
Index

abstract determinant, 247

abstract scalar product, 247

adjacency-preserving mapping, 57

algebra

Cayley, 57

symmetric, 65

Ammann tiling, 164

Ammann’s rhombohedral tilings, 169

angle-deformation, 10, 13

animation, 286

apartment, 55

apeirohedron

chiral, 87

Coxeter, 124

Petrie-Coxeter, 88

regular, 88

apeirotope, 89

discrete regular, 87

free abelian, 95

aperiodic

order, 166

tiles, 162

associahedron, 37

(B, N)-pair, 58

bipartite graph, 55

blueprint, 60

realisable, 60

Borromean rings, 271

building, 45

affine, 58

of spherical type, 45

spherical, 55

thick, 56

thick spherical, 57

thin, 56

twin, 59

Carnot

configuration of, 244

face, 244

Theorem of, 244

Cartan

integer, 51

matrix, 65
subalgebra, 51, 65

Catalan number, 34
Cayley graph, 13
Ceva’s Theorem, 233
chamber, 54, 55

system, 59
chiral, 87, 91, 94, 109, 116
cinematic technique, 284
circle-limit, 263, 282
Clifford

algebra, 71
group, 71
matrix, 71
vector, 71

computer-assisted learning of mathematics,
32

configuration, 179
h-astral, 196
h-cyclic, polycyclic, 196
h-dihedral, polydihedral, 196
(negatively or positively) selfpolar, 212
astral, 182
Ceva, 227

gluing of, 230
Ceva point, 233
combinatorial, 180
connected, 182
dual, 181

edge point, 233
Fano, 183
geometric, 181
girth of, 182
Hamiltonian circuit in, 182
homotopy argument, 234
isomorphism, 181
Martinetti’s combinatorial -, 189
Menelaus, 227

line, 233
near–, 187
orderly table, 191
Pappus, 183
pocket, 237
projectively h-astral, 206
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realization of, 181

reducible, 189

remainder figure, 184

representation of, 181

Schroeter’s method applied to -, 191

sporadic, 205

symmetry of, 182

toothpick, 242

tunnel, 241

vertex, 233

conjugacy class, 54

Coxeter complex, 56

Coxeter diagram, 3, 11, 56, 74

elementary reduction of, 6

hyperbolic, 74

Coxeter element, 64, 67, 112

Coxeter generating set, 4

sharp-angled, 13

spherical subset of, 6

twist of, 6

twist-rigid, 6

Coxeter graph, 112

Coxeter group, 1, 17, 55, 112

J-local automorphism of, 7

s-transvection of, 7

2-spherical, 12

almost spherical, 12

crystallographic, 98

elliptic, hyperbolic, parabolic, 74

Fuchsian, 10

isomorphism problem, 1

non-rigid, 1

of hyperbolic type, 5

of type M, 2

restricted isomorphism problems, 7

rigidity problem for, 2

strong rigidity, 6

Coxeter language, 30

Coxeter matrix, 2, 3, 11, 55

2-spherical, 3

even, 3

irreducible, 3

of large type, 3

reduced reduction of, 11

right-angled, 3

rigid, 4

spherical, 3

strongly rigid, 4

Coxeter number, 64, 112

Coxeter polytope, 74

Coxeter system, 2, 3, 11

s-transvection of, 7

elementary reduction of, 5

graph factor of, 9

J-local automorphism of, 8

non-rigid, 2

reduced, 5, 9, 12

reduced reduction of, 5

reduction of, 5

twist-rigid, 6

Coxeter Theory, 17

Coxeter-Dynkin diagram, 64

extended, 63

crystallographic restriction, 162

cryptomorphism, 32

cube, 25

cuboctahedron, 270

cusped space forms, 80

cut-and-project formalism, 168

CW-decomposition of torus, 238

Davis-complex, 3

decagonal symmetry, 170

Dehn–Sommerville duality, 133

deletion property, 30

Desargues’s theorem, 230

diagram automorphism, 53

dilogarithm function, 75

Dirichlet’s construction, 73

Dirichlet-Voronǒı cell, 76

dodecahedron

regular, 7

rhombic, 160

snub, 109

double pyramid, 238

Dyck path, 35

Dynkin diagram, 52

edge-labelled graph, 3

edge-set, 3

enantiomorphic form, 91

equiangular spiral, 291

Escher

Circle Limit I, 263

Circle Limit III, 266

Square Limit, 266

Exchange Property, 39

extended Euclidean plane, 180

ideal points, points at infinity, 180

facetting operation, 90

Fano plane, 236

Fibonacci sequence, 167

field

arithmetic of biquadratic -, 267

FC-centered, 9

filling space, 289

filming, 286

finite continuation, 8

of a reflection, 7

Firmament (sculpture by Robinson), 273

flag complex, 55, 58

fractional linear programming, 147

fractional linear transformation, 72

fundamental domain, 73

fundamental region, 262, 282
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generalized m-gon, 58

Moufang, 58

geodesics, 71

geodesic dome, 259

Geometer’s Sketchpad, 174

geometric incidence theorem, 227

Gieseking manifold, 73, 80

golden ratio, 261

golden section, 269

Gram matrix, 72

graph

0-symmetric, 114

automorphism, 4

factor, 8

Levi, 114, 181

Menger, 181

symmetric, 114

t-arc of, 114

t-transitive, 114

Thomsen, Tutte’s 4-cage, 119

Grassmann Plücker relation, 230

Great Triacontahedron, 170

grid theorem, 251

group

algebraic, 57

alternating, 47

Chevalley, 52

classical, 51

continuous transformation, 45

exceptional, of Lie type, 45

dihedral, 66

finite of exceptional type, 52

finite of Lie type, 51

Galois, 46

icosahedral, 67

Kac-Moody, 59

linear, 49

octic, 268

of Lie type, 53, 58

of permutations, 45

orthogonal, 49, 52

simple, 45

Suzuki, 53

symplectic, 49

twisted Chevalley, 53

unitary, 52

with compact fundamental polytope, 129

Heisenberg subalgebra, 64, 69

Heisenberg subsystem, 64, 69

Hoehn configuration, 245

honeycomb, 107

non-periodic, 161

regular, 109

horoball, 77, 79

horosphere, 72

horospherical identity, 75

hummingbird, 28, 32

hyperbolic

3-manifold, 73

Coxeter simplex, 74
geodesic, 78

metric, 71

orbifold, 73

orthoscheme, volume of, 75
plane, 59, 290

space, standard, 71

trigonometry, 267
hypercube, 257

icosahedron, 24

Fedorov’s rhombic, 169

rhombic, 160
ideal boundary of Hn, 71

incidence theorems and cycles on manifolds,
233

inner-by-graph, 4

interiorization, 22
Intuition (sculpture by Robinson), 271, 272

inverse vision, 24

involution, 2

irreducible component, 3
isozonohedron, 160

Kac Conjugacy Theorem for root bases, 11

kaleidoscope, 18, 38, 40

Katz’s rules, 169
Kepler-Poinsot solid, 257

Killing form, 51, 69

Klein model of Lobachevsky space, 130

Kleinian singularities, 64, 66
Klein’s regular map, 124

Kowalewski-Miyazaki quasilattice, 170

language processing, 17

length, 3
Lie algebra, 45

semisimple, 49

simple, 49
Lie group, 45, 48

affine Kac-Moody, 63

exceptional, 53, 59

semisimple, 54
simple, 50

Lobachevsky space, 129

Lorentz-Minkowski space, 72
loxodrome, 267

loxodromic element, 81

manifold

equivelar, 122

polyhedral, 121
Margulis

constant, 79

decomposition, 79, 81, 83
Lemma, 79

matching rules, 164
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mathematical cognition, 17

matrix
support of, 251

matroid, 39, 247
axiomatics of – theory, 38
Coxeter, 40

ordinary, 39
symplectic, 39

Maurer graph, 247
McKay correspondence, 63, 65

Menelaus’s Theorem, 233
metamorphose, 291

Miller’s monster, 256
Milnor’s formula, 75
Minkowski group, 27

mirror, 18
closed system of, 18

semitransparent, 40
systems, 38

mixing with a segment, 91
Möbius transformation, 71

elliptic, parabolic, loxodromic, 72
moment map, 137
Morse theory, 136

Moufang plane, 57
Mystery of Hipparchus, 36

Nikulin’s estimate, 129

Nikulin’s theorem, 132
node, 54

non-Euclidean symmetry, 283
non-parametric mathematics, 38
normed spacelike vector, 72

odd connected component, 7

orthoscheme, 72
characteristic, 74

Coxeter, 74
trigonometry, 77

palindrome, 30

Palindrome Representation Theorem, 31
panel, 55
parabolic subgroup, 13

maximal, 54
parenthesizing

binary, 34
parsing, 23, 27

procedures, 17
Pappus torus, 252

Pappus’s configuration, 228
Pappus’s Theorem, 228, 229
Pascal’s Theorem, 244

Penrose
rhombs, 163

tiles, 162
pentagon

right-angled, 59
pentagonal

rotation, 161

star, regular 163

pentagrid, 167

Petrial, 90

Petrie

operation, 90

polygon, 90, 108

Platonic solid, 39, 122

Poincaré extension, 71

polar space, 57

polygon

fundamental, area of, 76

skew, 108

polyhedral cell, 109

polyhedron

c–, nc–, 121

chiral, 109

combinatorially regular, 124

equivelar, 121

hole of, 90

Kepler–Poinsot, 124

star, 121

regular skew, 108

star, 107

polystroma, 114, 118

polytope, 24

abstract, 107, 115

abstract, strongly-flag connected, 88

blend of realizations, 94

chiral, 87, 91, 94, 116

circuit criterion for automorphism group
of, 105

convex, 40, 72

convex fundamental, 74

Coxeter matroid, 40

directly regular, 116

equivelar abstract, 115

flag of abstract, 115

f -polynomial of, 132

f -vector of, 132

facet and vertex figure of abstract, 89

faithfully realized regular, 87

flags of abstract, 89

h-polynomial of, 132

h-vector of, 132, 135

almost simple, 130

generic linear function on, 137

index of, 137

measure-, 257

mixing operation of, 89

polarity of, 116

pure realization of, 94

realization of

abstract regular, 92

full rank, 95

regular, 88

reflexible regular map, 109

regular, 73, 87, 88
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regular abstract, 88

regular map, 107
Schläfli symbol of, 107

simple, 130
simple at the edges, 130
simple integer, 137

successful section of, 144
toroidal chiral map, 116

uniform, 256
unimodal h-vector of, 133

universal regular abstract, 89
Upper Bound Conjecture, 145

presentation of automorphism group, 12
projective

space, 54

incidence theorem, 228
Pseudo-transposition, 5

quadrangle

binomial, 247
quadratic form, 26, 51

quasi-periodic hexagrid, 169
quasicrystal, 164

reflection, 3

reflexivity, 30
Riemann–Hurwitz relation, 124

Riemannian manifold
of constant sectional curvature, 71

Riemannian surface, 73

reproduction, 22
residual geometry, 54

representation
irreducible of SU(2), 63

rhombic solid, 257
rhombohedron, 159, 289

acute, obtuse, 161
rigidity, 1
rippling, 29

root
highest, 63, 65

system, 19, 54

S-admissible, 6
Schläfli symbol, 73

of regular map, 107
sesquilinear form, 51

sharp-angled, 9
simplex, 55

with many right dihedral angles, 72
simplicial density function, 77, 78
simplicial complex, 54

Soddy’s Theorem on five mutually tangent
spheres, 273

sphere packing

density of, 76
spherical residue, 59

sporadic group geometry, 58
star-like solid, 288

star-pointed dodecahedron, 288

star-polyhedron

regular, 257
string C-group, 88

successful collection of partitions, 147

surgery on manifolds, 228

Symlog, 32
symplectisation, 41

system of hyperplanes, 19

syzygy, 252

Tarski’s World, 32

tessellation, 107

Euclidean, 108

hyperbolic, of triangles, 263
of quadrangles, 268

periodic, 262

tetrahedron, 25
thick and thin decomposition, 79

tiling, 58, 162, 164

Todd-Coxeter algorithm, 111

torus
combinatorially regular, 125

Möbius–Czaszar, 121

Szilassi, 121

transformation
congruent, 22

direct, 22

opposite, 22
triacontahedron, 170

great -, 170

Longuet-Higgins’s construction of, 171

rhombic, 160
triangle

of first or second kind, 248

scheme, 236
twist-equivalence, 10

twist-equivalent, 11

twisting operation, 91

type, 2

universal, 4

variety

quasi-smooth, 136
toric, 136

verbalization, 33

Veronese map, 136

vertex, 54
bicolored, 249

vertex transitive, 113

visual

mind, 288
processing, 17

relationships, 286

tool, 286
visualization, 22

Weber-Seifert 3-manifold, 73
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weighted graph, 74
Weyl group, 65
Witt index, 57
Wythoff space, 92
Wythoff’s construction, 94
Wythoff’s projection of the 120-cell {5,3,3},

111

zonogon, 161
zonohedron, 160

equilateral, 257
golden, 256


