
CHAPTER 3

Metastability

Although it is intuitively clear what the term metastable dynamical behavior
means, the mathematical definition of metastability is not a simple task. In fact, the
term is defined in many ways in the literature. In this chapter we will review several
of these definitions and related rigorous results for different systems. Only after
discussing these different cases will we try to compile ways to define metastability.
Our final definition, however, will have to wait until the end of the next chapter.

3.1. Hitting Times and Committors

In order to introduce the concept of metastability of a Markov process we will
need several stopping times. Although stopping times rigorously have to be intro-
duced relative to a filtration, we will omit the explicit introduction of this filtration
in what follows. Our statements should be understood as relative to the filtration
generated by the process.

We will mainly be concerned with questions like:
∙ How long does the process need to hit a certain set?
∙ How long does the process need to exit from a given set?
∙ Which of the sets 𝐴 and 𝐵 will be hit next by the process? What is the

probability that 𝐴 is hit next?
While the first two questions can be answered by computing expectation values or
distributions of stopping times, the questions listed third require some basic notions
of potential theory, which will be introduced next.

Let us first denote the hitting time for a set 𝐴 ⊂ 𝕏 conditional to the process
being started in 𝑋0 = 𝑥 by

𝜏𝑥(𝐴) = inf{𝑡 ≥ 0 ∶ 𝑋𝑡 ∈ 𝐴}.

In many cases one is mainly interested in the expectation value of the hitting time
as a function of the starting point 𝑥,

𝑚𝐴(𝑥) = 𝔼(𝜏𝑥(𝐴)),

which often is called the mean first passage time. Another very important quantity
is the committor function associated with a pair of sets 𝐴 and 𝐵 [67, 68] (also
called the “equilibrium potential” in [7]). The committor function is the probability
of hitting 𝐵 next if starting in 𝑥, i.e., the probability that starting in 𝑥, 𝐵 is hit
before 𝐴, which can be expressed by

(3.1) 𝑞𝐴𝐵(𝑥) = ℙ(𝜏𝑥(𝐵) < 𝜏𝑥(𝐴)).
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16 3. METASTABILITY

Obviously, the committor function is mainly of interest if the two hitting times are
almost surely finite as, e.g., in the case of an ergodic process with an invariant
measure 𝜇 with 𝜇(𝐴), 𝜇(𝐵) > 0.

Both functions, mean first passage times as well as committors, can be consid-
ered as a special case of the so-called potential 𝜙 associated with two real-valued
functions 𝑐 and 𝑔 on state space, a set 𝐷, and its complement 𝐷c = 𝕏 ⧵𝐷,

(3.2) 𝜙(𝑥) = 𝔼
[
∫

𝜏

0
𝑐(𝑋𝑡)𝑑𝑡 + 𝑔(𝑋𝜏)𝟙𝜏<∞|𝑋0 = 𝑥

]
,

where the expectation is relative to the law generated by the process and 𝜏 = 𝜏𝑥(𝐷c)
is the hitting time of the complement of𝐷. There are some restrictions to the choice
of 𝐷. For example, for processes with 𝕋 = ℝ and continuous paths, the process is
stopped on the boundary 𝜕𝐷 of𝐷, i.e.,𝑋𝜏 ∈ 𝜕𝐷, such that𝐷 should be an open set
with a “nice” boundary. The functions 𝑐 and 𝑔 are regarded as cost functions so that
∫ 𝜏0 𝑐(𝑋𝑡)𝑑𝑡 is the cost for “wandering around” in 𝐷, while 𝑔(𝑋𝜏) is the final cost
when the process hits either 𝐷c (discrete case) or the boundary 𝜕𝐷 (continuous
case), and the potential 𝜙 can be interpreted as an expected total cost.

Many interesting quantities can be formulated as potentials [19]. For the mo-
ment we restrict our attention to the consideration of the mean first passage time
and the committor function as special cases of potentials. To this end, first consider
a set 𝐴, choose 𝐷 = 𝐴c so that 𝐷c = 𝐴, and set 𝑐 = � the constant function and
𝑔 = 0. Then the potential 𝜙 takes the form [19]

𝜙(𝑥) = 𝔼
[
∫

𝜏𝑥(𝐴)

0
𝑐(𝑋𝑡)𝑑𝑡

]
= 𝔼[𝜏𝑥(𝐴)] = 𝑚𝐴(𝑥).

Furthermore, if we choose two sets 𝐴,𝐵 ⊂ 𝑆 with 𝐴 ∩ 𝐵 = ∅ and ℙ(𝜏𝑥(𝐴) <
∞) = 1, set𝐷 = 𝕏⧵ (𝐴∪𝐵) such that𝐷c = 𝐴∪𝐵, set 𝑐 = 0, and choose 𝑓 = �𝐵 ,
the indicator function of the set 𝐵, we arrive at

𝜙(𝑥) = 𝔼
[
𝑓 (𝑋𝜏𝑥(𝐷c))

]
= 𝔼

[�𝐵(𝑋𝜏𝑥(𝐴∪𝐵))] = ℙ
[
𝑋𝜏𝑥(𝐴∪𝐵) ∈ 𝐵

]
= ℙ[𝜏𝑥(𝐵) < 𝜏𝑥(𝐴)] = 𝑞𝐴𝐵(𝑥).

Potential theory provides the means for computing the potential 𝜙 as the solution
of a linear problem. This will allow us to find linear equations for the mean first
passage time and the committors. We will return to this later (Section 4.2) after the
introduction of some additional tools.

For now let us get a first impression of how committor functions may look. To
this end we consider diffusion molecular dynamics (2.12) in 𝕏 = ℝ2 in the two
different potential energy landscapes shown in Figure 3.1 (top panels). The first
three-well energy landscape in the left top panel of Figure 3.1 is given by

(3.3)

𝑉 (𝑥, 𝑦) = 3𝑒−𝑥
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FIGURE 3.1. Top left panel: Three-well energy landscape 𝑉 as
described in the text. Top right panel: Rugged three-well energy
landscape. Bottom panel: Committor functions 𝑞𝐴𝐵 for diffusion
molecular dynamics with 𝛽 = 1.67 and 𝛾 = 1 for the sets 𝐴 (left
main well) and 𝐵 (right main well) for the three-well energy land-
scape (left) and the rugged three-well energy landscape (right).
For details of the computations underlying the pictures, see [65].

and exhibits three wells, two of them being equally deep and the third one be-
ing significantly less deep. The second energy landscape in the right top panel of
Figure 3.1 is a significantly rugged version of the first one where the ruggedness
results from the addition of many local minima but in a form that still allows ob-
servation of the three original wells. The bottom panels of Figure 3.1 show the
committor functions 𝑞𝐴𝐵 of the diffusion molecular dynamics process with 𝛾 = 1,
𝛽 = 1.67, and 𝜎 =

√
2𝛾∕𝛽 in these two energy landscapes for the sets 𝐴 and 𝐵

that correspond to the two main wells of the energy landscapes. We observe that
the committor for the smooth three-well energy landscape shown in the bottom
left panel exhibits a smooth change from the value 0 in and close to 𝐴 (left main
well) and 1 close to 𝐵 (right main well). The so-called isocommittor line, i.e., the
contour set 𝑞𝐴𝐵 = 1

2 , on which the process is equally committed to 𝐴 and 𝐵, is a
straight line exactly between 𝐴 and 𝐵. The committor for the rugged three-well
energy landscape (bottom right value) looks like a rugged version of the first one.

If we reduce the temperature, e.g., by choosing 𝛾 = 1, 𝛽 = 6.67, we get the
committor function shown in Figure 3.2. While the committor for the smooth three-
well potential (not shown) changes insignificantly, the committor for the rugged
three-well potential looks severely rugged now.
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FIGURE 3.2. Committor functions 𝑞𝐴𝐵 for diffusion molecular
dynamics with 𝛽 = 6.67 and 𝛾 = 1 for the sets 𝐴 (left main well)
and 𝐵 (right main well) for the rugged three-well energy land-
scape; compare [65].

We will discuss this example and a number of other ones below in more detail.
However, the example just discussed contains a general warning that is not dis-
cussed very often: in rugged energy landscapes the committor functions between
the main wells can exhibit rather complicated spatial structures, thus having rather
rugged contour sets (especially for low temperatures).

The committor function 𝑞𝐴𝐵 has another interpretation that is at the core of
the potential theoretic approach to metastability [7, 19]. In order to avoid unnec-
essary technical complications, let us restrict our consideration for the rest of this
paragraph to the case of discrete state spaces 𝕏 and some irreducible and aperiodic
Markov process defined on 𝕏 with transition function 𝑝(𝑥, 𝑦).

Next, let us consider the so-called Dirichlet form of two functions 𝑓 , 𝑔 ∶ 𝕏 →
ℝ,

(3.4) 𝐷(𝑓 , 𝑔) =
∑
𝑥,𝑦∈𝕏

𝜇(𝑥)𝑝(𝑥, 𝑦) ⋅ (𝑓 (𝑥) − 𝑓 (𝑦)) ⋅ (𝑔(𝑥) − 𝑔(𝑦)).

Then, the committor function comes out to be the minimizer of the following vari-
ational problem: Let𝐻𝐴𝐵 denote the set of all functions 𝑓 on 𝕏 such that 𝑓 |𝐴 = 0
and 𝑓 |𝐵 = 1 and such that 𝐷(𝑓 , 𝑓 ) < ∞. Then the committor function is the
unique minimizer of

(3.5) 𝑞𝐴𝐵 = argmin𝑓∈𝐻𝐴𝐵
𝐷(𝑓 , 𝑓 ).

The minimum value of the Dirichlet form is called the capacity of the two sets
𝐴,𝐵:

(3.6) cap(𝐴,𝐵) = min
𝑓∈𝐻𝐴𝐵

𝐷(𝑓 , 𝑓 ) = 𝐷(𝑞𝐴𝐵, 𝑞𝐴𝐵).

3.1.1. Hitting Times and Metastability. Next, we will see how hitting times
can be used to characterize the transition times between deep wells in an energy
landscape. To this end let us consider the diffusive molecular dynamics model
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(2.12) with potential energy landscape 𝑉 , and choose 𝛾 = 1 and 𝜎 =
√
2𝜖,

�̇�𝑡 = −∇𝑉 (𝑥𝑡) +
√
2𝜖 �̇�𝑡

such that the invariant measure has the form

𝜇(d𝑥) = 1
𝑍

exp
(
−1
𝜖
𝑉 (𝑥)

)
d𝑥.

The energy barriers between the wells of the potential 𝑉 are on the order (1),
while the average energy put into the system by the noise in a time interval of or-
der (1) is of order (𝜖). Therefore transitions from one well into the others are
rare events and the basins of the wells intuitively are metastable sets of the dy-
namics. In order to be more precise we have to understand the relation between
metastability and exit times from the wells. More precisely, we will compute ex-
plicit asymptotic expressions for the hitting time of the bottom of one well if the
process is started in the bottom of another well. It is well-known that this hitting
time scales like exp(Δ∕𝜖) if Δ is the height of the energy barrier separating the
two wells. However, almost all mathematically rigorous statements regarding this
standard “Kramer’s rule” consider the case of two minima only and are restricted
to the one-dimensional case. We will review a rather general statement. To this
end we need some additional quantities and some technical assumptions on 𝑉 :

For any disjoint sets 𝐴,𝐵 ⊂ 𝕏 define the height of the saddle between 𝐴 and
𝐵 by

𝑉 (𝐴,𝐵) = inf
𝛾∈(𝐴,𝐵)

sup
𝑡∈[0,1]

𝑉 (𝛾(𝑡)),

where (𝐴,𝐵) denotes the set of all continuous paths 𝛾 in 𝕏 with 𝛾(0) ∈ 𝐴 and
𝛾(1) ∈ 𝐵. Based on that, define the set of minimal points on these paths,

(𝐴,𝐵) = {𝑧 ∈ 𝕏 ∶ 𝑉 (𝑧) = 𝑉 (𝐴,𝐵)}.
Moreover, we denote by min(𝐴,𝐵) the set of minimal paths from 𝐴 to 𝐵,

min(𝐴,𝐵) = {𝛾 ∈ 𝑃 (𝐴,𝐵) ∶ sup
𝑡∈[0,1]

𝑉 (𝛾(𝑡)) = 𝑉 (𝐴,𝐵)},

and by 𝑆(𝐴,𝐵) the set of saddle points as the maximal subset of (𝐴,𝐵) such that
for every 𝑥 ∈ 𝑆(𝐴,𝐵) there is a minimal path 𝛾 ∈ min(𝐴,𝐵) that goes through 𝑥.

ASSUMPTION 3.1. Let the potential 𝑉 be three times continuously differen-
tiable and let it satisfy the following growth conditions:

lim inf
𝑥→∞

𝑉 (𝑥) = ∞,

lim inf
𝑥→∞

|∇𝑉 (𝑥)| = ∞,

lim inf
𝑥→∞

(|∇𝑉 (𝑥)| − 2Δ𝑉 (𝑥)) = ∞.

Moreover, assume that 𝑉 has finitely many minima 𝑥 ∈  = {𝑥1,… , 𝑥𝑛} and that
for every minimum 𝑥 ∈  and any set𝑀 ⊂ of other minima with 𝑥 ∉𝑀 , the
set of saddle points 𝑆({𝑥},𝑀) contain exactly one point,

𝑆({𝑥},𝑀) = {𝑧(𝑥,𝑀)},
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FIGURE 3.3. Illustration of Assumption 3.1 on minima and sad-
dle points for two different example potentials.

and the Hessian of 𝑉 in the minima 𝑥𝑖 as well as in the saddle points 𝑧(𝑥,𝑀) has
only nonzero eigenvalues such that det(∇2𝑉 ) does not vanish in the minima or in
the saddle points.

This assumption gives a lot of structure to the sets of minima and essential
saddle points of 𝑉 but is rather generic for realistic potentials. It allows us to
define the depth of the wells around the minimum 𝑥 ∈  regarding transitions to
other minima from 𝑀 ⊂ with 𝑥 ∈  as

Δ(𝑥𝑘,𝑀) = 𝑉 (𝑧(𝑥,𝑀)) − 𝑉 (𝑥𝑘).

Before we go on we should have a short look at Figure 3.3 for an illustration of
the meaning of the objects introduced above. For the three-well potential shown in
the left-hand panel of Figure 3.3, everything is easily understood and we get, e.g.,

𝑧(𝑥1, {𝑥2, 𝑥3}) = 𝑠1, 𝑧(𝑥2, {𝑥1}) = 𝑠1 𝑧(𝑥3, {𝑥1, 𝑥2}) = 𝑠2.

For the five-well potential in the right panel things are just as easy and we get

𝑧(𝑥1, {𝑥2, 𝑥3}) = 𝑠1, 𝑧(𝑥2, {𝑥1}) = 𝑠1, 𝑧(𝑥3, {𝑥1, 𝑥2}) = 𝑠4,
𝑧(𝑥4, {𝑥1, 𝑥2, 𝑥3}) = 𝑠2, 𝑧(𝑥5, {𝑥1, 𝑥2, 𝑥3, 𝑥4}) = 𝑠3, 𝑧(𝑥5, {𝑥3}) = 𝑠4.

Under the above assumption the following statement holds [7]:

THEOREM 3.2. Let Assumption 3.1 hold, let 𝐵(𝑦) denote a ball of radius 𝜖
around the minimum 𝑦 ∈ , select a minimum 𝑥, and let 𝑀𝑥 = {𝑦1,… , 𝑦𝑘} be
the subset of minima such that 𝑉 (𝑦𝑗) ≤ 𝑉 (𝑥), 𝑦𝑗 ≠ 𝑥. Set

𝑆𝑘 =
𝑘⋃
𝑗=1
𝐵(𝑦𝑗),

and assume that 𝜖 is small enough such that dist(𝑧(𝑥,𝑀𝑥), 𝑆𝑘) > 0. Then the
hitting time 𝜎𝑥(𝑆𝑘) for the process started in 𝑥 satisfies

𝔼[𝜎𝑥(𝑆𝑘)] = 𝐶 exp
(1
𝜖
Δ(𝑥,𝑀𝑥)

)
(1 + (𝜖1∕2|log 𝜖|)),
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with a prefactor

𝐶 = 2𝜋|�̂�|
√| det(∇2𝑉 (𝑧(𝑥,𝑀𝑥)))|√| det(∇2𝑉 (𝑥))| ,

where �̂� denotes the negative eigenvalue of the Hessian of 𝑉 at the saddle point
𝑧(𝑥,𝑀𝑥). Furthermore, one finds that the exit time 𝜎𝑥(𝑆𝑘) is asymptotically expo-
nentially distributed.

For an energy landscape with 𝑛minima, this theorem gives us statements about
𝑛 − 1 exponentially scaled hitting times. It does not give us a statement about,
e.g., the hitting time of the process for the second lower minimum if started in the
lowest minimum. For the five-well potential from Figure 3.3, for example, four
hitting times are characterized: (1) from (the vicinity of) the minimum 𝑥2 to (the
vicinity of) the global minimum 𝑥1 across 𝑠2 = 𝑧(𝑥2, {𝑥1}), (2) from 𝑥4 to 𝑥2 (the
process will always hit 𝑥2 before 𝑥1, which is special in the one-dimensional case)
across 𝑠2 = 𝑧(𝑥4, {𝑥1, 𝑥2}), (3) from 𝑥5 to 𝑥2 across 𝑠3 = 𝑧(𝑥5, {𝑥1, 𝑥2, 𝑥4}), and
(4) from 𝑥3 to 𝑥2 across 𝑠4 = 𝑧(𝑥3, {𝑥1, 𝑥2, 𝑥4, 𝑥5}).

REMARK 3.3. The set 𝑆𝑘 in Theorem 3.2 can be extended to a closed set 𝐷
that is a union of connected, closed subsets 𝐷𝑘, 𝑘 = 1,… , 𝑚, such that

(i)
⋃𝑘
𝑗=1 𝐵(𝑦𝑗) ⊂ 𝐷,

(ii) all 𝐷𝑘, 𝑘 = 1,… , 𝑚, contain at least one of the minima 𝑦𝑗 , and
(iii) dist(𝑧(𝑥,𝑀𝑥), 𝐷) > 𝛿 > 0 for some 𝛿 independent of 𝜖,

then the hitting time 𝜎𝑥(𝐷) from 𝐷 also satisfies the statement of Theorem 3.2.
The statement in [7] should be considered carefully since condition (ii) is missing.

3.2. Exit Times and Exit Rates

The exit time 𝜎 from a set 𝐴 ⊂ 𝕏 is often defined as the hitting time of the
complement of 𝐴, i.e.,

𝜎𝑥(𝐴) = 𝜏𝑥(𝐴c).
While this definition is sufficient in the discrete case, we will use a more sophisti-
cated one in the continuous case: Let 𝐴 ⊂ 𝕏 be some connected open subset and
consider some point 𝑥 ∈ 𝐴 and define

(3.7) 𝜚𝑥(𝐴) = inf
{
𝑡 ≥ 0 ∶ ∫

𝑡

0
�𝐴c(𝑋𝑠) d𝑠 > 0

}
,

which measures only exits that happen for some nonnull time interval neglecting
exit events that are “singular” in time.

For later use let us consider the asymptotic decay of the distribution of exit
times [46, 100]

𝐹𝑥(𝑠) = ℙ[𝜚𝑥(𝐴) ≥ 𝑠].
While for small values of 𝑠 the function 𝐹𝑥 may show complicated behavior, it
asymptotically may decay almost exponentially, at least under certain well-estab-
lished conditions. The decay rate of 𝐹𝑥 can best be expressed by means of the
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conditional exit-time distribution

𝐹𝑥(𝑠, 𝑡) = ℙ[𝜚𝑥(𝐴) ≥ 𝑠 + 𝑡 ∣ 𝜚𝑥(𝐴) ≥ 𝑡]
for 𝑠, 𝑡 ≥ 0, which describes the tail of the distribution, for which the exit time
is larger than the so-called waiting time 𝑡. The decay rate is equal to Γ if the
conditional distribution decays exponentially with rate Γ > 0, i.e.,

(3.8) 𝐹𝑥(𝑠, 𝑡) ∝ exp(−Γ𝑠),

for 𝑠 ≥ 0 and 𝑡 ≥ 0.
When aiming at a definition of decay rates for entire subsets, there are two

problems. First, the relation (3.8) will only hold for very special Markov processes;
see [46]. Second, we have to expect that the decay rate depends on the starting
point, i.e., Γ = Γ𝑥. As we will see later, there are specific sets for which there
is a time 𝑡 such that the decay rate Γ of 𝐹𝑥(𝑠, 𝑡) is asymptotically exponential and
independent of 𝑥 for all 𝑥 ∈ 𝐴. In this case, we will call Γ = Γ(𝐴) the exit rate
from the set 𝐴.

3.2.1. Exit Rates and Metastability. The approach presented herein is based
on the fact that there exists a subset 𝐶 for which the decay rate is basically in-
dependent for all states 𝑥 ∈ 𝐶 . In a more general setting but for a specific class
of dynamical systems including, e.g., the case of diffusion molecular dynamics,
we are able to assign a so-called exit rate Γ = Γ(𝐶) to an entire subset 𝐶 ⊂ 𝕏
rather than to single points 𝑥 ∈ 𝕏, thus circumventing the two above-mentioned
problems with (3.8). These exit rates may be thought of as some generalization of
decay rates; see Appendix B, in particular Theorem B.1.

Figure 3.4 gives a first, still rough illustration of the situation. There we again
consider diffusive molecular dynamics (𝛾 = 1, 𝜎 = 0.7071) in the three-well po-
tential of Figure 3.3. The exit-time distribution is shown for the (metastable) set
𝐷 = (−∞,−2.074], whose choice will be described in extensive detail later and
for two different initial states, one being the leftmost (and global) minimum 𝑥1 of
the potential, the other one being located almost at the right boundary of the set.
For small exit times the two distributions are quite different. The reason simply is
that the process with initial state close to the boundary exits from the set rather fre-
quently in short time, but with a certain probability it first relaxes to the minimum
𝑥1 before exiting from there. Thus the tail of the exit-time distributions should
be the same. And in fact, despite the fact that the exit-time distributions are very
different for small exit times, they clearly show the same exponential decay rate
for very long exit rates, Γ(𝐷) = 0.0056. What Figure 3.4 does not show is that
the complement of𝐷,𝐷c = (−2.074,∞), exhibits exactly the same small exit rate,
Γ(𝐷c) = 0.0056.

What we have learned so far regarding the asymptotic scaling of exit times and
exit rates seems to indicate that the exit rate from any open subset of set 𝐷 should
be larger than the exit rate from 𝐷; i.e., the decay of the exit-time distribution is
faster. Therefore, we may call a subset 𝐵 ⊂ 𝕏 metastable with exit rate Γ(𝐵) if

(3.9) Γ(𝐴) > Γ(𝐵) for all open, connected sets 𝐴 ⊂ 𝐵, 𝐴 ≠ 𝐵.
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FIGURE 3.4. Dependence of the exit-time distribution 𝐹𝑥(𝑠) on
the exit time 𝑠 for the set 𝐷 = (−∞,−2.074] and diffusive molec-
ular dynamics (𝛾 = 1, 𝜎 = 0.7071) in the three-well potential in
Figure 3.3. Left hand panel: Distribution 𝐹𝑥(𝑡) in a semilogarith-
mic plot for 0 ≤ 𝑡 ≤ 300 for two different initial states 𝑥 = −3.84
(the leftmost minimum of the potential; dashed line) and 𝑥 = −2.2
(close to the right boundary of the set 𝐷; solid line). Right hand
panel: Conditional distribution 𝐹𝑥(𝑠, 𝑡) in semilogarithmic plot for
𝑡 = 80 versus 𝑠 for two different initial states 𝑥 = −3.84 (dashed
line) and 𝑥 = −2.2 (solid line). The asymptotic decay rate of both
distributions 𝐹𝑥(𝑠, 𝑡) is estimated as Γ(𝐷) = 0.0056.

3.3. Metastable Full Partitions and Almost Invariance

Since we are aiming at the construction of MSMs we should be interested
in full partitions using metastable sets. Therefore, we may call a full partition
𝐴1,… , 𝐴𝑚 metastable if all𝐴𝑘 are metastable. As we will see, there are metastable
full partitions such that Γ(𝐴𝑘) = Γ for all 𝑘 = 1,… , 𝑚, as, e.g., in the last example
where we considered the decomposition 𝐷,𝐷c. We will see later that there are
different metastable full partitions such that we would be interested in finding the
“best” one. In the context of exit rates this “best” metastable full partition into 𝑚
sets could be the one that, for example, minimizes

max
𝑘=1,…,𝑚

Γ(𝐴𝑘).

The literature contains another concept for the optimal metastable full partition for
which a timescale 𝑇 has to be selected, and we consider the probability

𝑝(𝐴,𝐴) = ℙ𝜇(𝑋𝑇 ∈ 𝐴 ∣ 𝑋0 ∈ 𝐴),

which measures the probability that we find the process in the set 𝐴 at time 𝑡 = 𝑇
after having started in 𝐴 at time 𝑡 = 0. For a metastable set this probability will
be close to 1 if the timescale 𝑇 is large but not as large as the transition times
between metastable sets. Therefore a full partition 𝐴1,… , 𝐴𝑚 is called metastable
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with respect to timescale 𝑇 if

(3.10)
𝑚∑
𝑘=1

𝑝(𝐴𝑘,𝐴𝑘) ≈ 𝑚.

Thus the optimal metastable full partition into 𝑚 sets is given by

(3.11) (𝐴∗
1,… , 𝐴∗

𝑛) = argmax(𝐴1,…,𝐴𝑛)

𝑚∑
𝑘=1

𝑝(𝐴𝑘,𝐴𝑘).

Finally, let us introduce another term from the literature: An invariant set can-
not be left by the process; i.e., for an invariant set 𝐴 we have 𝑝(𝐴,𝐴) = 1. When-
ever a metastable full partition satisfies (3.10), each of its sets 𝐴𝑘 satisfies

𝑝(𝐴𝑘,𝐴𝑘) ≈ 1,
which means they can be considered as almost invariant.

3.4. Definitions of Metastability

The intuitive understanding of metastability is connected to the metastability
of a subset 𝐴 of state space under the dynamics in the following sense: 𝐴 is not
invariant (stability on a timescale 𝑡 = ∞) but is almost invariant in the sense that
the process does not exit from 𝐴 over a timescale 𝑡 that is much longer than some
“normal” reference timescale 𝑡𝑓 for the dynamical fluctuations of the system. The
choice of 𝑡𝑓 depends on the system and will be explained below; let us assume it
has been selected properly.

So far we have discussed three different aspects of metastability:
Large hitting times: The process is metastable if we find (small) sets with

the property that the hitting time for one of these sets starting from an-
other one is very large compared to 𝑡𝑓 , i.e., 𝔼(𝜏𝑥(𝐴)) ≫ 𝑡𝑓 ; this is the
situation in Theorem 3.2.

Small exit rates: Metastability of some set 𝐴 is characterized by the prop-
erty that the distribution of exit times from the set is asymptotically ex-
ponential with some small rate Γ(𝐴)≪ 𝑡−1

𝑓
.

Metastable full partition: A full partition 𝐴1,… , 𝐴𝑚 is called metastable
if

𝑚∑
𝑘=1

ℙ𝜇(𝑋𝑡𝑓 ∈ 𝐴𝑘 ∣ 𝑋0 ∈ 𝐴𝑘) ≈ 𝑚.

Then each of its sets 𝐴𝑘 is almost invariant with respect to timescale 𝑡𝑓 .
The small sets in the large hitting time approach do not form a full partition of
state space such that the relation to MSMs is not obvious based on what we have
discussed so far. In contrast, the small exit rates approach allows for full partition
into sets with small exit rates while the metastable full-partition approach seems
to be tailored to allow the construction of MSMs. We will finally see that the
three approaches can be composed into one concerted approach to the construction
of MSMs; in order to achieve this composition, we need additional mathematical
tools.


