Contents

Preface

Chapter 1. Omne-Dimensional Brownian Motion

§1.1.
§1.2.
§1.3.
§1.4.
§1.5.
§1.6.
§1.7.
§1.8.
§1.9.
§1.10.
§1.11.

Some motivation

The multivariate Gaussian distribution

Processes with stationary independent increments

Definition of Brownian motion

The construction

Path properties

The Markov property

The strong Markov property and applications

Continuous time martingales and applications
The Skorokhod embedding

Donsker’s theorem and applications

Chapter 2. Continuous Time Markov Chains

§2.1.
§2.2.
§2.3.
§2.4.
§2.5.
§2.6.
§2.7.

The basic setup

Some examples

From Markov chain to infinitesimal description
Blackwell’s example

From infinitesimal description to Markov chain
Stationary measures, recurrence, and transience

More examples

ix

O Ot Ot N ==

15
21
28
38
47
o1

o7
o7
99
61
65
68
79
86



vi

Contents

Chapter 3. Feller Processes 91
§3.1.  The basic setup 91
§3.2.  From Feller process to infinitesimal description 98
§3.3. From infinitesimal description to Feller process 102
§3.4. A few tools 109
§3.5.  Applications to Brownian motion and its relatives 119

Chapter 4. Interacting Particle Systems 133
§4.1. Some motivation 133
§4.2. Spin systems 134
§4.3. The voter model 149
§4.4. The contact process 161
§4.5. FExclusion processes 175

Chapter 5. Stochastic Integration 193
§5.1.  Some motivation 193
§5.2.  The It6 integral 195
§5.3. Ito’s formula and applications 204
§5.4. Brownian local time 213
§5.5. Connections to Feller processes on R! 219

Chapter 6. Multi-Dimensional Brownian Motion and the Dirichlet

Problem 227
§6.1. Harmonic functions and the Dirichlet problem 228
§6.2. Brownian motion on R" 231
§6.3. Back to the Dirichlet problem 237
§6.4. The Poisson equation 245

Appendix 247
§A.1. Commonly used notation 247
§A.2. Some measure theory 248
§A.3. Some analysis 249
§A.4. The Poisson distribution 252
§A.5. Random series and laws of large numbers 252
§A.6. The central limit theorem and related topics 253
§A.7. Discrete time martingales 258
§A.8. Discrete time Markov chains 261
§A.9. The renewal theorem 263



Contents vii

§A.10. Harmonic functions for discrete time Markov chains 263
§A.11. Subadditive functions 265
Bibliography 267

Index 269



