
Chapter 10

Toric Surfaces

In this chapter, we will apply the theory developed so far to study the structure
of 2-dimensional normal toric varieties (toric surfaces). We will describe their
singularities, introduce the idea of a resolution of singularities, and also classify
smooth complete toric surfaces. Along the way, we will encounter two types of
continued fractions, Hilbert bases, the Gröbner fan, the McKay correspondence,
the Riemann-Roch theorem, the sectional genus, and the number 12.

§10.1. Singularities of Toric Surfaces and Their Resolutions

Singular Points of Toric Surfaces. If XΣ is the toric surface of a fan Σ in NR� R2,
then minimal generators of the rays ρ ∈ Σ(1) are primitive and hence extend to a
basis of N. Then Theorem 3.1.19 implies that the toric surface obtained by re-
moving the fixed points of the torus action (i.e., the points corresponding to the
2-dimensional cones under the Orbit-Cone Correspondence) is smooth. There are
only finitely many such points, so XΣ has at most finitely many singular points.
Moreover, 2-dimensional cones are always simplicial, so from Example 1.3.20,
each of these singular points is a finite abelian quotient singularity (isomorphic to
the image of the origin in the quotient C2/G where G is a finite abelian group).

All cones are assumed to be rational and polyhedral. A 2-dimensional strongly
convex cone in NR�R2 has the following normal form that will facilitate our study
of the singularities of toric surfaces.

Proposition 10.1.1. Let σ ⊆ NR � R2 be a 2-dimensional strongly convex cone.
Then there exists a basis e1,e2 for N such that

σ = Cone(e2,de1− ke2),

where d > 0, 0≤ k < d, and gcd(d,k) = 1.
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460 Chapter 10. Toric Surfaces

Proof. We will need the following modified division algorithm here and at several
other points in this chapter (Exercise 10.1.1):

(10.1.1)
Given integers l and d > 0, there are unique integers
s and k such that l = sd− k and 0≤ k < d.

Say σ = Cone(u1,u2), where ui are primitive vectors. Since u1 is primitive, we
can take it as part of a basis of N, and we let e2 = u1. Since σ is strongly convex,
for any basis e′1,e2 for N, it will be true that

u2 = de′1 + le2

for some d = 0. By replacing e′1 by −e′1 if necessary, we can assume d > 0. By
(10.1.1), there are integers s,k such that l = sd− k, where 0 ≤ k < d. Using this
integer s, let e1 = e′1 + se2. Then e1,e2 is also a basis for N and

u2 = de1 +(l− sd)e2 = de1− ke2.

Hence σ = Cone(e2,de1− ke2) as claimed, and gcd(d,k) = 1 follows since u2 is
primitive. �

We will call the integers d,k in this statement the parameters of the cone σ,
and {e1,e2} is called a normalized basis for N relative to σ. The uniqueness of d,k
will be studied in Proposition 10.1.3 below.

Using the normal form, we next describe the local structure of the point pσ
in the affine toric variety Uσ. Recall from Example 1.3.20 that if N′ ⊆ N is the
sublattice generated by the ray generators of σ, then Uσ �C2/G, where G = N/N′.
In our situation, N = Ze1⊕Ze2, and

N′ = Ze2⊕Z(de1− ke2) = dZe1⊕Ze2,

so it follows easily that

(10.1.2) G = N/N′ � Z/dZ.

In particular, for singularities of toric surfaces, the finite group G is always cyclic.

The action of G on C2 is determined by the integers d,k as follows. We write

μd = {ζ ∈ C | ζ d = 1}
for the group of dth roots of unity in C. Then a choice of a primitive dth root of
unity defines an isomorphism of groups μd � Z/dZ.

Proposition 10.1.2. Let M′ be the dual lattice of N′ and let m1,m2 ∈ M′ be dual
to u1,u2 in N′. Using the coordinates x = χm1 and y = χm2 of C2, the action of
ζ ∈ μd � N/N′ on C2 is given by

ζ · (x,y) = (ζx, ζ ky).

Furthermore, Uσ � C2/μd with respect to this action.
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Proof. The general discussion in §1.3 shows that the quotient N/N′ � Z/dZ acts
on the coordinate ring of C2 via

(10.1.3) (u+N′) ·χm′
= e2πi〈m′,u〉χm′

,

where m′ ∈ σ∨∩M′ and u = je1 for 0≤ j ≤ d−1.

An easy calculation shows that 〈m1,e1〉 = 1/d and 〈m2,e1〉 = k/d. Hence if
we set up the isomorphism μd � N/N′ by mapping e2πi j/d �→ je1 +N′, then for all
ζ = e2πi j/d ∈ μd , we have

ζ · (x,y) = (e2πi j/dx,e2πi jk/dy) = (ζx, ζ ky)

by (10.1.3). This is what we wanted to show. �

We next describe the slight but manageable ambiguity in the normal form for
2-dimensional cones. Two cones are lattice equivalent if there is a bijective Z-
linear mapping ϕ : N → N taking one cone to the other. After a choice of basis for
N, such mappings are defined by matrices in GL(2,Z).

Proposition 10.1.3. Let σ = Cone(e2,de1− ke2) and σ̃ = Cone(e′2, d̃e′1− k̃e′2) be
cones in normal form that are lattice equivalent. Then d̃ = d and either k̃ = k or
kk̃ ≡ 1 mod d.

Proof. Since the cones are lattice equivalent, writing N′ and Ñ′ for the sublattices
as in (10.1.2), there is a bijectiveZ-linear mapping ϕ :N→N such that ϕ(N′)= Ñ′.
Hence N/Ñ′ � N/N′, so d̃ = d. The statement about k and k̃ is left to the reader in
Exercise 10.1.2. �

Here are two examples to illustrate Proposition 10.1.2.

Example 10.1.4. First consider a cone

σ = Cone(e2,de1− e2)

with parameters d > 1 (so the cone is not smooth) and k = 1. This is precisely
the cone considered in Example 1.2.22. The corresponding toric surface Uσ is
the rational normal cone Ĉd ⊆ Cd+1. The quotient Ĉd � C2/μd was studied in
the special case d = 2 in Example 1.3.19, and the general case was described in
Exercise 1.3.11. With the notation of Proposition 10.1.2, ζ ∈ μd acts on (x,y)∈C2

via ζ · (x,y) = (ζx, ζy) and the ring of invariants is

C[x,y]μd = C[xd,xd−1y, . . . ,xyd−1,yd],

so
Uσ � C2/μd � Spec(C[xd,xd−1y, . . . ,xyd−1,yd]).

On the other hand, from Example 1.2.22, we also have the description

Uσ � Spec(C[s,st,st2, . . . ,std ]).
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Exercise 10.1.3 studies the relation between these representations of the coordinate
ring of Uσ. ♦

Example 10.1.5. Next consider a cone σ with parameters d and k = d − 1, so
d = k+1. We will express everything in terms of the parameter k in the following.
Unlike the previous example, this is a case we have not encountered previously.
Note that k≡−1 mod d. Hence by Proposition 10.1.2, the action of G = N/N′ on
C2 is given by

ζ · (x,y) = (ζx, ζ−1y).

It is easy to check that the ring of invariants here is

C[x,y]μk+1 = C[xk+1,yk+1,xy].

Moreover we have an isomorphism of rings

ϕ : C[X ,Y ,Z]/〈Zk+1−XY 〉 � C[xk+1,yk+1,xy]

X �→ xk+1

Y �→ yk+1

Z �→ xy,

so we may identify the toric surface Uσ with the variety V(Zk+1−XY )⊆ C3. ♦

The origin is the unique singular point of the affine variety of Example 10.1.5
and is called a rational double point (or Du Val singularity) of type Ak. Another
standard form of these singularities is given in Exercise 10.1.4. They are called
double points because the lowest degree nonzero term in the defining equation has
degree two (i.e., the multiplicity of the singularity is two). The rational double
points are the simplest singularities from a certain point of view. The exact defini-
tion, which we will give in §10.4, depends on the notion of a resolution of singular-
ities, which will be introduced shortly. All rational double points appear as singu-
larities of quotient surfaces C2/G where G is a finite subgroup of SU(2,C). There
is a complete classification of such points in terms of the Dynkin diagrams of types
Ak,Dk,E6,E7, and E8. The groups corresponding to the diagrams Dk,E6,E7,E8 are
not abelian, so by the comment after (10.1.2), such points do not appear on toric
surfaces. We will see one way that the Dynkin diagram Ak appears from the geom-
etry of the toric surface Uσ in Exercise 10.1.5, and we will return to this example
in §10.4. More details on these singularities can be found in [246, Ch. VI] and in
the article [85].

Here is another interesting aspect of Example 10.1.5. Recall that a normal
variety X is Gorenstein if its canonical divisor is Cartier (Definition 8.2.14). The
following result was proved in Exercise 8.2.13 of Chapter 8.

Proposition 10.1.6. For a cone σ = Cone(e2,de1−ke2) in normal form, the affine
toric surface Uσ is Gorenstein if and only if k = d−1. �
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Toric Resolution of Singularities. Let X be a normal toric surface, and denote by
Xsing the finite set of singular points of X (possibly empty).

Definition 10.1.7. A proper morphism ϕ : Y → X is a resolution of singularities
of X if Y is a smooth surface and ϕ induces an isomorphism of varieties

(10.1.4) Y \ ϕ−1(Xsing)� X \ Xsing.

Such a mapping modifies X to produce a smooth variety without changing the
smooth locus X \ Xsing. One of the most appealing aspects of toric varieties is the
way that many questions that are difficult for general varieties admit simple and
concrete solutions in the toric case. The problem of finding resolutions of singu-
larities is a perfect example. We illustrate this by constructing explicit resolutions
of singularities of the toric surfaces from Examples 10.1.4 and 10.1.5.

Example 10.1.8. Consider the rational normal cone of degree d, the affine toric
surface Uσ for σ = Cone(e2,de1−e2) studied in Example 10.1.4. Let Σ be the fan
in Figure 1 obtained by inserting a new ray τ = Cone(e1) subdividing σ into two
2-dimensional cones:

σ1 = Cone(e2,e1)

σ2 = Cone(e1,de1− e2).

σ σ
1

σ
2

← τ

Figure 1. The cone σ and the refinement given by σ1,σ2, τ

We now use some results from Chapter 3. The identity mapping on the lattice
N is compatible with the fans Σ and σ as in Definition 3.3.1. By Theorem 3.3.4,
we have a corresponding toric blowup morphism

(10.1.5) φ : XΣ −→Uσ.

Note that both σ1 and σ2 (as well as all of their faces) are smooth cones. Hence The-
orem 3.1.19 implies that XΣ is a smooth surface. In addition, the toric morphism
φ is proper by Theorem 3.4.11 since Σ is a refinement of σ. Finally, we claim that
φ satisfies (10.1.4). This follows from the Orbit-Cone Correspondence on the two
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surfaces: if pσ is the distinguished point corresponding to the 2-dimensional cone
σ (the singular point of Uσ at the origin), then φ restricts to an isomorphism

XΣ \φ−1(pσ)�Uσ \{pσ}= (Uσ)smooth.

The inverse image E = φ−1(pσ) is the curve on XΣ given by the closure of the
TN-orbit O(τ) corresponding to the ray τ . That is, the singular point “blows up”
to E � P1 on the smooth surface. It follows that XΣ and the morphism (10.1.5)
give a toric resolution of singularities of the rational normal cone. We call E the
exceptional divisor on the smooth surface. We will say more about how E sits
inside the surface XΣ in §10.4. ♦

Example 10.1.9. We consider the case d = 4 of Example 10.1.5, for which the
surface Uσ has a rational double point of type A3. We will leave the details, as well
as the generalization to all d ≥ 2, to the reader (Exercise 10.1.5). It is easy to find
subdivisions of

σ = Cone(e2,4e1−3e2)

yielding collections of smooth cones. The most economical way to do this is to
insert three new rays ρ1 = Cone(e1), ρ2 = Cone(2e1− e2), ρ3 = Cone(3e1−2e2)
to obtain a fan Σ consisting of four 2-dimensional cones and their faces.

The fan produced by this subdivision is somewhat easier to visualize if we draw
the cones relative to a different basis u1,u2 for N. For u1 = e2 and u2 = e1−e2, the
cone σ = Cone(u1,u1 +4u2) and the fan Σ with maximal cones

(10.1.6)

σ1 = Cone(u1,u1 +u2)

σ2 = Cone(u1 +u2,u1 +2u2)

σ3 = Cone(u1 +2u2,u1 +3u2)

σ4 = Cone(u1 +3u2,u1 +4u2)

appear in Figure 2.

σ σ
1

σ
2

σ
3

σ
4

Figure 2. The cone σ and the refinement Σ
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You will check that each of these cones is smooth. Hence XΣ is a smooth
surface. Since Σ is a refinement of σ, we have a proper toric morphism

φ : XΣ→Uσ.

As in the previous example, φ restricts to an isomorphism from XΣ \φ−1(pσ) to
XΣ \{pσ}. In this case, the exceptional divisor E = φ−1(pσ) is the union

E =V (τ1)∪V (τ2)∪V (τ3)

on XΣ. The curves V (τi) are isomorphic to P1. The first two intersect transversely
at the fixed point of the TN-action on XΣ corresponding to the cone σ2, while the
second two intersect transversely at the fixed point corresponding to σ3. ♦

In these examples, we constructed toric resolutions of affine toric surfaces with
just one singular point. The same techniques can be applied to any normal toric
surface XΣ.

Theorem 10.1.10. Let XΣ be a normal toric surface. There exists a smooth fan
Σ′ refining Σ such that the associated toric morphism φ : XΣ′ → XΣ is a toric
resolution of singularities.

Proof. It suffices to show the existence of the smooth fan Σ′ refining Σ. The
reasoning given in Example 10.1.8 applies to show that the corresponding toric
morphism φ is proper and birational, hence a resolution of singularities of XΣ.

We will prove this by induction on an integer invariant of fans that measures
the complexity of the singularities on the corresponding surfaces. Let σ1, . . . ,σ�
denote the 2-dimensional cones in a fan Σ. For each i, we will write Ni for the
sublattice of N generated by the ray generators of σi. Then we define

s(Σ) =
�∑

i=1

(mult(σi)−1) ,

where mult(σi) = [N : Ni] as in §6.3. If s(Σ) = 0, then 
 = 0 or mult(σi) = 1 for
all i. It is easy to see that this implies that Σ is a smooth fan. Hence XΣ is already
smooth and we take this as the base case for our induction.

For the induction step, we assume that the existence of smooth refinements has
been established for all fans Σ with s(Σ)< s, and consider a fan Σ with s(Σ) = s.
If s ≥ 1, then there exists some nonsmooth cone σi in Σ. By Proposition 10.1.1,
there is a basis e1,e2 for N such that σi = Cone(e2,de1− ke2) with parameters
d > 0, 0≤ k < d, and gcd(d,k) = 1. Consider the refinement Σ′ of Σ obtained by
subdividing the cone σi into two new cones

σ′
i = Cone(e2,e1)

σ′′
i = Cone(e1,de1− ke2)
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with a new 1-dimensional cone ρ= Cone(e1). We must show that s(Σ′)< s(Σ) to
invoke the induction hypothesis and conclude the proof.

In s(Σ), the terms corresponding to the other cones σ j for j = i are unchanged.
The cone σ′

i is smooth since e1,e2 is the normalized basis of N relative to σi. So it
contributes a zero term in s(Σ′). Now consider the cone σ′′

i . In order to compute
its contribution to s(Σ′), we must determine the parameters of σ′′

i .

In terms of the basis e1,e2 for N, the Z-linear mapping defined by the matrix

A =

(
0 −1
1 0

)
(a “90-degree rotation”) takes σ′′

i to Cone(e2,ke1 + de2). Since A ∈ GL(2,Z), it
defines an automorphism of N, and hence σ′′

i will have the same parameters as
Cone(e2,ke1 +de2). But now we apply (10.1.1) to write

(10.1.7) d = sk− l

where 0 ≤ l < k. Since gcd(d,k) = 1, we have gcd(k, l) = 1 as well. Hence the
cone σ′′

i has parameters k and l obtained from (10.1.7). Since k < d, if N′′
i is the

sublattice generated by the ray generators of σ′′
i , then by (10.1.2),

[N : N′′
i ] = k < [N : Ni] = d.

It follows that s(Σ′)< s(Σ), and the proof is complete by induction. �

We will see in the next section that in the affine case, the refinement that gives
the resolution of singularities of Uσ has a very nice description. As a preview,
notice that in Examples 10.1.8 and 10.1.9, the refinement of the given cone σ was
produced by subdividing along the rays through the Hilbert basis (the irreducible
elements) of the semigroup σ∩N.

A resolution of a nonnormal toric surface singularity can be constructed by first
saturating the associated semigroup as in Theorem 1.3.5, then applying the results
of this section. Toric resolutions of singularities for toric varieties of dimension
three and larger also exist. However, we postpone the higher-dimensional case
until Chapter 11.

Exercises for §10.1.

10.1.1. Adapt the usual proof of the integer division algorithm to prove (10.1.1).

10.1.2. In this exercise, you will develop further properties of the parameters d,k in the
normal form for cones from Proposition 10.1.1 and prove part of Proposition 10.1.3.

(a) Show that if σ̃ is obtained from a cone σ by parameters d,k by a Z-linear mapping of
N defined by a matrix in GL(2,Z), then the parameter k̃ of σ̃ satisfies either k̃ = k, or
kk̃ ≡ 1 mod d. Hint: There is a choice of orientation to be made in the normalization
process. Recall that gcd(d,k) = 1, so there are integers d̃, k̃ such that dd̃+ kk̃ = 1.
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(b) Show that if σ is a cone with parameters d,k, then the dual cone σ∨ ⊆MR has param-
eters d,d− k. Hint: Use the normal form for σ, write down σ∨ in the corresponding
dual basis in M, then change bases in M to normalize σ∨.

10.1.3. With the notation in Example 10.1.4, show that

C[s,st,st2, . . . ,std ]� C[xd ,xd−1y, . . . ,xyd−1,yd ]

under s �→ xd and t �→ y/x, and use Proposition 10.1.2 to explain where these identifications
come from in terms of the semigroup Sσ . Hint: We have s = χm1 and t = χm2 where e1,e2

is the normalized basis for N and m1,m2 is the dual basis for M.

10.1.4. In Example 10.1.5, we gave one form of the rational double point of type Ak,
namely the singular point at (0,0,0) on the surface V = V(Zk+1−XY ) ⊆ C3. Another
commonly used normal form for this type of singularity is the singular point at (0,0,0) on
the surface W = V(X k+1+Y 2+Z2). Show that V and W are isomorphic as affine varieties,
hence the singularities at the origin are analytically equivalent. Hint: There is a linear
change of coordinates in C3 that does this.

10.1.5. In this exercise, you will check the claims made in Example 10.1.9 and show how
to extend the results there to the case σ = Cone(e2,de1− (d−1)e2) for general d.

(a) Check that each of the four cones in (10.1.6) is smooth, so that the toric surface XΣ is
smooth by Theorem 3.1.19.

(b) For general d, show how to insert new rays ρi to subdivide σ and obtain a fan Σ whose
associated toric surface is smooth. Try to do this with as few new rays as possible.
Hence we obtain toric resolutions of singularities φ : XΣ→Uσ for all d.

(c) Identify the inverse image C = φ−1(pσ) in general. For instance, how many irre-
ducible components does C have? How are they connected? Hint: One way to repre-
sent the structure is to draw a graph with vertices corresponding to the components and
connect two vertices by an edge if and only if the components intersect on XΣ. Do you
notice a relation between this graph and the Dynkin diagram Ak = Ad−1 mentioned
before? We will discuss the relation in detail in §10.4.

§10.2. Continued Fractions and Toric Surfaces

To relate continued fractions to toric surfaces, we begin with the affine toric surface
Uσ of a cone σ ⊆ NR � R2 in normal form with parameters d,k. We will always
assume d > k > 0, so that Uσ has a unique singular point.

Hirzebruch-Jung Continued Fractions. When we construct a resolution of singu-
larities of Uσ by following the proof of Theorem 10.1.10, the first step is to refine
the cone σ = Cone(e2,de1− ke2) to a fan containing the 2-dimensional cones

σ′ = Cone(e2,e1) and σ′′ = Cone(e1,de1− ke2).

The first is smooth, but the second may not be. However, we saw in the proof of
Theorem 10.1.10 that the cone σ′′ has parameters k,k1 satsifying

d = b1k− k1,
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where b1 ≥ 2, 0≤ k1 < k as in (10.1.1). We used slightly different notation before,
writing s rather than b1 and l rather than k1; the new notation will help us keep
track of what happens as we continue the process and refine the cone σ′′.

Using the normalized basis for N relative to σ′′, we insert a new ray and obtain
a new smooth cone and a second, possibly nonsmooth cone with parameters k1,k2,
where

k = b2k1− k2

using (10.1.1). Doing this repeatedly yields a modified Euclidean algorithm

(10.2.1)

d = b1k− k1

k = b2k1− k2

...

kr−3 = br−1kr−2− kr−1

kr−2 = brkr−1

that computes the parameters of the new cones produced as we successively sub-
divide to produce the fan giving the resolution of singularities. The process termi-
nates with kr = 0 for some r as shown, since as in the usual Euclidean algorithm,
the ki are a strictly decreasing sequence of nonnegative numbers. Also, by (10.1.1),
we have bi ≥ 2 for all i.

The equations (10.2.1) can be rearranged:

(10.2.2)

d/k = b1− k1/k

k/k1 = b2− k2/k1

...

kr−3/kr−2 = br−1− kr−1/kr−2

kr−2/kr−1 = br

and spliced together to give a type of continued fraction expansion for the rational
number d/k, with minus signs:

(10.2.3) d/k = b1−
1

b2−
1

· · · − 1
br

.

This is the Hirzebruch-Jung continued fraction expansion of d/k. For obvious
typographical reasons, it is desirable to have a more compact way to represent
these expressions. We will use the notation

d/k = [[b1,b2, . . . ,br]].
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The integers bi are the partial quotients of the Hirzebruch-Jung continued fraction,
and the truncated Hirzebruch-Jung continued fractions

[[b1,b2, . . . ,bi]], 1≤ i≤ r,

are the convergents.

Example 10.2.1. Consider the rational number 17/11. The Hirzebruch-Jung con-
tinued fraction expansion is

17/11 = [[2,3,2,2,2,2]],

as may be verified directly using the modified Euclidean algorithm (10.2.1). ♦

Proposition 10.2.2. Let d > k > 0 be integers with gcd(d,k) = 1 and let d/k =
[[b1, . . . ,br]]. Define sequences Pi and Qi recursively as follows. Set

(10.2.4)
P0 = 1, Q0 = 0

P1 = b1, Q1 = 1,

and for all 2≤ i≤ r, let

(10.2.5)
Pi = biPi−1−Pi−2

Qi = biQi−1−Qi−2.

Then the Pi,Qi satisfy:

(a) The Pi and Qi are increasing sequences of integers.

(b) [[b1, . . . ,bi]] = Pi/Qi for all 1≤ i≤ r.

(c) Pi−1Qi−PiQi−1 = 1 for all 1≤ i≤ r.

(d) The convergents form a strictly decreasing sequence:

d
k
=

Pr

Qr
<

Pr−1

Qr−1
< · · ·< P1

Q1
.

Proof. The proof of part (a) is left to the reader (Exercise 10.2.1).

To prove part (b), first observe that the expression on the right side of (10.2.3)
makes sense when the b j are any rational numbers (not just integers) such that all
denominators in (10.2.3) are nonzero. We will show that the sequences defined by
(10.2.5) satisfy

[[b1, . . . ,bs]] =
Ps

Qs

for all such lists b1, . . . ,bs. The proof is by induction on the length s of the list.
When s = 1, we have [[b1]] = b1 =

P1
Q1

by (10.2.4). Now assume that the result has
been proved for all lists of of length t and consider the expression

[[b1, . . . ,bt+1]] = [[b1, . . . ,bt−
1

bt+1
]],
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where the right side comes from a list of length t. By the induction hypothesis, this
equals (

bt− 1
bt+1

)
Pt−1−Pt−2(

bt− 1
bt+1

)
Qt−1−Qt−2

.

By the recurrences (10.2.5), this equals

Pt − 1
bt+1

Pt−1

Qt− 1
bt+1

Qt−1
=

bt+1Pt−Pt−1

bt+1Qt−Qt−1
=

Pt+1

Qt+1
,

which is what we wanted to show.

Part (c) will be proved by induction on i. The base case i = 1 follows directly
from (10.2.4). Now assume that the result has been proved for i ≤ s, and consider
i = s+1. Using the recurrences (10.2.5), we have

PsQs+1−Ps+1Qs = Ps(bsQs−Qs−1)− (bsPs−Ps−1)Qs

= Ps−1Qs−PsQs−1

= 1

by the induction hypothesis.

Finally, from part (b), for each 1≤ i≤ r−1, we have

Pi−1

Qi−1
=

Pi

Qi
+

1
Qi−1Qi

.

Hence
Pi

Qi
<

Pi−1

Qi−1

since Qi−1Qi > 0 by part (a). Hence part (d) follows. �

Hirzebruch-Jung Continued Fractions and Resolutions. When σ is a cone with
parameters d > k > 0, the process of computing the Hirzebruch-Jung continued
fraction of d/k yields a convenient method for finding a refinement Σ of σ such
that φ : XΣ→Uσ is a toric resolution of singularities.

Theorem 10.2.3. Let σ = Cone(e2,de1− ke2) be in normal form. Let u0 = e2 and
use the integers Pi and Qi from Proposition 10.2.2 to construct vectors

ui = Pi−1e1−Qi−1e2, 1≤ i≤ r+1.

Then the cones

σi = Cone(ui−1,ui), 1≤ i≤ r+1,

have the following properties:

(a) Each σi is a smooth cone and ui−1,ui are its ray generators.

(b) For each i, σi+1∩σi = Cone(ui).
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(c) σ1 ∪ · · · ∪σr+1 = σ, so the fan Σ consisting of the σi and their faces gives a
smooth refinement of σ.

(d) The toric morphism φ : XΣ→Uσ is a resolution of singularities.

Proof. Both statements in part (a) follow easily from part (c) of Proposition 10.2.2.

For part (b), we note that the ratio −Qi−1/Pi−1 represents the slope of the line
through ui in the coordinate system relative to the normalized basis e1,e2 for σ. By
part (d) of Proposition 10.2.2, these slopes form a strictly decreasing sequence for
i≥ 0, which implies the statement in part (b).

Part (c) follows from part (b) by noting that u0 = e2 and Pr/Qr = d/k, so
ur+1 = de1− ke2. Hence the cones σi fill out σ.

Part (d) now follows by the reasoning used in Examples 10.1.8 and 10.1.5. �

Example 10.2.4. Consider the cone σ = Cone(e2,7e1− 5e2) in normal form. To
construct the resolution of singularities of the affine toric surface Uσ, we simply
compute the Hirzebruch-Jung continued fraction expansion of the rational number
d/k = 7/5 using the modified Euclidean algorithm:

7 = 2 ·5−3

5 = 2 ·3−1

3 = 3 ·1.

Hence b0 = b1 = 2,b2 = 3, and

(10.2.6) 7/5 = [[2,2,3]].

Then from Proposition 10.2.2 we have

P0 = 1, Q0 = 0
P1 = 2, Q1 = 1
P2 = b2P1−P0 = 3, Q2 = b2Q1−Q0 = 2
P3 = b3P2−P1 = 7, Q3 = b3Q2−Q1 = 5.

Theorem 10.2.3 gives the vectors

u0 = e2, u1 = e1, u2 = 2e1− e2, u3 = 3e1−2e2, u4 = 7e1−5e2

and the cones

(10.2.7)

σ1 = Cone(e2,e1)

σ2 = Cone(e1,2e1− e2)

σ3 = Cone(2e1− e2,3e1−2e2)

σ4 = Cone(3e1−2e2,7e1−5e2)

shown in Figure 3 on the next page. The cones σi give a smooth refinement of σ.
You will see another example of this process in Exercise 10.2.2. ♦
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σ1

σ2

σ3

σ4

Figure 3. The refinement Σ with open circles at ui = Pi−1e1 −Qi−1e2 in Example 10.2.4

Next we show that the vectors ui from Theorem 10.2.3 determine the partial
quotients in the Hirzebruch-Jung continued fraction expansion of d/k.

Theorem 10.2.5. Let σ = Cone(e2,de1− ke2) be in normal form, and let

d/k = [[b1,b2, . . . ,br]].

Then the vectors u0,u1, . . . ,ur+1 constructed in Theorem 10.2.3 satisfy

(10.2.8) ui−1 +ui+1 = biui, bi ≥ 2,

for 1≤ i≤ r.

Proof. By the recurrences (10.2.5),

ui−1 +ui+1 = (Pi−2e1−Qi−2e2)+(Pie1−Qie2)

= (Pi−2 +Pi)e1− (Qi−2 +Qi)e2

= bi(Pi−1e1−Qi−1e2) = biui. �

Later in this chapter we will see several important consequences of (10.2.8)
connected with the geometry of smooth toric surfaces.

The nonuniqueness of Proposition 10.1.3 has a nice relation to Theorem 10.2.3.
For instance, Example 10.2.4 used the Hirzebruch-Jung expansion 7/5 = [[2,2,3]].
Since 5 ·3≡ 1 mod 7, the cone of Example 10.2.4 also has parameters d = 7, k = 3.
We leave it to the reader to check that

7/3 = [[3,2,2]],

with the partial quotients the same as those in (10.2.6), but listed in reverse order.
This pattern holds for all Hirzebruch-Jung continued fractions. We give a proof
that uses the properties of the associated toric surfaces.
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Proposition 10.2.6. Let 0 < k, k̃ < d and assume kk̃≡ 1 mod d. If the Hirzebruch-
Jung continued fraction expansion of d/k is

d/k = [[b1,b2, . . . ,br]],

then the Hirzebruch-Jung continued fraction expansion of d/ k̃ is

d/ k̃ = [[br,br−1, . . . ,b1]].

Proof. Let σ = Cone(e2,de1 − ke2) and σ̃ = Cone(e2,de1 − k̃e2) be the corre-
sponding cones in normal form. Since kk̃ ≡ 1 mod m, there is an integer d̃ such
that dd̃+kk̃ = 1. The Z-linear mapping ϕ : N→N defined with respect to the basis
e1,e2 by the matrix

A =

(
k̃ d
d̃ −k

)
is bijective, maps σ̃ to σ, and is orientation-reversing. Thus ϕ(de1− k̃e2) = e2 and
ϕ(e2) = de1− ke2. If we apply Theorem 10.2.3 to σ, then we obtain vectors ui

satisfying the equations
ui−1 +ui+1 = biui

for all 1 ≤ i ≤ r. We claim that when we apply the mapping ϕ−1 defined by the
inverse of the matrix A above, then the vectors ui are taken to corresponding vec-
tors ũi for the cone σ̃. But since ϕ and ϕ−1 are orientation-reversing, the partial
quotients in the Hirzebruch-Jung continued fraction will be listed in the opposite
order. You will complete the proof of this assertion in Exercise 10.2.3. �

Hilbert Bases and Convex Hulls. Our next result gives two alternative ways to
understand the vectors ui in Theorem 10.2.3. The idea is that σ gives two objects:

• The semigroup σ ∩N. Since σ is strongly convex, its irreducible elements
form the unique minimal generating set called the Hilbert basis of σ∩N. (See
Proposition 1.2.23.)

• The convex hull Θσ = Conv(σ∩ (N \{0})). This is an unbounded polygon in
the plane whose bounded edges contain finitely many lattice points.

Example 10.2.7. Consider the cone σ=Cone(e2,7e1−5e2) from Example 10.2.4.
Figure 4 on the next page shows the convex hull Θσ, where the white circles rep-
resent the lattice points on the bounded edges. We will see below that these lattice
points give the Hilbert basis of σ∩N. ♦

Here is the general result suggested by Example 10.2.7.

Theorem 10.2.8. Let σ = Cone(e2,de1− ke2) be in normal form and let

S = {u0,u1, . . . ,ur+1}
be the set of vectors constructed in Theorem 10.2.3. Then:
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Θσ

Figure 4. Convex hull Θσ and lattice points on bounded edges in Example 10.2.7

(a) S is the Hilbert basis of the semigroup σ∩N.

(b) S is the set of lattice points on the bounded edges of Θσ.

Proof. For part (a), we use the notation of Theorem 10.2.3, where the cone σi is
generated by ui−1,ui. Then σi∩N is generated as a semigroup by ui−1,ui since σi

is smooth. Using σ = σ1∪· · ·∪σr+1, one sees easily that S generates σ∩N.

We claim next that all the ui are irreducible elements of σ∩N. This is clear for
u0 = e2 and ur+1 = de1−ke2 since they are the ray generators for σ. If 1≤ i≤ r and
ui is not irreducible, then ui would have to be a linear combination of the vectors
in S\{ui} with nonnegative integer coefficients, i.e.,

ui = Pi−1e1−Qi−1e2 =
∑
j �=i

c ju j =

(∑
j �=i

c jPj−1

)
e1−
(∑

j �=i

c jQ j−1

)
e2

with c j ≥ 0 in Z. Hence

Pi−1 =
∑
j �=i

c jPj−1, Qi−1 =
∑
j �=i

c jQ j−1.

Since the Pi and Qi are strictly increasing by part (a) of Proposition 10.2.2, we must
have c j = 0 for all j > i. But this would imply that ui is a linear combination with
nonnegative integer coefficients of the vectors in {u0, . . . ,ui−1}. This contradicts
the observation made in the proof of Theorem 10.2.3 that the slopes of the ui are
strictly decreasing. It follows that the ui are irreducible elements of σ∩N.

Finally, we must show that there are no other irreducible elements in σ ∩N.
But this follows from what we have already said. Since σ = σ1 ∪ · · · ∪σr+1, if u
is irreducible, then u ∈ σi ∩N for some i. But then u = ci−1ui−1 + ciui for some
ci−1,ci ≥ 0 in Z. Thus u is irreducible only if u = ui−1 or ui.
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For part (b), first observe that by Proposition 10.2.2, we have

Pi−2Qi−PiQi−2 = Pi−2(biQi−1−Qi−2)− (biPi−1−Pi−2)Qi−2

= bi(Pi−2Qi−1−Pi−1Qi−2) = bi ≥ 2.

Combining this with part (c) of Proposition 10.2.2, one obtains the inequality

−(Qi−1−Qi−2)

Pi−1−Pi−2
≤ −(Qi−Qi−1)

Pi−Pi−1
.

Since ui = Pi−1e1−Qi−1e2, this inequality tells us that the slopes of the line seg-
ments ui−1ui and uiui+1 are related by

slope of ui−1ui ≤ slope of uiui+1.

This implies that these line segments lie on boundary of Θσ. From here, it is easy
to see that the ui are the lattice points of the bounded edges of Θσ. �

Ordinary Continued Fractions. The Hirzebruch-Jung continued fractions studied
above are less familiar than ordinary continued fraction expansions in which the
minus signs are replaced by plus signs. If d > k > 0 are integers, then the or-
dinary continued fraction expansion of d/k may be obtained by performing the
same sequence of integer divisions used in the usual Euclidean algorithm for the
gcd. Starting with k−1 = d and k0 = k, we write ai for the quotient and ki for the
remainder at each step, so that the ith division is given by

(10.2.9) ki−2 = aiki−1 + ki,

where 0≤ ki < ki−1.

Let ks−1 be the final nonzero remainder (which equals gcd(d,k)). The resulting
equations splice together to form the ordinary continued fraction

d/k = a1 +
1

a2 +
1

· · · + 1
as

.

To distinguish these from Hirzebruch-Jung continued fractions, we will use the
notation

(10.2.10) d/k = [a1,a2, . . . ,as]

for the ordinary continued fraction. The ai are the (ordinary) partial quotients of
d/k, and the truncated continued fractions

[a1,a2, . . . ,ai], 1≤ i≤ s,

are the (ordinary) convergents of d/k.
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Example 10.2.9. By Example 10.2.1, the Hirzebruch-Jung continued fraction of
17/11 is

17/11 = [[2,3,2,2,2,2]],

and the ordinary continued fraction is

17/11 = [1,1,1,5].

The partial quotients and the lengths are different. However, each expansion deter-
mines the other, and there are methods for computing the Hirzebruch-Jung partial
quotients b j in terms of the ordinary partial quotients ai and vice versa. See [75,
Prop. 3.6], [145, p. 257], [232, Prop. 2.3], and Exercise 10.2.4. ♦

The following result is mostly parallel to Proposition 10.2.2, but shows that
ordinary continued fractions are slightly more complicated than Hirzebruch-Jung
continued fractions. The proof is left to the reader (Exercise 10.2.5).

Proposition 10.2.10. Let d > k > 0 be integers with gcd(d,k) = 1, and let d/k =
[a1, . . . ,as]. Define sequences pi and qi recursively as follows. First set

(10.2.11)
p0 = 1, q0 = 0

p1 = a1, q1 = 1,

and for all 2≤ i≤ s, let

(10.2.12)
pi = ai pi−1 + pi−2

qi = aiqi−1 +qi−2.

Then the pi,qi satisfy:

(a) [a1, . . . ,ai] = pi/qi for all 1≤ i≤ s.

(b) piqi−1− pi−1qi = (−1)i for all 1≤ i≤ s.

(c) The convergents converge to d/k, but in an oscillating fashion:

p1

q1
<

p3

q3
< · · · ≤ d

k
≤ ·· ·< p4

q4
<

p2

q2
. �

Ordinary Continued Fractions and Convex Hulls. Felix Klein discovered a lovely
geometric interpretation of ordinary continued fractions. Given a basis uo

−1,u
o
0 of

N � Z2 and relatively prime integers d > k > 0, compute the continued fraction
d/k = [a1, . . . ,as] and set

(10.2.13) uo
i = qiu

o
−1 + piu

o
0 , 1≤ i≤ s.

In this notation, the superscript “o” stands for “ordinary”. Then uo
s = kuo

−1 +duo
0 ,

and part (c) of Proposition 10.2.10 implies that the uo
i lie on one side of the ray

Cone(uo
s ) for even indices and on the other side for odd indices. To give a careful

description of what is happening, we introduce the cones

σ−1 = Cone(uo
−1,u

o
s ), σ0 = Cone(uo

0 ,u
o
s )

and associated convex hulls Θi =Θσi = Conv(σi∩ (N \{0})), i =−1,0.
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Θ0

Θ−1

σ0

σ−1

u0
o

u−1
o

u1
o

u3
o

u2
o

Figure 5. The cones σ−1,σ0, the convex hulls Θ−1,Θ0, and their vertices

Example 10.2.11. For d = 7, k = 5, the expansion 7/5 = [1,2,2] gives the vectors
uo
−1, . . . ,u

o
3 shown in Figure 5. In this figure, it is clear that the uo

i are the vertices
of the convex hulls Θ−1 and Θ0. ♦

This example is a special case of the following general result.

Theorem 10.2.12. For uo
−1, . . . ,u

o
s and Θ−1,Θ0 as above, we have:

(a) Θ−1 has vertex set {uo
2 j−1 | 1≤ j ≤ �s/2�}∪{uo

s }.
(b) Θ0 has vertex set {uo

2 j | 0≤ j ≤ �s/2�}∪{uo
s }.

(c) For 1 ≤ i ≤ s, uo
i−2uo

i is an edge of Θ−1 (resp. Θ0) for i odd (resp. even) with
ai +1 lattice points.

Proof. First note that by Proposition 10.2.10, the vectors uo
i satisfy the recursion

(10.2.14) uo
i = aiu

o
i−1 +uo

i−2, 1≤ i≤ s.

Since uo
i−1 is primitive (Proposition 10.2.10), part (c) follows from parts (a) and (b).

We now prove the theorem using induction on the length s of the continued
fraction expansion. Consider Figure 6 on the next page, which shows the first quad-
rant determined by uo

−1,u
o
0 , together with the vector uo

s . In the picture, σ0 (darker)
lies above the ray determined by uo

s and σ−1 (lighter) lies below. The figure also
shows uo

1 and the smaller cone σ1 = Cone(uo
1 ,u

o
s )⊆ σ−1 = Cone(uo

−1,u
o
s ).

Since uo
s = kuo

−1 + duo
0 , the ray starting from uo

−1 through uo
1 passes through

the upper edge of σ−1 at a point between uo
−1 +�d/k�uo

1 and uo
−1 +(�d/k�+1)uo

1 .
But by the computation of the ordinary continued fraction, �d/k�= a1. Therefore
the segment from uo

−1 to uo
1 is the first bounded edge of Θ−1. It follows that

Θ−1∩Cone(uo
−1,u

o
1)
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σ0 σ1

σ−1

u0
o

u−1
o

u1
o = a1u0

o + u−1
o

us
o

Figure 6. The cones σ0, σ1 ⊆ σ−1 and vectors uo
−1, uo

0 , uo
1 , uo

s

has vertices uo
−1,u

o
1 . It remains to understand Θ0 and Θ−1 ∩ σ1. This is where

induction comes into play.

Apply the above construction to the new basis uo
0 ,u

o
1 and the continued fraction

k
d−a1k

=
1

d
k −a1

= [a2, . . . ,as]

of length s− 1. If we start numbering at 0 rather than at −1, then the vectors
uo

0 ,u
o
1 , . . . ,u

o
s are the same as before by the recursion (10.2.14). This gives the

cones σ0,σ1 shown in Figure 6. By induction, the vectors uo
0 ,u

o
1 , . . . ,u

o
s give

the vertices of the corresponding convex hulls Θ0 = Conv(σ0 ∩ (N \ {0})) and
Θ1 = Conv(σ1∩ (N \{0})). It follows easily that the theorem holds for continued
fraction expansions of length s. �

A discussion of Klein’s formulation of Theorem 10.2.12 can be found in [232].
In Exercise 10.2.6 you will apply the theorem to the resolution of pairs of singular
points on certain toric surfaces. Geometric pictures similar to Figure 5 have also
appeared in recent work of McDuff on symplectic embeddings of 4-dimensional
ellipsoids (see [203]).

Ordinary Continued Fractions and the Supplementary Cone. To relate the above
theorem to toric geometry, we follow the approach of [232]. Given a cone σ =
Cone(e2,de1− ke2) ⊆ NR � R2 in normal form, its supplement is the cone σ′ =
Cone(−e2,de1− ke2). Thus σ∪σ′ is the right half-plane, and the cones σ, σ′ give
the convex hulls

Θσ = Conv(σ∩ (N \{0}))
Θσ′ = Conv(σ′∩ (N \{0})).

Example 10.2.13. When d = 7, k = 5, Figure 7 on the next page shows the cones
σ, σ′ and the convex hulls Θσ, Θσ′ . The open circles in the figure are the vertices
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Θσ

Θσ′

σ′

σ

7e1 − 5e2

e2
e1

Figure 7. The cones σ,σ′, the convex hulls Θσ,Θσ′ , and their vertices

of Θσ and Θσ′ . Also observe that the fourth quadrant portion of Figure 7 becomes
Figure 5 after a 90◦ counterclockwise rotation. ♦

For σ = Cone(e2,de1−ke2), the ordinary continued fraction expansion d/k =
[a1,a2, . . . ,as] gives the sequences pi,qi, 0≤ i≤ s, defined in Proposition 10.2.10.
Then define the vectors

(10.2.15) uo
−1 =−e2, uo

i = pie1−qie2, 0≤ i≤ s.

These vectors enable us to describe the vertices of Θσ,Θσ′ as follows.

Theorem 10.2.14. Let σ = Cone(e2,de1 − ke2) be a cone in normal form with
supplement σ′. Also let uo

i , −1≤ i≤ s, be as defined in (10.2.15). Then:

(a) The set of vertices of Θσ′ is

{uo
2 j−1 | 1≤ j ≤ �s/2�}∪{uo

s }.
(b) If a1 = 1, then the set of vertices of Θσ is

{e2}∪{uo
2 j | 1≤ j ≤ �s/2�}∪{uo

s }.
(c) If a1 > 1, then the set of vertices of Θσ is

{e2}∪{uo
2 j | 0≤ j ≤ �s/2�}∪{uo

s }.

Proof. First note that since uo
−1 =−e2 and uo

0 = e1, we can rewrite (10.2.15) as

uo
i = pie1−qie2 = qiu−1 + piu0, 0≤ i≤ s.

Thus we are in the situation of Theorem 10.2.12, where we have the cones σ−1 =
Cone(uo

−1,u
o
s ) and σ0 = Cone(uo

0 ,u
o
s ) and associated convex hulls Θ−1 = Θσ−1

and Θ0 =Θσ0 . Then Theorem 10.2.12 implies that the vectors uo
−1,u

o
0 , . . . ,u

o
s give

the vertices of Θ−1 and Θ0.
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However, σ = Cone(e1,e2)∪σ0 and σ′ = σ−1. In particular, Θσ′ = Θ−1, so
that part (a) of the theorem follows immediately. For parts (b) and (c), note that

Θσ = (Θσ ∩Cone(e1,e2))∪Θ0.

The intersection Θσ ∩Cone(e1,e2) has vertices e1 = uo
0 ,e2, while Θ0 has vertices

uo
0 ,u

o
2 , . . . ,u

o
s . If a1 = 1, then e2,uo

0 ,u
o
2 are collinear, so that uo

0 is not a vertex.
This proves part (b) of the theorem. Finally, if a1 > 1, then one can prove without
difficulty that uo

0 is a vertex (Exercise 10.2.7), and part (c) follows. �

Example 10.2.15. Figure 7 above illustrates Theorem 10.2.12 for the cone σ =
Cone(e2,7e1−5e2). Since 7/5 = [1,2,2], we use part (b) of the theorem. ♦

Ordinary Continued Fractions and the Dual Cone. For a cone σ in normal form,
one surprise is that its supplement σ′ is essentially the dual of σ.

Lemma 10.2.16. Given a cone σ = Cone(e2,de1− ke2)⊆ NR in normal form, its
supplementary cone σ′ ⊆ NR is isomorphic to σ∨ ⊆MR.

Proof. Let e∗1,e
∗
2 be the basis of M dual to the basis e1,e2 of N. Then the isomor-

phism defined by e1 �→ e∗2 and e2 �→ −e∗1 takes σ′ = Cone(−e2,de1− ke2) to

Cone(−(−e∗1),d(e
∗
2)− k(−e∗1)) = Cone(e∗1,ke∗1 +de∗2) = σ∨. �

The isomorphism σ′ � σ∨ from this lemma leads to some nice results about
σ∨ and the associated convex hull Θσ∨ = Conv(σ∨∩ (M \{0})). Specifically, this
isomorphism takes the vectors

uo
−1 =−e2, uo

i = pie1−qie2, 0≤ i≤ s

from (10.2.15) to the dual vectors

m−1 = e∗1, mi = qie
∗
1 + pie

∗
2, 0≤ i≤ s.

In particular, ms = ke∗1 + de∗2, so that σ∨ = Cone(m−1,ms) in this notation. Then
Theorem 10.2.14 implies that the vertex set of the convex hull Θσ∨ is

(10.2.16) {m2 j−1 | 1≤ j ≤ �s/2�}∪{ms}.
Hence, in the language of §7.1, Θσ∨ ⊆MR is a full dimensional lattice polyhedron.
We can describe its recession cone and normal fan as follows.

Proposition 10.2.17. Let σ = Cone(e2,de1− ke2) ⊆ NR � R2 be in normal form
and set P =Θσ∨ = Conv(σ∨∩ (M \{0})). Then:

(a) P⊆MR is a full dimensional lattice polyhedron with recession cone σ∨.

(b) The normal fan ΣP of P is the refinement of σ obtained by adding the minimal
generators

uo
0 , uo

2 , uo
4 , . . . , uo

s−1 (s odd)

uo
0 , uo

2 , uo
4 , . . . , uo

s−2,u
o
s −uo

s−1 (s even).
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(c) The toric morphism XP →Uσ is projective and XP is Gorenstein with at worst
rational double points.

Remark 10.2.18. When s is even, we can explain uo
s −uo

s−1 as follows. By Theo-
rem 10.2.14, uo

s−2 and uo
s give an edge Θσ. The vector determined by this edge is

uo
s −uo

s−2 = asuo
s−1. Hence the edge has as+1 lattice points since uo

s−1 is primitive.
Thus, if we start from uo

s , the next lattice point along the edge is

uo
s −uo

s−1.

Since d > k > 0 and d/k = [a1, . . . ,as] is computed using the Euclidean algorithm,
we have as ≥ 2 (Exercise 10.2.8). It follows that uo

s −uo
s−1 is not a vertex of Θσ.

Proof. Part (a) is straightforward (Exercise 10.2.9). For part (b), we will assume
that s is even and leave the case when s is odd to the reader (Exercise 10.2.9).

If we write s = 2
, then the vertices (10.2.16) of P are m−1,m1, . . . ,m2�−1,m2�.
Thus the bounded edges of P =Θσ∨ are

m−1m1, m1m3, . . . , m2�−3m2�−1, m2�−1m2�.

The inward-pointing normals of these edges give the rays that refine σ in the normal
fan of P.

The mi’s satisfy the same recursion mi = aimi−1 +mi−2, 1≤ i ≤ s, as the uo
i ’s

in (10.2.14). Hence, for the edges m2 j−1m2 j+1, 1≤ j ≤ �s/2�, we have

m2 j+1−m2 j−1 = a2 j+1m2 j = a2 j+1(q2 je
∗
1 + p2 je

∗
2).

Since uo
2 j = p2 je1− q2 je2, one easily computes that 〈m2 j+1−m2 j−1,uo

2 j〉 = 0. It
follows that uo

2 j is the inward-pointing normal of this edge since it lies in σ and is
primitive. This takes care of all of the bounded edges except for m2�−1m2�. Here,
we compute

m2�−m2�−1 = (q2�−q2�−1)e
∗
1 +(p2�− p2�−1)e

∗
2.

This is clearly normal to uo
2�−uo

2�−1 = (p2�− p2�−1)e1−(q2�−q2�−1)e2. The latter
vector is easily seen to be primitive by part (b) of Proposition 10.2.10. Furthermore,
uo

2�− uo
2�−1 ∈ σ by Remark 10.2.18. Hence this is the inward-pointing normal of

the final bounded edge m2�−1m2�.

For part (c), note that XP →Uσ is projective by Theorem 7.1.10. To complete
the proof, we need to show that each maximal cone of ΣP gives a Gorenstein affine
toric variety. For simplicity, we assume that s is odd (see Exercise 10.2.9 for the
even case). Since σ = Cone(e2,de1− ke2) = Cone(e2,uo

s ), the maximal cones of
ΣP consist of two “boundary cones” Cone(e1,uo

0) and Cone(uo
s−1,u

o
s ), plus the

“interior cones” Cone(u2 j−2,u2 j) ∈ ΣP, 1 ≤ j ≤ �s/2�. The boundary cones are
easily seen to be smooth and hence Gorenstein (Exercise 10.2.9). For an interior
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cone Cone(u2 j−2,u2 j), we use part (b) of Proposition 10.2.10 to compute

〈m2 j−1,u
o
2 j−2〉= 〈q2 j−1e∗1 + p2 j−1e∗2, p2 j−2e1−q2 j−2e2〉

=−(p2 j−1q2 j−2− p2 j−2q2 j−1) =−(−1)2 j−1 = 1,

and a similar computation gives 〈m2 j−1,uo
2 j〉= p2 jq2 j−1− p2 j−1q2 j = (−1)2 j = 1.

By Proposition 8.2.12, we conclude that the corresponding affine toric variety is
Gorenstein, as desired. Then the singular points of XP are rational double points
by Example 10.1.5 and Proposition 10.1.6. �

In §11.3 we will revisit this result, where we will learn that the morphism
XP →Uσ from Proposition 10.2.17 is the blowup of the singular point of Uσ.

Just as the morphism XP → Uσ is projective, one can show more generally
that the resolution of singularities XΣ →Uσ from Theorem 10.2.3 is a projective
morphism. This requires finding a lattice polyhedron with the correct normal fan.
You will explore one way of doing this in Exercise 10.2.10.

We next consider the Hilbert basis H of σ∨∩M. Recall from Lemma 1.3.10
that |H | is the dimension of the Zariski tangent space at the singular point of Uσ

and is the dimension of the most efficient embedding of Uσ into affine space.

Theorem 10.2.8 tells us that the Hilbert basis of σ∩N is computed using the
Hirzebruch-Jung continued fraction expansion of d/k. Since σ∨ has parameters
d,d− k (part (b) of Exercise 10.1.2), it follows that we need the Hirzebruch-Jung
continued fraction expansion of d/(d− k) to get the Hilbert basis of σ∨∩M. By
Exercise 10.2.4, the ordinary continued fraction

d/k = [a1, . . . ,as]

gives the Hirzebruch-Jung continued fraction

d/(d− k) =

{
[[(2)a1−1,a2 +2,(2)a3−1,a4 +2, . . . ,(2)as−1−1,as +1]] s even

[[(2)a1−1,a2 +2,(2)a3−1,a4 +2, . . . ,as−1 +2,(2)as−1]] s odd.

Theorem 10.2.8, applied to this expansion, gives the Hilbert basis of σ∨∩M. To see
the underlying geometry, we need the following observation (Exercise 10.2.11):

(10.2.17)
In Theorem 10.2.5, three consecutive lattice points ui−1,ui,ui+1

are collinear if and only if ui−1 +ui+1 = 2ui, i.e., bi = 2.

This means that a string of consecutive 2’s in a Hirzebruch-Jung continued fraction
of d/(d− k) gives a string of lattice points in the relative interior of a bounded
edge of the convex hull Θσ∨ . For the vertices m−1,m1, . . . of Θσ∨ , this gives two
ways to think about lattice points on an edge connecting two adjacent vertices. For
example, the edge m−1m1 has a1−1 lattice points in its relative interior because:

• The Hirzebruch-Jung expansion of d/(d−k) starts with a1−1 consecutive 2’s.

• m1−m−1 = a1u0, u0 primitive, gives a1 +1 lattice points on the edge.

This pattern continues for the other bounded edges of Θσ∨ .
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Oda gives a different argument for this pattern in [219, Sec. 1.6] and uses it to
relate the Hirzebruch-Jung continued fractions for d/k and d/(d− k). His relation
also follows from our approach (see part (d) of Exercise 10.2.4). The connection
between continued fractions and toric surfaces is surprisingly rich and varied and
is one of the reasons why toric varieties are so much fun to study. See [75] and
[232] for a further discussion of this wonderful topic.

Exercises for §10.2.

10.2.1. Prove part (a) of Proposition 10.2.2: Show that the sequences Pi and Qi from
(10.2.5) are increasing sequences of nonnegative numbers. Hint: Use bi ≥ 2 for all i.

10.2.2. In §10.1, we constructed several resolutions of singularities in a rather ad hoc way.
In this exercise, we will see that the resolutions given by Theorem 10.2.3 are the same as
what we saw before.

(a) When σ has parameters d,1, show that the Hirzebruch-Jung continued fraction method
gives the same resolution of Uσ as the one given in Example 10.1.8.

(b) Do the same for Example 10.1.9. Hint: First show that

d
d−1

= [[2,2, . . . ,2]],

where there are d−1 2’s.

10.2.3. Verify the last claim in the proof of Proposition 10.2.6.

10.2.4. This exercise will consider some relations between ordinary continued fraction
expansions and Hirzebruch-Jung continued fraction expansions.

(a) Given integers a1,a2 > 0 and a variable x, prove that

[a1,a2,x] = [[a1 +1,(2)a2−1,x+1]],

where for any l ≥ 0, (2)l denotes a string of l 2’s. Hint: Argue by induction on a2.

(b) Use part (a) to prove the equality [1,1,1,5] = [[2,3,2,2,2,2]] from Example 10.2.9.

(c) Given d/k = [a1, . . . ,as], prove that d/(d − k) has the Hirzebruch-Jung expansion
given in the discussion leading up to (10.2.17). Hint: You will want to consider the
cases a1 = 1 and a1 > 1 separately, but the formula can be written as in (10.2.17) in
either case. If you get stuck, see [232].

(d) Starting from the ordinary continued fraction for d/k, use parts (a) and (c) to show that
if d/k = [[b1, . . . ,br]] and d/(d−k)= [[c1, . . . ,cs]], then (

∑r
i=1 bi)−r = (

∑s
j=1 c j)−s.

10.2.5. In this exercise we will consider Proposition 10.2.10.

(a) Prove the proposition. Hint: For part (a), argue by induction on the length s ≥ 1 of
the expansion. The expression [a1,a2, . . . ,ai] is well defined when the ai are positive
rational numbers, so we can write

[a1,a2, . . . ,ai−1,ai] = [a1,a2, . . . ,ai−1 +1/ai].

Then use (10.2.12) and follow the reasoning from the proof of Proposition 10.2.2.

(b) Suppose we modify the initialization and the recurrences (10.2.12) as follows. Let

(r−1,s−1) = (1,0) and (r0,s0) = (0,1).
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Then, for all 1≤ i≤ s, compute

ri = ri−2−airi−1

si = si−2−aisi−1

(note the change in sign!). What is true about rid + sik for all i? What do we get with
i = s? Hint: This fact is the basis for the extended Euclidean algorithm.

10.2.6. In this exercise, you will show that the ordinary continued fraction expansion of a
rational number d/k can be used to construct simultaneous resolutions of pairs of singular-
ities of certain toric surfaces. Let 1 < k < d be relatively prime integers, and let P be the
triangle Conv(0,de1,ke2) in R2.

(a) Draw the normal fan ΣP and show that XP has exactly two singular points. Note that
XP is isomorphic to the weighted projective plane P(1,k,d).

(b) Adapt Theorem 10.2.12 to produce a resolution of singularities of XP from the or-
dinary continued fraction expansion of d/k. Hint: First refine ΣP by introducing 1-
dimensional cones Cone(−e1) and Cone(−e2). Then apply Theorem 10.2.12 to the
third quadrant of your drawing.

10.2.7. Complete the proof of Theorem 10.2.14 by showing that uo
0 is a vertex of Θσ if

and only if a1 > 1.

10.2.8. For relative prime integers d > k > 0, we used the Euclidean algorithm to construct
d/k = [a1, . . . ,as]. Prove that as ≥ 2.

10.2.9. Prove part (a) of Proposition 10.2.17. Also prove part (b) for s odd and part (c) for
s even.

10.2.10. In this exercise, given a cone σ in normal form with parameters d,k, you will
see how to construct an unbounded polyhedron P in MR � R2 whose recession cone is
σ∨ = Cone(e1,ke1 + de2), and whose normal fan defines the resolution of Uσ from The-
orem 10.2.3. Let Pi,Qi be the sequences constructed in Proposition 10.2.2. Let m be the
smallest positive integer such that md > P1+ · · ·+Pr−1 and mk > Q1+ · · ·+Qr−1. Starting
from the point Ar = (mk,md) on the upper boundary ray of σ∨, construct the points

Ar−1 = (mk−Qr−1,md−Pr−1)

Ar−2 = (mk−Qr−1−Qr−2,md−Pr−1−Pr−2)

...

A1 = (mk−
∑r−1

i=1 Qi,md−
∑r−1

i=1 Pi)

A0 = (mk−
∑r−1

i=1 Qi,0).

Then let P be the polyhedron with one edge along the positive x-axis starting at A0, edges
AiAi+1 for i = 0, . . . ,r−1, and one edge along the upper edge of σ∨ starting from Ar.

(a) Draw the polyhedron P for the cone with parameters (d,k)= (7,5). What is the integer
m in this case?

(b) Show that σ∨ is the recession cone of P.

(c) Show that the normal fan of P is the fan giving the resolution of Uσ constructed in
Theorem 10.2.3.

10.2.11. Prove (10.2.11).
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10.2.12. Let d/k be a rational number in lowest terms with 0 < k < d, and let

d/k = [[b1, . . . ,br]] = [a1, . . . ,as]

be its continued fraction expansions. You will show that the sequences Pi,Qi and pi,qi

considered in this section can be expressed in matrix form.

(a) Let M−(b) =

(
b −1
1 0

)
. Show that for all 1≤ i≤ r,(

Pi −Pi−1

Qi −Qi−1

)
= M−(b1)M

−(b2) · · ·M−(bi).

(b) Let M+(a) =

(
a 1
1 0

)
. Show that for all 1≤ i≤ s,(

pi pi−1

qi qi−1

)
= M+(a1)M

+(a2) · · ·M+(ai).

10.2.13. In this exercise, you will apply the results of this section to the weighted projective
plane P(q0,q1,q2) from §2.0 and Example 3.1.17.

(a) Construct a resolution of singularities for any P(1,1,q2), where q2 ≥ 2. What smooth
toric surface is obtained in this way? A complete classification of the smooth complete
toric surfaces will be developed in §10.4.

(b) Do the same for P(1,q1,q2) in general. Hint: Exercise 10.2.6.

§10.3. Gröbner Fans and McKay Correspondences

The fans obtained by resolving the singularities of the affine toric toric surfaces Uσ

have unexpected descriptions that involve Gröbner bases and representation theory.
In this section we will present these ideas, following [156] and [157].

Gröbner Bases and Gröbner Fans. We assume the reader knows about Gröbner
bases (see [69]) and Gröbner fans (see [70, Ch. 8, §4] or [265]). A nonzero ideal
I ⊂ C[x1, . . . ,xn] has a unique reduced Gröbner basis with respect to each mono-
mial order > on the polynomial ring. However, the set of distinct reduced marked
Gröbner bases for I (i.e., reduced Gröbner bases with marked leading terms in each
polynomial) is finite. Hence the ideal I has a finite universal Gröbner basis, i.e., a
finite subset U ⊂ I that is a Gröbner basis for all monomial orders simultaneously.

Let w ∈ Rn
≥0 be a weight vector in the positive orthant (so w could be taken as

the first row of a weight matrix defining a monomial order). Let

G = {g1, . . . ,gt}

be one of the reduced marked Gröbner bases for I, where

gi = xα(i)+
∑

β ciβ xβ ,

and xα(i) is marked as the leading term of gi. If w ·α(i)> w ·β whenever ciβ = 0,
then I will have Gröbner basis G with respect to any monomial order defined by a
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weight matrix with first row w. The set

(10.3.1) CG = {w ∈ Rn
≥0 | w ·α(i)≥ w ·β whenever ciβ = 0}

is the intersection of a finite collection of half-spaces, hence has the structure of a
closed convex polyhedral cone in Rn

≥0. The cones CG as G runs over all distinct
marked Gröbner bases of I, together with all of their faces, have the structure of a
fan in Rn

≥0 called the Gröbner fan of I. In particular, for each pair G ,G ′ of marked
Gröbner bases, the cones CG and CG ′ intersect along a common face where the
w-weights of terms in some polynomials in G (and in G ′) coincide.

A First Example. Let σ be a cone in normal form with parameters d,k, and recall
gcd(d,k) = 1 by hypothesis. By Proposition 10.1.2, the group

Gd,k = {(ζ,ζ k) ∈ (C∗)2 | ζ d = 1, 0≤ k ≤ d−1} � μd

acts on C2 by componentwise multiplication

(10.3.2) (ζ,ζ k) · (x,y) = (ζx, ζ ky),

with quotient C2/Gd,k �Uσ.

Let I(Gd,k) be the ideal defining Gd,k as a variety in C2. In the next extended
example, we will introduce the first main result of this section.

Example 10.3.1. Let d = 7, k = 5 and I = I(G7,5). It is easy to check that

I = 〈x7−1, y− x5〉.
Moreover, for lexicographic order with y > x, the set

G (1) = {x7−1, y− x5}
is the reduced marked Gröbner basis for I, where the underlines indicate the leading
terms. The corresponding cone in the Gröbner fan of I is

CG (1) = {w = (a,b) ∈ R2
≥0 | b≥ 5a}= Cone(e2,e1 +5e2).

There are three other marked reduced Gröbner bases of I:

G (2) = {x5− y, x2y−1, y2− x3},
G (3) = {x3− y2, x2y−1, y3− x},
G (4) = {y7−1, x− y3}.

It is easy to check that each of these sets is a Gröbner basis for I using Buchberger’s
criterion. The corresponding cones are

CG (2) = {(a,b) ∈ R2
≥0 | b≤ 5a, 2b≥ 3a}= Cone(e1 +5e2,2e1 +3e2),

CG (3) = {(a,b) ∈ R2
≥0 | 2b≤ 3a, 3b≥ a}= Cone(2e1 +3e2,3e1 + e2),

CG (4) = {(a,b) ∈ R2
≥0 | 3b≤ a}= Cone(3e1 + e2,e1).



§10.3. Gröbner Fans and McKay Correspondences 487

Since these three cones fill out rest of the first quadrant in R2, the Gröbner fan of
I consists of the four cones CG (i) and their faces, as shown in Figure 8. We will
denote this fan by Γ in the following.

(3,1)

(2,3)

(1,5)

Figure 8. The Gröbner fan Γ

Next, let us consider the resolution of singularities

XΣ −→Uσ

for the cone σ with parameters d = 7,k = 5 computed in Example 10.2.4 in the
last section. The reader can check that the linear transformation T : NR→ NR with
matrix relative to the basis e1,e2 given by

(10.3.3) A =

(
7 0

−5 1

)
maps the cones CG (i) in the Gröbner fan Γ to the corresponding cones σi in the fan
Σ. The matrix in (10.3.3) is invertible, but its inverse is not an integer matrix. The
image of the lattice N = Z2 under T is the proper sublattice 7Ze1⊕Ze2, and T−1

maps N to the lattice

N′ = {(a/7,b/7) | a, b ∈ Z,b≡ 5a mod 7}= N +Z
(

1
7

e1 +
5
7

e2

)
.

There is an exact sequence

0−→ N −→ N′ −→ G−→ 0

induced by the map N′→ (C∗)2 defined by (a/7,b/7) �→ (e2πia/7,e2πib/7). Letting
τ = Cone(e1,e2), the corresponding toric morphism Uτ,N −→Uτ,N′ is the quotient
mapping C2 −→ C2/G.

It is easy to check that w0 = (0,1) and w1 = (1/7,5/7) form a basis of the
lattice N′. In Figure 9 on the next page, the fan defined by the cones with ray
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(1,0) = w4 = 7w1 - 5w0

(3/7,1/7) = w3 = 3w1 - 2w0

(2/7,3/7) = w2 = 2w1 - w0

(1/7,5/7) = w1

(0,1) = w0
u0

u1

u2

u3

u4

σ

Figure 9. The toric variety XΓ,N′ is the resolution of Uσ in Example 10.3.1

generators on the left is the same as in Figure 8 above, and the fan on the right is
the same as in Figure 3 above. Note that T (wi) = ui for 0≤ i≤ 4 in Figure 9.

With respect to N′, the cones in the Gröbner fan Γ are smooth cones, and it
follows from the discussion of toric morphisms in §3.3 that the toric surfaces XΓ,N′

and XΣ are isomorphic. In other words, the Gröbner fan Γ of the ideal I encodes
the structure of the resolution of singularities of Uσ .

Example B.2.4 shows how to compute this example using GFan [161]. ♦

A Tale of Two Fans. We next show that the last observation in Example 10.3.1
holds in general. As in the example, consider the ideal I = I(Gd,k) and the action
of Gd,k given in (10.3.2). Each monomial in C[x,y] is equivalent modulo I to one
of the monomials x j, j = 0, . . . ,d− 1. This may be seen, for instance, from the
remainders on division by the lexicographic Gröbner basis {xd − 1, y− xk}. As
a result, we have a direct sum decomposition of the coordinate ring of the variety
Gd,k as a C-vector space:

(10.3.4) C[x,y]/I �
d−1⊕
j=0

Vj,

where Vj is the 1-dimensional subspace spanned by x j mod I.

The following result establishes a first connection between the ideal I and the
resolution of singularities of Uσ described in Theorem 10.2.3.

Proposition 10.3.2. Let I = I(Gd,k) where 0 < k < d and gcd(d,k) = 1. Consider

u0 = e2

ui = Pi−1e1−Qi−1e2, i = 1, . . . ,r+1,

from Theorem 10.2.3. Let T : NR→ NR be the linear transformation with matrix

A =

(
d 0
−k 1

)
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and let wi = T−1(ui) for i = 0, . . . ,r+1. Write wi =
1
d (aie1 +bie2) and define

gi = xbi − yai , 0≤ i≤ r+1.

(a) The polynomials g0, . . . ,gr+1 are contained in the ideal I.

(b) S= {ae1 +be2 ∈ N | a,b≥ 0, xb− ya ∈ I} ⊆ N is an additive semigroup.

(c) {dwi | i = 0, . . . ,r+1} is the Hilbert basis of the semigroup S of part (b).

Proof. It is an easy calculation to show T−1 maps σ = Cone(e2,de1− ke2) to the
first quadrant R2

≥0. Moreover, w0 = e2, and for i = 1, . . . ,r+1,

wi =
1
d

(
Pi−1e1 +(kPi−1−dQi−1)e2

)
.

Therefore, g0 = xd−1 and

gi = xkPi−1−dQi−1− yPi−1

for i= 1, . . . ,r+1. Since ζ d = 1, these polynomials clearly vanish at (ζ,ζ k)∈Gd,k.
Therefore gi ∈ I(Gd,k) = I for all i.

The proof of part (b) is left to the reader as Exercise 10.3.3. For part (c), it
follows from parts (a) and (b) that dwi is contained in S. On the other hand, let
ae1 +be2 ∈ S. Then xb− ya ∈ I, which implies that b≡ ak mod d. Hence

T
(1

d
(ae1 +be2)

)
= ae1 +

b−ak
d

e2

must be an element of σ∩N. Since the ui are the Hilbert basis for the semigroup
σ∩N by Theorem 10.2.8, this vector is a nonnegative integer combination of the
ui. Hence ae1+be2 is a nonnegative integer combination of the dwi. It follows that
S is generated by the dwi. The dwi are irreducible in S because the corresponding
ui = T (wi) are irreducible in the semigroup σ∩N. �

We also have a first result about reduced Gröbner bases of the ideal I.

Lemma 10.3.3. Every element of a reduced Gröbner basis of I = I(Gd,k) is either
of the form xb− ya or of the form xsyt−1 for s, t > 0.

Proof. Since I is generated by xd − 1,y− xk, the Buchberger algorithm implies
that a reduced Gröbner basis G of I consists of binomials. By taking out common
factors, every g ∈ G can be written g = xiy jh, where h = xb− ya or xsyt−1. Then
h ∈ I since it vanishes on Gd,k. Its leading term is divisible by the leading term of
an element of G , which is impossible in a reduced Gröbner basis unless g = h. �

The Gröbner bases in Example 10.3.1 give a nice illustration of Lemma 10.3.3.
Our next lemma relates the polynomials gi = xbi − yai from Proposition 10.3.2 to
the reduced Gröbner bases of I.

Lemma 10.3.4. Let gi = xbi − yai be as in Proposition 10.3.2 and fix a monomial
order > on C[x,y].
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(a) The ai are increasing and the bi are decreasing with i.

(b) There is some index i = i0 (depending on >) such that

LT>(gi) = xbi for all i≤ i0, and LT>(gi) = yai for all i > i0.

(c) If i= i0 is the index from part (b), then gi0 and gi0+1 are elements of the reduced
Gröbner basis of I = I(Gd,k) with respect to >.

Proof. You will prove parts (a) and (b) in Exercise 10.3.4. For part (c), let G
be the reduced Gröbner basis of I with respect to >. Since gi0 ∈ I by part (a) of
Proposition 10.3.2, there is g ∈ G whose leading term divides LT>(gi0) = xbi0 . By
Lemma 10.3.3, it follows that g = xb− ya with LT>(g) = xb. In particular, b≤ bi0
and ae1 + be2 ∈ S, where S is the semigroup from part (b) of Proposition 10.3.2.
Then part (c) of the same proposition implies that ae1 +be2 must be a nonnegative
integer combination

(10.3.5) ae1 +be2 =
∑r+1

i=0 
i dwi =
∑r+1

i=0 
i(aie1 +bie2), 
i ∈ N.

Since b ≤ bi0 and the bi decrease with i, (10.3.5) can include only the dwi with
i≥ i0. Suppose that dwi appears in (10.3.5) with i > i0. Then a≥ ai and yai > xbi ,
so that LT>(gi) = yai divides ya. Since gi ∈ I, LT>(gi) is divisible by the leading
term of some h ∈ G . Hence LT>(h) divides ya, which is a term of g = xb−ya ∈ G .
This is impossible in a reduced Gröbner basis, hence i> i0 cannot occur in (10.3.5).
From here, it follows easily that g = gi0 , giving gi0 ∈ G as desired.

The statement for gi0+1 follows by an argument parallel to the one above. The
details are left to the reader (Exercise 10.3.4). �

We are now ready for the first major result of this section.

Theorem 10.3.5. Let Γ be the fan in R2 with maximal cones

γi = Cone(ai−1e1 +bi−1e2,aie1 +bie2), 1≤ i≤ r+1,

for ai,bi as in Proposition 10.3.2. Then Γ is the Gröbner fan of the ideal I(Gd,k).

Proof. The cones γi fill out the first quadrant R2
≥0. Take any w = ae1 +be2 lying

in the interior of some γi and let > be a monomial order defined by a weight matrix
with w as first row. This gives a reduced Gröbner basis G . The theorem will follow
once we prove that γi is the Gröbner cone CG of G .

First observe that for >, we must have must have i0 = i− 1 in part (b) of
Lemma 10.3.4. It follows from part (c) of the lemma that gi−1 and gi are elements
of G . Since a reduced Gröbner basis has only one element with leading term a
power of x and only one with leading term a power of y, all other elements of G
will have the form xsyt − 1, s, t > 0, by Lemma 10.3.3. Therefore, the Gröbner
cone CG is exactly γi and we are done. �

As in Example 10.3.1, the following statement is an immediate consequence.
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Corollary 10.3.6. Let N′ be the lattice

N′ = {(a/d,b/d) | a,b ∈ Z,b≡ k mod d}= Z
(

1
d e1 +

k
d e2
)
⊕Ze2.

The toric surfaces XΣ and XΓ,N′ are isomorphic.

In other words, the Gröbner fan of I(Gd,k) can be used to construct a resolution
of singularities of the affine toric surface Uσ when σ has parameters d,k.

Connections with Representation Theory. We now consider the above results
from a different point of view. We assume the reader is familiar with the beginnings
of representation theory for finite abelian groups.

The group G = Gd,k from (10.3.2) acts on V = C2 by the 2-dimensional linear
representation of the group μd of dth roots of unity defined by

(10.3.6)

ρ : μd −→ GL(V ) = GL(2,C)

ζ �−→
(
ζ 0
0 ζk

)
.

Since μd is abelian, its irreducible representations are 1-dimensional over C, and
hence each is defined by a character

χ j : μd −→ C∗

ζ �−→ ζ− j

for j = 0, . . . ,d−1. The reason for the minus sign will soon become clear.

Via (10.3.2), we get the induced action of μd on the polynomial ring C[x,y] by

ζ · x = ζ−1x, ζ · y = ζ− jy,

as explained in §5.0. Each monomial xayb spans an invariant subspace where
the action of μd is given by the irreducible representation with character χ− j for
j ≡ a+ kb mod d. We call a+ kb mod d the weight of the monomial xayb with
respect to this action of μd . Since the ideal of the group G⊂ (C∗)2 is invariant, the
action descends to the quotient C[x,y]/I(G), and we have a representation of μd

on C[x,y]/I(G). The direct sum decomposition (10.3.4) shows that the irreducible
representation with character χ− j appears exactly once in this representation, as
the subspace Vj in (10.3.4). This means that the representation on C[x,y]/I(G) is
isomorphic to the regular representation of μd (Exercise 10.3.5).

A 2-dimensional McKay Correspondence. In 1979, McKay pointed out that there
is a one-to-one correspondence between the irreducible representations of μd and
the components of the exceptional divisor in the resolution φ : XΣ −→Uσ when σ
was a cone in normal form with parameters k = d−1, as in Example 10.1.5. In this
case, the singular point of Uσ is a rational double point, and the image of the rep-
resentation ρ from (10.3.6) lies in SL(2,C). A great deal of research was devoted
to explaining the original McKay correspondence in representation-theoretic and
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geometric terms (work of Gonzalez-Sprinberg, Artin, and Verdier). However, for
1 < k < d−1, ρ(μd) is a subgroup of GL(2,C), not SL(2,C), and there are more
irreducible representations of μd than components of the exceptional divisor. The
McKay correspondence can be extended to these cases by identifying certain spe-
cial representations that correspond to the components of the exceptional divisor
(work of Wunram, Esnault, Ito and Nakamura, Kidoh, and others).

We will describe a generalized McKay correspondence that applies for all d,k.
Writing G = Gd,k as before, consider the ring of invariants C[x,y]G. You will prove
the following in Exercise 10.3.6.

Lemma 10.3.7. Let Vj be an irreducible representation of μd with character χ− j,
and consider the action of G = Gd,k � μd on C[x,y]⊗CVj. Then the subspace of
invariants (C[x,y]⊗CVj)

G has the structure of a module over the ring C[x,y]G. �

Example 10.3.8. Let G = G7,5 as in Example 10.3.1. The ring of invariants is
C[x,y]G = C[x7,x2y,xy4,y7] in this case. If v j is the basis of the representation Vj,
then it is easy to check that xayb⊗v j is invariant under G if and only if a+kb− j≡
0 mod 7, or in other words if and only if xayb has weight j under this action of μ7.

First consider the case j = 1 in Lemma 10.3.7. The monomials in the comple-
ment of the monomial ideal

M= 〈x7,x2y,xy4,y7〉

that have weight 1 are x and y3. Then x⊗ v1 and y3⊗ v1 generate the module
(C[x,y]⊗V1)

G. Since x and y3 have the same weight with respect to this action
of μ7, the difference x− y3 is an element of the ideal I(G), and this is one of the
polynomials gi as in the proof of Proposition 10.3.2.

On the other hand, if j = 2, then there are three monomials with weight 2 in
the complement of M, and these give three generators of (C[x,y]⊗V2)

G, namely
x2⊗ v2,xy3⊗ v2, and y6⊗ v2. It is still true that x2− xy3, x2− y6, and xy3− y6 are
elements of I(G), but these polynomials cannot appear in a reduced Gröbner basis
for I(G). Moreover, no proper subset of the three generators generates the whole
module (C[x,y]⊗V2)

G. ♦

Definition 10.3.9. Let G = Gd,k � μd as above. We say that the representation Vj

is special with respect to k if (C[x,y]⊗Vj)
G is minimally generated as a module

over the invariant ring C[x,y]G by two elements.

Hence, in Example 10.3.8, V1 is special while V2 is not. According to our
definition, the trivial representation V0 is never special, since (C[x,y]⊗V0)

G is
generated by the single monomial 1 over the invariant ring. Our next theorem
gives a rudimentary form of a McKay correspondence for the group Gd,k.
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Theorem 10.3.10 (McKay Correspondence). Let σ be a cone with parameters
d,k, where 0 < k < d and gcd(d,k) = 1. Then there is a one-to-one correspon-
dence between the representations of μd that are special with respect to k and the
components of the exceptional divisor for the minimal resolution φ : XΣ→Uσ.

Proof. Write G = Gd,k as above and consider the set B of monomials in the com-
plement of the ideal M generated by the G-invariant monomials. This set contains

L = {1,x,x2, . . . ,xd−1,y,y2, . . . ,yd−1}.
Since gcd(d,k) = 1, for each 1≤ j ≤ d−1, there is an integer 1≤ a j ≤ d−1 such
that x j and ya j have equal weight (equal to j) for the action of G. The representa-
tion Vj is special with respect to k if and only if these are the only two monomials
of weight j in the set B, and nonspecial if and only if there is some monomial
xayb with a,b > 0 in B which also has weight j. Since x j − ya j ∈ I(G), saying
Vj is special with respect to k is in turn equivalent to saying that the corresponding
vector a je1+ je2 is an irreducible element in the semigroup from part (b) of Propo-
sition 10.3.2 (Exercise 10.3.8). By Theorem 10.3.5, Cone(a je1+ je2) is one of the
1-dimensional cones of the Gröbner fan of I(G). Then Vj corresponds to one of the
1-dimensional cones in the fan Σ and hence to one of the irreducible components
of the exceptional divisor. �

The original McKay correspondence is the following special case.

Corollary 10.3.11. When k = d − 1, there is a one-to-one correspondence be-
tween the set of all irreducible representations of μd and the components of the
exceptional divisor of the minimal resolution φ : XΣ −→Uσ .

Proof. In this case, the invariant ring is C[xd,xy,yd], so the sets L and B in the
proof of the theorem coincide. �

There has also been much work devoted to extend the McKay correspondence
to finite abelian subgroups G ⊂ GL(n,C) for n ≥ 3, and several other ways to
understand these constructions have also been developed, including the theory of
G-Hilbert schemes. See Exercise 10.3.10 for the beginnings of this.

Exercises for §10.3.

10.3.1. In this exercise, you will verify the claims made in Example 10.3.1, and extend
some of the observations there.

(a) Show that each of the G (i) is a Gröbner basis of I(G7,5).

(b) Show that G = {x5−1,y− x3,x2y−1,x− y2,y5−1} is a universal Gröbner basis for
I(G7,5).

(c) Determine the cones CG (i) using (10.3.1).

(d) Verify the final claim that linear transformation defined by the matrix A from (10.3.3)
maps the Gröbner cones CG (i) to the σi for i = 1,2,3.
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10.3.2. Verify the conclusions of Proposition 10.3.2 and Theorem 10.3.5 for the case d =
17,k = 11.

10.3.3. Show that the set S defined in part (b) of Proposition 10.3.2 is an additive semi-
group. Hint: A direct proof starts from two general elements ae1 + be2 and a′e1 + b′e2 in
S. Consider (xb− ya)(xb′ + ya′) and (xb + ya)(xb′− ya′).

10.3.4. In this exercise you will complete the proof of Lemma 10.3.4.

(a) Show that for each i, kPi− dQi = ki, where the ki are produced by the modified Eu-
clidean algorithm from (10.2.1).

(b) Prove part (a) of Lemma 10.3.4.

(c) Verify that there is an index i0 as in part (b) of Lemma 10.3.4.

(d) Verify that if i0 is as in part (c), then gi0+1 is contained in the reduced Gröbner basis.

10.3.5. If G is any finite group, the (left) regular representation of G is defined as follows.
Let W be a vector space over C of dimension |G| with a basis {eh | h ∈ G} indexed by the
elements of G. For each g ∈ G let ρ(g) :W −→W be defined by ρ(g)(eh) = egh.

(a) Show that g �→ ρ(g) is a group homomorphism from G to GL(W ).

(b) Now let G be the cyclic group μd of order d. Show that W is the direct sum of 1-
dimensional invariant subspaces Wj, j = 0, . . . ,d−1 on which G acts by the character
χ j defined in the text, so that W decomposes as W �

⊕d−1
j=0 Vj.

10.3.6. In this exercise you will consider the module structures from Lemma 10.3.7.

(a) Prove Lemma 10.3.7.

(b) Verify the claims made in Example 10.3.8.

10.3.7. In this exercise you will prove an alternate characterization of the special represen-
tations with respect to k from Definition 10.3.9. We write G = Gd,k � μd as usual.

(a) Let Ω2
C2 = { f dx∧dy | f ∈C[x,y]}. Show that ζ ·xaybdx∧dy = ζ a+b+1+kxaybdx∧dy

defines an action of G on Ω2
C2 .

(b) Show that the spaces of G-invariants (Ω2
C2)G and (Ω2

C2 ⊗Vj)
G have the structure of

modules over the invariant ring C[x,y]G.

(c) Show that Vj is special with respect to k if and only if the “multiplication map”

(Ω2
C2)G⊗ (C[x,y]⊗Vj)

G −→ (Ω2
C2 ⊗Vj)

G

is surjective.

10.3.8. In the proof of the McKay correspondence, show that aje1 + je2 is irreducible in
the semigroup S from Proposition 10.3.2 if and only if the representation Vj is special with
respect to k.

10.3.9. Let gi, 0≤ i≤ r+1, be the binomials constructed in Proposition 10.3.2. Show that

U = {g1, . . . ,gr}∪{xayb−1 | xayb is Gd,k-invariant}
is a universal Gröbner basis for I(Gd,k) (not always minimal, however).

10.3.10. Let G = Gd,k act on C2 as in (10.3.2). As a point set, G can be viewed as the orbit
of the point (1,1) under this action. The ideal I = I(G) is invariant under the action of G
on C[x,y] and as we have seen, the corresponding representation on C[x,y]/I is isomorphic
to the regular representation of G.
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(a) Show that if p= (ξ,η) is any point in C2 other than the origin, the ideal I of the orbit of
p is another G-invariant ideal and the corresponding representation of G on C[x,y]/I
is also isomorphic to the regular representation of G.

(b) The G-Hilbert scheme can be defined as the set of all G-invariant ideals in C[x,y] such
that the representation of G on C[x,y]/I is isomorphic to the regular representation of
G. Show that every such ideal has a set of generators of the form

{xa−αyc,yb−βxd ,xa−dyb−c−αβ}
for some α,β ∈ C and where xa and yc (resp. yb and xd) have equal weights for the
action of G. It can be seen from this result that the G-Hilbert scheme is also isomorphic
to the minimal resolution of singularities of Uσ.

§10.4. Smooth Toric Surfaces

This section will use §10.1 and §10.2 to classify smooth complete toric surfaces
and study the relation between continued fractions and intersection products of
divisors on the resulting resolutions of singularities.

Classification of Smooth Toric Surfaces. We will show that smooth complete
toric surfaces are all obtained by toric blowups from either P2, P1×P1, or one
of the Hirzebruch surfaces Hr with r ≥ 2 from Example 3.1.16. The proof will be
based on the following facts.

First, Proposition 3.3.15 implies that if σ = Cone(u1,u2) is a smooth cone and
we refine σ by inserting the new 1-dimensional cone τ = Cone(u1 + u2), then on
the resulting toric surface, the smooth point pσ is blown up to a copy of P1.

For the second ingredient of the proof, we introduce the following notation. If
Σ is a smooth complete fan, then list the ray generators of the 2-dimensional cones
in Σ as u0,u1, . . . ,ur−1 in clockwise order around the origin in NR, and we will
consider the indices as integers modulo r, so ur = u0. Then we have the following
statement parallel to (10.2.8).

Lemma 10.4.1. Let u0, . . . ,ur be the ray generators for a smooth complete fan Σ
in NR � R2. There exist integers bi, i = 0, . . . ,r−1, such that

(10.4.1) ui−1 +ui+1 = biui.

Proof. This is a special case of the wall relation (6.4.4). �

We also have the following result.

Lemma 10.4.2. Let Σ be a smooth fan that refines a smooth cone σ. Then Σ is
obtained from σ by a sequence of star subdivisions as in Definition 3.3.13.

Proof. Suppose Σ has r cones of dimension 2, with ray generators u0, . . . ,ur, listed
clockwise starting from u0. We argue by induction on r = |Σ(2)|. If r = 1, there
is only one cone in Σ and there is nothing to prove. Assume the result has been
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proved for all Σ with |Σ(2)|= r, and consider a fan Σ with |Σ(2)|= r+1. There
are r “interior” rays that by (6.4.4) give wall relations ui−1 + ui+1 = biui, bi ∈ Z,
for 1≤ i≤ r. Note that σ is strongly convex so bi > 0 for all i. We claim that there
exists some i such that bi = 1. If not, i.e., if bi ≥ 2 for all i, then as in §10.2, the
Hirzebruch-Jung continued fraction

[[b1,b2, . . . ,br]]

represents a rational number d/k and the cone σ has parameters d,k with d > k > 0.
But then d ≥ 2, which would contradict the assumption that σ is a smooth cone.

Hence there exists an i, 1≤ i≤ r, such that

ui−1 +ui+1 = ui.

In this situation, Cone(ui−1,ui+1) is also smooth (Exercise 10.4.1). Moreover,
Cone(ui−1,ui) and Cone(ui,ui+1) are precisely the cones in the star subdivision
of Cone(ui−1,ui+1). Then we are done by induction. �

We are now ready to state our classification theorem.

Theorem 10.4.3. Every smooth complete toric surface XΣ is obtained from either

P2, P1×P1, or Hr, r ≥ 2

by a finite sequence of blowups at fixed points of the torus action.

Proof. We follow the notation of Lemma 10.4.1. As in the proof of Lemma 10.4.2,
if bi = 1 in (10.4.1) for some i, then our surface is a blowup of the smooth surface
corresponding to the fan where ui is removed. Hence we only need to consider the
case in (10.4.1) where bi = 1 for all i.

Suppose first that u j = −ui for some i < j. We relabel the vertices to make
u j = −u1 for some j. Note that j > 2 since the cones must be strongly convex.
Then from (10.4.1),

u0 =−u2 +b1u1.

Using the basis u1,u2 of N, we get the picture shown in Figure 10 on the next page.
Comparing this with the fans for P2, P1×P1 and Ha (Figures 2, 3 and 4 from
§3.1), we see that Σ is a refinement of the fan of Hr if r = b1 > 2. The same
follows if b1 <−2 and r = |b1| (see Exercise 10.4.2). Since b1 = 1, the remaining
possibilities are b1 = 0 or −1, where we get a refinement of the fan of P1×P1 or
P2 respectively. Then the theorem follows from Lemma 10.4.2 in this case.

We will complete the proof using primitive collections (Definition 5.1.5). The
first step is to note that XΣ is projective by Proposition 6.3.25. This will allow
us to use Proposition 7.3.6, which asserts that Σ has a primitive collection whose
minimal generators sum to 0.

If Σ(1) has only three elements, it is easy to see that XΣ = P2 since Σ is
smooth and complete (Exercise 10.4.3). If |Σ(1)| > 3, every primitive collection
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u0

u1

u2

uj

Figure 10. The ray generators u0,u1,u2,uj when uj =−u1

of Σ has exactly two elements (Exercise 10.4.3). By Proposition 7.3.6, one of these
primitive collections must have minimal generators ui,u j that satisfy ui + u j = 0.
Hence u j =−ui, and we are done by the earlier part of the proof. �

Since there is also a Hirzebruch surface H1, the statement of this theorem
might seem puzzling. The reason that H1 is not included is that this surface is
actually a blowup of P2 (Exercise 10.4.4).

The problem of classifying smooth compete toric varieties of higher dimension
is much more difficult. We did this when rankPic(XΣ) = 2 in Theorem 7.3.7. See
[14] for the case when rankPic(XΣ) = 3.

Intersection Products on Smooth Surfaces. A fundamental feature of the theory
of smooth surfaces is the intersection product on divisors. In §6.3, we defined D ·C
when D is a Cartier divisor and C is a complete irreducible curve. On a smooth
complete surface, this means that the intersection product D ·C is defined for all
divisors D and C. In particular, taking D =C gives the self-intersection D ·D = D2.

Here is a useful result about intersection numbers on a smooth toric surface.

Theorem 10.4.4. Let Dρ be the divisor on a smooth toric surface XΣ corresponding
to ρ = Cone(u) which is the intersection of 2-dimensional cones Cone(u,u1) and
Cone(u,u2) in Σ. Then:

(a) Dρ ·Dρ =−b, where u1 +u2 = bu as in (10.4.1).

(b) For a divisor Dρ′ = Dρ, we have

Dρ′ ·Dρ =

{
1 ρ′ = Cone(ui), i = 1,2

0 otherwise.

Proof. Since XΣ is smooth, part (a) follows easily from Proposition 6.4.4 once
you compare (10.4.1) to (6.4.4). Then part (b) follows from Corollary 6.4.3 and
Proposition 6.4.4. �
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Example 10.4.5. Let σ = Cone(u1,u2) be a cone in a smooth fan Σ, and consider
the star subdivision, in which ρ= Cone(u1+u2) is inserted to subdivide σ into two
cones. Call the refined fan Σ′. Then the exceptional divisor E = Dρ of the blowup

φ : XΣ′ → XΣ

satisfies E ·E =−1 on XΣ′ . ♦

Complete curves with self-intersection number −1 on a smooth surface are
called exceptional curves of the first kind. They can always be contracted to a
smooth point on a birationally equivalent surface, as in the above example.

One of the foundational results in the theory of general algebraic surfaces is
that every smooth complete surface S has at least one relatively minimal model.
This means that there is a birational morphism S→ S, where S is a smooth surface
with the property that if φ : S → S′ is a birational morphism to another smooth
surface S′, then φ is necessarily an isomorphism. This is proved in [131, V.5.8].
Interestingly, the possible relatively minimal models for rational surfaces are pre-
cisely the surfaces P2, P1×P1, and Hr, r ≥ 2, from Theorem 10.4.3.

On a smooth complete toric surface XΣ, the intersection product can be re-
garded as a Z-valued symmetric bilinear form on Pic(XΣ). Here is an example.

Example 10.4.6. Consider the Hirzebruch surface Hr. Using the fan shown in
Figure 3 of Example 4.1.8, we get divisors D1, . . . ,D4 corresponding to minimal
generators u1 = −e1 + re2, u2 = e2, u3 = e1, u4 = −e2. By Theorem 10.4.4, we
have the self-intersections

D1 ·D1 = D3 ·D3 = 0, D2 ·D2 =−r, D4 ·D4 = r.

The Picard group Pic(Hr) is generated by the classes of D3 and D4. Note also that

D3 ·D4 = D4 ·D3 = 1

by Theorem 10.4.4. The intersection product is described by the matrix(
D3 ·D3 D3 ·D4

D4 ·D3 D4 ·D4

)
=

(
0 1
1 r

)
.

If D∼ aD3 +bD4 and E ∼ cD3 +dD4 are any two divisors on the surface, then

(10.4.2) D ·E =
(
a b
)(0 1

1 r

)(
c
d

)
= bc+ad + rbd.

For instance, with D = E = D2 ∼−rD3 +D4, we obtain

D2 ·D2 = 1 · (−r)+(−r) ·1+ r ·1 ·1 =−r.

The self-intersection numbers D1 ·D1 = D3 ·D3 = 0 reflect the fibration structure
on Hr studied in Example 3.3.20. The divisors D1 and D3 are fibers of the map-
ping Hr → P1. Such curves always have self-intersection equal to zero. You will
compute several other intersection products on Hr in Exercise 10.4.5. ♦
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Resolution of Singularities Reconsidered. Another interesting class of smooth
toric surfaces consists of those that arise from a resolution of singularities of the
affine toric surface Uσ of a 2-dimensional cone σ. Here is a simple example.

Example 10.4.7. Let σ = Cone(e2,de1− e2) have parameters d,1 where d > 1.
The resolution of singularities XΣ → Uσ constructed in Example 10.1.8 uses the
smooth refinement of σ obtained by adding Cone(e1). This gives the exceptional
divisor E on XΣ. Since

e2 +(de1− e2) = de1,

we see that
E ·E =−d

is the self-intersection number of E. ♦

More generally, suppose that the smooth toric surface XΣ is obtained via a
resolution of singularities of Uσ , where the 2-dimensional cone σ has parameters
d,k with d > 1. Let the Hirzebruch-Jung continued fraction expansion of d/k be

d/k = [[b1,b2, . . . ,br]].

Recall from Theorem 10.2.3 that Σ is obtained from σ = Cone(u0,ur+1) by adding
rays generated by u1, . . . ,ur, and by Theorem 10.2.5, we have

ui−1 +ui+1 = biui, 1≤ i≤ r.

It follows that D1, . . . ,Dr are complete curves in XΣ. They are the irreducible
components of the exceptional fiber, with self-intersections

Di ·Di =−bi, 1≤ i≤ r,

by Theorem 10.4.4. Then the intersection matrix (Di ·D j)1≤i, j≤r is given by

(10.4.3) Di ·D j =

⎧⎪⎨⎪⎩
−bi if j = i

1 if |i− j|= 1

0 otherwise.

In Exercise 10.4.6 you will show that the associated quadratic form is negative
definite. This condition is necessary for the contractibility of a complete curve C
on a smooth surface S, i.e., the existence of a proper birational morphism π : S→ S,
where π(C) is a (possibly singular) point on S.

The resolutions described here have another important property.

Definition 10.4.8. A resolution of singularities φ : Y → X is minimal if for every
resolution of singularities ψ : Z → X , there is a morphism ρ : Z → Y such that

Y

φ
��

Z

ρ
���

�
�

�

ψ
�� X
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is a commutative diagram, i.e., ψ = φ◦ρ.

It is easy to see that if a minimal resolution of X exists, then it is unique up to
isomorphism. If X has a unique singular point p, then using the theory of birational
morphisms of surfaces it is not difficult to show that a resolution of singularities
φ :Y → X is minimal if the exceptional fiber contains no irreducible components E
with E ·E =−1 (see Exercise 10.4.7). By Theorem 10.4.4 and the fact that bi ≥ 2
in Hirzebruch-Jung continued fractions, this holds for the resolutions constructed
in Theorem 10.2.3. Hence we have the following.

Corollary 10.4.9. The resolution of singularities of the affine toric surface Uσ

constructed in Theorem 10.2.3 is minimal. �

Rational Double Points Reconsidered. If σ has parameters d,d − 1, then from
Exercise 10.2.2, the Hirzebruch-Jung continued fraction expansion of d/(d−1) is
given by

d/(d−1) = [[2,2, . . . ,2]],

with d− 1 terms. Hence bi = 2 for all i, and (10.4.3) gives the (d− 1)× (d− 1)
matrix ⎛⎜⎜⎜⎜⎜⎝

−2 1 0 · · · 0
1 −2 1 · · · 0
...

. . . . . . . . .
...

0 1 −2 1
0 · · · 0 1 −2

⎞⎟⎟⎟⎟⎟⎠
representing the intersection product on the subgroup of Pic(XΣ) generated by the
components of the exceptional divisor for the resolution of a rational double point
of type Ad−1. We can now fully explain the terminology for these singularities.

The problem of classifying lattices

Ze1⊕·· ·⊕Zes

with negative definite bilinear forms B satisfying B(ei,ei) = −2 for all i arises
in many areas within mathematics, most notably in the classification of complex
simple Lie algebras via root systems. The matrix above is the (negative of) the
Cartan matrix for the root system of type Ad−1, which is often represented by the
Dynkin diagram:

� � � ��� � �

with d− 1 vertices. The vertices represent the lattice basis vectors. The edges
connect the pairs with B(ei,e j) = 0 and B(ei,ei) = −2 for all i as above. In our
case, the vertices represent the components Di of the exceptional divisor, and the
bilinear form is the intersection product.

A precise definition of a surface rational double point follows.
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Definition 10.4.10. A singular point p of a normal surface X is a rational double
point or Du Val singularity if X has a minimal resolution of singularities φ :Y → X
such that if KY is a canonical divisor on Y , then every irreducible component Ei of
the exceptional divisor E over p satisfies

KY ·Ei = 0.

We can relate these concepts to the toric case as follows.

Proposition 10.4.11. Assume σ has parameters d > k > 0 and let φ : XΣ → Uσ

be the resolution of singularities constructed in Theorem 10.2.3. Then the singular
point of Uσ is a rational double point if and only if k = d−1.

Proof. The canonical divisor of XΣ is KXΣ =−
∑r+1

i=0 Di, and one computes that

KXΣ ·Di = bi−2, 1≤ i≤ r.

Thus the singular point is a rational double point if and only if bi = 2 for all i. This
easily implies k = d−1. You will verify these claims in Exercise 10.4.8. �

There is much more to say about rational double points. For example, one can
show that E =E1+ · · ·+Er satisfies E ·E =−2 (you will prove this in the toric case
in Exercise 10.4.8). From a more sophisticated point of view, E ·E = −2 implies
that the canonical sheaf on Y is the pullback of the canonical sheaf on X under φ.
We will explore this in Proposition 11.2.8. See [85] for more on rational double
points.

Exercises for §10.4.

10.4.1. Here you will verify several statements made in the proof of Lemma 10.4.2.

(a) Show that if the cone σ is strictly convex, then the integers bi in (10.4.1) must be
strictly positive.

(b) Show that if ui−1 +ui+1 = ui, then Cone(ui−1,ui+1) must also be smooth.

10.4.2. In the proof of Theorem 10.4.3, verify that if uj =−u1 and u0 =−u2 +b1u1 with
b1 <−2, then Σ is a refinement of a fan Σ′ with XΣ′ �Hr, where r = |b1|.

10.4.3. In this exercise, you will prove some facts used in the proof of Theorem 10.4.3.
Let Σ be a smooth complete fan in NR � R2.

(a) If |Σ(1)|= 3, prove that XΣ � P2.

(b) If |Σ(1)|> 3, prove that every primitive collection of Σ(1) has two elements.

10.4.4. In the statement of Theorem 10.4.3, you might have noticed the absence of the
Hirzebruch surface H1. Show that this surface is isomorphic to the blowup of P2 at one of
its torus-fixed points. See Exercise 3.3.8 for more details.

10.4.5. This exercise studies several further examples of the intersection product on Hr.

(a) Compute D1 ·D1 using (10.4.2) and also directly from Theorem 10.4.4.

(b) Compute K2 = K ·K on Hr, where K = KHr is the canonical divisor.
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10.4.6. Show that the matrix defined by (10.4.3) has a negative-definite associated qua-
dratic form. Hint: Recall that if B(x,y) is a bilinear form, the associated quadratic form is
Q(x) = B(x,x).

10.4.7. Let X have a unique singular point p and let φ : Y → X be a resolution of singu-
larities such that no component E of the exceptional fiber φ−1(p) has E ·E = −1. In this
exercise, you will show that Y is a minimal resolution of X according to Definition 10.4.8.
Let ψ : Z → X be another resolution of singularities and consider the possibly singular
surface S = Z×X Y . Let R be a resolution of S. Then we have a commutative diagram of
morphisms

R
α ��

β

��

Y

ϕ

��

Z
ψ

�� X .

(a) Explain why it suffices to show that β must be an isomorphism.

(b) If not, apply [131, V.5.3] to show that β factors as a sequence of blowups of points.
Hence R must contain curves L with L ·L =−1 in the exceptional fiber over p.

(c) Let L be an irreducible curve on R with L ·L = −1 and show that E = α(L) satisfies
E ·E =−1.

(d) Deduce that β is an isomorphism, hence φ : Y → X is a minimal resolution.

10.4.8. This exercise deals with the proof of Proposition 10.4.11.

(a) Show that KXΣ
·Di = bi−2 for 1≤ i≤ r.

(b) Show that d/k = [[2, . . . ,2]] if and only if k = d−1. Hint: Exercise 10.2.2.

(c) Show that E = D1 + · · ·+Dr satisfies E ·E =−2.

10.4.9. Let σ have parmeters d,d−1, so that the singular point of Uσ is a rational double
point. By Proposition 10.1.6, Uσ is Gorenstein, so that its canonical sheaf ωUσ

is a line
bundle. Let φ : XΣ → Uσ be the resolution constructed in Theorem 10.2.3. Prove that
φ∗ωUσ

is the canonical sheaf of XΣ.

10.4.10. Another interesting numerical fact about the integers bi from (10.4.1) is the fol-
lowing. Suppose a smooth fan Σ has 1-dimensional cones labeled as in Lemma 10.4.1.
Then

(10.4.4) b0 +b1 + · · ·+br−1 = 3r−12.

This exercise will sketch a proof of (10.4.4).

(a) Show that (10.4.4) holds for the standard fans of P2, P1×P1 and Hr, r ≥ 2.

(b) Show that if (10.4.4) holds for a smooth fan Σ, then it holds for the fan obtained by
performing a star subdivision on one of the 2-dimensional cones of Σ.

(c) Deduce that (10.4.4) holds for all smooth fans using Theorem 10.4.3.

§10.5. Riemann-Roch and Lattice Polygons

Riemann-Roch theorems are a class of results about the dimensions of sheaf co-
homology groups. The original statement along these lines was the theorem of



§10.5. Riemann-Roch and Lattice Polygons 503

Riemann and Roch concerning sections of line bundles on algebraic curves. This
result and its generalizations to higher-dimensional varieties can be formulated
most conveniently in terms of the Euler characteristic of a sheaf, defined in §9.4.

Riemann-Roch for Curves. A modern form of the Riemann-Roch theorem for
curves states that if D is a divisor on a smooth projective curve C, then

(10.5.1) χ(OC(D)) = deg(D)+χ(OC),

where the degree deg(D) is defined in Definition 6.3.2. This equality can be rewrit-
ten using Serre duality as follows. Namely, if KC is a canonical divisor on C, then
we have

H1(C,OC(D))� H 0(C,OC(KC−D))∨

H1(C,OC)� H 0(C,OC(KC))
∨.

The integer g = dim H 0(C,OC(KC)) is the genus of the curve C. Then (10.5.1) can
be rewritten in the form commonly used in the theory of curves:

(10.5.2) dim H 0(C,OC(D))−dim H 0(C,OC(KC−D)) = deg(D)+1−g.

A proof of this theorem and a number of its applications are given in [131, Ch. IV].
Also see Exercise 10.5.1 below. As a first consequence, note that if D = KC is a
canonical divisor, then

(10.5.3) deg(KC) = 2g−2.

We will need to use (10.5.2) most often in the simple case X � P1. Then g = 0
and the Riemann-Roch theorem for P1 is the statement for all divisors D on P1,

(10.5.4) χ(OP1(D)) = deg(D)+1.

The Adjunction Formula. For a smooth curve C contained in a smooth surface X ,
the canonical sheaves ωC of the curve and ωX of the surface are related by

(10.5.5) ωC � ωX(C)⊗OX OC.

This follows without difficulty from Example 8.2.2 (Exercise 10.5.2) and has the
following consequence for the intersection product on X .

Theorem 10.5.1 (Adjunction Formula). Let C be a smooth curve contained in a
smooth complete surface X. Then

KX ·C+C ·C = 2g−2,

where g is the genus of the curve C.

Proof. Let i :C ↪→ X be the inclusion map. Then

ωC � ωX(C)⊗OX OC = i∗ωX(C) = i∗OX(KX +C),

so that
2g−2 = deg(ωC) = deg(i∗OX(KX +C)) = (KX +C) ·C,
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where the first equality is (10.5.3) and the last is the definition of (KX +C) ·C given
in §6.3. �

Riemann-Roch for Surfaces. The statement for surfaces corresponding to (10.5.1)
is given next.

Theorem 10.5.2 (Riemann-Roch for Surfaces). Let D be a divisor on a smooth
projective surface X with canonical divisor KX . Then

χ(OX(D)) =
D ·D−D ·KX

2
+χ(OX).

We will only prove this for X a smooth complete toric surface; there is a simple
and concrete proof in this case.

Proof. The theorem certainly holds for D = 0 since OX(D) =OX in this case. Our
proof will use the special properties of smooth complete toric surfaces. Recall that
if X = XΣ, then Pic(X) is generated by the classes of the divisors Di, i = 1, . . . ,r,
corresponding to the 1-dimensional cones in Σ. Hence, to prove the theorem, it
suffices to show that if the theorem holds for a divisor D, then it also holds for
D+Di and D−Di for all i.

Assume the theorem holds for D. By Proposition 4.0.28, the sequence

0−→ OX(−Di)−→OX −→ ODi −→ 0

is exact. Tensoring this with OX(D+Di) gives the exact sequence

0−→ OX(D)−→OX(D+Di)−→ODi(D+Di)−→ 0.

By (9.4.1), it follows that

χ(OX(D+Di)) = χ(OX(D))+χ(ODi(D+Di)).

By the induction hypothesis,

(10.5.6) χ(OX(D)) =
D ·D−D ·KX

2
+χ(OX).

For χ(ODi(D+Di)), recall that Di � P1. Hence, by the Riemann-Roch theorem
for P1 given in (10.5.4), we have

(10.5.7) χ(ODi(D+Di)) = D ·Di +Di ·Di +1.

Combining (10.5.6) and (10.5.7), we obtain

χ(OX(D+Di)) =
D ·D−D ·KX

2
+D ·Di +Di ·Di +1+χ(OX )

=
(D+Di) · (D+Di)+Di ·Di−D ·KX +2

2
+χ(OX ).

However, using KX =−(D1 + · · ·+Dr) and Theorem 10.4.4, one computes that

(10.5.8) Di ·KX =−Di ·Di−2.
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Substituting this into the above expression for χ(OX(D+Di)) and simplifying, we
obtain

χ(OX(D+Di)) =
(D+Di) · (D+Di)− (D+Di) ·KX

2
+χ(OX),

which shows that the theorem holds for D+Di.

The proof for D−Di is similar and is left to the reader (Exercise 10.5.3). �

The following statement is sometimes considered as the topological part of the
Riemann-Roch theorem for surfaces.

Theorem 10.5.3 (Noether’s Theorem). Let X be a smooth projective surface with
canonical divisor KX . Then

χ(OX) =
KX ·KX + e(X)

12
,

where e(X) is the topological Euler characteristic of X defined by

e(X) =
4∑

k=0

(−1)kdim Hk(X ,C).

As before, we will give a proof only for a smooth complete toric surface. We
will also use the Hodge decomposition

Hk(X ,C)�
⊕

p+q=k

Hq(X ,Ωp
X)

from (9.4.11).

Proof. Demazure vanishing (Theorem 9.2.3) implies that for a smooth complete
toric surface X = XΣ,

(10.5.9)
χ(OX) = dim H 0(X ,OX)−dim H1(X ,OX)+dim H2(X ,OX)

= 1−0+0 = 1.

Thus Noether’s theorem for a smooth complete toric surface is equivalent to

(10.5.10) KX ·KX + e(X) = 12.

We prove this as follows. Set r = |Σ(1)| and let the minimal generators of the rays
be u0, . . . ,ur−1 as in Lemma 10.4.1. Since KX =−

∑r−1
i=0 Di, (10.5.8) implies

KX ·KX =−
r−1∑
i=0

Di ·KX =−
r−1∑
i=0

(−Di ·Di−2) = 2r+
r−1∑
i=0

Di ·Di.

If ui−1 +uu+i = biui as in (10.4.1), then Di ·Di =−bi by Theorem 10.4.4. Hence

KX ·KX = 2r−
r−1∑
i=0

bi = 2r− (3r−12) = 12− r,
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where the equality
∑r−1

i=0 bi = 3r−12 is from Exercise 10.4.10.

We next compute e(X). Proposition 6.3.25 implies that Σ is the normal fan
of a polygon. Such a polygon clearly has r = |Σ(1)| sides. Then the formula for
dim Hq(X ,Ωp

X) given in Theorem 9.4.11 implies

dim H 0(X ,C) = dim H 0(X ,OX) = 1

dim H1(X ,C) = dim H 0(X ,Ω1
X)+dim H1(X ,OX) = 0+0 = 0

dim H2(X ,C) = dim H 0(X ,Ω2
X)+dim H1(X ,Ω1

X)+dim H2(X ,OX)

= 0+ f1−2 f2 = r−2

dim H3(X ,C) = dim H1(X ,Ω2
X)+dim H2(X ,Ω1

X) = 0+0 = 0

dim H4(X ,C) = dim H2(X ,Ω2
X) = 1.

where f1 = r and f2 = 1 are the face numbers of a polygon with r sides. It follows
that e(X) = 1+ (r− 2) + 1 = r. Then (10.5.10) follows easily from the above
computation of KX ·KX . �

We will give a topological proof of e(X) = r in Chapter 12, and in Chapter 13,
we will interpret e(X) in terms of the Chern classes of the tangent bundle.

The Riemann-Roch theorems for curves and surfaces have been vastly gen-
eralized by results of Hirzebruch and Grothendieck, and the precise relation of
Noether’s theorem to the Riemann-Roch theorem for surfaces is a special case of
their approach. We will discuss Riemann-Roch theorems for higher-dimensional
toric varieties in Chapter 13.

Lattice Polygons. For the remainder of this section, we will explore the relation
between toric surfaces and the geometry and combinatorics of lattice polygons. We
will see that the results from §9.4 for lattice polytopes have an especially nice form
for lattice polygons.

Let X = XΣ be a smooth complete toric surface. Since χ(OX) = 1 by (10.5.9),
Riemann-Roch for a divisor D on X becomes

(10.5.11) χ(OX(D)) =
D ·D−D ·KX

2
+1.

Thus, for any 
 ∈ Z,

(10.5.12) χ(OX(
D)) =

D · 
D− 
D ·KX

2
+1 = 1

2(D ·D)
2− 1
2(D ·KX )
+1.

The theory developed in §9.4 guarantees that χ(OX(
D)) is a polynomial in 
; the
above computation gives explicit formulas for the coefficients in terms of intersec-
tion products.

Here is an example of how this formula works.
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Example 10.5.4. Let X be the Hirzebruch surface H2. We will use the notation of
Example 10.4.6. The divisor D = D1 +D2 is clearly effective, but the inequalities
(9.3.6) defining the nef cone show that D is not nef. Using KX = −D1−·· ·−D4

and Example 10.4.6, one computes that

D ·D = 0, D ·KX =−2.

Then (10.5.12) implies that

χ(OX(
D)) = 
+1.

An easy application of Serre duality gives H2(X ,OX(
D)) = 0 (Exercise 10.5.4).
Thus

dim H 0(X ,OX(
D))−dim H1(X ,OX(
D)) = 
+1.

Things get more surprising when we compute dim H0(X ,OX(
D)). Using the ray
generators u1, . . . ,u4 from Example 10.4.6, the polygon PD corresponding to D =
D1 +D2 is defined by the inequalities

〈m,u1〉 ≥ −1, 〈m,u2〉 ≥ −1, 〈m,u3〉 ≥ 0, 〈m,u4〉 ≥ 0.

The polygon PD is shown in Figure 11.

PD

u2

u4

u3

u1

Figure 11. The polygon of the divisor D and the fan of H2

Even though PD is not a lattice polytope, Proposition 4.3.3 still applies. Thus

dim H 0(X ,OX(
D)) = |P�D∩M|= |
PD∩M|=
{

1
4


2 + 
+1 
 even
1
4


2 + 
+ 3
4 
 odd,

where the final equality follows from Exercise 9.4.13. Combining this with the
above computation of χ(OX(
D)), we obtain

dim H1(X ,OX(
D)) =

{
1
4


2 
 even
1
4


2− 1
4 
 odd.

This is a vivid example how the Euler characteristic smooths out the complicated
behavior of the individual cohomology groups. ♦



508 Chapter 10. Toric Surfaces

On the other hand, if D is nef, the higher cohomology is trivial by Demazure
vanishing, so that the Euler characteristic reduces to dim H0. We exploit this as
follows. Suppose that P ⊆ MR � R2 is a lattice polygon. By Theorem 9.4.2 and
Example 9.4.4, the Ehrhart polynomial EhrP(x) ∈Q[x] of P satisfies

(10.5.13) EhrP(
) = |(
P)∩M|= Area(P)
2 + 1
2 |∂P∩M|
+1

for 
 ∈ N. We next describe this polynomial in terms of intersection products.

By the results of §2.3, we get the projective toric surface XP coming from the
normal fan ΣP of P. In general XP will not be smooth, so we compute a minimal
resolution of singularities

φ : XΣ −→ XP

using the methods of this chapter. Recall that XP has the ample divisor DP whose
associated polygon is P.

Proposition 10.5.5. There is a unique torus-invariant nef divisor D on XΣ such
that:

(a) The support function of D equals the support function of DP.

(b) χ(OXΣ(
D)) is the Ehrhart polynomial of P.

Proof. Proposition 6.2.7 implies that XΣ has a divisor D that satisfies part (a). As
in §6.1, we call D the pullback of DP. Since DP has a convex support function, the
same is true for D, so that D is nef. Furthermore, P is the polytope associated to
DP and hence is the polytope associated to D since the polytope of a nef divisor is
determined by its support function (Theorem 6.1.7).

It follows that dim H 0(XΣ,OXΣ(
D)) = |P�D ∩M| = |(
P)∩M| when 
 ≥ 0,
so that H 0(XΣ,OXΣ(
D)) equals the Ehrhart polynomial of P when 
 ≥ 0. How-
ever, 
D is nef when 
≥ 0 and hence has trivial higher cohomology by Demazure
vanishing (Theorem 9.2.3). Thus 
≥ 0 implies

χ(OXΣ(
D)) = dim H 0(XΣ,OXΣ(
D)) = |(
P)∩M|.
Since χ(OXΣ(
D)) is a polynomial in 
, it must be the Ehrhart polynomial of P. �

Proposition 10.5.5 and (10.5.12) imply that the Ehrhart polynomial of P is

EhrP(
) =
1
2(D ·D)
2− 1

2(D ·KXΣ)
+1.

Comparing this to the formula (10.5.13) for EhrP(
), we get the following result.

Proposition 10.5.6. Let P be a lattice polygon and let D be the pullback of DP

constructed in Proposition 10.5.5. Then

D ·D = 2Area(P)

−D ·KXΣ = |∂P∩M|. �



§10.5. Riemann-Roch and Lattice Polygons 509

Example 10.5.7. Take the fan of H2 shown in Figure 11 from Example 10.5.4
and combine the two 2-dimensional cones containing u2 into a single cone. The
resulting fan has minimal generators u1,u3,u4 that satisfy u1+u3+2u4 = 0, so the
resulting toric variety is P(1,1,2).

Let P = Conv(0,2e1,−e2) ⊆ MR, which is the double of the polytope shown
in Figure 11. The normal fan of P is the fan of P(1,1,2). The minimal generators
u1,u3,u4 of this fan give divisors D′

1,D
′
3,D

′
4 on P(1,1,2), and the divisor DP is

easily seen to be the ample divisor 2D′
1.

Since the fan of H2 refines the fan of P(1,1,2), the resulting toric morphism
H2→P(1,1,2) is a resolution of singularities. By considering the support function
of DP, we find that the pullback of DP = 2D′

1 is D = 2D1 + 2D2. We leave it as
Exercise 10.5.5 to compute D ·D and D ·KH2 and verify that they give the numbers
predicted by Proposition 10.5.6. ♦

Sectional Genus. The divisor DP on XP is very ample since dim P = 2. Hence it
gives a projective embedding XP ↪→ Ps such that OPs(1) restricts to OXΣ(DP). In
geometric terms, this means that hyperplanes H ⊆ Ps give curves XP∩H ⊆ XP that
are linearly equivalent to DP. For some hyperplanes, the intersection XP∩H can be
complicated. Since XP has only finitely many singular points, the Bertini theorem
(see [131, II 8.18 and III 7.9.1]) guarantees that when H is generic, C = XP∩H is
a smooth connected curve contained in the smooth locus of XP. The genus g of C
is called the sectional genus of the surface XP.

We will compute g in terms of the geometry of P using the adjunction formula.
Since we need a smooth surface for this, we use a resolution φ : XΣ→ XP and note
that C can be regarded as a curve in XΣ since φ is an isomorphism away from the
singular points of XP. Since C ∼ DP on XP, we have C ∼ D on XΣ, where D is the
pullback of DP. Then the adjunction formula (Theorem 10.5.1) implies

2g−2 = KXΣ ·C+C ·C = KXΣ ·D+D ·D,

so that

(10.5.14) g = 1
2 D · (KXΣ +D)+1.

Then we have the following result.

Proposition 10.5.8. The sectional genus of XP is g = |Int(P)∩M|.

Proof. Pick’s formula from Example 9.4.4 can be written as

|Int(P)∩M|= Area(P)− 1
2 |∂P∩M|+1,

which by Proposition 10.5.6 becomes

|Int(P)∩M|= 1
2D ·D+ 1

2D ·KXΣ +1.

The right-hand side is g by (10.5.14), completing the proof. �
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Example 10.5.9. Let P = dΔ2 = Conv(0,de1,de2). Then XP is the projective
plane P2 in its dth Veronese embedding, and DP ∼ dL, where L⊆ P2 is a line. The
hyperplane sections are the curves of degree d in P2, and the smooth ones have
genus

g = |Int(dΔ2)∩M|= (d−1)(d−2)
2

.

You will check this assertion and another example in Exercise 10.5.6. ♦

The curves C ⊆ XΣ studied here can be generalized to the study of hypersur-
faces in projective toric varieties coming from sections of a nef line bundle. The
geometry and topology of these hypersurfaces have been studied in many papers,
including [15], [19], [77] and [198].

Reflexive Polygons and The Number 12. Our final topic gives a way to understand
a somewhat mysterious formula we noted in the last section of Chapter 8. Recall
from Theorem 8.3.7 that there are exactly 16 equivalence classes of reflexive lattice
polytopes in R2, shown in Figure 3 of §8.3. The article [231] gives four different
proofs of the following result.

Theorem 10.5.10. Let P be a reflexive lattice polygon in MR � R2. Then

|∂P∩M|+ |∂P◦∩N| = 12.

One proof consists of a case-by-case verification of the statement for each of
16 equivalence classes. You proved the theorem this way in Exercise 8.3.5. The
argument was straightforward but not very enlightening! Here we will give another
proof using Noether’s theorem.

Proof. Since Noether’s theorem requires a smooth surface, we need to refine the
normal fan ΣP of P ⊆ MR. Since P is reflexive, we can do this using the dual
polygon P◦ ⊆ NR. We know from (8.3.2) that the vertices of P◦ are the minimal
generators of ΣP. Let Σ be the refinement of ΣP whose 1-dimensional cones are
generated by the rays through the lattice points on the boundary of P◦. This is
illustrated in Figure 12.
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Figure 12. A reflexive polygon P and its dual P◦
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The fan Σ has the following properties:

• For each cone of Σ, its minimal generators and the origin form a triangle whose
only lattice points are the vertices. Thus Σ is smooth by Exercise 8.3.4.

• The minimal generators of Σ are the lattice points of P◦ lying on the boundary.
Thus |Σ(1)|= |∂P◦∩N|.

From the first bullet, we get a resolution φ : XΣ→ XP. Recall that DP =−KXP since
P is reflexive. The wonderful fact is that its pullback via φ is again anticanonical,
i.e., D =−KXΣ . To prove this, recall that D and DP have the same support function
ϕ, which takes the value 1 at the vertices of P◦ since DP = −KXP . It follows that
ϕ= 1 on the boundary of P◦. Then D =−KXΣ because the minimal generators of
Σ all lie on the boundary.

Now apply Noether’s theorem to the toric surface XΣ. By (10.5.10), we have

KXΣ ·KXΣ + e(XΣ) = 12.

We analyze each term on the left as follows. First, D =−KXΣ implies

KXΣ ·KXΣ =−D ·KXΣ = |∂P∩M|,
where the last equality follows from Proposition 10.5.6. Second, e(XΣ) is the num-
ber of minimal generators of Σ by the proof of Theorem 10.5.3. In other words,

e(XΣ) = |Σ(1)|= |∂P◦∩N|,
where the second equality follows from the above analysis of Σ. Hence the theorem
is an immediate consequence of Noether’s theorem. �

A key step in the above proof was showing that the pullback of the canonical
divisor on XP was the canonical divisor on XP. This may fail for a general resolution
of singularities. We will say more about this when we study crepant resolutions in
Chapter 11.

Exercises for §10.5.

10.5.1. The Riemann-Roch theorem for curves, in the form (10.5.1), can be proved by
much the same method as used in the proof of Theorem 10.5.2. Namely, show that if
(10.5.1) holds for a divisor D then it also holds for the divisors D+P and D−P, where P
is an arbitrary point on the curve.

10.5.2. Prove the adjunction formula (Theorem 10.5.1) using (10.5.3) and (10.5.5).

10.5.3. Complete the proof of Theorem 10.5.2 by showing that if the theorem holds for
D, then it also holds for D−Di where Di is any one of the divisors corresponding to the
1-dimensional cones in Σ.

10.5.4. Let D=
∑

ρ aρDρ be an effective Q-Cartier Weil divisor on a complete toric variety
XΣ of dimension n. Use Serre duality (Theorem 9.2.10) to prove that Hn(XΣ,OXΣ

(D)) = 0.

10.5.5. In Example 10.5.7, compute D ·D and D ·KH2 and check that they agree with the
numbers given by Proposition 10.5.6.
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10.5.6. This exercise studies the sectional genus of toric surfaces.

(a) Verify the formula given in Example 10.5.9 for the sectional genus of P2 in its dth
Veronese embedding.

(b) Let P = Conv(0,ae1,be2,ae1 +be2). What is the smooth toric surface XP in this case?
Show that its sectional genus is (a−1)(b−1).

10.5.7. Let P be a reflexive polygon.

(a) Prove that the singularities (if any) of the toric surface XP are rational double points.
Hint: Proposition 10.1.6.

(b) Prove that XP has sectional genus g = 1. This means that smooth anticanonical curves
in XP are all elliptic curves.

(c) Explain how part (b) relates to Exercise 10.5.6.

10.5.8. According to Theorem 10.4.3, every smooth toric surface is a blowup of either P2,
P1×P1, or Hr for r ≥ 2. For each of the 16 reflexive polygons in Figure 3 of §8.3, the
process described in the proof of Theorem 10.5.10 produces a smooth toric surface XΣ.
Where does XΣ fit in this classification in each case? (This gives a classification of smooth
toric Del Pezzo surfaces.)

10.5.9. As in §9.3, the p-Ehrhart polynomials of a lattice polygon P⊂MR are defined by

Ehr p
P (
) = χ(Ω̂p

XP
(
DP)), p = 0,1,2.

We know that Ehr 0
P is the usual Ehrhart polynomial EhrP, and then Ehr 2

P(x) = EhrP(−x)
by Theorem 9.4.7. The remaining case is Ehr 1

P . Prove that

Ehr 1
P(x) = 2Area(P)x2 + f1−2,

where f1 is the number of edges of P. Hint: Use Theorem 9.4.11 for the constant term and
part (c) of Theorem 9.4.7 for the coefficient of x. For the leading coefficient, tensor the
exact sequence of Theorem 8.1.6 with OXP(
DP), take the Euler characteristic, and then let

→∞.


