used. In this chapter, we shall consider a typical example of this type of prob-
lem: the Cauchy problem with rapidly oscillating initial data for the Schrödinger
equation:

(1.1)

(

ih@t 
h D �h2

2
4 h C V h for .t; x/ 2 R � R

d ;

 h.t D 0; x/ D ah0.x/e
i�0.x/=h:

Here both the potential function V.t; x/ and phase function �0.x/ are real-valued
and smooth functions. Problem (1.1) originates from quantum mechanics, where
 h is called a “wave function” and h can be explained as a scaled Planck’s con-
stant. One may check [54] for details.

We are looking for an asymptotic solution to the problem (1.1) as h ! 0within
a positive time interval Œ0; T �: The corresponding asymptotic formulas are said to
be a “semiclassical approximation” or “semiclassical asymptotics.” The scheme
sketched in what follows was first introduced by Wentzel, Kramers, and Brillouin
in quantum mechanical problems; this method is now referred to as the “WKB”
method.

The aim of the WKB method is to describe  h in the limit as h ! 0 when �0
does not depend on h; ah0 has an asymptotic expansion of the form

(1.2) ah0.x/ � a.x/C ha1.x/C h2a2.x/C � � � :
The WKB method consists in seeking an approximate solution to (1.1) of the form

(1.3)  h.t; x/ � .a.t; x/C ha1.t; x/C h2a2.t; x/C � � � /eiˆ.t;x/=h:
One must not expect this approach to be valid when the caustics, where the solution
to (1.4) blows up, are formed even for the linear Schrödinger equation. Near the
caustic, all the termsˆ; a; a1; : : : become singular. Past the caustic, several phases
are necessary in general to describe the asymptotic behavior of the solution (see
[73] for the canonical operator approach to the linear Schrödinger equation). In
this chapter, we shall restrict ourselves to times preceding this breakup and only
study the asymptotic behavior of  h at leading order.
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2 1. THE CLASSICAL WKB METHOD

1.2. WKB Approximation to the Linear Schrödinger Equation

In this case, the potential function V.t; x/ in (1.1) does not depend on  h: We
assume that the potential function V and the initial phase function �0 are smooth
and subquadratic. More precisely,

(A1) V 2 C1.R � R
d / and @˛xV 2 L1

loc.RIL1.Rd // for j˛j � 2I
(A2) �0 2 C1.Rd / and @˛x�0 2 L1.Rd / for j˛j � 2I
(A3) a0 2 H1.Rd / defD T

s�0H s.Rd / such that, for all s as h ! 0, ah0 con-

verges to a0 in H s.Rd /

We substitute (1.3) into (1.1), and compare both sides of the resulting equation.
Then canceling the term of order O.1/; we find that ˆ.t; x/ satisfies

(1.4) @tˆC 1

2
jrxˆj2 C V D 0; ˆjtD0 D �0:

This equation is called the eikonal equation in the WKB method or geometric op-
tics. Canceling the term of order O.h/, we get the transport equation of a,

(1.5) @taC rˆ � raC 1

2
a�ˆ D 0; ajtD0 D a0:

LEMMA 1.1 Under assumptions (A1) and (A2), there exists a positive time T > 0
such that

(i) (1.4) has a unique solution ˆ 2 C1.Œ0; T � � R
d /: Furthermore, this

solution ˆ is subquadratic: @˛xˆ 2 L1.Œ0; T � � R
d / for j˛j � 2:

(ii) Let X.t; x/ be determined by

(1.6)

(

@tX.t; x/ D „.t; x/; X.0; x/ D x;

@t„.t; x/ D �rxV.t; X.t; x//; „.0; x/ D r�0.x/:

We denote by X�1
t .x/ its inverse on Œ0; T � and Jt .x/

defD det.rxX.t; x//.
Then (1.5) has a unique solution of the form

(1.7) a.t; x/ D 1
q

Jt .X
�1
t .x//

a0.X
�1
t .x//:

PROOF:

(i) We are going to use the characteristic method and the inverse function
theorem to solve (1.4). We first get by taking rx to (1.4) that

(

@trxˆC .rxˆ � rx/rxˆC rxV D 0;

rˆjtD0 D r�0I
from this and from (1.6), we deduce by the standard characteristic method that

(1.8) „.t; x/ D rxˆ.t;X.t; x//:
Therefore, to solve (1.4), we only need to solve (1.6). In fact, thanks to (A1) and
(A2), for each fixed x 2 R

d ; the classical ODE theory ensures that (1.6) has a
unique solution on Œ0; Tx� for some Tx > 0. In what follows, we are going to prove
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that Tx D 1 via an a priori estimate method. In order to do so, we differentiate
(1.6) with respect to x to obtain

(1.9)

(

@t@xX.t; x/ D @x„.t; x/; @xX.0; x/ D Id;

@t@x„.t; x/ D �r2
xV.t; X.t; x//@xX.t; x/; @x„.0; x/ D r2�0.x/;

For any t � Tx; it follows by integrating the above system in time over Œ0; t � and
making using of (A1) and (A2) that

j@xX.t; x/j C j@x„.t; x/j � C C C

Z t

0

.j@xX.s; x/j C j@x„.s; x/j/ds:

Applying the Gronwall lemma gives

k@xX.t; � /kL1 C k@x„.t; � /kL1 � CeCt for t � Tx :

A similar procedure yields

(1.10)
k@˛xXkL1.Œ0;Tx��Rd / C k@˛x„kL1.Œ0;Tx��Rd / � C.˛; Tx/;

8˛ 2 N
d ; j˛j � 1;

with C.˛; Tx/ being independent of x and finite as long as Tx < 1: This shows
that indeed Tx D 1:

On the other hand, we get by integrating the first equation of (1.9) in time that

det.rxX.t; x// D det

�

Id C
Z t

0

rx„.s; x/dx
�

:

From this and (1.10), we deduce that there exist a T > 0 and C0 > 0 such that

(1.11) jdet.rxX.t; x//j � C0 8.t; x/ 2 Œ0; T � � R
d :

Therefore, we can take the inverse of y 7! X.t; x/ for t 2 Œ0; T � and denote it
by X�1

t .x/. Furthermore, the classical inverse function theorem guarantees that
rxX�1

t 2 L1.Œ0; T � � R
d /; which together with (1.8) gives

rxˆ.t; x/ D „.t;X�1
t .x// for .t; x/ 2 Œ0; T � � R

d :

With rxˆ.t; x/ being determined on Œ0; T � � R
d ; we can uniquely solve (1.4) for

ˆ. The property that @˛xˆ 2 L1.Œ0; T � � R
d / for j˛j � 2 stems from (1.10) and

(1.11).

(ii) Set A.t; x/
defD a.t; X.t; x//

p

Jt .x/. It is easy to observe from (1.8) and
(1.9) that

@tJt .x/ D �ˆ.t;X.t; x//Jt .x/;

which together with (1.5) implies that

@tA D 0:

This gives (1.7). Finally, the uniqueness of solutions to (1.4) and (1.5) follows from
the uniqueness of the solution to (1.6), which is rather standard from ODE theory.
This completes the proof of the lemma.

�



4 1. THE CLASSICAL WKB METHOD

Now we are in a position to justify the WKB approximation for the solutions
of (1.1) under assumptions (A1)–(A3).

THEOREM 1.2 Under assumptions (A1)–(A3), let T , ˆ, and a be determined
in Lemma 1.1. Then (1.1) has a unique solution  h 2 C1.Œ0; T � � R

d / \
C.Œ0; T �IH s.Rd // for all s > d

2
; such that

(1.12) k h � aeiˆ=hkL1.Œ0;T �IL2\L1/ ! 0 as h ! 0:

PROOF: Define

ah.t; x/
defD  h.t; x/e�iˆ.t;x/=h:

Then thanks to (1.4),  h solves (1.1) if and only if ah solves

(1.13)

(

@ta
h C rxˆ � rah C 1

2
ah�ˆ D i h

2
�ah;

ah
ˇ

ˇ

tD0 D ah0 :

As is well-known, the existence of a solution to a PDE essentially follows from
constructing the approximate solution sequence and obtaining the uniform esti-
mates for such approximate solutions. For simplicity, we just present the a priori
estimate to a smooth enough solution of (1.13).

Let s > d
2

be an integer and let ˛ 2 N
d with j˛j D s. Then we get by applying

@˛x to (1.13) that

(1.14) @t@
˛
xa
h C rˆ � r@˛xah D i

h

2
�@˛xa

h CRh˛;

with

Rh˛ D Œrˆ � rI @˛x�ah � 1

2
@˛x.a

h�ˆ/:

Here and in what follows, we shall always denote by ŒAIB� the commutator be-
tween A and B. Taking the L2 inner product of (1.14) with @˛xa

h and considering
the real part, we obtain

1

2

d

dt
k@˛xahk2

L2 C Re
Z

Rd

@˛xa
hrˆ � r@˛xah dx � kRh˛kL2k@˛xahkL2 :

Notice that
ˇ

ˇ

ˇ

ˇ

Re
Z

Rd

@˛xa
hrˆ � r@˛xah dx

ˇ

ˇ

ˇ

ˇ

D 1

2

ˇ

ˇ

ˇ

ˇ

Z

Rd

rˆ � rj@˛xahj2 dx
ˇ

ˇ

ˇ

ˇ

� 1

2

ˇ

ˇ

ˇ

ˇ

Z

Rd

�ˆj@˛xahj2 dx
ˇ

ˇ

ˇ

ˇ

� Ckahk2H s ;

where we used the fact that

�ˆ 2 L1.Œ0; T �IH1.Rd //

so that �ˆ 2 L1.Œ0; T � � R
d /. Applying Moser-type inequalities gives

kRh˛kL2 � Ck@2ˆkH s kahkH s :
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Therefore, we obtain

d

dt
kah.t/k2H s � Ck@2ˆkH s kah.t/k2H s :

From this and the Gronwall inequality, we deduce that

(1.15) kahkL1.Œ0;T �IH s/ � eCsT k@2ˆkL1.Œ0;T �IHs/kah0kH s :

This shows the local existence of smooth solutions to (1.13).

Now let us compare the solutions of (1.5) and (1.13). Set wh
defD ah � a; it

follows from (1.5) and (1.13) that
(

@tw
h C rˆ � rwh C 1

2
wh�ˆ D i h

2
�ah;

whjtD0 D ah0 � a0:
Then a similar proof to that of (1.15) yields

d

dt
kwh.t/kH s � Cs.k@2ˆkH s kwhkH s C hk�ahkH s /:

From this, (1.15), (A3), and Gronwall’s inequality, we deduce that

(1.16) kah � akL1.Œ0;T �IH s/ D kwhkL1.Œ0;T �IH s/ ! 0 as h ! 0:

On the other hand, note that

k h � aeiˆ=hkL1.Œ0;T �IL2\L1/ D kah � akL1.Œ0;T �IL2\L1/;

which together with (1.16) concludes the proof of the Theorem. �

1.3. The WKB Approximation to Nonlinear Schrödinger Equation

In this section, we shall study the semiclassical approximation to the following
nonlinear Schrödinger equation:

(1.17)

(

ih@t 
h C h2

2
� h D f .j hj2/ h;

 h.t D 0; x/ D ah0e
i�0.x/=h:

We assume further that

(A4) f 0 > 0. In addition, �0 2 H1.Rd /, and there exists a0; a1 2 H1.Rd /
such that

ah0 D a0 C ha1 C o.h/ in H s; 8s � 0:

Then we seek the exact solution of (1.17) of the form

(1.18)  h.t; x/ D ah.t; x/eiˆ
h.t;x/=h;

where ˆh is real-valued while the amplitude ah is complex-valued. Putting (1.18)
in (1.17), we obtain

� ih@tah C @tˆ
hah � h2

2
�ah � ihrˆh � rah

� ih

2
ah�ˆh C 1

2
ahjrˆhj2 C ahf .jahj2/ D 0:
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The historical approach [54, 68] suggests that
(

@tˆ
h C 1

2
jrˆhj2 C f .jahj2/ D h2 �a

h

2ah ; ˆh
ˇ

ˇ

tD0 D �0;

@ta
h C rˆh � rah C 1

2
ah�ˆh D 0; ah

ˇ

ˇ

tD0 D ah0 :

Of course, this choice is not adapted when the amplitude ah vanishes, so it must be
left out when ah0 2 L2.Rd /. The approach introduced by Grenier in [40] consists
in imposing

(1.19)

(

@tˆ
h C 1

2
jrˆhj2 C f .jahj2/ D 0; ˆhjtD0 D �0;

@ta
h C rˆh � rah C 1

2
ah�ˆh D i h

2
�ah; ahjtD0 D ah0 :

We expect the amplitude ah and the phase ˆh to have the asymptotic expansions,
as h ! 0, of

ah � aC ha1 C h2a2 C � � � ; ˆh � ˆC hˆ1 C h2ˆ2 C � � � :
THEOREM 1.3 Let s > 2C d

2
be an integer and (A4) be satisfied. Then there exist

Ts > 0 independent of h 2 .0; 1� and  h D aheiˆ
h=h, a solution to (1.17) on

Œ0; Ts�: Moreover, ah and ˆh are bounded in L1.Œ0; Ts�IH s.Rd // uniformly in
h 2 .0; 1�:

PROOF: Let vh
defD rˆh; then it follows from (1.19) that

(1.20)

(

@tv
h C vh � rvh C 2f 0.jahj2/Re.ahrah/ D 0; vh

ˇ

ˇ

tD0 D r�0;
@ta

h C vh � rah C 1
2
ah div vh D i h

2
�ah; ah

ˇ

ˇ

tD0 D ah0 :

Separating real and imaginary parts of ah D ah1 C iah2 , we obtain

(1.21) @tu
h C

d
X

jD1
Aj .u

h/@ju
h D h

2
Luh;

where

uh D .ah1 a
h
2 v

h
1 � � � vhd /T L D

0

@

0 �� 0 � � � 0

� 0 0 � � � 0

0 0 0d�d

1

A

and

A.u; �/ D
d
X

jD1
Aj .u/�j D

0

@

v � � 0 a1

2
t
�

0 v � � a2

2
t
�

2f 0a1� 2f 0a2� v � � Idd�d

1

A ;

where f 0 stands for f 0.ja1j2 C ja2j2/. The matrix A.u; �/ can be symmetrized by
S.ja1j2 C ja2j2/ with

S.�/
defD
�

I2�2 0

0 1
4f 0.�/

Idd�d

�

;

which is symmetric and positive definite since f 0 > 0. To proceed further, we

denote by . � ; � / the L2 inner product and Sh
defD S.jah1 j2 C jah2 j2/. Then for any
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integer s > 2 C d
2

and ˛ 2 N
d with j˛j � s, by applying the standard energy

estimate to (1.21) we get that

(1.22) .Sh@t@
˛
xu
h; @˛xu

h/ D

h.ShL.@˛xu
h/; @˛xu

h/ �
�

Sh@˛x

� d
X

jD1
Aj .u

h/@ju
h

�

; @˛xu
h

�

:

But notice that

.ShL.@˛xu
h/; @˛xu

h/ D �
Z

Rd

@˛xa
h
1�x@

˛
xa
h
2 � @˛xah2�x@˛xah1 dx D 0:

The second term of (1.22) can be written in the form
�

Sh@˛x

� d
X

jD1
Aj .u

h/@ju
h

�

; @˛xu
h

�

D
�

Sh
d
X

jD1
Aj .u

h/@j @
˛
xu
h; @˛xu

h

�

C
�

Sh
�

@˛x

� d
X

jD1
Aj .u

h/@ju
h

�

�
d
X

jD1
Aj .u

h/@j @
˛
xu
h

�

; @˛xu
h

�

:

But as ShAj .uh/ is a symmetric matrix,
�

Sh
d
X

jD1
Aj .u

h/@j @
˛
xu
h; @˛xu

h

�

D �1
2

d
X

jD1
.@j .S

hAj .u
h//@˛xu

h; @˛xu
h/;

from which we deduce by Moser-type inequalities that
ˇ

ˇ

ˇ

ˇ

�

Sh
d
X

jD1
Aj .u

h/@j @
˛
xu
h; @˛xu

h

�

ˇ

ˇ

ˇ

ˇ

� C.kuhkL1/krxuhkL1k@˛xuhk2
L2

and
ˇ

ˇ

ˇ

ˇ

�

ShŒ@˛x

� d
X

jD1
Aj .u

h/@ju
h

�

�
d
X

jD1
Aj .u

h/@j @
˛
xu
h�; @˛xu

h

�

ˇ

ˇ

ˇ

ˇ

�

C.kuhkH s /kuhk2H s :

On the other hand, again since Sh is symmetric,

(1.23)
d

dt
.Sh@˛xu

h; @˛xu
h/ D .@tS

h@˛xu
h; @˛xu

h/C 2.Sh@t@
˛
xu
h; @˛xu

h/:

For the first term in (1.23), we only need to consider the lower d � d block of Sh:

.@tS@
˛
xu
h; @˛xu

h/ �
�

�

�

�

1

f 0 @t
�

f 0.jah1 j2 C jah2 j2/�
�

�

�

�

L1

.S@˛xu
h; @˛xu

h/:
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So long as kuhkL1 � 2kah0kL1 , we have

f 0.jah1 j2 C jah2 j2/ � infff 0.y/ W 0 � y � 4 sup
0<h�1

kah0k2L1g defD ı > 0:

From this and (1.20), we infer that
�

�

�

�

1

f 0 @t
�

f 0.jah1 j2 C jah2 j2/�
�

�

�

�

L1

� CkuhkH s :

Consequently, thanks to (1.22) and (1.23), we find

d

dt

X

j˛j�s
.Sh@˛xu

h; @˛xu
h/ � C.kuhkH s /

X

j˛j�s
.Sh@˛xu

h; @˛xu
h/:

Then the Gronwall lemma along with a continuity argument yields the theorem.
�

Formally taking h ! 0 in (1.19), we obtain

(1.24)

(

@tˆC 1
2
jrˆj2 C f .jaj2/ D 0; ˆ

ˇ

ˇ

tD0 D �0;

@taC rˆ � raC 1
2
a�ˆ D 0; a

ˇ

ˇ

tD0 D a0:

Under assumption (A4), (1.24) has a unique solution

.a;ˆ/ 2 L1.Œ0; T��IHm.Rd //

for all m > 0 and for some T� independent of m (see [69], for instance).

PROPOSITION 1.4 Let s > d
2

be an integer. Then Ts � T�, and there exists a
positive constant Cs independent of h such that

(1.25) kah.t/ � a.t/kH s � Csh; kˆh �ˆ.t/kH s � Csht:

PROOF: We first split a into the real and imaginary parts, a D a1 C ia2, and

v
defD rxˆ. Then u

defD .a1; a2; v/ solves

(1.26) @tuC
d
X

jD1
Aj .u/@ju D 0;

with Aj being the same as the correspondence in (1.21). Comparing (1.21) with
(1.26) results in

@t .u
h � u/C

d
X

jD1
Aj .u

h/@j .u
h � u/C

d
X

jD1
.Aj .u

h/ � Aj .u//@ju D h

2
Luh:

Note that both uh and u are bounded in L1.Œ0;min.Ts; T�/�IH s.Rd //. We de-

note wh
defD uh � u and write Luh D Lwh C Lu. Then similar to the proof of
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Theorem 1.3, the term Lwh disappears from the energy estimate, and we obtain

d

dt

X

j˛j�s
.Sh@˛xw

h; @˛xw
h/ �

C.kuhkH s ; kukH sC2/
X

j˛j�s
.Sh@˛xw

h; @˛xw
h/C hkukH sC2kwh.t/kH s :

Gronwall’s inequality and a continuity argument show that wh and hence uh are
defined in Œ0; T��. Furthermore, thanks to (A4), we get

kwhkL1.Œ0;T��IH s/ D O.h/:

The estimate for the difference between phases ˆh and ˆ then follows from the
above estimate and the integration in time of (1.19) and (1.24). �

Proposition 1.4 yields an approximation of uh for small time only:
�

� h.t/ � a.t/eiˆ.t/=h��
L2

D �

�ah.t/eiˆ
h.t/=h � a.t/eiˆ.t/=h��

L2

� �

�ah.t/ � a.t/��
L2 C �

�eiˆ
h.t/=h � eiˆ.t/=h��

L1

�

�a.t/
�

�

L2

� C.hC t /:

For times of order O.1/, the corrector a1 must be taken into account.

PROPOSITION 1.5 Under assumption (A4), we define .a1; ˆ1/ by
8

ˆ

<

ˆ

:

@tˆ1 C rˆ � rˆ1 C 2Re. Naa1/f 0.jaj2/ D 0;

@ta1 C rˆ � ra1 C rˆ1 � raC 1
2
a1�ˆC 1

2
a�ˆ1 D i

2
�a;

ˆ1
ˇ

ˇ

tD0 D 0; a1
ˇ

ˇ

tD0 D a1:

Then a1; ˆ1 2 L1.Œ0; T��IH s.Rd // for every s � 0, and

kah�a�ha1kL1.Œ0;T��IH s/Ckˆh�ˆ�hˆ1kL1.Œ0;T��IH s/ � Csh
2 8s � 0:

The proof of this proposition is a straightforward consequence of the proof to
Proposition 1.4. We omit the details here; one may check [19, 40] for the detailed
proof. An immediate corollary of the above proposition is:

COROLLARY 1.6 Under the assumptions of Propositions 1.4 and 1.18, we have

k h � aeiˆ1eiˆ=hkL1.Œ0;T��IL2\L1/ � Ch:

PROOF: Actually, thanks to Proposition 1.4 and Proposition 1.5, we have

k h.t/ � aeiˆ1eiˆ=hkL2\L1

D kah.t/eiˆh.t/=h � aeiˆ1eiˆ=hkL2\L1

� kah.t/ � a.t/kL2\L1 C keiˆh.t/=h � eiŒˆ.t/Chˆ1�=hkL1ka.t/kL2\L1

� Ch;

which ensures the corollary. �
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1.4. References and Remarks

When V in (1.1) is a given C1 function depending only on the x-variables, the
canonical operator approach was used by Maslov and Fedoriuk [73] to construct
global asymptotics for solutions of (1.1). Section 1.2 follows mainly from [19].

Concerning the semiclassical approximation of (1.17), Gérard [34] treated the
case of initial data with analytic regularities. Theorem 1.3 was proved by Grenier
[40], and Carles extended this result for nonlinear Schrödinger equations with sub-
quadratic potential in [19]. Most recently, Alazard and Carles [3] dealt with the
case when f .�/ D �� , which does not satisfy f 0 > 0, by using the modulated
energy estimate method from [62]. One may check the recent book by Carles [20]
for a complete set of references on this approach.

Notice that even for the semiclassical approximation to the linear Schrödinger
equation, the eikonal equation (1.4) with smooth initial data blows up in finite time;
that is, the WKB method works only within a finite time interval. To get a global
semiclassical approximation to (1.1) is actually one of the motivations for us to
introduce the tool of Wigner measure in Chapter 2.


