
Chapter 1

Introduction

The workhorse of scientific computation is matrix multiplication. In many
applications one would like to multiply large matrices, ten thousand by ten
thousand or even larger. The standard algorithm for multiplying n × n
matrices uses on the order of n3 arithmetic operations, whereas addition
of matrices only uses n2. For a 10, 000 × 10, 000 matrix this means 1012

arithmetic operations for multiplication compared with 108 for addition.
Wouldn’t it be great if all matrix operations were as easy as addition? As
“pie in the sky” as this wish sounds, it might not be far from reality. After
reviewing the standard algorithm for comparison, §1.1 begins with Strassen’s
algorithm for multiplying 2 × 2 matrices using seven multiplications. As
shocking as this algorithm may be already, it has an even more stunning
consequence: n × n matrices can be multiplied by performing on the order
of n2.81 arithmetic operations. This algorithm is implemented in practice
for multiplication of large matrices. More recent advances have brought the
number of operations needed even closer to the n2 of addition.

To better understand Strassen’s algorithm, and to investigate if it can
be improved, it helps to introduce the language of tensors, which is done in
§1.2. In particular, the rank and border rank of a tensor are the standard
measures of its complexity.

The problem of determining the complexity of matrix multiplication can
be rephrased as the problem of decomposing a particular tensor (the matrix
multiplication operator) according to its rank. Tensor decomposition arises
in numerous application areas: locating the area causing epileptic seizures
in a brain, determining the compounds in a solution using fluorescence spec-
troscopy, and data mining, to name a few. In each case, researchers compile
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data into a “multi-way array” and isolate essential features of the data by
decomposing the corresponding tensor into a sum of rank one tensors. Chap-
ter 12 discusses several examples of tensor decomposition arising in wireless
communication. In §1.3, I briefly discuss two examples of tensor decompo-
sition: fluorescence spectroscopy in chemistry, and blind source separation.
Blind source separation (BSS) was proposed in 1982 as a way to study how,
in vertebrates, the brain detects motion from electrical signals sent by ten-
dons (see [98, p. 3]). Since then numerous researchers have applied BSS in
many fields, in particular engineers in signal processing. A key ingredient of
BSS comes from statistics, the cumulants defined in §12.1 and also discussed
briefly in §1.3. P. Comon utilized cumulants in [96], initiating independent
component analysis (ICA), which has led to an explosion of research in signal
processing.

In a letter addressed to von Neumann from 1956, see [294, Appendix],
Gödel attempted to describe the apparent difference between intuition and
systematic problem solving. His ideas, and those of others at the time,
evolved to become the complexity classes NP (modeling intuition, or theo-
rem proving) and P (modeling problems that could be solved systematically
in a reasonable amount of time, like proof checking). See Chapter 14 for
a brief history and explanation of these classes. Determining if these two
classes are indeed distinct has been considered a central question in theo-
retical computer science since the 1970s. It is now also considered a central
question in mathematics. I discuss several mathematical aspects of this
problem in Chapter 13. In §1.4, I briefly discuss an algebraic variant due to
L. Valiant: determine whether or not the permanent of a matrix of size m
can be computed as the determinant of a matrix of size mc for some constant
c. (It is known that a determinant of size on the order of m22m will work,
see Chapter 13.)

A new approach to statistics via algebraic geometry has been proposed
in the past 10 years. This algebraic statistics [265, 259] associates geomet-
ric objects (algebraic varieties) to sets of tables having specified statistical
attributes. In a similar vein, since the 1980s, in physics, especially quantum
information theory, certain types of subsets of the Hilbert space describing
all possible quantum states of a crystal lattice have been studied. These
subsets are meant to model the states that are physically reasonable. These
so-called tensor network states go under many names in the literature (see
§1.5.2) and have surprising connections to both algebraic statistics and com-
plexity theory. Chapter 14 discusses these two topics in detail. They are
introduced briefly in §1.5.

The purpose of this chapter is to introduce the reader to the problems
mentioned above and to motivate the study of the geometry of tensors that
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underlies them. I conclude the introduction in §1.6 by mentioning several
key ideas and techniques from geometry and representation theory that are
essential for the study of tensors.

1.1. The complexity of matrix multiplication

1.1.1. The standard algorithm. Let A,B be 2× 2 matrices

A =

(
a11 a12
a21 a22

)
, B =

(
b11 b12
b21 b22

)
.

The usual algorithm to calculate the matrix product C = AB is

c11 = a11b
1
1 + a12b

2
1,

c12 = a11b
1
2 + a12b

2
2,

c21 = a21b
1
1 + a22b

2
1,

c22 = a21b
1
2 + a22b

2
2.

It requires 8 multiplications and 4 additions to execute, and applied to n×n
matrices, it uses n3 multiplications and n3 − n2 additions.

1.1.2. Strassen’s algorithm for multiplying 2 × 2 matrices using
only seven scalar multiplications [301]. Set

I = (a11 + a22)(b
1
1 + b22),(1.1.1)

II = (a21 + a22)b
1
1,

III = a11(b
1
2 − b22),

IV = a22(−b11 + b21),

V = (a11 + a12)b
2
2,

V I = (−a11 + a21)(b
1
1 + b12),

V II = (a12 − a22)(b
2
1 + b22).

Exercise 1.1.2.1: Show that if C = AB, then

c11 = I + IV − V + V II,

c21 = II + IV,

c12 = III + V,

c22 = I + III − II + V I.

Remark 1.1.2.2. According to P. Bürgisser (personal communication),
Strassen was actually attempting to prove such an algorithm did not ex-
ist when he arrived at it by process of elimination. In fact he initially was
working over Z2 (where a systematic study was feasible), and then realized
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that by carefully choosing signs the algorithm works over an arbitrary field.
We will see in §5.2.2 why the algorithm could have been anticipated using
elementary algebraic geometry.

Remark 1.1.2.3. In fact there is a nine-parameter family of algorithms
for multiplying 2 × 2 matrices using just seven scalar multiplications. See
(2.4.5).

1.1.3. Fast multiplication of n × n matrices. In Strassen’s algorithm,
the entries of the matrices need not be scalars—they could themselves be
matrices. Let A,B be 4× 4 matrices, and write

A =

(
a11 a12
a21 a22

)
, B =

(
b11 b12
b21 b22

)
,

where aij , b
i
j are 2 × 2 matrices. One may apply Strassen’s algorithm to

get the blocks of C = AB in terms of the blocks of A,B by performing 7
multiplications of 2× 2 matrices. Since one can apply Strassen’s algorithm
to each block, one can multiply 4× 4 matrices using 72 = 49 multiplications
instead of the usual 43 = 64. If A,B are 2k× 2k matrices, one may multiply
them using 7k multiplications instead of the usual 8k.

The total number of arithmetic operations for matrix multiplication is
bounded by the number of multiplications, so counting multiplications is a
reasonable measure of complexity. For more on how to measure complexity
see Chapter 11.

Even if n is not a power of two, one can still save multiplications by
enlarging the matrices with blocks of zeros to obtain matrices whose size
is a power of two. Asymptotically, one can multiply n × n matrices using
approximately nlog2(7)  n2.81 arithmetic operations. To see this, let n = 2k

and write 7k = (2k)a so klog27 = aklog22 so a = log27.

Definition 1.1.3.1. The exponent ω of matrix multiplication is

ω := inf{h ∈ R |Matn×n may be multiplied

using O(nh) arithmetic operations}.

Strassen’s algorithm shows that ω ≤ log2(7) < 2.81. Determining ω is
a central open problem in complexity theory. The current “world record”
is ω < 2.38; see [103]. I present several approaches to this problem in
Chapter 11.

Strassen’s algorithm is actually implemented in practice when large ma-
trices must be multiplied. See §11.1 for a brief discussion.
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1.2. Definitions from multilinear algebra

1.2.1. Linear maps. In this book I generally work over the complex num-
bers C. The definitions below are thus presented for complex vector spaces;
however the identical definitions hold for real vector spaces (just adjusting
the ground field where necessary). Let Cn denote the vector space of n-tuples
of complex numbers, i.e., if v ∈ Cn, write the vector v as v = (v1, . . . , vn)
with vj ∈ C. The vector space structure of Cn means that for v, w ∈ Cn and
α ∈ C, v +w = (v1 +w1, . . . , vn +wn) ∈ Cn and αv = (αv1, . . . , αvn) ∈ Cn.
A map f : Cn → Cm is linear if f(v+αw) = f(v) +αf(w) for all v, w ∈ Cn

and α ∈ C. In this book vector spaces will generally be denoted by capital
letters A,B,C, V,W , with the convention dimA = a, dimB = b, etc. I will
generally reserve the notation Cn for an n-dimensional vector space equipped
with a basis as above. The reason for making this distinction is that the
geometry of many of the phenomena we will study is more transparent if
one does not make choices of bases.

If A is a vector space, let A∗ := {f : A → C | f is linear} denote
the dual vector space. If α ∈ A∗ and b ∈ B, one can define a linear map
α⊗b : A→ B by a �→ α(a)b. Such a linear map has rank one. The rank of a
linear map f : A→ B is the smallest r such that there exist α1, . . . , αr ∈ A∗

and b1, . . . , br ∈ B such that f =
∑r

i=1 αi⊗bi. (See Exercise 2.1(4) for the
equivalence of this definition with other definitions of rank.)

If C2∗ and C3 are equipped with bases (e1, e2), (f1, f2, f3) respectively,
and A : C2 → C3 is a linear map given with respect to this basis by a matrix⎛⎝a11 a12

a21 a22
a31 a32

⎞⎠ ,

then A may be written as the tensor

A = a11e
1⊗f1 + a12e

2⊗f1 + a21e
2⊗f1 + a22e

2⊗f2 + a31e
1⊗f3 + a32e

2⊗f3
and there exists an expression A = α1⊗b1 + α2⊗b2 because A has rank at
most two.

Exercise 1.2.1.1: Find such an expression explicitly when the matrix of A

is
(

1 2
−1 0
3 1

)
XS. �

1.2.2. Bilinear maps. Matrix multiplication is an example of a bilinear
map, that is, a map f : A × B → C, where A,B,C are vector spaces and
for each fixed element b ∈ B, f(·, b) : A→ C is linear and similarly for each
fixed element of A. Matrix multiplication of square matrices is a bilinear
map:

(1.2.1) Mn,n,n : Cn2 × Cn2 → Cn2
.
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If α ∈ A∗, β ∈ B∗ and c ∈ C, the map α⊗β⊗c : A × B → C defined by
(a, b) �→ α(a)β(b)c is a bilinear map. For any bilinear map T : A×B → C,
one can represent it as a sum

(1.2.2) T (a, b) =
r∑

i=1

αi(a)βi(b)ci

for some r, where αi ∈ A∗, βi ∈ B∗, and ci ∈ C.

Definition 1.2.2.1. For a bilinear map T : A×B → C, the minimal number
r over all such presentations (1.2.2) is called the rank of T and denotedR(T ).

This notion of rank was first defined by F. Hitchcock [164] in 1927.

1.2.3. Aside: Differences between linear and multilinear algebra.
Basic results from linear algebra are that “rank equals row rank equals
column rank”, i.e., for a linear map f : A → B, rank(f) = dim f(A) =
dim fT (B∗). Moreover, the maximum possible rank is min{dimA, dimB},
and for “most” linear maps A → B the maximum rank occurs. Finally, if
rank(f) > 1, the expression of f as a sum of rank one linear maps is never
unique; there are parameters of ways of doing so.

We will see that all these basic results fail in multilinear algebra. Already
for bilinear maps, f : A × B → C, the rank of f is generally different
from dim f(A × B), the maximum possible rank is generally greater than
max{dimA, dimB, dimC}, and “most” bilinear maps have rank less than
the maximum possible. Finally, in many cases of interest, the expression of
f as a sum of rank one linear maps is unique, which turns out to be crucial
for applications to signal processing and medical imaging.

1.2.4. Rank and algorithms. If T has rank r, it can be executed by
performing r scalar multiplications (and O(r) additions). Thus the rank of
a bilinear map gives a measure of its complexity.

In summary, R(Mn,n,n) measures the number of multiplications needed
to compute the product of two n × n matrices and gives a measure of its
complexity. Strassen’s algorithm shows R(M2,2,2) ≤ 7. S. Winograd [334]
proved R(M2,2,2) = 7. The exponent ω of matrix multiplication may be
rephrased as

ω = limn→∞logn(R(Mn,n,n)).

Already for 3 × 3 matrices, all that is known is 19 ≤ R(M3,3,3) ≤ 23
[29, 199]. The best asymptotic lower bound is 5

2m
2 − 3m ≤ R(Mm,m,m)

[28]. See Chapter 11 for details.
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The rank of a bilinear map and the related notions of symmetric rank,
border rank, and symmetric border rank will be central to this book so I
introduce these additional notions now.

1.2.5. Symmetric rank of a polynomial. Given a quadratic polynomial
p(x) = ax2 + bx + c, algorithms to write p as a sum of two squares p =
(αx+ β)2 + (γx+ δ)2 date back at least to ancient Babylon 5,000 years ago
[186, Chap 1].

In this book it will be more convenient to deal with homogeneous polyno-
mials. It is easy to convert from polynomials to homogeneous polynomials;
one simply adds an extra variable, say y, and if the highest degree mono-
mial appearing in a polynomial is d, one multiplies each monomial in the
expression by the appropriate power of y so that the monomial has degree
d. For example, the above polynomial becomes p(x, y) = ax2 + bxy+ cy2 =
(αx+ βy)2 + (γx+ δy)2. See §2.6.5 for more details.

A related notion to the rank of a bilinear map is the symmetric rank of a
homogeneous polynomial. If P is homogeneous of degree d in n variables, it
may always be written as a sum of d-th powers. Define the symmetric rank
of P , RS(P ), to be the smallest r such that P is expressible as the sum of
r d-th powers.

For example, a general homogeneous polynomial of degree 3 in two vari-
ables, P = ax3+ bx2y+ cxy2+ ey3, where a, b, c, e are constants, will be the
sum of two cubes (see Exercise 5.3.2.3).

1.2.6. Border rank and symmetric border rank. Related to the no-
tions of rank and symmetric rank, and of equal importance for applications,
are those of border rank and symmetric border rank defined below, respec-
tively denoted Brank(T ), RS(P ). Here is an informal example to illustrate
symmetric border rank.

Example 1.2.6.1. While a general homogeneous polynomial of degree three
in two variables is a sum of two cubes, it is not true that every cubic poly-
nomial is either a cube or the sum of two cubes. For an example, consider

P = x3 + 3x2y.

P is not the sum of two cubes. (To see this, write P = (sx + ty)3 + (ux +
vy)3 for some constants s, t, u, v, equate coefficients and show there is no
solution.) However, it is the limit as ε→ 0 of polynomials Pε that are sums
of two cubes, namely

Pε :=
1

ε
((ε− 1)x3 + (x+ εy)3).

This example dates back at least to Terracini nearly 100 years ago. Its
geometry is discussed in Example 5.2.1.2.
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Definition 1.2.6.2. The symmetric border rank of a homogeneous poly-
nomial P , RS(P ), is the smallest r such that there exists a sequence of
polynomials Pε, each of rank r, such that P is the limit of the Pε as ε tends
to zero. Similarly, the border rank R(T ) of a bilinear map T : A × B → C
is the smallest r such that there exists a sequence of bilinear maps Tε, each
of rank r, such that T is the limit of the Tε as ε tends to zero.

Thus the polynomial P of Example 1.2.6.1 has symmetric border rank
two and symmetric rank three.

The border rank bounds the rank as follows: if T can be approximated
by a sequence Tε where one has to divide by εq to obtain the limit (i.e., take
q derivatives in the limit), then R(T ) ≤ q2R(T ); see [54, pp. 379–380] for
a more precise explanation. A similar phenomenon holds for the symmetric
border rank.

By the remark above, the exponent ω of matrix multiplication may be
rephrased as

ω = limn→∞logn(R(Mn,n,n)).

In [201] it was shown that Brank(M2,2,2) = 7. For 3 × 3 matrices, all

that is known is 14 ≤ R(M3,3,3) ≤ 21, and for n×n matrices, 3n2

2 + n
2 − 1 ≤

R(Mn,n,n) [220]. See Chapter 11 for details.

The advantage of border rank over rank is that the set of bilinear maps
of border rank at most r can be described as the zero set of a collection of
polynomials, as discussed in the next paragraph.

Remark 1.2.6.3. Border rank was first used in the study of matrix mul-
tiplication in [26]. The term “border rank” first appeared in the paper
[27].

1.2.7. Our first spaces of tensors and varieties inside them. Let
A∗⊗B denote the vector space of linear maps A → B. The set of linear
maps of rank at most r will be denoted σ̂r = σ̂r,A∗⊗B. This set is the zero
set of a collection of homogeneous polynomials on the vector space A∗⊗B.
Explicitly, if we choose bases and identify A∗⊗B with the space of a × b
matrices, σ̂r is the set of matrices whose (r+1)× (r+1) minors are all zero.
In particular there is a simple test to see if a linear map has rank at most r.

A subset of a vector space defined as the zero set of a collection of
homogeneous polynomials is called an algebraic variety.

Now let A∗⊗B∗⊗C denote the vector space of bilinear maps A×B → C.
This is our first example of a space of tensors, defined in Chapter 2, beyond
the familiar space of linear maps. Expressed with respect to bases, a bilinear
map is a “three-dimensional matrix” or array.
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The set of bilinear maps of rank at most r is not an algebraic variety,
i.e., it is not the zero set of a collection of polynomials. However the set
of bilinear maps of border rank at most r is an algebraic variety. The
set of bilinear maps f : A × B → C of border rank at most r will be
denoted σ̂r = σ̂r,A∗⊗B∗⊗C . It is the zero set of a collection of homogeneous
polynomials on the vector space A∗⊗B∗⊗C.

In principle, to test for membership of a bilinear map T in σ̂r, one could
simply evaluate the defining equations of σ̂r on T and see if they are zero.
However, unlike the case of linear maps, defining equations for σ̂r,A∗⊗B∗⊗C

are not known in general. Chapter 7 discusses what is known about them.

More generally, if A1, . . . , An are vector spaces, one can consider the
multilinear maps A1 × · · · × An → C, the set of all such forms a vector
space, which is a space of tensors and is denoted A∗

1⊗ · · · ⊗ A∗
n. The rank of

an element of A∗
1⊗ · · · ⊗ A∗

n is defined similarly to the definitions above, see
§2.4.1. In bases one obtains the set of a1× · · · × an-way arrays. Adopting a
coordinate-free perspective on these arrays will make it easier to isolate the
properties of tensors of importance.

1.3. Tensor decomposition

One of the most ubiquitous applications of tensors is to tensor decomposition.
In this book I will use the term CP decomposition for the decomposition of
a tensor into a sum of rank one tensors. Other terminology used (and an
explantion of the origin of the term “CP”) is given in the introduction to
Chapter 13.

We already saw an example of this problem in §1.1, where we wanted
to write a bilinear map f : A × B → C as a sum of maps of the form
(v, w) �→ α(v)β(w)c where α ∈ A∗, β ∈ B∗, c ∈ C.

In applications, one collects data arranged in a multidimensional array T .
Usually the science indicates that this array, considered as a tensor, should
be “close” to a tensor of small rank, say r. The problems researchers face
are i) to find the correct value of r and/or ii) to find a tensor of rank r that
is “close” to T . Subsection 1.3.1 presents an example arising in chemistry,
taken from the book [40].

A central problem in signal processing is source separation. An often
used metaphor to explain the problem is the “cocktail party problem” where
a collection of people in a room is speaking. Several receivers are set up,
recording the conversations. What they actually record is not the individual
conversations, but all of them mixed together and the goal is to recover
what each individual is saying. Remarkably, this “unmixing” can often be
accomplished using a CP decomposition. This problem relates to larger
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questions in statistics and is discussed in detail in Chapter 12, and briefly
in §1.3.2.

1.3.1. Tensor decomposition and fluorescence spectroscopy. I sam-
ples of solutions are analyzed, each contains different chemicals diluted at
different concentrations. The first goal is to determine the number r of differ-
ent chemicals present. In [40, §10.2] there are four such, dihydroxybenzene,
tryptophan, phenylalanine and DOPA. Each sample, say sample number i, is
successively excited by light at J different wavelengths. For every excitation
wavelength one measures the emitted spectrum. Say the intensity of the
fluorescent light emitted is measured at K different wavelengths. Hence for
every i, one obtains a J ×K table of excitation-emission matrices.

Thus the data one is handed is an I × J × K array. In bases, if {ei}
is a basis of CI , {hj} a basis of CJ , and {gk} a basis of CK , then T =∑

ijk Tijkei⊗hj⊗gk. A first goal is to determine r such that

T 
r∑

f=1

af⊗bf⊗cf ,

where each f represents a substance. Writing af =
∑

ai,fei, then ai,f is
the concentration of the f -th substance in the i-th sample, and similarly
using the given bases of RJ and RK , ck,f is the fraction of photons the f -th
substance emits at wavelength k, and bj,f is the intensity of the incident
light at excitation wavelength j multiplied by the absorption at wavelength
j.

There will be noise in the data, so T will actually be of generic rank, but
there will be a very low rank tensor T̃ that closely approximates it. (For all
complex spaces of tensors, there is a rank that occurs with probability one
which is called the generic rank, see Definition 3.1.4.2.) There is no metric
naturally associated to the data, so the meaning of “approximation” is not
clear. In [40], one proceeds as follows to find r. First of all, r is assumed to
be very small (at most 7 in their exposition). Then for each r0, 1 ≤ r0 ≤ 7,
one assumes r0 = r and applies a numerical algorithm that attempts to
find the r0 components (i.e., rank one tensors) that T̃ would be the sum
of. The values of r0 for which the algorithm does not converge quickly are
thrown out. (The authors remark that this procedure is not mathematically
justified, but seems to work well in practice. In the example, these discarded
values of r0 are too large.) Then, for the remaining values of r0, one looks
at the resulting tensors to see if they are reasonable physically. This enables
them to remove values of r0 that are too small. In the example, they are
left with r0 = 4, 5.
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Now assume r has been determined. Since the value of r is relatively
small, up to trivialities, the expression of T̃ as the sum of r rank one elements
will be unique, see §3.3. Thus, by performing the decomposition of T̃ , one
recovers the concentration of each of the r substances in each solution by
determining the vectors af as well as the individual excitation and emission
spectra by determining the vectors bf .

1.3.2. Cumulants. In statistics one collects data in large quantities that
are stored in a multidimensional array, and attempts to extract information
from the data. An important sequence of quantities to extract from data
sets are cumulants, the main topic of the book [232]. This subsection is an
introduction to cumulants, which is continued in Chapter 12.

Let Rv have a probability measure dμ, i.e., a reasonably nice measure
such that

∫
Rv dμ = 1. A measurable function f : Rv → R is called a random

variable in the statistics literature. (The reason for this name is that if
we pick a “random point” x ∈ Rv, according to the probability measure
μ, f determines a “random value” f(x).) For a random variable f , write
E{f} :=

∫
Rv f(x)dμ. E{f} is called the expectation or the mean of the

function f .

For example, consider a distribution of mass in space with coordinates
x1, x2, x3 and the density given by a probability measure μ. (Each coordinate
function may be considered a random variable.) Then the integrals mj :=
E{xj} :=

∫
R3 x

jdμ give the coordinates of the center of mass (called the
mean).

More generally, define the moments of random variables xj :

m
ii,...,ip
x := E{xi1 · · ·xip} =

∫
Rv

xi1 · · ·xipdμ.

Remark 1.3.2.1. In practice, the integrals are approximated by discrete
statistical data taken from samples.

A first measure of the dependence of functions xj is given by the quan-
tities

κij = κijx := mij −mimj =

∫
Rv

xixjdμ−
(∫

Rv

xjdμ

)(∫
Rv

xjdμ

)
,

called second order cumulants or the covariance matrix.

One says that the functions xj are statistically independent at order two

if κijx = 0 for all i �= j. To study statistical independence, it is better not

to consider the κijx individually, but to form a symmetric matrix κ2,x =
κ2(x) ∈ S2Rv. If the measurements depend on r < v independent events,
the rank of this matrix will be r. (In practice, the matrix will be “close” to a
matrix of rank r.) The matrix κ2(x) is called a covariance matrix. One can
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define higher order cumulants to obtain further measurements of statistical
independence. For example, consider

(1.3.1) κijk = mijk − (mimjk +mjmik +mkmij) + 2mimjmk.

We may form a third order symmetric tensor from these quantities, and
similarly for higher orders.

Cumulants of a set of random variables (i.e., functions on a space with
a probability measure) give an indication of their mutual statistical depen-
dence, and higher-order cumulants of a single random variable are some
measure of its non-Gaussianity.

Definition 1.3.2.2. In probability, two events A,B are independent if
Pr(A ∧ B) = Pr(A)Pr(B), where Pr(A) denotes the probability of the
event A. If x is a random variable, one can compute Pr(x ≤ a). Two ran-
dom variables x, y are statistically independent if Pr({x ≤ a} ∧ {y ≤ b}) =
Pr({x ≤ a})Pr({y ≤ b}) for all a, b ∈ R+. The statistical independence of
random variables x1, . . . , xm is defined similarly.

An important property of cumulants, explained in §12.1, is:
If the xi are determined by r statistically independent quantities, then

RS(κp(x)) ≤ r (with equality generally holding) for all p ≥ 2.

We will apply this observation in the next subsection.

1.3.3. Blind source separation. A typical application of blind source
separation (BSS) is as follows: Big Brother would like to determine the
location of pirate radio transmissions in Happyville. To accomplish this,
antennae are set up at several locations to receive the radio signals. How
can one determine the location of the sources from the signals received at
the antennae?

Let yj(t) denote the measurements at the antennae at time t. Assume
there is a relation of the form

(1.3.2)

⎛⎜⎝ y1(t)
...

ym(t)

⎞⎟⎠ =

⎛⎜⎝a11
...
am1

⎞⎟⎠x1(t) + · · ·+

⎛⎜⎝a1r
...
amr

⎞⎟⎠xr(t) +

⎛⎜⎝ v1(t)
...

vm(t)

⎞⎟⎠
which we write in vector notation as

(1.3.3) y = Ax+ v.

Here A is a fixed m × r matrix, v = v(t) ∈ Rm is a vector-valued function
representing the noise, and x(t) = (x1(t), . . . , xr(t))T represents the statis-
tically independent functions of t that correspond to the locations of the
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sources. (“T” denotes transpose.) The vi(t) are assumed (i) to be indepen-
dent random variables which are independent of the xj(t), (ii) E{vi} = 0,
and (iii) the moments E{vi1 · · · vip} are bounded by a small constant.

One would like to recover x(t), plus the matrix A, from knowledge of the
function y(t) alone. Note that the xj are like eigenvectors, in the sense that
they are only well defined up to scale and permutation, so “recover” means
modulo this ambiguity. And “recover” actually means recover approximate
samplings of x from samplings of y.

At first this task appears impossible. However, note that if we have

such an equation as (1.3.3), then we can compare the quantities κijy with κstx
because, by the linearity of the integral,

κijy = Ai
sA

j
tκ

st
x + κijv .

By the assumption of statistical independence, κstx = δstκssx , where δst is the

Kronecker delta, and κijv is small, so we ignore it to obtain a system of
(
m
2

)
linear equations formr+r unknowns. If we assumem > r (this case is called
an overdetermined mixture), this count is promising. However, although a
rank r symmetric m × m matrix may be written as a sum of rank one
symmetric matrices, that sum is never unique. (An algebraic geometer would
recognize this fact as the statement that the secant varieties of quadratic
Veronese varieties are degenerate.)

Thus we turn to the order three symmetric tensor (cubic polynomial)
κ3(y), and attempt to decompose it into a sum of r cubes in order to recover
the matrix A. Here the situation is much better: as long as the rank is less
than generic, with probability one there will be a unique decomposition (ex-
cept in S3C5 where one needs two less than generic), see Theorem 12.3.4.3.
Once one has the matrix A, one can recover the xj at the sampled times.
What is even more amazing is that this algorithm will work in principle even
if the number of sources is greater than the number of functions sampled,
i.e., if r > m (this is called an underdetermined mixture)—see §12.1.

Example 1.3.3.1 (BSS was inspired by nature). How does our central
nervous system detect where a muscle is and how it is moving? The muscles
send electrical signals through two types of transmitters in the tendons,
called primary and secondary, as the first type sends stronger signals. There
are two things to be recovered, the function p(t) of angular position and

v(t) = dp
dt of angular speed. (These are to be measured at any given instant

so your central nervous system can’t simply “take a derivative”.) One might
think one type of transmitter sends information about v(t) and the other
about p(t), but the opposite was observed, there is some kind of mixing: say
the signals sent are respectively given by functions f1(t), f2(t). Then it was
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observed there is a matrix A, such that(
f1(t)
f2(t)

)
=

(
a11 a12
a21 a22

)(
v(t)
p(t)

)
and the central nervous system somehow decodes p(t), v(t) from f1(t), f2(t).
This observation is what led to the birth of blind source separation, see [98,
§1.1.1].

Figure 1.3.1. The brain uses source separation to detect where muscles
are and how they are moving.
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1.3.4. Other uses of tensor decomposition. Tensor decomposition oc-
curs in numerous areas, here are just a few:

• An early use of tensor decomposition was in the area of psycho-
metrics, which sought to use it to help evaluate intelligence and
other personality characteristics. Early work in the area includes
[311, 71, 158].

• In geophysics; for example the interpretation of magnetotelluric
data for one-dimensional and two-dimensional regional structures;
see, e.g., [335] and the references therein.

• In interpreting magnetic resonance imaging (MRI); see, e.g., [284,
125], and the references therein. One such use is in determining the
location in the brain that is causing epileptic seizures in a patient.
Another is the diagnosis and management of strokes.

Figure 1.3.2. When locating sources of epileptic seizures in order to
remove them, unique up to finite decomposition is not enough.
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• In data-mining, see, e.g., [219].

• In numerical analysis. Thanks to the convergence of Fourier series
in L2(Rn), one has L2(Rn) = L2(R)⊗ · · · ⊗ L2(R), and one often
approximates a function of n variables by a finite sum of prod-
ucts of functions of one variable, generalizing classical separation
of variables. See, e.g., [155] and the references therein.

1.3.5. Practical issues in tensor decomposition. Four issues to deal
with are existence, uniqueness, executing the decomposition and noise. I now
discuss each briefly. In this subsection I use “tensor” for tensors, symmetric
tensors, and partially symmetric tensors, “rank” for rank and symmetric
rank etc.

Existence. In many tensor decomposition problems, the first issue to resolve
is to determine the rank of the tensor T one is handed. In cases where one has
explicit equations for the tensors of border rank r, if T solves the equations,
then with probability one, it is of rank at most r. (For symmetric tensors
of small rank, it is always of rank at most r; see Theorem 3.5.2.2.)

Uniqueness. In the problems coming from spectroscopy and signal process-
ing, one is also concerned with uniqueness of the decomposition. If the rank
is sufficiently small, uniqueness is assured with probability one, see §3.3.3.
Moreover there are explicit tests one can perform on any given tensor to be
assured of uniqueness, see §3.3.2.
Performing the decomposition. In certain situations there are algorithms
that exactly decompose a tensor, see, e.g., §3.5.3—these generally are a
consequence of having equations that test for border rank. In most situations
one uses numerical algorithms, which is an area of active research outside the
scope of this book. See [97, 188] for surveys of decomposition algorithms.

Noise. In order to talk about noise in data, one must have a distance func-
tion. The properties of tensors discussed in this book are defined indepen-
dently of any distance function, and there are no natural distance functions
on spaces of tensors (but rather classes of such). For this reason I do not
discuss noise or approximation in this book. In specific applications there
are often distance functions that are natural, based on the science, but often
in the literature such functions are chosen by convenience. R. Bro (personal
communication) remarks that assuming that the noise has a certain behavior
(iid and Gaussian) can determine a distance function.

1.4. P v. NP and algebraic variants

1.4.1. Computing the determinant of a matrix. Given an n× n ma-
trix, how do you compute its determinant? Perhaps in your first linear
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algebra class you learned the Laplace expansion—given a 2× 2 matrix(
a b
c d

)
its determinant is ad− bc, then given an n× n matrix X = (xij),

det(xij) = x11Δ1,1 − x12Δ1,2 + · · ·+ (−1)n−1x1nΔ1,n,

where Δi,j is the determinant of the (n − 1) × (n − 1) matrix obtained by
deleting the i-th row and j-th column of X. This algorithm works fine for
3 × 3 and 4 × 4 matrices, but by the time one gets to 10 × 10 matrices, it
becomes a bit of a mess.

Aside 1.4.1.1. Let’s pause for a moment to think about exactly what we are
computing, i.e., the meaning of det(X). The first thing we learn is that X
is invertible if and only if its determinant is nonzero. To go deeper, we first
need to remind ourselves of the meaning of an n×n matrix X: what does it
represent? It may represent many different things—a table of data, a bilinear
form, a map between two different vector spaces of the same dimension, but
one gets the most meaning of the determinant when X represents a linear
map from a vector space to itself. Then, det(X) represents the product of
the eigenvalues of the linear map, or equivalently, the measure of the change
in oriented volume the linear map effects on n-dimensional parallelepipeds
with one vertex at the origin. These interpretations will be important for
what follows (see, e.g., §13.4.2), but for now we continue our computational
point of view.

The standard formula for the determinant is

(1.4.1) det(X) =
∑
σ∈Sn

sgn(σ)x1σ(1) · · ·xnσ(n),

where Sn is the group of all permutations on n elements and sgn(σ) is the
sign of the permutation σ : {1, . . . , n} → {1, . . . , n}. The formula is a sum
of n! terms, so for a 10×10 matrix, one would have to perform 9(10!)  107

multiplications and 10!− 1 additions to compute the determinant.

The standard method for computing the determinant of large matrices
is Gaussian elimination. Recall that if X is an upper triangular matrix,
its determinant is easy to compute: it is just the product of the diagonal
entries. On the other hand, det(gX) = det(g) det(X), so multiplying X by
a matrix with determinant one will not change its determinant. To perform
Gaussian elimination one chooses a sequence of matrices with determinant
one to multiply X by until one obtains an upper triangular matrix whose
determinant is then easy to compute. Matrix multiplication, even of arbi-
trary matrices, uses on the order of n3 scalar multiplications (actually less,
as discussed in §1.1), but even executed näıvely, one uses approximately n4
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multiplications. Thus for a 10 × 10 matrix one has 104 for Gaussian elimi-
nation applied näıvely versus 107 for (1.4.1) applied näıvely. This difference
in complexity is discussed in detail in Chapter 13.

The determinant of a matrix is unchanged by the following operations:

X �→ gXh,

X �→ gXTh,

where g, h are n × n matrices with det(g) det(h) = 1. In 1897 Frobenius
[132] proved these are exactly the symmetries of the determinant. On the
other hand, a random homogeneous polynomial of degree n in n2 variables
will have hardly any symmetries, and one might attribute the facility of
computing the determinant to this large group of symmetries.

We can make this more precise as follows: first note that polynomials
with small formulas, such as f(xij) = x11x

2
2 · · ·xnn are easy to compute.

Let b ⊂ Matn×n denote the subset of upper triangular matrices, and
G(detn) the symmetry group of the determinant. Observe that detn |b is
just the polynomial f above, and that G(detn) can move any matrix into
b relatively cheaply. This gives a geometric proof that the determinant is
easy to compute.

One can ask: what other polynomials are easy to compute? More pre-
cisely, what polynomials with no known small formulas are easy to compute?
An example of one such is given in §13.5.3.

1.4.2. The permanent and counting perfect matchings. The mar-
riage problem: n people are attending a party where the host has n different
flavors of ice cream for his guests. Not every guest likes every flavor. We can
make a bipartite graph, a graph with one set of nodes the set of guests, and
another set of nodes the set of flavors, and then draw an edge joining any
two nodes that are compatible. A perfect matching is possible if everyone
can get a suitable dessert. The host is curious as to how many different
perfect matchings are possible.
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Figure 1.4.1. Andrei Zelevinsky’s favorite bipartite graph: top
nodes are A,B,C, bottom are a, b, c. Amy is allergic to chocolate,
Bob insists on banana, Carol is happy with banana or chocolate.
Only Amy likes apricot.
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Given a bipartite graph on (n, n) vertices one can check if the graph has
a perfect matching in polynomial time [156]. However, there is no known
polynomial time algorithm to count the number of perfect matchings.

Problems such as the marriage problem appear to require a number of
arithmetic operations that grows exponentially with the size of the data in
order to solve them, however a proposed solution can be verified by per-
forming a number of arithmetic operations that grows polynomialy with the
size of the data. Such problems are said to be of class NP. (See Chapter
13 for precise definitions.)

Form an incidence matrix X = (xij) for a bipartite graph by letting
the upper index correspond to one set of nodes and the lower index to the
other. One then places a 1 in the (i, j)-th slot if there is an edge joining the
corresponding nodes and a zero if there is not.

Define the permanent of an n× n matrix X = (xij) by

(1.4.2) permn(X) :=
∑
σ∈Sn

x1σ(1)x
2
σ(2) · · ·xnσ(n),

and observe the similarities with (1.4.1).

Exercise 1.4.2.1: Verify directly that the permanent of the incidence ma-
trix for the following graph indeed equals its number of perfect matchings:

Exercise 1.4.2.2: Show that if X is an incidence matrix for an (n, n)-
bipartite graph Γ, that the number of perfect matchings of Γ is given by the
permanent.

Remark 1.4.2.3. The term “permanent” was first used by Cauchy [82] to
describe a general class of functions with properties similar to the perma-
nent.

1.4.3. Algebraic variants of P v. NP. Matrix multiplication, and thus
computing the determinant of a matrix, can be executed by performing a
number of arithmetic operations that is polynomial in the size of the data.

(If the data size is of order m = n2, then one needs roughly m
3
2 = n3

operations, or roughly n4 if one wants an algorithm without divisions or
decisions, see §13.4.2.) Roughly speaking, such problems are said to be of
class P, or are computable in polynomial time.

L. Valiant [312] had the following idea: Let P (x1, . . . , xv) be a ho-
mogeneous polynomial of degree m in v variables. We say P is an affine
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projection of a determinant of size n if there exists an affine linear function
f : Cv → Matn(C) such that P = det ◦f . Write dc(P ) for the smallest
n such that P may be realized as the affine projection of a determinant of
size n.

Comparing the two formulas, the difference between the permanent and
the determinant is “just” a matter of a few minus signs. For example, one
can convert the permanent of a 2 × 2 matrix to a determinant by simply
changing the sign of one of the off-diagonal entries. Initially there was hope
that one could do something similar in general, but these hopes were quickly
dashed. The next idea was to write the permanent of an m ×m matrix as
the determinant of a larger matrix.

Using the sequence (detn), Valiant defined an algebraic analog of the
class P, denoted VPws, as follows: a sequence of polynomials (pm) where
pm is a homogeneous polynomial of degree d(m) in v(m) variables, with
d(m),v(m) polynomial functions of m, is in the class VPws if dc(pm) =
O(mc) for some constant c. (For an explanation of the cryptic notation
VPws, see §13.3.3.)
Conjecture 1.4.3.1 (Valiant). The function dc(permm) grows faster than
any polynomial in m, i.e., (permm) /∈ VPws.

How can one determine dc(P )? I discuss geometric approaches towards
this question in Chapter 13. One, that goes back to Valiant and has been
used in [329, 235, 234], involves studying the local differential geometry of
the two sequences of zero sets of the polynomials detn and permm. Another,
due to Mulmuley and Sohoni [244], involves studying the algebraic varieties
in the vector spaces of homogenous polynomials obtained by taking the orbit
closures of the polynomials detn and permm in the space of homogeneous
polynomials of degree n (resp. m) in n2 (resp. m2) variables. This approach
is based in algebraic geometry and representation theory.

1.5. Algebraic statistics and tensor networks

1.5.1. Algebraic statistical models. As mentioned above, in statistics
one is handed data, often in the form of a multidimensional array, and is
asked to extract meaningful information from the data. Recently the field
of algebraic statistics has arisen.

Instead of asking: What is the meaningful information to be extracted
from this data? one asks: How can I partition the set of all arrays of a given
size into subsets of data sets sharing similar attributes?

Consider a weighted 6-sided die, and for 1 ≤ j ≤ 6, let pj denote the
probability that j is thrown, so 0 ≤ pj ≤ 1 and

∑
j pj = 1. We record the

information in a vector p ∈ R6. Now say we had a second die, say 20-sided,
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with probabilities qs, 0 ≤ qs ≤ 1 and q1 + · · · + q20 = 1. Now if we throw
the dice together, assuming the events are independent, the probability of
throwing i for the first and s for the second is simply piqs. We may form a
6×20 matrix x = (xi,s) = (piqs) recording all the possible throws with their
probabilities. Note that xi,s ≥ 0 for all i, s and

∑
i,s xi,s = 1. The matrix x

has an additional property: x has rank one.

Were the events not independent, we would not have had this additional
constraint. Consider the set {T ∈ R6⊗R20 | Ti,s ≥ 0,

∑
i,s Ti,s = 1}. This is

the set of all discrete probability distributions on R6⊗R20, and the set of the
previous paragraph is this set intersected with the set of rank one matrices.

Now say some gamblers were cheating with κ sets of dice, each with
different probabilities. They watch to see how bets are made and then
choose one of the sets accordingly. Now we have probabilities pi,u, qs,u, and
a 6× 20× κ array zi,s,u with rank(z) = 1, in the sense that if we consider z
as a bilinear map, it has rank one.

Say that we cannot observe the betting. Then, to obtain the probabilities
of what we can observe, we must sum over all the κ possibilities. We end
up with an element of R6⊗R20, with entries ri,s =

∑
u pi,uqi,u. That is, we

obtain a 6×20 matrix of probabilities of rank (at most) κ, i.e., an element of
σ̂κ,R6⊗R20 . The set of all such distributions is the set of matrices of R6⊗R20

of rank at most κ intersected with PD6,20.

This is an example of a Bayesian network . In general, one associates a
graph to a collection of random variables having various conditional depen-
dencies and then from such a graph, one defines sets (varieties) of distribu-
tions. More generally an algebraic statistical model is the intersection of the
probability distributions with a closed subset defined by some dependence
relations. Algebraic statistical models are discussed in Chapter 14.

A situation discussed in detail in Chapter 14 concerns algebraic statisti-
cal models arising in phylogeny: Given a collection of species, say humans,
monkeys, gorillas, orangutans, etc., all of which are assumed to have evolved
from some common ancestor, ideally we might like to reconstruct the cor-
responding evolutionary tree from sampling DNA. Assuming we can only
measure the DNA of existing species, this will not be completely possible,
but it might be possible, e.g., to determine which pairs are most closely
related.

One might imagine, given the numerous possibilities for evolutionary
trees, that there would be a horrific amount of varieties to find equations
for. A major result of E. Allmann and J. Rhodes states that this is not the
case.
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Figure 1.5.1. Evolutionary tree; extinct ancestor gave rise to 4 species.

Theorem 1.5.1.1 ([9, 8]). Equations for the algebraic statistical model
associated to any bifurcating evolutionary tree can be determined explicitly
from equations for σ̂4,C4⊗C4⊗C4 .

See §14.2.3 for a more precise statement. Moreover, motivated by The-
orem 1.5.1.1 (and the promise of a hand-smoked alaskan salmon), equations
for σ̂4,C4⊗C4⊗C4 were recently found by S. Friedland; see §3.9.3 for the equa-
tions and salmon discussion.

The geometry of this field has been well developed and exposed; see
[259, 168]. I include a discussion in Chapter 14.

1.5.2. Tensor network states. Tensors describe states of quantum me-
chanical systems. If a system has n particles, its state is an element of
V1⊗ · · · ⊗ Vn, where Vj is a Hilbert space associated to the j-th particle. In
many-body physics, in particular solid state physics, one wants to simulate
quantum states of thousands of particles, often arranged on a regular lattice
(e.g., atoms in a crystal). Due to the exponential growth of the dimension
of V1⊗ · · · ⊗ Vn with n, any näıve method of representing these tensors is
intractable on a computer. Tensor network states were defined to reduce
the complexity of the spaces involved by restricting to a subset of tensors
that is physically reasonable, in the sense that the corresponding spaces of
tensors are only “locally” entangled because interactions (entanglement) in
the physical world appear to just happen locally.

Such spaces have been studied since the 1980s. These spaces are associ-
ated to graphs, and go under different names: tensor network states, finitely
correlated states (FCS), valence-bond solids (VBS), matrix product states
(MPS), projected entangled pairs states (PEPS), and multi-scale entangle-
ment renormalization ansatz states (MERA); see, e.g., [280, 124, 173,
123, 323, 90] and the references therein. I will use the term tensor network
states.
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The topology of the tensor network is often modeled to mimic the phys-
ical arrangement of the particles and their interactions.

Just as phylogenetic trees, and more generally Bayes models, use graphs
to construct varieties in spaces of tensors that are useful for the problem at
hand, in physics one uses graphs to construct varieties in spaces of tensors
that model the “feasible” states. The precise recipe is given in §14.1, where
I also discuss geometric interpretations of the tensor network states arising
from chains, trees and loops. The last one is important for physics; large
loops are referred to as “1-D systems with periodic boundary conditions”
in the physics literature and are the prime objects people use in practical
simulations today.

To entice the reader uninterested in physics, but perhaps interested in
complexity, here is a sample result:

Proposition 1.5.2.1 ([216]). Tensor networks associated to graphs that
are triangles consist of matrix multiplication (up to relabeling) and its de-
generations.

See Proposition 14.1.4.1 for a more precise statement. Proposition 1.5.2.1
leads to a surprising connection between the study of tensor network states
and the geometric complexity theory program mentioned above and dis-
cussed in §13.6.

1.6. Geometry and representation theory

So far we have seen the following:

• A key to determining the complexity of matrix multiplication will

be to find explicit equations for the set of tensors in Cn2⊗Cn2⊗Cn2

of border rank at most r in the range 3
2n

2 ≤ r ≤ n2.38.

• For fluorescence spectroscopy and other applications, one needs to
determine the ranks of tensors (of small rank) in RI⊗RJ⊗RK and
to decompose them. Equations will be useful both for determin-
ing what the rank of an approximating tensor should be and for
developing explicit algorithms for tensor decomposition.

• To study cumulants and blind source separation, one is interested
in the analogous questions for symmetric tensor rank.

• In other applications, such as the GCT program for the Mulmuley-
Sohoni variant of P v. NP, and in algebraic statistics, a central
goal is to find the equations for other algebraic varieties arising in
spaces of tensors.

To find equations, we will exploit the symmetries of the relevant vari-
eties. We will also seek geometric descriptions of the varieties. For instance,
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Example 1.2.6.1 admits the simple interpretation that the limit of the se-
quence of secant lines is a tangent line as illustrated in Figure 1.6.1. This
interpretation is explained in detail in Chapter 5, and exploited many times
in later chapters.

x3

P

Figure 1.6.1. Unlabeled points are various Pε’s lying on secant
lines to the curve of perfect cubes.

Given a multidimensional array in Ra⊗Rb⊗Rc, its rank and border rank
will be unchanged if one changes bases in Ra, Rb, Rc. Another way to say
this is that the properties of rank and border rank are invariant under the
action of the group of changes of bases G := GLa ×GLb ×GLc. When one
looks for the defining equations of σ̂r, the space of equations will also be
invariant under the action of G. Representation theory provides a way to
organize all polynomials into sums of subspaces invariant under the action
of G. It is an essential tool for the study of equations.


