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action, of a compact group
on a κ-solution, 252–254
on the standard solution, 254

Alexandrov ball, 7, 125, 126, 163
Alexandrov space, 7–9, 73–74, 101, 107,

110, 116–139
of curvature ≥ −1, 103
of curvature ≥ k, 108, 116
of dimension 2, 141–162

angle between geodesics
in an Alexandrov space, 117

annular region, good, 149
asymptotic volume, 70

ball, centered at boundary point,
173–175

boundary
of an Alexandrov space, 129

boundary, incompressible, 95–97, 99,
106, 273

(C, ε)-cap, 19
canonical neighborhood, 19, 19–20, 22,

42, 52, 56–65
linear action of a compact group, 251

canonical neighborhood function, 18,
22, 66

cap, of the standard solution, 14
cap, surgery, 14, 15, 22, 43, 50, 53, 55,

57, 58, 83
chain

calibrated collection, 224
complete, 229

total space of, 223
chain, of ε-solid cylinders, 221

circular, 222
linear, 222

collar, good, 153
comparison angle, 73, 107, 114
component

close to a 2-dimensional Alexandrov
space, 213

near a 1-dimensional end point, 214
cone angle, 7, 109, 141, 142
core, of a ξ-box, 157
core, of a solid cylinder, 184, 217
curvature pinching, 19, 21, 65
cusp, 3, 31, 32, 35–37, 39, 272

Dehn’s lemma, 248
directional derivative, of a function on

an Alexandrov space, 131

elements, of a chain, 223
extremal, 223

ends, of a ξ-box, 156
ε-neck, strong, 14, 19
ε-tube, 264
ε-approximation, 113
ε-cap, strong, 256
ε-cap, twisted, 256
ε-cap, strong

group action on, 259–261
ε-cap, twisted

group action on, 259–261
ε-net, 112
ε-solid torus, 202
ε-solid cylinder, 202, 216, 217, 219

bisected by Si, 219
ε-solid torus, 217

core of, 216
Euclidean volume estimate, 74

flat manifold, see also manifold, flat
free ends, of a chain, 223
frontier point

one-sided, 206, 206
two-sided, 206

geodesic
in an Alexandrov space, 116
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geometric limit, 35
at infinity, 35

geometric manifold, see also manifold,
geometric

Geometrization Conjecture, 1, 2–4, 95,
96, 99, 242

equivariant version, 8, 245–280
relative version, 6
uniqueness of decomposition, 4

graph manifold, see also manifold,
graph

Gromov-Hausdorff convergence, 101,
107, 111

H-connected sum, 246
Harnack inequality, 64
Hausdorff dimension, 108
Hausdorff distance, 111
horosphere, 30
horospherical torus, 3, 5, 32, 272, 279,

280
hyperbolic manifold, see also manifold,

hyperbolic
hyperbolic tower, see also tower,

hyperbolic

incompressible torus, see also torus,
incompressible

interval product structure, 198, 207, 213

κ-non-collapsed manifold, see also
manifold, κ-non-collapsed

κ-solution, 60, 70, 85

L-length, 21, 43
reduced, 44

length function, reduced, 44
length, of a ξ-box, 156
limit, geometric, 33

at infinity, 32
of a tower, 35

hyperbolic
at infinity, 35

of parabolic neighborhoods, 21
limit, hyperbolic

at infinity, 32–39
linear action, of a compact group, 245

on a ball, 250
on the 3-sphere, 250

locally homogeneous manifold, see also
manifold, locally homogeneous

locally volume collapsed
on the negative curvature scale, 8

locally volume collapsed manifold, see
also manifold, locally volume
collapsed

loop theorem, 248

manifold, κ-non-collapsed, 16, see also
region, volume non-collapsed

manifold, almost hyperbolic
truncated, 34, 34

manifold, essentially 1-dimensional, 3
manifold, essentially 2-dimensional, 3
manifold, essentially 3-dimensional, 3
manifold, geometric, 1, 1, 3, 5
manifold, graph, 95, 96, 98, 99, 104
manifold, homogeneous, 1
manifold, hyperbolic, 1, 8, 30

of finite volume, 2, 3, 5, 30–39
truncation of, 7, 31

manifold, hyperbolic, of finite volume
truncation of, 31

manifold, locally homogeneous, 1, see
also manifold, geometric

manifold, locally volume collapsed, 6–8
on the negative curvature scale, 6, 7

manifold, modelled on
S2 × R, 2
hyperbolic 2-space times R, 2
Nil, 2
Solv, 2
the universal cover of PSL2(R), 2

manifold, round, 2
manifold, Seifert fibered, 3
manifold, semi-positive, 3
manifolds, converge geometrically, 32,

see also limit, geometric
Margulis’s Theorem, 31
metric

locally homogeneous, 1, 4–6, 16, 96,
99

normalized, 15
used to define the ξ-box, 186

Mostow rigidity, 31
μ-approximation, 157

neck, equivariant, 263
non-collapsing function, 18

orientation character, of an action, 246

parabolic neighborhood
backward, 18

parabolic neighborhood, full
backward, 18, 21, 22, 42, 67, 72, 77
forward, 18, 29, 51, 67, 86, 89
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radius
rescaled, 205
unrescaled, 205

realization, of Gromov-Hausdorff
convergence, 111

region, volume collapsed, 32
region, volume non-collapsed, 25, 29
regular function, on an Alexandrov

space, 132
rescaling, of an Alexandrov space, 119
Ricci flow, 13

κ-non-collapsed, 42
generalized, 17
with surgery, 14, 41

equivariant, 261
rough curvature, 116
rough dimension, 115, 125
rough volume, 115
round manifold, see also manifold,

round

S1-fibration, 166
global, 168–173

S1-product neighborhood, 163
center of, 165
horizontal spaces of, 165
with ε-control, 165, 166, 170

reduced, 170–173
Seifert fibered, 95, 99
seifert fibered manifold, see also

manifold, Seifert fibered
Seifert fibration, 95–106, 109, 180,

217–218, 231–234, 240–242, 273,
275, 278

semi-positive manifod, see also
manifold, semi-possitive

side, of a ξ-box, 156
singularity, finite time, 13
Smith Conjecture, generalized, 270–271
solid cylinder neighborhood, 184
soul, of a manifold of non-negative

curvature, 177, 178, 192, 199, 253,
254, 261

space-form, spherical, 101
spanning disk, 217
spanning disk, in a solid cylinder

neighborhood, 186
standard solution, 14
strainer, 73, 124, 165

in a tangent sphere, 165, 166
size of, 73

surface, incompressible, 9, 10
surgery cap, see also cap, surgery

surgery control parameter, 15, 66
surgery scale function, 14

tangent cone, of an Alexandrov space,
128

tangent sphere, of an Alexandrov space,
127

3-ball near a 2-dimensional corner, 202
3-ball near 2-dimensional corner, 216
3-ball near 2-dimensional corner,

218–219
3-ball, near a 2-dimensional corner, 194
tip, of cap

in standard solution, 14
tip, of surgery cap, 15, 51, 52
torus, horospherical, 30, 31
torus, incompressible, 1, 3, 4, 6, 8, 9,

39, 96–99, 246
tower, almost hyperbolic

truncated, 34, 34, 35, 37, 38

vector field, adapted to a ξ-box, 185,
188

volume non-collapsed, see also region,
volume non-collapsed

volume non-collapsed manifold, see also
manifold, volume non-collapsed

volume, reduced, 21, 44

width, of a ξ-box, 156

X1-pair, 205
ξ-box, 157, 181

core of, 181
level circles of, 181


