
Chapter 1

Introduction and
motivation

This book is intended to provide a basic introduction to some of the funda-
mental ideas and results of representation theory. In this preliminary chap-
ter, we start with some motivating remarks and provide a general overview of
the rest of the text; we also include some notes on the prerequisites—which
are not uniform for all parts of the notes—and discuss the basic notation
that we use.

In writing this text, the objective has never been to give the shortest or
slickest proof. To the extent that the author’s knowledge makes this possible,
the goal is rather to explain the ideas and the mechanism of thought that
can lead to an understanding of “why” something is true, and not simply to
the quickest line-by-line check that it holds.

The point of view is that representation theory is a fundamental theory,
both for its own sake and as a tool in many other fields of mathematics;
the more one knows, understands, and breathes representation theory, the
better. This style (or its most ideal form) is perhaps best summarized by P.
Sarnak’s advice in the Princeton Companion to Mathematics [24, p. 1008]:

One of the troubles with recent accounts of certain topics
is that they can become too slick. As each new author
finds cleverer proofs or treatments of a theory, the treat-
ment evolves toward the one that contains the “shortest
proofs.” Unfortunately, these are often in a form that
causes the new student to ponder, “How did anyone think
of this?” By going back to the original sources one can
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2 1. Introduction and motivation

usually see the subject evolving naturally and understand
how it has reached its modern form. (There will remain
those unexpected and brilliant steps at which one can only
marvel at the genius of the inventor, but there are far fewer
of these than you might think.) As an example, I usually
recommend reading Weyl’s original papers on the repre-
sentation theory of compact Lie groups and the derivation
of his character formula, alongside one of the many mod-
ern treatments.

So the text sometimes gives two proofs of the same result, even in cases
where the arguments are fairly closely related; one may be easy to motivate
(“how would one try to prove such a thing?”), while the other may recover
the result by a slicker exploitation of the formalism of representation theory.
To give an example, we first consider Burnside’s irreducibility criterion, and
its developments, using an argument roughly similar to the original one,
before showing how Frobenius reciprocity leads to a quicker line of reasoning
(see Sections 2.7.3 and 2.7.4).

Finally, although I have tried to illustrate many aspects of representation
theory, there remains many topics that are barely mentioned or omitted
altogether. Maybe the most important are:

‚ The representation theory of anything else than groups; in par-
ticular, Lie algebras and their representations only make passing
appearances, and correspondingly those aspects of representation
theory that really depend on these techniques are not developed in
any detail. Here, the book [20] by Fulton and Harris is an outstand-
ing resource, and the book [18] by Etingof, Golberg, Hensel, Liu,
Schwendner, Vaintrob, and Yudovina illustrates different aspects,
such as the representations of quivers.

‚ In a related direction, since it really depends on Lie algebraic meth-
ods, the precise classification of representations of compact Lie
groups, through the theory of highest weight representations, is
not considered beyond the case of SU2pCq; this is however covered
in great detail in many other texts, such as [20] again, the book [37]
of Knapp (especially Chapter V), or the book [35] of Kirillov.
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1.1. Presentation

A (linear) representation of a group G is, to begin with, simply a homomor-
phism

� : G ÝÑ GLpEq,

where E is a vector space over some field k and GLpEq is the group of
invertible k-linear maps on E. Thus one can guess that this should be a
useful notion by noting how it involves the simplest and most ubiquitous
algebraic structure, that of a group, with the powerful and flexible tools of
linear algebra. Or, in other words, such a map attempts to “represent” the
elements of G as symmetries of the vector space E (note that � might fail
to be injective, so that G is not mapped to an isomorphic group).

But even a first guess would probably not lead one to imagine how
widespread and influential the concepts of representation theory turn out to
be in current mathematics. Few fields of mathematics, or of mathematical
physics (or chemistry), do not make use of these ideas, and many depend
on representations in an essential way. We will try to illustrate this wide
influence with examples, taken in particular from number theory and from
basic quantum mechanics; already in Section 1.2 below we state four results,
where representation theory does not appear in the statements although
it is a fundamental tool in the proofs. Moreover, it should be said that
representation theory is now a field of mathematics in its own right, which
can be pursued without having immediate applications in mind; it does
not require external influences to expand with new questions, results and
concepts—but we will barely scratch such aspects.

The next chapter starts by presenting the fundamental vocabulary that is
the foundation of representation theory and by illustrating it with examples.
In Chapter 3, we then present a number of short sections concerning variants
of the definition of representations: restrictions can be imposed on the group
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G, on the type of fields or vector spaces E allowed, or additional regularity
assumptions may be imposed on � when this makes sense. One can also
replace groups by other objects: we will mention associative algebras and
Lie algebras. These variants are all important topics in their own right, but
some will only reappear briefly in the rest of the book.

Continuing, Chapter 4 is an introduction to the simplest case of represen-
tation theory: the linear representations of finite groups in finite-dimensional
complex vector spaces. This is also historically the first case that was stud-
ied in depth by Dirichlet (for finite abelian groups), then Frobenius, Schur,
Burnside, and many others. It is a beautiful theory and has many important
applications. It can also serve as a “blueprint” to many generalizations: var-
ious facts, which are extremely elementary for finite groups, remain valid,
when properly framed, for important classes of infinite groups.

Among these, the compact topological groups are undoubtedly those
closest to finite groups, and we consider them in Chapter 5. Then Chapter
6 presents some concrete examples of applications involving compact Lie
groups (compact matrix groups, such as unitary groups UnpCq)—the most
important being perhaps the way representation theory explains a lot about
the way the most basic atom, hydrogen, behaves in the real world. . . .

The final Chapter 7 has again a survey flavor, and it is intended to
serve as an introduction to two other important classes of groups: algebraic
groups, on the one hand, and non-compact locally compact groups, on the
other hand. This last case is illustrated through the fundamental example
of the group SL2pRq of two-by-two real matrices with determinant 1. We
use it primarily to illustrate some of the striking new phenomena that arise
when compactness is missing.

In Appendix A, we have gathered statements and sketches of proofs for
certain facts, especially the Spectral Theorem for compact self-adjoint linear
operators, which are needed for rigorous treatments of unitary representa-
tions of topological groups.

Throughout, we also present some examples by means of exercises. These
are usually not particularly difficult, but we hope they will help the reader
to get acquainted with the way of thinking that representation theory often
suggests for certain problems.

1.2. Four motivating statements

Below are four results, taken in very different fields, which we will discuss
again later (or sometimes only sketch when very different ideas are also
needed). The statements do not mention representation theory, in fact two
of them do not even mention groups explicitly. Yet they are proved using
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these tools, and they serve as striking illustrations of what can be done using
representation theory.

Example 1.2.1 (Primes in arithmetic progressions). Historically, the first
triumph of representation theory is the proof by Dirichlet of the existence of
infinitely many prime numbers in an arithmetic progression, whenever this
is not clearly impossible:

Theorem 1.2.2 (Dirichlet). Let q ě 1 be an integer, and let a ě 1 be an
integer coprime with q. Then there exist infinitely many prime numbers p
such that

p ” a pmod qq,

i.e., such that p is of the form p “ nq ` a for some n ě 1.

For instance, taking q “ 10k to be a power of 10, we can say that, for
whichever ending pattern of digits d “ dk´1dk´2 ¨ ¨ ¨ d0 we might choose,
with di P t0, 1, 2, 3, 4, 5, 6, 7, 8, 9u, provided the last digit d0 is not one of
t0, 2, 4, 5, 6, 8u, there exist infinitely many prime numbers p with a decimal
expansion where d are the final digits. To illustrate this, taking q “ 1000,
d “ 237, we find

1237, 2237, 5237, 7237, 8237, 19237, 25237, 26237, 31237, 32237,

38237, 40237, 43237, 46237, 47237, 52237, 56237, 58237, 64237,

70237, 71237, 73237, 77237, 82237, 85237, 88237, 89237, 91237, 92237

to be those prime numbers ending with 237 which are ď 100000.

We will present the idea of the proof of this theorem in Chapter 4. As
we will see, a crucial ingredient (but not the only one) is the simplest type of
representation theory: that of groups that are both finite and commutative.
In some sense, there is no better example to guess the power of representation
theory than to see how even the simplest instance leads to such remarkable
results.

Example 1.2.3 (The hydrogen atom). According to current knowledge,
about 75% of the observable weight of the universe is accounted for by
hydrogen atoms. In quantum mechanics, the possible states of an (isolated)
hydrogen atom are described in terms of combinations of “pure” states, and
the latter are determined by discrete data, traditionally called “quantum
numbers”—so that the possible energy values of the system, for instance,
form a discrete set of numbers, rather than a continuous interval.

Precisely, in non-relativistic theory, there are four quantum numbers for
a given pure state of hydrogen, denoted pn, �,m, sq—principal , angular mo-
mentum, magnetic, and spin” are their usual names—which are all integers,
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except for s, with the restrictions

n ě 1, 0 ď � ď n ´ 1, ´� ď m ď �, s P t´1{2, 1{2u.

It is rather striking that much of this quantum mechanical model of
the hydrogen atom can be “explained” qualitatively by an analysis of the
representation theory of the underlying symmetry group (see [64] or [58])
leading in particular to a natural explanation of the intricate structure of
these four quantum numbers! We will attempt to explain the easiest part of
this story, which only involves the magnetic and angular momentum quan-
tum numbers, in Section 6.4.

Example 1.2.4 (“Word” problems). For a prime number p, consider the
finite group SL2pFpq of square matrices of size 2 with determinant 1, and
with coefficients in the finite field Fp “ Z{pZ. This group is generated by
the two elements

(1.1) s1 “

ˆ

1 1
0 1

˙

, s2 “

ˆ

1 0
1 1

˙

(this is a fairly easy fact from elementary group theory, see, e.g., [51, Th.
8.8] for K “ Fp or Exercise 4.6.20). Certainly the group is also generated

by the elements of the set S “ ts1, s
´1
1 , s2, s

´1
2 u, and in particular, for any

g P SL2pFpq, there exist an integer k ě 1 and elements g1, . . . , gk, each of
which belongs to S, such that

g “ g1 ¨ ¨ ¨ gk.

Given g, let �pgq be the smallest k for which such a representation exists.
One may ask, how large can �pgq be when g varies over SL2pFpq? The
following result gives an answer:

Theorem 1.2.5 (Selberg, Brooks, Burger). There exists a constant C ě 0,
independent of p, such that, with notation as above, we have

�pgq ď C log p

for all g P SL2pFpq.

All proofs of this result depend crucially on ideas of representation the-
ory, among other tools. And while it may seem to be rather simple and not
particularly worth notice, the following open question should suggest that
there is something very subtle here.

Problem. Find an efficient algorithm that, given p and g P SL2pFpq, ex-
plicitly gives k ď C log p and a sequence pg1, . . . , gkq in S such that

g “ g1 ¨ ¨ ¨ gk.
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For instance, what would you do with

g “

ˆ

1 pp ´ 1q{2
0 1

˙

(for p ě 3)? Of course, one can take k “ pp ´ 1q{2 and gi “ s1 for all i,
but when p is large, this is much larger than what the theorem claims is
possible!

We will not prove Theorem 1.2.5, nor really say much more about the
known proofs. However, in Section 4.7.1, we present more elementary results
of Gowers [23] (and Nikolov and Pyber [47]) which are much in the same
spirit, and we use the same crucial ingredient concerning representations of
SL2pFpq. The book [13] of Davidoff, Sarnak, and Valette gives a complete
elementary proof and is fully accessible to readers of this book.

In these three first examples, it turns out that representation theory
appears in a similar manner: it is used to analyze functions on a group, in a
way which is close to the theory of Fourier series or Fourier integrals; indeed,
both of these can also be understood in terms of representation theory for
the groups R{Z and R, respectively (see Section 7.3). The next motivating
example is purely algebraic.

Example 1.2.6 (Burnside’s paqb theorem). Recall that a group G is called
solvable if there is an increasing sequence of subgroups

1 Ÿ Gk Ÿ Gk´1 Ÿ ¨ ¨ ¨ Ÿ G1 Ÿ G “ G0,

each normal in the next (but not necessarily in G), such that each successive
quotient Gk{Gk`1 is an abelian group.

Theorem 1.2.7 (Burnside). Let G be a finite group. If the order of G is
divisible by at most two distinct prime numbers, then G is solvable.

This beautiful result is sharp in some sense: it is well known that the
symmetric group S5 of order 5! “ 120 is not solvable, and since 120 is
divisible only by the primes 2, 3 and 5, we see that the analogue statement
with 2 prime factors replaced with 3 is not true. (Also it is clear that the
converse is not true either: any abelian group is solvable, and there are such
groups of any order.)

This theorem of Burnside will be proved using representation theory
of finite groups in Section 4.7.2 of Chapter 4, in much the same way as
Burnside proceeded in the early 20th century. It was only in the late 1960s
that a proof not using representation theory was found, first by Goldschmidt
when the primes p and q are odd, and then independently by Bender and
Matsuyama for the general case. There is a full account of this in [29, §7D],
and although it is not altogether overwhelming in length, the reader who
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compares them will probably agree that the proof based on representation
theory is significantly easier to digest.

Remark 1.2.8. There are even more striking results which are much more
difficult. For instance, the famous “Odd-order Theorem” of Feit and Thomp-
son states that if G has odd order, then G is necessarily solvable.

1.3. Prerequisites and notation

In Chapters 2 and 4, we depend only on the content of a basic graduate
course in algebra: basic group theory, abstract linear algebra over fields,
polynomial rings, finite fields, modules over rings, bilinear forms, and the
tensor product and its variants. In later chapters, other structures are in-
volved: groups are considered with a topology, measure spaces and integra-
tion theory is involved, as well as basic Hilbert space theory and functional
analysis. All these are used at the level of introductory graduate courses.

We will use the following notation:

(1) For a set X, |X| P r0,`8s denotes its cardinality, with |X| “ 8 if X
is infinite. There is no distinction in this text between the various infinite
cardinals.

(2) We denote by R`,ˆ the interval s0,`8r seen as a subgroup of the
multiplicative group Rˆ.

(3) If k is a field and d ě 1 an integer, an element of GLdpkq (or of
GLpEq where E is a finite-dimensional k-vector space) is called unipotent if
there exists n ě 1 such that pu ´ Idkqn “ 0.

(4) Given a ring A, with a unit 1 P A, and A-modules M and N , we
denote by HompM,Nq or HomApM,Nq the space of A-linear maps from M
to N .

(5) If E is a vector space over a field k, E1 denotes the dual space
HomkpE, kq. We often use the duality bracket notation for evaluating linear
maps on vectors, i.e., for v P E and λ P E1, we write

xλ, vy “ λpvq.

(6) For f : M Ñ N , a map of A-modules, Kerpfq and Impfq denote the
kernel and the image of f , respectively.

(7) A projection f : M ÝÑ M is a linear map such that f ˝ f “ f . If
f is such a projection, we have M “ Impfq ‘ Kerpfq; we also say that f is
the projection on Impfq with kernel Kerpfq.

(8) Given A and M , N as above, M b N or M bA N denotes the
tensor product of M and N . Recall that M bN can be characterized up to
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isomorphism by the existence of canonical isomorphisms

HomApM b N,N1q » BilpM ˆ N,N1q

for any A-module N1, where the right-hand side is the A-module of all
A-bilinear maps

β : M ˆ N Ñ N1.

In particular, there is a bilinear map

β0 : M ˆ N ÝÑ M b N

that corresponds to N1 “ M b N and to the identity map in
HomApM b N,N1q. One writes v b w instead of β0pv, wq.

The elements of the type v b w in M b N are called pure tensors. Note
that usually not all elements in the tensor product are pure tensors and that
one can have v b w “ v1 b w1 even if pv, wq “ pv1, w1q.

If A “ k is a field and peiq, pfjq are bases of the k-vector spaces M and
N , respectively, then peibfjq is a basis of M bN . Moreover, any v P M bN
has a unique expression

v “

ÿ

j

vj b fj

with vj P M for all j.

(9) Given a ring A and A-modules given with linear maps

M 1 f
ÝÑ M

g
ÝÑ M 1,

the sequence is said to be exact if Impfq “ Kerpgq in M . In particular, a
sequence

0 ÝÑ M 1 f
ÝÑ M

is exact if and only if Kerpfq “ 0, which means that f is injective, and a
sequence

M
g

ÝÑ M2
ÝÑ 0

is exact if and only if Impgq “ Kerp0q “ M2, i.e., if and only if g is surjective.

A sequence

0 ÝÑ M 1 f
ÝÑ M

g
ÝÑ M2

ÝÑ 0,

where all three intermediate 3-term sequences are exact, is called a short
exact sequence. This means that f is injective, g is surjective and the image
of f coincides with the kernel of g. It is also usual to say that M is an
extension of M2 by M 1. Note that there is no typo here: this is indeed the
standard terminology, instead of speaking of extensions of M 1.
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(10) Given a vector space E over a field k and a family pFiqiPI of linear
subspaces of E, we say that the subspaces Fi are in direct sum if the subspace
they span is a direct sum of the Fi, or in other words, if

Fi X

´

ÿ

jPI
j “i

Fj

¯

“ 0

for all i P I (equivalently, any family pfiqiPI of vectors in Fi, which are zero
for all but finitely many indices i, is linearly independent).

(11) Given a group G, we denote by rG,Gs the commutator group (or
derived subgroup) of G, which is generated by all commutators rg, hs “

ghg´1h´1. Note that not all elements of rG,Gs are themselves commutators;
see Remark 4.4.5 for examples. The subgroup rG,Gs is normal in G, and
the quotient group G{rG,Gs is abelian; it is called the abelianization of G.

(12) We denote by Fp the finite field Z{pZ, for p prime and, more gen-
erally, by Fq a finite field with q elements, where q “ pn, n ě 1, is a power
of p. In Chapter 4, we need some simple facts about these, in particular the
fact that for each n ě 1, there is—up to isomorphism—a unique extension
k{Fp of degree n, i.e., a finite field k of order q “ pn. An element x P k is
in Fp if and only if xp “ x (e.g., because the equation Xp ´ X “ 0 has at
most p roots, and all x P Fp are roots). The group homomorphism

N “ Nk{Fp
:

#

kˆ ÝÑ Fˆ
p

x ÞÑ
śn´1

j“0 x
pj

(called the norm from k to Fp) is well defined and surjective. Indeed, it
is well defined because one checks that Npxqp “ Npxq, and surjective, e.g.,
because the kernel is defined by a non-zero polynomial equation of degree
at most 1`p`p` ¨ ¨ ¨ `pn´1 “ ppn ´1q{pp´1q, and hence contains at most
that many elements, so the image has at least p´1 elements. Moreover, the
kernel of the norm is the set of all x which can be written as y{yp for some
y P kˆ.

Similarly, the homomorphism of abelian groups

Tr “ Trk{Fp
:

"

Fq ÝÑ Fp

x ÞÑ x ` xp ` ¨ ¨ ¨ ` xp
n´1

is well defined and is surjective; it is called the trace from k to Fp.

(13) When considering a normed vector space E, we usually denote the
norm by }v}, and sometimes write }v}E , when more than one space (or
norm) are considered simultaneously.

(14) When considering a Hilbert space H, we speak synonymously of an
inner product or of a positive-definite hermitian form, which we denote x¨, ¨y

or x¨, ¨yH if more than one space might be understood. We use the convention
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that a hermitian form is linear in the first variable and conjugate-linear in
the other, i.e., we have

xαv,wy “ αxv, wy, xv, αwy “ ᾱxv, wy,

for two vectors v, w and a scalar α P C. We recall that a Hilbert space is
separable if it has a finite or countable orthonormal basis. If T : H1 ÝÑ H2

is a continuous (synonymously, bounded) linear operator between Hilbert
spaces, the adjoint of T is the unique linear operator T ˚ : H2 ÝÑ H1 such
that

xT pv1q, v2yH2 “ xv1, T
˚
pv2qyH1

for all v1 P H1 and v2 P H2. The operator T is called self-adjoint if and only
if T ˚ “ T and unitary if and only if TT ˚ “ T ˚T “ Id.

(15) We will always consider Hausdorff topological spaces, except if ex-
plicitly mentioned otherwise (this will only happen in Section 7.1).

(16) A Borel measure on a topological space X is a measure defined on
the σ-algebra of Borel sets. A Radon measure is a Borel measure which is
finite on compact subsets of X, and which satisfies the regularity conditions

μpAq “ inftμpUq | U Ą A, U openu for all Borel sets A,

μpUq “ suptμpKq | K Ă U, K compactu for all open sets U

(see, e.g., [19, §7.1]); if X is σ-compact (for instance, if X is a separable
metric space), then in fact these regularity conditions are automatically
satisfied (see, e.g., [19, Th. 7.8]).

(17) The support of a Borel measure μ is the set in X defined as the
complement of the union of all open sets U in X such that μpUq “ 0. This
definition is useful if either X has a countable basis of open sets, for instance
X “ R, or if μ is a Radon measure, since in those cases the support of μ is
closed; see, e.g., [19, Exercise 2, p. 208].

(18) The integral of a non-negative measurable function f , or of an
integrable function f , with respect to μ, is denoted by either of the following:

ż

X
fpxqdμpxq “

ż

X
fdμ.

(19) If ϕ : X ÝÑ Y is a measurable map between two measure spaces
and μ is a measure on X, then the image measure ν “ ϕ˚μ on Y is defined
by

νpBq “ μpϕ´1
pBqq

for B Ă Y measurable, or equivalently by the integration formula
ż

Y
fpyqdνpyq “

ż

X
fpϕpxqqdμpxq

for any f : Y ÝÑ C which is integrable (or measurable and ě 0).
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(20) Finally, a probability measure μ on an arbitrary measure space X
is a measure such that μpXq “ 1; the measure μpAq of a measurable subset
A Ă X is then also called the probability of A.



Chapter 2

The language of
representation theory

2.1. Basic language

We begin by restating formally the following definition:

Definition 2.1.1 (Linear representation). Let G be a group, and let k be a
field. A linear representation of G, defined over k, is a group homomorphism

� : G ÝÑ GLpEq,

where E is a k-vector space. The dimension of E is called the dimension of
�, or sometimes its degree or rank. We will denote it dimp�q.

Remark 2.1.2. It is also customary to just say that � is a k-representation
of G, and to omit mentioning the field k if it is clear from context. Similarly,
when the homomorphism � is clear from context, one may say only that “E is
a representation of G”. Another common alternative notation is “let p�,Eq

be a k-representation of G”.

Given a representation � : G ÝÑ GLpEq and an element g P G, we
usually write

�pgqv

for the image of v P E under the linear transformation �pgq. Such vectors are
also sometimes called G-translates of v (or simply translates of v, when the
context is clear). Similarly, when � is clearly understood, one may simply
write

gv “ �pgqv or g ¨ v “ �pgqv,

and these notations are all frequently used.

13
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The basic rules that � satisfies are then the relations

�p1qv “ v pghqv “ �pghqv “ �pgqp�phqvq “ gphvq,(2.1)

g´1
pgvq “ �pg´1

qp�pgqvq “ v(2.2)

for all g, h P G and v P E, in addition to the linearity of �pgq for a given g.

This notation emphasizes the fact that � is also the same as a left action
of the group G on the vector space E, the action being through linear maps
(instead of arbitrary bijections of E). In this viewpoint, one thinks of � as
the equivalent data of the map

"

G ˆ E ÝÑ E
pg, vq ÞÑ g ¨ v.

It should be clear already that representations exist in plenty—they
are not among those mathematical objects that are characterized by their
rarity. For instance, obviously, any subgroup G of GLpEq can be thought
of as being given with a natural (“tautological” is the adjective commonly
used) representation

G ãÑ GLpEq.

In a different style, for any group G and field k, we can form a vector
space, denoted kpGq, with a basis pegqgPG indexed by the elements of G (i.e.,
the k-vector space freely generated by the set G; if G is infinite, note that
kpGq is infinite dimensional). Then we may let G act linearly on kpGq by
describing a transformation πGpgq through its action on the basis vectors:
we define

(2.3) πGpgqeh “ egh

for all g P G and all basis vectors eh. Then to check that πG is a linear
representation of G on E, it is enough to check (2.1). This is a simple
exercise; we give details merely for completeness, but readers should attempt
to perform this check, at least in a first reading. First, it is clear that πGp1q

acts as identity on the basis vectors, and hence is the identity transformation.
Now, given g1, g2 P G and a basis vector eh, its image under πGpg1g2q is
eg1g2h by definition. And since πGpg2qeh is the basis vector eg2h, we also
have

πGpg1qpπGpg2qehq “ eg1g2h “ πGpg1g2qeh,

which, with h being arbitrary, means that πGpg1g2q “ πGpg1qπGpg2q. By
taking g2 “ g´1

1 , this confirms that πG is a homomorphism into GLpkpGqq.

Another easily defined representation is the right-regular representation,
or simply regular representation �G of G over k: let CkpGq be the space1 of

1 The notation is not completely standard.
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all functions

f : G Ñ k

(with pointwise addition and scalar multiplication of functions; we will often
write CpGq for CkpGq when the field is clear in context). One defines �Gpgq

acting on CkpGq by the rule

�Gpgqfpxq “ fpxgq

for all f P CkpGq, g P G, where x P G is the point at which the new function
�Gpgqf P CkpGq is evaluated. It is again a simple matter—one that the
reader should attempt, if only because the order of evaluation might seem
to be wrong!—to check that �G is a representation: for f P E, g, h P G, we
get that �Gpghqf maps x to

�Gpghqfpxq “ fpxghq,

while, �Gphqf being the function f1 : y ÞÑ fpyhq, we see that �Gpgq�Gphqf “

�Gpgqf1 maps x to

f1pxgq “ fppxgqhq “ fpxghq,

which completes the check that �Gpghq “ �Gpgq�Gphq.

Exercise 2.1.3. (1) Show that the formula λGpgqfpxq “ fpg´1xq also de-
fines a representation of G on CkpGq. It is called the left-regular represen-
tation λG of G (over k).

(2) Show that the formula

�pg, hqfpxq “ fpg´1xhq

defines a representation � of G ˆ G on CkpGq.

In the previous examples, the representation map � is injective (it is clear
in the second case and easily checked in the third). This is certainly not
always the case: indeed, for any group G and field k, there is also a trivial
representation of G of degree 1 defined over k, which simply maps every
g P G to 1 P kˆ “ GLpkq. This is not injective unless G “ 1. Note that one
should not dismiss this trivial representation as obviously uninteresting: as
we will see quite soon, it does have an important role to play.

Still we record the names of these two types of representations:

Definition 2.1.4 (Faithful and trivial representations). Let G be a group,
and let k be a field.

(1) A representation � of G defined over k is faithful if � is injective, i.e.,
if Kerp�q “ t1u in G.

(2) A representation � of G on a k-vector space E is trivial if �pgq “ 1
is the identity map of E for all g P G, i.e., if Kerp�q “ G.
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Remark 2.1.5. Sometimes only the representation of degree 1 (with E “ k)
mapping g to 1 P kˆ is called “the” trivial representation. We will denote by
1 this one-dimensional representation (when G and k are clear in context,
or 1G if only k is).

These examples are extremely general. Before continuing, here are others
which are extremely specific, but still very important. We take k “ C.
Then we have the exponential z ÞÑ ez, which is a group homomorphism
from pC,`q to pCˆ, ¨q, or in other words, to GL1pCq “ GLpCq. This means
the exponential is a one-dimensional representation (over C) of the additive
group of the complex numbers. One can find variants:

‚ If G “ R or C, then for any s P C, the map

(2.4) χs : x ÞÑ esx

is a one-dimensional representation.

‚ If G “ R{Z, then for any m P Z, the map

(2.5) em : x ÞÑ e2iπmx

is a one-dimensional representation of G (one must check that this
is well defined on R{Z, but this is the case since e2iπmn “ 1 for any
n P Z; indeed, no other representation χs of R, for s P C, has this
property since χsp1q “ 1 means es “ 1q.

‚ If q ě 1 is an integer and G “ Z{qZ if the additive group of integers
modulo q, then for any m P Z{qZ, the map

(2.6) x ÞÑ e2iπmx{q

is well defined and it is a one-dimensional representation of G.
Indeed, note that e2iπm̃x{q is independent of the choice of a repre-
sentative m̃ P Z of m P Z{qZ, since replacing m̃ by m̃ ` kq just
multiplies the value by e2iπxk “ 1.

More examples, many of which are defined without the intermediate
results and language, can be found in Section 2.6, and some readers may
want to read that section first (or at least partly) to have some more concrete
examples in mind.

Although one can thus see that there are “many” representations in a
certain sense, as soon as we try to “compare” them, the impression emerges
that this abundance is, for given G and field k, of the same type as the abun-
dance of vector spaces (in contrast with, for instance, the similarly striking
abundance of k-algebras). Although they may arise in every corner, many of
them are actually the same. In other words, quite often, the representations
of G over k can be classified in a useful way. To go into this, we must explain
how to relate possibly different representations.
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Definition 2.1.6 (Morphism of representations). Let G be a group, and
let k be a field. A morphism, or homomorphism, between representations
�1 and �2 of G, both defined over k and acting on the vector spaces E1 and
E2, respectively, is a k-linear map

Φ : E1 ÝÑ E2

such that

Φp�1pgqvq “ �2pgqpΦpvqq P E2,

for all g P G and v P E1. One also says that Φ intertwines �1 and �2, or
is an an intertwining operator, or intertwiner, between them, and one may

denote this by �1
Φ

ÝÑ �2.

This definition is also better visualized as saying that, for all g P G, the
square diagram

E1
Φ

ÝÑ E2

�1pgq Ó Ó �2pgq

E1
Φ

ÝÑ E2

of linear maps commutes or, even more concisely, by omitting the mention
of the representations and writing

Φpg ¨ vq “ g ¨ Φpvq

for g P G, v P E1.

It is also easy to see that the set of homomorphisms from �1 to �2,
as representations of G, is a k-vector subspace of HompE1, E2q, which we
denote HomGp�1, �2q. (This vector space may of course reduce to 0.)

The following are simple facts, but they are also of crucial importance:

Proposition 2.1.7 (Functoriality). Let G be a group, and let k be a field.

(1) For any representation � of G and a vector space E, the identity map
on E is a homomorphism � ÝÑ �.

(2) Given representations �1, �2, and �3 on E1, E2, and E3, respectively,
and morphisms

E1
Φ1

ÝÑ E2
Φ2

ÝÑ E3,

the composite E1
Φ2˝Φ1
ÝÑ E3 is a morphism between �1 and �3.

Remark 2.1.8 (The category of representations). In the language of cat-
egory theory (which we will only use incidentally in remarks in this book),
this proposition states that the representations of a given group G over a
given field k are the objects of a category with morphisms given by the
intertwining linear maps.
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If a morphism Φ is a bijective linear map, its inverse Φ´1 is also a
morphism (between �2 and �1), and it is therefore justified to call Φ an
isomorphism between �1 and �2. Indeed, using the diagram above, we find
that the relation

�2pgq ˝ Φ “ Φ ˝ �1pgq

is equivalent in that case to

Φ´1
˝ �2pgq “ �1pgq ˝ Φ´1,

which is the desired fact that Φ´1 be an intertwining operator between �2
and �1. It is also equivalent to

�1 “ Φ´1
˝ �2 ˝ Φ.

As another general example, if a vector subspace F Ă E is stable under
all operators �pgq (i.e., �pgqpF q Ă F for all g P G), then the restriction of
�pgq to F defines a homomorphism

�̃ : G ÝÑ GLpF q,

which is therefore a k-representation of G, and the inclusion linear map

i : F ãÑ E

is a morphism of representations. One speaks, naturally, of a subrepresen-
tation of � or, if the action is clear in context, of E itself.

Example 2.1.9 (Trivial subrepresentations). Consider the case where F is
the space of all vectors v P E which are pointwise invariant under G: v P F
if and only if

g ¨ v “ v for all g P G.

Because G acts by linear maps on E, this subspace F , also denoted
F “ EG, is a linear subspace of E and a subrepresentation of �. Note that
the representation of G on EG is trivial, in the sense of Definition 2.1.4. This
means that if n is the dimension2 of EG, and if 1n “ kn denotes the k-vector
space of dimension n with a trivial action of G, we have an isomorphism

1n
„

ÝÑ EG

(by fixing any basis of EG). Of course, it is possible—and is frequently the
case—that EG “ 0.

This space of invariants is the largest subrepresentation of E (for inclu-
sion) which is trivial. More individually, any non-zero vector v P E which
is invariant under G defines a trivial subrepresentation of dimension 1, i.e.,
an injective morphism

"

1 ãÑ E
t ÞÑ tv

2Ẇhich may be finite or infinite.
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of representations. This gives a k-linear isomorphism

(2.7) EG
» HomGp1, Eq

(the reciprocal map sending Φ : 1 Ñ E to Φp1q).

Because fixed points or invariant vectors of various kinds are often of
great importance, we see here how useful the trivial representation can
be. To give a simple, but very useful, example, the invariant subspace
of the regular representation is the one-dimensional subspace of constant
(k-valued) functions on G: if ϕ P CkpGqG, we have

ϕpxq “ �Gpgqϕpxq “ ϕpxgq

for all x and g, and taking x “ 1 shows that ϕ is constant.

On the other hand, note that kpGqG is zero if G is infinite, and one
dimensional, generated by

ÿ

gPG

eg P kpGq

if G is finite.

Example 2.1.10 (One-dimensional representations). A one-dimensional k-
representation χ of a group G is simply a homomorphism χ : G ÝÑ kˆ

(this is because, for any one-dimensional k-vector space, there is a canon-
ical isomorphism kˆ ÝÑ GLpV q, obtained by mapping λ P kˆ to λId).
Generalizing Example 2.1.9, which corresponds to χ “ 1, for an arbitrary

k-representation � : G ÝÑ GLpV q, a non-zero intertwiner χ
Φ

ÝÑ � corre-
sponds to the data of a non-zero vector v P V such that

�pgqv “ χpgqv

for all g P G (the reader should check this elementary fact). This means
exactly that v is a common eigenvector for all operators �pgq. For instance,
χ itself, if seen as a k-valued function on G, is an element of CkpGq which
corresponds to an intertwiner χ ÝÑ CkpGq, as the reader should check.

Example 2.1.11 (Invariants under normal subgroups). Consider again a
k-representation � of G, acting on E. The space EG of invariants is a
subrepresentation, obviously trivial, as in Example 2.1.9. A very useful fact
is that if we take the vectors invariant under a normal subgroup of G, we
still obtain a subrepresentation of E, though usually not a trivial one.

Lemma 2.1.12 (Invariants under normal subgroups). Let k be a field, let G
be a group, and let H ŸG be a normal subgroup. Then for any k-representa-
tion � of G acting on E, the subspace

EH
“ tv P E | �phqv “ v for all h P Hu

is a subrepresentation of �.
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Proof. Let v P EH and g P G. We want to check that w “ �pgqv P EH .
For this we pick h P H, and we write simply

�phqw “ �phgqv “ �pgq�pg´1hgqv,

and since h1 “ g´1hg is in H (because H is normal by assumption) and
v P EH , we get �phqw “ �pgqv “ w as desired. �

The reader should look for examples where H is not normal and EH is
not stable under the action of G, as well as for examples where EH is not a
trivial representation of G.

Example 2.1.13 (Regular representation). Consider the two examples of
representations πG and �G associated to a group G and field k that were
discussed just after the Definition 2.1.1. We claim that πG (acting on kpGq)
is isomorphic to a subrepresentation of �G (acting on CpGq). To see this,
we define Φ : kpGq Ñ CpGq by mapping a basis vector eg, g P G, to the
characteristic function of the single point g´1; in other words

Φpegqpxq “

#

1 if x “ g´1,

0 otherwise.

The linear map defined in this way is injective; indeed, Φpvq is the func-
tion mapping g P G to the coefficient of the basis element eg´1 in the expres-
sion of v, and can only be identically zero if v is itself 0 in kpGq. We check
now that Φ is a morphism of representations. In kpGq, we have g ¨ eh “ egh,
and in CpGq, we find that g ¨ Φpehq “ �GpgqΦpehq maps x to

Φpehqpxgq “

#

1 if xg “ h´1, i.e., if x “ h´1g´1 “ pghq´1,

0 otherwise,

which precisely says that

Φpg ¨ ehq “ g ¨ Φpehq.

The map Φ is an isomorphism if G is finite, but not otherwise; indeed,
the image ImpΦq is always equal to the subspace of functions which are zero
except at finitely many points.

Remark 2.1.14. The last example makes it fairly clear that our basic
definitions will require some adaptations when infinite groups are consid-
ered. Typically, if G has a topological structure—compatible with the group
operation—the regular representation will be restricted to functions with a
certain amount of smoothness or regularity. We will come back to this in
Chapter 3 (and later).
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We will now discuss the basic formalism of representation theory—
roughly speaking, how to manipulate some given representation or repre-
sentations to obtain new ones. This involves different aspects, as one may
try to operate at the level of the vector space E, or of the group G, or even of
the field k. The last is of less importance in this book, but we will mention
it briefly nevertheless, and it is very important in certain areas of number
theory. The other two are, however, of fundamental importance.

2.2. Formalism: changing the space

This part of formalism is the most straightforward. The basic philosophy
is simply that essentially any operation of linear or multilinear algebra can
be performed on a space E on which a group G acts in such a way that G
has a natural action on the resulting space. This is particularly transparent
when interpreting representations of G as modules over the group algebra, as
explained in Chapter 3, but we will present the basic examples from scratch.
However, before reading further, we suggest that the reader try to come up
with the definition of the following objects (where the field k and the group
G are always fixed):

‚ quotients of representations, sum and intersection of subrepresen-
tations;

‚ the kernel and image of a morphism of representations;

‚ exact sequences and, in particular, short exact sequences, of repre-
sentations;

‚ the direct sum of representations;

‚ the tensor product of two representations;

‚ the symmetric powers or alternating powers of a representation;

‚ given a representation � acting on E, the dual (also called contra-
gredient) of � acting on the linear dual space E1 “ HomkpE, kq, and
the associated representation of G acting on the space of k-linear
maps EndkpEq “ HomkpE,Eq.

As will be seen, only the last one may not be entirely obvious, and this
is because there are in fact two possible answers (though, as we will explain,
one of them is much more interesting and important).

Here is an abstract presentation of the mechanism at work; although we
will give full details in each case, it is also useful to see that a single process
is at work.

Proposition 2.2.1 (Functorial representations). Let k be a field, and let
G be a group. Let T be any covariant functor on the category of k-vector
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spaces, i.e., any rule assigning a vector space T pEq to any k-vector space E,
and a map

T pfq : T pE1q Ñ T pE2q

to any linear map f : E1 Ñ E2, with the properties that

(2.8)

#

T pf ˝ gq “ T pfq ˝ T pgq,

T p1Eq “ 1T pEq.

Then given a k-representation

� : G ÝÑ GLpEq,

the vector space T pEq has a linear action

π “ T p�q : G ÝÑ GLpT pEqq

given by

πpgq “ T p�pgqq.

Moreover, for any homomorphism �1
Φ

ÝÑ �2 of representations of G, the k-
linear map T pΦq is a homomorphism T p�1q ÝÑ T p�2q, and this construction
is compatible with composition and identity. In particular, T p�q depends, up
to isomorphism of representations, only on the isomorphism class of � itself.

This is a direct translation of the functoriality property of morphisms of
representations noted in Proposition 2.1.7.

2.2.1. Quotients, kernels, images, . . . We have defined subrepresenta-
tions already. The operation of sum and intersection of subspaces, when
applied to subrepresentations, lead to other subrepresentations.

Quotients are equally natural objects to consider. Given a representation
� of G on E and a subspace F Ă E, which is a subrepresentation of E or
in other words such that �pgq always leaves F invariant, the quotient vector
space E{F also has a natural linear action of G, simply induced by �: given
v P E{F and g P G, the action g ¨ v is the image in E{F of �pgqṽ for any
ṽ P E mapping to v under the canonical surjective map E Ñ E{F . This is
well defined because if ṽ1 is another such vector, we have ṽ1 “ ṽ ` w with
w P F ; hence,

�pgqṽ1 ´ �pgqṽ “ �pgqw

also lies in F , and has image 0 in E{F .

Another global description of this action is that it is such that the sur-
jective map

E ÝÑ E{F

is then a morphism of representations, just like the inclusion map F ÝÑ E
is one.
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In the same vein, given a morphism

Φ : E1 ÝÑ E2

of k-representations of G, we can see that the standard vector spaces asso-
ciated to Φ are all themselves representations of G:

‚ the kernel KerpΦq Ă E1 is a subrepresentation of E1;

‚ the image ImpΦq Ă E2 is a subrepresentation of E2;

‚ the natural linear isomorphism

E1{KerpΦq » ImpΦq

(induced by Φ) is an isomorphism of representations;

‚ The cokernel CokerpΦq “ E2{ ImpΦq is a representation of G, as
quotient of two representations.

These facts are consequences of the definitions and, specifically, of the
linearity of the actions of G.

2.2.2. Coinvariants. If we go back to Example 2.1.9, and in particular
the identification (2.7) of the homomorphisms from 1 to a representation �,
one may ask if there is a similar description of the space

HomGpE,1q

of homomorphisms from � to the trivial one.

By definition, an element in this space is a k-linear form E
λ

ÝÑ k such
that for all v P E and g P G, we have

λpg ¨ vq “ λpvq.

This condition is equivalent to kerpλq Ą E1, where E1 is the subspace of
E spanned by all vectors of the form

g ¨ v ´ v, g P G, v P E,

or equivalently it corresponds to a linear form

E{E1 ÝÑ k

extended to E by composition E ÝÑ E{E1 ÝÑ k.

Note that E1 is also a subrepresentation of E, since

(2.9) h ¨ pg ¨ v ´ vq “ hg ¨ v ´ h ¨ v “ phgh´1
qv1 ´ v1

with v1 “ h ¨ v. Hence E{E1 has an induced structure of representation of
G. In fact, this action on E{E1 is trivial, since g ¨ v ” v modulo E1 for all
g and v.
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The space E{E1 is called the space of coinvariants of �, and is denoted
EG. It is the largest quotient of � that is a trivial representation of G (like
the invariant space, it may well be zero) and by the above, we can write

HomGp�,1q » HomkpEG, kq,

which identifies the space of homomorphisms to the trivial representation
with the linear dual vector space of the coinvariant space.

Exercise 2.2.2. Show that if H Ÿ G, the H-coinvariant space EH has an
induced structure of representation of G. (This is the analogue, for the
coinvariants, of Lemma 2.1.12.)

2.2.3. Direct sums, exact sequences, irreducibility, and semisim-
plicity. The simplest operation that can be performed on representations
is the direct sum. Given G and k, as usual, and k-representations �1, �2 of
G on E1 and E2, respectively, the direct sum �1 ‘ �2 is the representation

G ÝÑ GLpE1 ‘ E2q

such that

g ¨ pv1 ` v2q “ �1pgqv1 ` �2pgqv2,

for all v “ v1 ` v2 P E1 ‘ E2, or more suggestively

g ¨ pv1 ` v2q “ g ¨ v1 ` g ¨ v2.

By definition, we see that the subspaces E1, E2 or E “ E1 ‘ E2 are
subrepresentations of �1 ‘ �2, and that

(2.10) p�1 ‘ �2q{�1 » �2,

the corresponding isomorphism being induced by v1 ` v2 ÞÑ v2.

One can consider more than two factors: for an arbitrary family p�iqiPI
of k-representations, with �i acting on Ei, one can define a representation
of G on the direct sum

E “
à

iPI

Ei

by linearity again from the actions of G on each subspace Ei of E.

Note the general relations

dimp�1 ‘ �2q “ dimp�1q ` dimp�2q, dimp
à

iPI

�iq “

ÿ

iPI

dimp�iq,

where, since we do not distinguish between infinite cardinals, the convention
that the dimension is infinite if either there is an infinite-dimensional �i, or
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if I is infinite and infinitely many summands �i are non-zero. Equally useful
are the natural isomorphisms

HomGp�, �1 ‘ �2q » HomGp�, �1q ‘ HomGp�, �2q,

HomGp�1 ‘ �2, �q » HomGp�1, �q ‘ HomGp�2, �q,

and similarly for an arbitrary (finite) number of summands.3

Exercise 2.2.3. Let G be a group, let k be a field, and let �1, �2 be two
k-representations of G, acting on E1 and E2, respectively. Show that a
k-linear map Φ : E1 ÝÑ E2 is a G-homomorphism if and only if the graph

Γ “ tpv,Φpvqq | v P E1u Ă E1 ‘ E2

of Φ is a subrepresentation of �1 ‘ �2.

Another generalization of the direct sum, based on (2.10), considers any
representation � of G acting on E, with an injection

Φ : �1 ãÑ �

such that

(2.11) �{�1 “ �{ ImpΦq » �2

as k-representations. However, although there exists of course always a
subspace E2 Ă E such that

E “ ImpΦq ‘ E2 » E1 ‘ E2

as k-vector spaces, it is not always the case that E2 can be found as a
subrepresentation of �. When the complement E2 can be chosen to be a
subrepresentation of E, this subrepresentation (say π2) is necessarily iso-
morphic to �2 (since π2 » p�1 ‘ π2q{�1 » �{�1 » �2, as representations of
G).

A useful equivalent criterion for the existence of such a complementary
subrepresentation is the following:

Lemma 2.2.4. Let G be a group, let k be a vector space, and let � : G ÝÑ

GLpEq be a representation. Let E1 Ă E be a subrepresentation of E.

(1) Suppose E2 Ă E is a subspace of E complementary to E1, so that
E “ E1 ‘ E2. Then E2 is a subrepresentation of E if and only if the linear
projection map

Φ

"

E ÝÑ E
v1 ` v2 ÞÑ v1

, v1 P E1, v2 P E2,

with image E1 and kernel E2 is an intertwiner, i.e., if Φ P HomGpE,Eq.

3 Recall that Homkp
À

Ei, Eq is not isomorphic to the direct sums of the HomkpEi, Eq if the
index set is infinite; e.g. for E “ k, the dual of a direct sum is the product of the duals, which is
different for infinitely many factors.
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(2) There exists a linear complement E2 which is a subrepresentation if
and only if there exists an intertwiner Φ P HomGpE,Eq which is a projection,
such that ImpΦq “ E1. In this case, E2 “ kerΦ is such a complement.

Proof. Assertion (1) is elementary, and (2) is of course a consequence of (1).
This follows by noting first that if Φ is an intertwiner, the kernel KerΦ “ E2

is a subrepresentation, while conversely, if E2 is a subrepresentation, we get
from v “ v1 ` v2 with vi P Ei the decompositions �pgqv “ �pgqv1 ` �pgqv2
with �pgqvi P Ei again, and hence Φp�pgqvq “ �pgqv2 “ �pgqΦpvq. �

In certain circumstances, a subrepresentation complementary to �1 al-
ways exists (for instance, for finite groups when k has characteristic 0, as
we will discuss in Chapter 4). Here is a standard example where it fails.
Consider the additive group G “ R, the field k “ R, and the representation

(2.12) �

$

&

%

G ÝÑ GL2pRq

x ÞÑ

ˆ

1 x
0 1

˙

.

(We leave it as an exercise to check, if needed, that this is a homomorphism.)
In terms of the canonical basis pe1, e2q of R2, this means that

x ¨ pαe1 ` βe2q “ pα ` xβqe1 ` βe2.

The subspace E1 “ Re1 is a subrepresentation of R2, indeed, it is iso-
morphic to the trivial representation 1G since e1 is invariant under the ac-
tion of G (which is obvious when looking at the matrix representation).
We claim that there is no subrepresentation E2 which is complementary to
E1. This can be checked either by a direct computation or more abstractly.
For the former approach, note that E2 would be of dimension 1. Now let
f “ αe1 ` βe2 be any vector in R2, and assume that �pxqf P Rf for all
x P R. We take x “ 1 and deduce that there exists λ P R such that

�p1qf “ pα ` βqe1 ` βe2 “ λf “ λαe1 ` λβe2.

This can only happen if β “ 0, in which case f P Re1, so that the line
spanned by f is in fact the same as E1.

The more abstract argument runs as follows: the quotient representation
R2{E1 is itself the trivial representation (this should be checked from the
definition; in terms of the matrix representation, it amounts to the fact that
the bottom-right coefficients of �pxq are all equal to 1). Thus, if E2 were to
exist, we would have, by the above, an isomorphism

� » 1G ‘ 1G,

which is a trivial representation of dimension 2. Since � is certainly not
trivial, this would be a contradiction.
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We come back to the general case where (2.11) holds. Given intertwiners

�1 ÝÑ �2 ÝÑ �3

of k-representations of a group G, one says that the sequence is an exact se-
quence (of representations) if and only if it is exact as a sequence of k-vector
spaces. Similarly one can speak of short exact sequences of representations,
and (by linear algebra) the situation (2.11) can be summarized by a short
exact sequence

0 Ñ �1 ÝÑ �
Φ

ÝÑ �2 Ñ 0 ;

again using the terminology for modules, one also says that � is an extension
of �2 by �1.

When there is a morphism �2
Ψ

ÝÑ � such that Φ ˝ Ψ “ Id, one says
that the exact sequence splits. This happens precisely when the space of �
contains a subrepresentation complementary to �1 (necessarily isomorphic
to �2), so that � » �1 ‘ �2. More generally, a sequence of homomorphisms
of k-representations of G is exact if and only if it is exact as a sequence of
maps of k-vector spaces.

Any time a natural representation can be written (up to isomorphism) as
a direct sum, or even an extension, of smaller representations, this gives very
useful information on the representation. Typically, one wishes to perform
such decompositions as long as it is possible. The obvious limitation is that
a representation � might not have any non-trivial subrepresentation to try
to “peel off”. This leads to the following very important definitions:

Definition 2.2.5 (Irreducible, semisimple, isotypic representations). Let G
be a group, and let k be a field.

(1) A k-representation � of G acting on E is irreducible if and only if
E “ 0 and there is no subspace of E stable under �, except 0 and E itself
(in other words, if there is no subrepresentation of � except 0 and � itself).

(2) A k-representation � of G is semisimple if it can be written as a
direct sum of subrepresentations, each of which is irreducible:

� »
à

iPI

�i

for some index set I and some irreducible representations �i (some of the �i
may be isomorphic.)

(3) A semisimple k-representation � of G is isotypic if it is a direct sum
of irreducible subrepresentations that are all isomorphic; if these subrepre-
sentations are all isomorphic to a representation π, then one says that � is
π-isotypic.
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We will see later that, up to permutation, the irreducible summands of a
semisimple representation are uniquely determined by � (up to isomorphism
of representations, of course). This is part of the Jordan–Hölder–Noether
Theorem 2.7.1.

Not all representations of a group are semisimple, but irreducible rep-
resentations are still fundamental “building blocks” for representations in
general. An essential feature of irreducible representations, which is formal-
ized in Schur’s Lemma 2.2.6, is that these “building blocks” are “incommen-
surable”, in some sense: two non-isomorphic irreducible representations can
have “no interaction”.

Lemma 2.2.6 (Schur’s Lemma, I). Let G be a group, and let k be a field.

(1) Given an irreducible k-representation π of G and an arbitrary k-
representation � of G, any G-homomorphism π ÝÑ � is either 0 or injective,
and any G-homomorphism � ÝÑ π is either 0 or surjective.

(2) Given irreducible k-representations π and � of G, a homomorphism
π ÝÑ � is either 0 or is an isomorphism; in particular, if π and � are not
isomorphic, we have

HomGpπ, �q “ 0.

Proof. (1) Given a morphism Φ from π to �, we know that its kernel is
a subrepresentation of π; but if π is irreducible, the only possibilities are
that the kernel be 0 (then Φ is injective) or that it is π itself (then Φ is 0).
Similarly, for a morphism from � to π, the image is either 0 or π itself.

(2) From (1), if Φ is non-zero and has irreducible source and target,
it must be an isomorphism. (Recalling that, by definition, an irreducible
representation is non-zero, we see that these are exclusive alternatives.) �

Although an arbitrary representation of a group may fail to contain
irreducible subrepresentations, we can always find one in a finite-dimensional
non-zero representation by simply selecting a non-zero subrepresentation of
minimal dimension. Hence:

Lemma 2.2.7 (Existence of irreducible subrepresentations). Let G be a
group, let k be a field, and let � be a non-zero k-representation of G. If � is
finite dimensional, there exists at least one irreducible subrepresentation of
G contained in �.

Remark 2.2.8 (Cyclic vector). It is tempting to suggest a more general
argument by saying that, given a non-zero representation G ÝÑ GLpEq

and given v “ 0, the linear span of the vectors �pgqv, g P G should be
irreducible—it is after all the smallest subrepresentation of G containing
v for inclusion (indeed, any F Ă E which is stable under the action of G
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and contains v must contain all such vectors, hence also their linear span).
However, in general, this space is not irreducible.

For instance, consider the group G “ Z{pZ with p a prime number and
the representation on C2 given by

x ¨ pz1, z2q “ pz1, e
2iπx{pz2q.

Since the two axes are invariant under this action, it is of course not
irreducible. However, taking v “ p1, 1q P C2, we see that the span of all x ¨v
contains p1, 1q and

1 ¨ p1, 1q “ p1, e2iπ{p
q,

and since
ˇ

ˇ

ˇ

ˇ

1 1

1 e2iπ{p

ˇ

ˇ

ˇ

ˇ

“ e2iπ{p
´ 1 “ 0,

this vector does generate the whole space.

For a given representation � : G ÝÑ GLpEq of a group G, if there exists
a non-zero vector v P E such that its translates span E, it is customary to
say that � is a cyclic representation and that v is then a cyclic vector (which
is far from unique usually). For a given vector v, the space generated by
the vectors �pgqv, which is a cyclic subrepresentation of �, is called the
representation generated by v.

The example above generalizes to any group G and any representation
of the type

� “
à

1ďiďk

�i,

where the �i are pairwise non-isomorphic irreducible representations of G:
taking v “ pviq in the space of �, where each vi is non-zero, it follows from
the linear independence of matrix coefficients (Theorem 2.7.28 below) that
v is a cyclic vector for �.

The simplest examples of irreducible k-representations of G are the one-
dimensional representations

χ : G ÝÑ GLpEq,

where E is a one-dimensional vector space over k. As we noted already,
since GLpEq is canonically isomorphic to kˆ by the homomorphism mapping
λ P kˆ to k Id, this homomorphism χ is just a homomorphism χ : G ÝÑ kˆ.

Such homomorphisms are sometimes called characters of G, although
this clashes with the more general notion of character that we will see below
in Definition 2.7.36. We use this terminology in the next easy proposition:

Proposition 2.2.9. Let G be a group, and let k be a field.

(1) A character G ÝÑ kˆ is irreducible.
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(2) Two characters χ1, χ2 : G ÝÑ kˆ are isomorphic if and only if they
are equal as functions on G.

We give the argument but urge the reader to try to check this if the
result seems unclear.

Proof. (1) A one-dimensional vector space contains no non-zero proper sub-
space at all, and must therefore be irreducible.

(2) Since GLpEq » GLpkq “ kˆ for any one-dimensional space E, we
can assume that χ1 and χ2 both act by scalar multiplication on k. Then an
intertwiner Φ : k ÝÑ k is given by Φ “ λ Id for some fixed λ P k, and it is
an isomorphism if and only if λ “ 0. The intertwining condition becomes

Φpχ1pgqxq “ χ2pgqΦpxq,

for all x P k, which implies λχ1pgq “ λχ2pgq for all g P G. Clearly, this is
possible with λ “ 0 if and only if χ1 “ χ2. �

In particular, the trivial representation 1G is irreducible (and it may
well be the only one-dimensional representation of G). Thus any trivial
representation on a vector space E is also semisimple, since it can be written
as a direct sum of trivial one-dimensional trivial subrepresentations

E »
à

iPI

kei

after choosing a basis peiqiPI of E. This shows, in passing, that the decompo-
sition of a semisimple representation as a sum of irreducible ones is usually
not unique, just as the choice of a basis of a vector space is not unique.

On the other hand, the two-dimensional representation in (2.12) is not
semisimple. Indeed, since we saw that it is not irreducible, it can only be
semisimple if the space R2 decomposes as a direct sum R2 “ Rf1 ‘ Rf2,
where each summand is a subrepresentation, but we checked above that Re1
is the only one-dimensional subrepresentation of �.4

The following lemma is also very useful as it shows that semisimple
representations are stable under the operations we have already seen.

Lemma 2.2.10 (Stability of semisimplicity). Let G be a group, and let k
be a field.

(1) If � is a semisimple k-representation of G, then any subrepresen-
tation of � is also semisimple and any quotient representation of � is also
semisimple.

4 Note that we will soon be able to use a more abstract argument: from the Jordan–Hölder–
Noether Theorem below, one sees that if � were semisimple, it would be trivial, which it is not.
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(2) If � : G ÝÑ GLpEq is an arbitrary representation of G and if E1,
E2 are semisimple subrepresentations of E, then their sum E1 ` E2 Ă E,
whether it is a direct sum or not, is semisimple.

One should be careful that, if � acts on E and we have stable subspaces
Ei such that G acts on Ei via �i and

E “
à

iPI

Ei,

it does not follow that any subrepresentation is of the type
à

iPJ

Ei

for some J Ă I. This is false even for G trivial, where the only irreducible
representation is the trivial one, and writing a decomposition of E amounts
to choosing a basis. Then there are usually many subspaces of E which are
not literally direct sums of a subset of the basis directions (e.g., E “ k ‘ k
and F “ tpx, xq | x P ku).

We will deduce the lemma from the following more abstract criterion
for semisimplicity, which is interesting in its own right: it gives a useful
property of semisimple representations, and it is sometimes easier to check
because it does not mention irreducible representations.

Lemma 2.2.11 (Semisimplicity criterion). Let G be a group, and let k be
a field. A k-representation

� : G ÝÑ GLpEq

of G is semisimple if and only if, for any subrepresentation F1 Ă E of �,
there exists a complementary subrepresentation, i.e., a G-stable subspace
F2 Ă E such that

E “ F1 ‘ F2.

It is useful to give a name to the second property: one says that a
representation � is completely reducible if, for any subrepresentation �1 of �,
one can find a complementary one �2 with

� “ �1 ‘ �2.

Proof of Lemma 2.2.10. (1) Let � act on E, and let F Ă E be a sub-
representation. We are going to check that the condition of Lemma 2.2.11
applies to F .5 Thus, let F1 Ă F be a subrepresentation of F ; it is also one
of E, hence there exists a subrepresentation F2 Ă E such that

E “ F1 ‘ F2.

5 I.e., a subrepresentation of a completely reducible one is itself completely reducible.
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Now we claim that F “ F1 ‘ pF X F2q, which shows that F1 has also a
stable complement F XF2 in F , and finishes the proof that F is semisimple.
Indeed, F1 and pF X F2q are certainly in direct sum, and if v P F and we
write v “ v1 ` v2 with v1 P F1, v2 P F2, we also obtain

v2 “ v ´ v1 P F X F2

because v1 is also in F . The case of a quotient representation is quite similar,
and it is left to the reader to puzzle. . . .

(2) The sum E1 ` E2 of two subrepresentations of E is isomorphic to a
quotient of the direct sum E1 ‘ E2 by the surjective linear map

"

E1 ‘ E2 ÝÑ E1 ` E2

pv1, v2q ÞÑ v1 ` v2.

Since this map is an intertwiner, and the direct sum of semisimple repre-
sentations is semisimple (which is easy to see from the definition), it follows
from (1) that E1 ` E2 is also semisimple. �

Proof of Lemma 2.2.11. Neither direction of the equivalence is quite ob-
vious. We start with a semisimple representation �, acting on E, written as
a direct sum

E “
à

iPI

Ei

of stable subspaces Ei, on which G acts irreducibly, and we consider a stable
subspace F . Now we use a standard trick in set theory: we consider a
maximal (for inclusion) subrepresentation F̃ of E such that F X F̃ “ 0, or

in other words, such that F and F̃ are in direct sum. Observe that, if the
conclusion of the lemma is correct, F̃ must be a full complement of F in E,
and we will proceed to check this. However, we first check that F̃ exists.
This is easy if E is finite dimensional, and in general it follows from a quite
standard application of Zorn’s Lemma (see, e.g., [40, p. 693]). We give the
details, which the reader may wish to supply independently.

Consider the set D of subrepresentations F̃ of E such that F X F̃ “ 0,
ordered by inclusion of subspaces. We wish to find a maximal element of
this ordered set. The subspace 0 is an element of D, which is therefore not
empty. By Zorn’s Lemma, it suffices to show that any totally ordered subset
of D has an upper bound in D. Let S Ă D be such a subset. Consider the
subset

F̃ “
ď

V PS

V Ă E.

From the fact that S is totally ordered, it follows that F̃ is a linear subspace
of E, and that it is a subrepresentation (e.g., for the last property, for any

g P G and v P F̃ , there exists V P S such that v P V , and then g ¨v P V Ă F̃ q.

Obviously, we have V Ă F̃ for all V P S, and hence F̃ is an upper bound of
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S for inclusion, and it is enough to show that F̃ P D to conclude that it is
also an upper bound for S in D. But if v P F̃ X F , there exists V P S such
that v P V X F “ 0, by definition of D, and hence we get the desired result.

Now, given a subrepresentation F̃ obtained by this construction, consider
for every i the intersection

pF ‘ F̃ q X Ei Ă Ei.

Since Ei is an irreducible representation of G, this intersection is either
0 or equal to Ei. In fact, it cannot be zero, because this would mean that
F̃ `Ei Ľ F̃ is a larger subrepresentation in direct sum with F , contradicting
the definition of F̃ . Hence we see that Ei Ă F ‘ F̃ for all i, and this means
that F ‘ F̃ “ E.

Now comes the converse. We assume that �, acting on E, is non-zero
and is completely reducible. We first claim that E contains at least one ir-
reducible subrepresentation: if E has finite dimension, this is Lemma 2.2.7,
and otherwise it requires some care but can be done, as explained in Exer-
cise 2.2.13 below.

We consider the sum E1 (not necessarily direct) of all irreducible subrep-
resentations of E. It is non-zero, as we just observed. In fact, we must have
E1 “ E because our assumption implies that E “ E1 ‘ Ẽ1 for some other
subrepresentation Ẽ1, and if Ẽ1 were non-zero, it would also contain an ir-
reducible subrepresentation, which contradicts the definition of E1. Thus E
is a sum of irreducible subrepresentations, say of Ei, i P I; we proceed to
conclude by showing it is a direct sum of pEiqiPJ for some subset J Ă I.

First, we again use Zorn’s Lemma to show that there exists a maximal
subset J Ă I (with respect to inclusion) such that the sum of the Ei, i P J ,
is a direct sum. Indeed, we say that a subset J Ă I is direct if the Ei, i P J ,
are in direct sum. We order the set D of direct subsets of I by inclusion.
Any singleton tiu is direct, and if J is any totally ordered subset of D, the
union K “

Ť

JPJ J is an upper bound for D for inclusion. We leave to the
reader the exercise of checking that K is also direct, and hence is an upper
bound for J in D, which allows to apply Zorn’s Lemma to D.

Now fix a maximal direct set J , and let F be the direct sum of those
Ei, i P J . For any i R J , the intersection Ei X F cannot be zero, as this
would allow us to replace J by J Y tiu, which is larger than J ; hence Ei Ă

F for all i P I, and hence E “ F , which is a direct sum of irreducible
subrepresentations. �

Remark 2.2.12. In the finite-dimensional case, the last argument can be
replaced by an easy induction on dimpEq. If E is not irreducible, we use the
assumption to write

E “ F ‘ F 1
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for some irreducible subspace F and complementary representation F 1. The
proof of Lemma 2.2.10 really shows that F 1 is also completely reducible, and
since dimpF 1q ă dimpEq, by induction, we get that F 1 is also semisimple,
and we are done.

Exercise 2.2.13 (Existence of irreducible subrepresentation). Let G be a
group, let k be a field, and let � : G ÝÑ GLpEq be a completely reducible k-
representation ofG, with E “ 0. We want to show that such a representation
E contains an irreducible subrepresentation.

(1) Fix a v “ 0. Using Zorn’s Lemma, show that there exists a maximal
subrepresentation E1 Ă E (for inclusion) such that v R E1.

(2) Write E “ E1‘E2 for some subrepresentation E2, using the complete
reducibility of E. Show that E2 is irreducible. (Hint : If not, show that E2 “

E3 ‘ E4 for some non-zero subrepresentations of E2, and that v R E1 ‘ E3

or v R E1 ‘ E4.)

2.2.4. Tensor product. An equally important construction is the tensor
product. Given G and k, and representations �1 and �2 of G on k-vector
spaces E1 and E2, we obtain a representation

G Ñ GLpE1 bk E2q

by sending g to �1pgq b �2pgq. Thus, by definition, for a pure tensor
v b w P E1 b E2, we have

g ¨ pv b wq “ �1pgqv b �2pgqw,

another pure tensor (but we recall that E1 bE2 is not simply the set of such
pure tensors, although they generate the tensor product as k-vector space).

The algebraic (functorial) properties of the tensor operation ensure that
this is a group homomorphism. We will denote this representation by �1b�2,
or sometimes simply by E1 b E2 when the actions on the vector spaces are
clear from context. For the same type of general reasons, all the standard
isomorphisms between tensor products, such as

E1 b E2 » E2 b E1, E1 b pE2 b E3q » pE1 b E2q b E3, E b k » E,

are in fact isomorphisms of representations of G, where k in the last equation
represents the trivial (one-dimensional) representation of G. In particular,
one can define, up to isomorphism, a tensor product involving finitely many
factors, which is independent of the order of the product.6

Similarly, we have

� b

´

à

i

�i

¯

»
à

i

p� b �iq.

6 In the theory of automorphic representations, an important role is played by certain special
infinite tensor products; see [11] or [3].
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If � Ă �1 is a subrepresentation, tensoring with another representation �2
gives a subrepresentation

� b �2 ãÑ �1 b �2,

but one should be careful that, in general, not all subrepresentations of a
tensor product are of this form (e.g., because of dimension reasons).

Note, finally, the relation dimp�1b�2q “ pdim �1qpdim �2q. In particular,
if χ1 and χ2 both have dimension 1, so does the tensor product, and in fact
since χ1 and χ2 take values in kˆ, the tensor product χ1 b χ2 is just the
product of functions g ÞÑ χ1pgqχ2pgq P kˆ. It is customary to omit the
tensor product in the notation in that case, writing just χ1χ2.

Exercise 2.2.14 (Tensor product by a one-dimensional representation). Let
� : G ÝÑ GLpEq be a k-representation of a group G, and let χ : G ÝÑ

GLpkq “ kˆ be a one-dimensional representation.

(1) Show that � b χ is isomorphic to the representation

g ÞÑ χpgq�pgq

of G on the same space E. One sometimes says that � b χ is obtained by
twisting � by χ.

(2) Show that � b χ is irreducible (resp. semisimple) if and only if � is
irreducible (resp. semisimple).

(3) Show that � b pχ1χ2q » p� b χ1q b χ2 for any two one-dimensional
representations of G.

2.2.5. Multilinear operations. Besides tensor products, all other mul-
tilinear constructions have the functoriality property (Proposition 2.2.1)
needed to operate at the level of representations of a group. Thus, if
� : G ÝÑ GLpEq is a k-representation of G, we can construct the following:

‚ the symmetric powers Symm
pEq of E, for m ě 0;

‚ the alternating powers
ŹmE, for m ě 0.

In each case, the corresponding operation for endomorphisms of E leads to
representations

G ÝÑ GLpSymm
pEqq, G ÝÑ GLp

ľm
Eq,

which are called the m-th symmetric power and m-th alternating power of
�, respectively. Taking direct sums leads to representations of G on the
symmetric and alternating algebras

SympEq “
à

mě0

Symm
pEq,

ľ

E “
à

mě0

ľm
E.
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From elementary multilinear algebra, we recall that if E has finite di-
mension, the full symmetric algebra SympEq is infinite dimensional, but the
alternating algebra is not; indeed,

ŹmE “ 0 if m ą dimE. More generally,
the dimensions of the symmetric and alternating powers are given by

dimSymm
pEq “

ˆ

dimpEq ` m ´ 1

m

˙

, dim
ľm

E “

ˆ

dimE

m

˙

.

For instance, if n “ dimpEq, we have

dimSym2
pEq “

npn ` 1q

2
, dim

ľ2
E “

npn ´ 1q

2
.

Remark 2.2.15 (Symmetric powers as coinvariants). Let E be a k-vector
space. For any m ě 1, there is a natural representation of the symmetric
group Sm on the tensor power

Ebm
“ E b ¨ ¨ ¨ b E

(with m factors), which is induced by the permutation of the factors, i.e.,
we have

σ ¨ pv1 b ¨ ¨ ¨ b vmq “ vσp1q b ¨ ¨ ¨ b vσpmq.

The classical definition of the m-th symmetric power is

Symm
pEq “ Ebm

{F

where F is the subspace generated by all vectors of the type

pv1 b ¨ ¨ ¨ b vmq ´ pvσp1q b ¨ ¨ ¨ b vσpmqq “ pv1 b ¨ ¨ ¨ b vmq ´ σ ¨ pv1 b ¨ ¨ ¨ b vmq,

where vi P E and σ P Sm. In other words, in the terminology and notation
of Section 2.2.2, we have

Symm
pEq “ Ebm

Sm
,

the space of coinvariants of Ebm under this action of the symmetric group.

Exercise 2.2.16. Let G be a group, let k be a field, and let � : G ÝÑ

GLpEq be a finite-dimensional k-representation of G of dimension d “

dimpEq.

(1) Let δ “
Źd � be the d-th alternating power of �. Show that δ is

a one-dimensional k-representation of G isomorphic to the representation
g ÞÑ detp�pgqq.

(2) Let F Ă E be a linear subspace. Show that F is a subrepresentation

of E if and only if the one-dimensional subspace
ŹdimpF q F is a subrepresen-

tation of
ŹdimpF q E. (Hint : Recall that vectors pv1, . . . , vkq in E are linearly

independent if and only if v1 ^ ¨ ¨ ¨ ^ vk is non-zero in
Źk E.)
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2.2.6. Contragredient, endomorphism spaces. Let � be a k-represen-
tation of G, acting on the vector space E. Using the transpose operation,
we can then define a representation on the dual space E1 “ HomkpE, kq,
which is called the contragredient q� of �. More precisely, since the transpose
reverses the order of composition,7 the contragredient is defined by the rule

xg ¨ λ, vy “ xλ, g´1
¨ vy,

for g P G, λ P E1, and v P E, using duality-bracket notation, or in other
words the linear form q�pgqλ is the linear form

v ÞÑ λp�pg´1
qvq.

Remark 2.2.17. One way to remember this is to write the definition in the
form of the equivalent invariance formula

(2.13) xg ¨ λ, g ¨ vy “ xλ, vy

for all λ P E1 and v P E.

In fact, this definition turns out to be mostly useful when E is fi-
nite dimensional, because it is associated to the algebraic dual space of
E. When considering topological groups and representations satisfying con-
tinuity assumptions, another dual representation can be defined using the
topological dual, and it has better properties (see Section 3.3, in particular
Lemma 3.3.7).

We check explicitly that the contragredient is a representation, to see
that the inverse (which also reverses products) compensates the effect of the
transpose:

xgh ¨ λ, vy “ xλ, pghq
´1

¨ vy “ xλ, h´1g´1
¨ vy “ xh ¨ λ, g´1

¨ vy “ xg ¨ ph ¨ λq, vy

for all g, h P G and v P E.

The following proposition shows how the contragredient interacts with
some of the other operations previously discussed.

Proposition 2.2.18. Let k be a field, G a group.

(1) The contragredient is functorial: given k-representations �1 and �2
of G acting on E1 and E2, respectively, and an intertwiner Φ : �1 ÝÑ �2,
the transpose tΦ is an intertwiner q�1 ÝÑ q�2.

(2) For any finite family of k-representations p�iq of G, we have canon-
ical isomorphisms

p
à

i

�iqq»
à

i

q�i.

7 Equivalently, in the language of Proposition 2.2.1, the assignment T pEq “ E1 is a con-
travariant functor which reverses arrows in contrast with (2.8), i.e., T pf ˝ gq “ T pgq ˝ T pfq, with
T pfq the transpose.
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(3) For any k-representations �1 and �2 of G, we have canonical iso-
morphisms

p�1 b �2qq» q�1 b q�2.

(4) If a k-representation � of G is such that its contragredient is irre-
ducible, then so is �. Moreover, if � is finite dimensional, then the converse
is true, and in fact more generally, if

� : G ÝÑ GLpEq

is finite dimensional, there is an inclusion-reversing bijection between sub-

representations F of � and qF of its contragredient, given by

F ÞÑ FK
“ tλ P E1

| λpF q “ 0u,

qF ÞÑ
K

qF “ tx P E | λpxq “ 0 for all λ P qF u.

(5) For any k-representation � of G of finite dimension, we have a canon-

ical isomorphism q

q� » �.

(6) If � is one dimensional, then the contragredient of � is the one-
dimensional representation given by q�pgq “ �pg´1q “ �pgq´1.

Recall that the transpose in (1) is defined by

x
tΦpλq, vy “ xλ,Φpvqy

for λ P E1
2, v P E1.

Proof. Almost all these properties are elementary consequences of linear
algebra. We only give some details concerning (4) and (6). For the former,
we observe that both constructions indicated send, in any case, a subrepre-
sentation of � to one of q� or conversely. This follows by the defining formula

xq�pgqλ, vy “ xλ, �pg´1
qvy;

e.g., if F Ă E is a subrepresentation of �, this implies that FK is stable
under the contragredient. If � (hence also q�) is finite dimensional, standard
duality of vector spaces shows that the two operations are inverse to each
other. In particular, � is then irreducible if and only if q� is.

Without the finite-dimension assumption, we can still argue in this man-
ner to show that if q� is irreducible, the original representation is also. For
any subrepresentation F of �, the subrepresentation FK of q� must be either
0 or all of q�. In the first case, no linear form vanishes on all of F , and that
means that F is the whole space. In the second, all linear forms vanish, and
this means F “ 0. Hence � is irreducible.

Finally, for (6), if � is one dimensional, then so is the contragredient q�.
If we view � as acting by multiplication on k, then the linear form defined



2.2. Formalism: changing the space 39

by λpxq “ x (for x P k) is a basis of k1, and we find that

xq�pgqλ, xy “ λp�pg´1
qxq “ �pg´1

qx,

i.e., that q�pgqλ “ �pg´1qλ, which gives the result.8 �

Remark 2.2.19. The absence of symmetry in some parts of this lemma is
not surprising because dual spaces of infinite-dimensional vector spaces do
not behave very well in the absence of topological restrictions (see, e.g., [9,
§7, no. 5, th. 6].)

Exercise 2.2.20 (Contragredient and invariants). Let G be a group, let k
be a field, and let � : G ÝÑ GLpEq be a k-representation of G.

(1) Show that there exists a natural isomorphism

pE1
q
G

» pEGq
1

of k-vector spaces, where the left-hand side is the space of invariants of the
contragredient of � acting on E1 and the right-hand side is the dual of the
coinvariant space of E (see Section 2.2.2).

(2) If dimpEq ă `8, show that there exists a natural isomorphism

pEG
q

1
» pE1

qG,

i.e., the dual of the invariant space is isomorphic to the coinvariants of the
contragredient. (Hint : Use (1) and duality.)

A well-known isomorphism in linear algebra states that for k-vector
spaces E and F , with dimpF q ă `8, we have

(2.14) HomkpE,F q » E1
b F,

where the isomorphism is induced by mapping a pure tensor λ b v, with
v P F and λ : E ÝÑ k, to the rank 1 linear map

Aλ,v :

"

E ÝÑ E
w ÞÑ λpwqv “ xλ,wyv

(because the image of this map lies in the space of finite-rank homomor-
phisms E Ñ F , we must assume that F has finite dimension to have an
isomorphism).

This isomorphism shows that, if

� : G ÝÑ GLpEq, τ : G ÝÑ GLpF q

are k-representations of G, the endomorphism space HomkpE,F q carries a
natural representation of G. Indeed, we can define an action simply by
asking that the isomorphism (2.14) be an isomorphism of representations.

8 Note that it is only because a one-dimensional representation takes values in the abelian
group kˆ that g ÞÑ �pg´1q is a homomorphism!
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It is useful to have a more direct description of this action, and this
leads to a definition which does not require the representations to be finite
dimensional. We state this as a proposition:

Proposition 2.2.21 (Action on homomorphisms). Let k be a field, let G
be a group, and let

� : G ÝÑ GLpEq, τ : G ÝÑ GLpF q

be k-representations of G. Then G acts on HomkpE,F q by

(2.15) pg ¨ Φq “ τpgqΦ�pgq
´1 : E ÝÑ F

for g P G and Φ : E ÝÑ F .

If π denotes this representation and if dimpτq ă `8, then we have an
isomorphism

(2.16) π » q� b τ.

Furthermore, for any � and τ , we have

(2.17) Homkp�, τq
G

“ HomGp�, τq,

the space of intertwiners between � and τ .

Note that the definition of the representation on HomkpE,F q is such
that the diagrams

E
Φ

ÝÑ F
�pgq Ó Ó τpgq

E
πpgqΦ
ÝÑ F

commute for all g P G. Concretely, we thus have

(2.18) pg ¨ Φqpvq “ g ¨ Φpg´1
¨ vq

for all v P E. Yet another way to remember this is to write the formula in
the form

(2.19) pg ¨ Φqpg ¨ wq “ g ¨ Φpwq

for g P G and v P E.

Proof. We leave it to the reader to check that (2.15) defines a representation
of G. If we grant this, we note that the important relation (2.17) is an
immediate consequence of the definition.

We now check the isomorphism (2.16), which is in fact the same as (2.14).
This means that we must check that this linear isomorphism is an intertwiner
between π and q�bτ . This is a simple computation, which (again) the reader
should attempt before reading on. Let λ b v be a pure tensor in E1 b F ,
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and let A “ Aλ,v be the associated homomorphism. Then the rank 1 map
associated to

g ¨ pv b λq “ g ¨ v b g ¨ λ

is given by

w ÞÑ xg ¨ λ,wypg ¨ vq “ xλ, g´1wypg ¨ vq “ g ¨ pxλ, g´1wyvq “ g ¨ Apg´1wq.

This property exactly states that the linear isomorphism (2.14) is an iso-
morphism of representations. �

Remark 2.2.22. The simplest example of the action (2.15) comes from the
natural representation of GLnpkq on kn. It is then the same as the action
of GLnpkq on the space Mnpkq of square matrices of size n by conjugation:
g ¨ A “ gAg´1 for any g P GLnpkq and any matrix A.

These representations on homomorphism spaces are extremely useful
and are used in many contexts to compare two representations. This
arises from the relation (2.17) which identifies the space HomGp�1, �2q of G-
homomorphisms between �1 and �2 with the invariant space in Homkp�1, �2q.
This interpretation makes it possible to understand and study intertwining
operators from within representation theory. For instance, from one of the
parts of Schur’s Lemma 2.2.6, we see that Homkpπ, �qG “ 0 if π and � are
non-isomorphic irreducible representations. We suggest looking at the proof
of Proposition 2.8.2 below for another good illustration of the use of the
homomorphism representation to compare two representations.

Remark 2.2.23 (Other actions on homomorphism spaces). Given repre-
sentations �1 and �2 of G on E and F , there is another action, say τ , on
HomkpE,F q that may come to mind: for A P HomkpE,F q, simply putting

(2.20) pτpgqAqpwq “ �2pgqpApwqq,

for g P G and w P E, one defines also an action of G on HomkpE,F q. This
will turn out to be useful below in the proof of Burnside’s irreducibility
criterion, but it is usually less important than the one previously described.
One can guess why—the formula shows that this representation really only
involves the representation �2 and does not mix intelligently �1 and �2 (a
fact that might be obscured from writing the definition in shorthand such
as pg ¨ Aqw “ g ¨ Aw, and which is also less clear if �1 “ �2, and we consider
representations on Endkp�1q).

Exercise 2.2.24. (1) Show that the representation τ just described is iso-
morphic to a direct sum of dimE copies of �2 (i.e., to a direct sum of dimE
representations, each of which is isomorphic to �2; in particular, if �2 is ir-
reducible, the representation τ is �2-isotypic). (Hint : For a basis pwjqjPJ of
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E, show that the map

(2.21)
à

jPJ

�2 ÝÑ τ

given by mapping a family pvjq of vectors in F to the unique linear map
such that

Apwjq “ vj

is an isomorphism.)

(2) Define similarly a representation τ̃ on HomkpE,F q by putting

pτ̃pgqAqpwq “ Ap�1pg´1
qwq.

Show that this is a k-representation of G. Show that if dimp�1q is finite,
then τ̃ is isomorphic to a direct sum of dimpF q copies of q�1.

2.3. Formalism: changing the group

Because composites of homomorphisms are homomorphisms, we see that
whenever there exists a group homomorphism

H
φ

ÝÑ G,

it provides a way to associate a k-representation ofH to any k-representation

� : G Ñ GLpEq

of G, simply by composition

H
�˝φ
ÝÑ GLpEq.

The underlying vector space is therefore unchanged, and the dimension
of � ˝ φ is also the same as that of �. Moreover, this operation is compati-
ble with intertwining operators of representations of G (in the language of
category theory, it is a functor): whenever

Φ : E1 ÝÑ E2

is a morphism between k-representations �1 and �2 of G on E1 and E2, re-
spectively, the linear map Φ is also a morphism between �1 ˝ φ and �2 ˝ φ.
Since the morphism of representations of H attached to a composite Φ1 ˝Φ2

is the corresponding composition, one can say that this operation from rep-
resentations of G to those of H is also functorial. In general, this correspon-
dence has no reason to be injective or surjective: some representations of H
may not “come from” G in this way, and non-isomorphic representations of
G may become isomorphic when “pulled back” to H. The reader is invited
to look for (easy!) examples of both phenomena.

WhenH is a subgroup of G and φ is the inclusion, the operation is called,
naturally enough, the restriction of representations of G to H. Because of
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this, one uses the standard notation ResGHp�q, which we will use even when φ
is not of this type (note the ambiguity due to the fact that this representation
depends on φ, which is not present in the notation).

Example 2.3.1 (Representations of quotients). There is one very common
type of restriction associated to a non-injective morphism: if φ : G Ñ H
is surjective or, in other words, if H » G{K for some normal subgroup
K Ă G. One can then describe precisely the representations of G obtained
by restriction (using φ) of those of H:

Proposition 2.3.2 (Representations of a quotient). Let G be a group, let
K be a normal subgroup, and let H “ G{K with quotient map

φ : G ÝÑ H.

For any field k, the map

� ÞÑ � ˝ φ

is a bijection between k-representations � of H and k-representations π of
G which are trivial on K, i.e., such that K Ă Kerpπq.

This is simply a special case of the fact that, for any group Γ, a ho-
momorphism G Ñ Γ factors through K (i.e., is of the form f ˝ φ for some
f : G{K Ñ Γ) if and only if it is trivial on K.

There is a very important special case of this discussion. Recall that
the derived subgroup G1 “ rG,Gs of G, generated by commutators, has
the property that for any group G and abelian group A, there is a canonical
bijection between homomorphismsG Ñ A and homomorphismsG{rG,Gs Ñ

A. Since GL1pkq “ kˆ is abelian, applying this to A “ kˆ, we obtain

Proposition 2.3.3 (One-dimensional representations). Let G be a group,
and let Gab “ G{rG,Gs be the abelianization of G. For any field k, the
one-dimensional representations of G correspond with the homomorphisms

Gab
ÝÑ kˆ.

In particular, if G is perfect, i.e., if rG,Gs “ G, then any non-trivial rep-
resentation of G, over any field k, has dimension at least 2.

The last part of this proposition applies in many cases. For instance, if
d ě 2 and k is any field, SLdpkq is known to be perfect except when d “ 2
and k “ F2 or k “ F3 (see, e.g., [40, Th. 8.3, Th. 9.2]). Thus, no such
group has a non-trivial one-dimensional representation.

Exercise 2.3.4 (Semisimplicity of restriction). Let G be a group, let k be
a field, and let � : G ÝÑ GLpEq be a semisimple k-representation of G.
Let H Ă G be a finite-index normal subgroup of G. Show that ResGHp�q is
also semisimple as a representation of H. (Hint : One can assume that � is
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irreducible—show that there exists a maximal semisimple subrepresentation
of ResGHp�q.)

The converse of this statement is not true without restrictions, but it is
valid when k has characteristic 0; see Exercise 4.1.2.

One of the most basic and important constructions of representation
theory, and in some sense the first notion that may not be immediately
related to notions of linear algebra,9 is the operation of induction. We will
now define it and spend a fair amount of time discussing its basic properties,
and it will reappear throughout the book.

This operation proceeds in the direction opposite to restriction: given a
homomorphism

φ : H ÝÑ G,

it associates—in a functorial way, i.e., in a way that is natural enough to
be compatible with intertwining operators—a k-representation of G to a k-
representation of H. When φ is the inclusion of a subgroup H of G, this
means going from a representation of a subgroup to one of a larger group,
which may seem surprising at first. Once more, a reader who has not seen
the definition before might want to stop for a few minutes to think about
possible ways of doing this. We also recommend reading what follows first
by assuming φ to be an inclusion map, and removing it from the notation.

One defines the induced10 representation as follows: given

� : H ÝÑ GLpEq,

we define first the k-vector space

(2.22) F “ tf : G Ñ E | fpφphqxq “ �phqfpxq for all h P H, x P Gu

(which is a vector subspace of the space of functions on G with values in E).
In other words, F is the space of E-valued functions on G which happen
to transform like the representation � under H acting on the left. On this
vector space F , we now have an action π of G (namely the restriction π to
F of the analogue of the regular representation) defined by

pπpgqqfpxq “ fpxgq

for f P F , g P G, and x P G. Indeed, we need only check that F is stable
under the regular representation of G, which is true, because F is defined
using conditions relating to multiplication on the left by elements of H.
Formally, if f1 “ πpgqf , we find that

f1pφphqxq “ fpφphqxgq “ �phqfpxgq “ �phqf1pxq,

9 It is, however, related to certain tensor products.
10 It is unfortunate that the terminology “induced” may clash with the use of the adjective

“induced” in less formal senses, and that “induction” conflicts with, e.g., proofs by induction.
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for all h P H and x P G, which means that—as desired—we have f1 P F
again.

Especially when φ is an inclusion, one writes

π “ IndGHp�q

for this induced representation, but as for restriction, we will use it in the
general case (keeping in mind the ambiguity that comes from not indicating
φ explicitly). One may even drop H and G from the notation when they
are clear from the context.

Remark 2.3.5. If we take h P Kerpφq, the transformation formula in (2.22)
for elements of F gives

fpxq “ �phqfpxq

so that, in fact, any function f P F takes values in the space EKerpφq of in-
variants of E under the action of the subgroup Kerpφq through �. However,
we do not need to state it explicitly in the definition of F , and this avoids
complicating the notation. It will reappear in the computation of the dimen-
sion of F (Proposition 2.3.11 below). Of course, when φ is an inclusion (the
most important case), the target space is genuinely E anyway. It is worth
observing, however, that as a consequence of Lemma 2.1.12, this subspace
EKerpφq is in fact a subrepresentation of E, so that in the condition

fpφphqxq “ �phqfpxq,

the right-hand side also is always in EKerpφq.

Example 2.3.6 (Elementary examples of induction). (1) By the definition
of F and comparison with the definition of the regular representation, we
see that the latter can be expressed as

(2.23) CkpGq “ IndG1 p1q,

the result of inducing to G the one-dimensional trivial k-representation of
the trivial subgroup 1 ãÑ G.

(2) For further simple orientation, suppose first that φ : G Ñ G is the
identity. We then have

IndGGp�q » �

for any k-representation � : G ÝÑ GLpEq of G, the map F Ñ E giving this
isomorphism being simply

f ÞÑ fp1q P E,

as the reader should make sure to check. The inverse maps sends v P E to
the function defined by fpgq “ �pgqv.
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(3) More generally, consider the canonical projection φ : G Ñ G{K (the
context of Example 2.3.1). For a representation

� : G ÝÑ GLpEq,

we then claim that we have

IndHG p�q » EK

with the action of G{K induced by � (note that by Lemma 2.1.12, the
subspace EK is a subrepresentation of E). This isomorphism is again given

by f ÞÑ fp1q, which—as we have remarked—is a vector in EKerpφq “ EK , as
the reader is again invited to check.

(4) Suppose now that φ : G Ñ G is an automorphism. Then, for a
representation � of the source G, acting on E, the induced representation
IndGGp�q is not in general isomorphic to �; rather it is isomorphic to

φ˚� “ � ˝ φ´1 : G ÝÑ GLpEq.

Indeed, the k-linear isomorphism

Φ

"

F ÝÑ E
f ÞÑ fp1q

satisfies

Φpg ¨ fq “ fpgq “ fp�p�´1
pgqqq “ �pφ´1

pgqqfp1q “ φ˚�pfq,

i.e., it intertwines the induced representation with the representation �˝φ´1.
Incidentally, using again φ and seeing � as a representation of the target G,
one has of course

ResGGp�q “ φ˚� “ � ˝ φ.

Although this looks like a quick way to produce many “new” representations
from one, it is not so efficient in practice because if φ is an inner automor-
phism (i.e., if φpgq “ xgx´1 for some fixed x P G), then we do have φ˚� » �:
by definition, the linear isomorphism Φ “ �pxq satisfies

Φ ˝ φ˚�pgq “ �pxq�px´1gxq “ �pgqΦ

for all g P G, so that it is an isomorphism φ˚� ÝÑ �.

(5) Finally, one can see from the above how to essentially reduce a general
induction to one computed using an inclusion homomorphism. Indeed, we
always have an isomorphism

IndGHp�q » IndGImpφq
pφ˚p�Kerpφq

qq,

where the right-hand side is computed using the inclusion homomorphism
Impφq Ă G. This isomorphism is a combination of the previous cases using
the factorization

H
φ1

ÝÑ H{Kerpφq » Impφq ãÑ G,
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where the first map is a quotient map, the second is the isomorphism induced
by φ, and the third is an injection. (This is also a special case of induction
in stages; see Proposition 2.3.20 below.)

(6) Another important special case of induction occurs when the repre-
sentation � is one-dimensional, i.e., it is a homomorphism

H ÝÑ kˆ.

In that case, the space F of IndGHp�q is a subspace of the space CkpGq

of k-valued functions on G, and since G acts on this space by the regular
representation, the induced representation is a subrepresentation of CkpGq,
characterized as those functions which transform like � under H:

fpφphqxq “ �phqfpxq,

where now �phq is just a (non-zero) scalar in k.

This type of example is significant because of the crucial importance of
the regular representation. Indeed, it is often a good strategy to (attempt
to) determine the irreducible k-representations of a group by trying to find
them as being either induced by one-dimensional representations of suitable
subgroups or subrepresentations of such induced representations. We will
see this in effect in Chapter 4 in the special case of the groups GL2pFqq,
where Fq is a finite field.

Remark 2.3.7. Although we have given a specific model of the induced
representation by writing down a concrete vector space on which G acts,
one should attempt to think of it in a more abstract way. As we will see in
the remainder of the book, many representations constructed differently—or
even those given by nature—turn out to be isomorphic to induced represen-
tations, even if the vector space does not look like the one above.

Note also that we have defined induction purely algebraically. As one
may expect, in cases where G is an infinite topological group, this definition
requires some changes to behave reasonably. The model (2.22) is then a
good definition as it can immediately suggest that we consider restricted
classes of functions on G instead of all of them (see Example 5.2.10 and
Section 7.4.)

The following two propositions are the most important facts to remember
about induction.

Proposition 2.3.8 (Functoriality of induced representations). Let k
be a field, and let φ : H Ñ G be a group homomorphism. For any ho-
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momorphism �1
Φ

ÝÑ �2 of k-representations of H, there is a corresponding
homomorphism

IndpΦq : IndGHp�1q ÝÑ IndGHp�2q,

and this is functorial: the identity maps to the identity, and composites map
to composites.

Proposition 2.3.9 (Frobenius reciprocity; adjointness of induction and
restriction). Let k be a field, and let φ : H Ñ G be a group homomorphism.
For any k-representation �1 of G and �2 of H, there is a natural isomorphism
of k-vector spaces

(2.24) HomGp�1, Ind
G
Hp�2qq » HomHpResGHp�1q, �2q,

where we recall that HomGp¨, ¨q denotes the k-vector space of a homomor-
phism between two representations of G.

The last isomorphism, or its immediate corollary

(2.25) dimHomGp�1, Ind
G
Hp�2qq “ dimHomHpResGHp�1q, �2q

is called the Frobenius reciprocity formula. As we will see many times,
it is an extremely important result. In fact, in some (precise) sense, it
characterizes the induced representation, and can almost be said to define it
(see Remark 2.3.21 for an explanation). We will use induction and Frobenius
reciprocity extensively to analyze the properties and the decomposition of
induced representations.

We also remark that the definition of the induced representation that
we chose is the best for handling situations in which rG : Hs can be infinite.
If rG : Hs is finite, there is another natural model (say IndGH) which leads
to isomorphisms

(2.26) HomGpIndGHp�1q, �2q » HomHp�1,Res
G
Hp�2qq,

and those are sometimes considered to be the incarnation of Frobenius reci-
procity (see Exercise 2.3.16 and, e.g., [28, Ch. 5]).

Proof of Proposition 2.3.8. The induced homomorphism Φ˚ “ IndpΦq

is easy to define using the model of the induced representation given above:
denoting by F1, F2 the spaces corresponding to IndGHp�1q and IndGHp�2q,
respectively, we define Φ˚pfq for f P F1 to be given by

Φ˚pfqpxq “ Φpfpxqq

for x P G. This is a function from G to E2, by definition, and the relation

Φ˚pfqpφphqxq “ Φpfpφphqxqq “ Φp�1phqfpxqq “ �2phqΦpfpxqq
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for all h P H shows that Φ˚pfq is in the space F2 of the induced repre-
sentation of �2. We leave it to the reader to check that Φ˚ is indeed a
homomorphism between the representations F1 and F2. �

Proof of Proposition 2.3.9. Here also there is little that is difficult, ex-
cept maybe a certain bewildering accumulation of notation, especially paren-
theses, when checking the details—the reader should however make sure that
these checks are done.

Assume that G acts on the space F1 through �1 and that H acts on E2

through �2. Then the restriction of �1 acts on F1 through �1 ˝ φ, while the
induced representation of �2 acts on the space F2 as defined in (2.22).

We will describe how to associate to

Φ : F1 ÝÑ F2,

which intertwines �1 and IndGHp�2q, a map

T pΦq : F1 ÝÑ E2

intertwining the restriction of �1 and �2. We will then describe, conversely,
how to start with an intertwiner

Ψ : F1 ÝÑ E2

and construct another one

T̃ pΨq : F1 ÝÑ F2,

and then it will be seen that T ˝ T̃ and T̃ ˝ T are the identity morphism, so
that T and T̃ give the claimed isomorphisms.

The main point to get from this is that both T and T̃ more or less
write themselves: they express the simplest way (except for putting zeros
everywhere!) to move between the desired spaces. One must then check
various things (e.g., that functions on G with values in E2 actually lie in
F2, that the maps are actually intertwiners, that they are reciprocal), but
at least once this is done, it is quite easy to recover the definitions.

To begin, given Φ as above and a vector v P F1, we must define a map
F1 ÝÑ E2. Since Φpvq is in F2, it is a function on G with values in E2; hence,
it seems natural to evaluate it somewhere, and the most natural guess is to
try to evaluate at the identity element. In other words, we define T pΦq to
be the map

(2.27) T pΦq :

"

F1 ÝÑ E2

v ÞÑ Φpvqp1q.
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We can already easily check that Φ̃ “ T pΦq is an H-homomorphism
(between the restriction of �1 and �2): indeed, we have

Φ̃ph ¨ vq “ Φ̃pφphqvq “ Φpφphqvqp1q “ Φpvqpφphqq,

where the last equality reflects the fact that Φ intertwines �1 and the induced
representation of �2, the latter acting like the regular representation on F2.
Now because Φpvq P F2, we get

Φpvqpφphqq “ �2phqΦpvqp1q “ �2phqΦ̃pvq,

which is what we wanted.

In the other direction, given an H-homomorphism

Ψ : F1 Ñ E2,

we must construct a map Ψ̃ “ T̃ pΨq from F1 to F2. Given v P F1, we need
to build a function on G with values in E2. The function

(2.28) x ÞÑ Ψp�1pxqvq

is the most natural that comes to mind, since the values of Ψ are elements
of E2. Thus Ψ̃pvq is defined to be this function.

We now finish checking that these constructions give the Frobenius reci-
procity isomorphisms. First, we check that f “ Ψ̃pvq is indeed in F2: for all
x P G and h P H, we have

fpφphqxq “ Ψp�1pφphqxqvq “ �2phqΨp�1pxqvq “ �2phqfpxq

(using the fact that Ψ is a homomorphism from ResGHp�1q to �2q. Next, Ψ̃

intertwines �1 and IndGHp�2q: for g P G, the function Ψ̃p�1pgqvq is

x ÞÑ Ψp�1pxgqvq,

and this coincides with

g ¨ Ψ̃pvq “ px ÞÑ Ψ̃pvqpxgqq.

The remaining property we need is that the two constructions are inverse
of each other. If we start with Ψ P HomHpF1, E2q, then construct Ψ̃ “ T̃Ψ,
the definitions (2.27) and (2.28) show that

T T̃Ψpvq “ Ψ̃pvqp1q “ Ψpvq

for all v, i.e., T ˝ T̃ is the identity. If we start with Φ P HomGpF1, F2q, define

Ψ “ TΦ and Φ̃ “ T̃Ψ “ T̃ TΦ, and unravel the definitions again, we obtain
the inescapable conclusion that, given v P F1, the function Φ̃pvq is given by

px ÞÑ Ψp�1pxqvq “ Φp�1pxqvqp1qq,

and this function of x does coincide with Φpvq because

Φp�1pxqvq “ x ¨ Φpvq “ py ÞÑ Φpvqpyxqq.

Thus T̃ ˝ T is also the identity, and the proof is finished. �
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Example 2.3.10. Let �1 “ 1 be the trivial (one-dimensional) representa-
tion of G. Then its restriction to H is the trivial representation 1H of H.
By Frobenius reciprocity, we derive

HomGp1G, Indp�2qq » HomHp1H , �2q.

Comparing with (2.7), we deduce that there is a (canonical) isomorphism

IndGHp�2q
G

» �H2

of the invariant subspaces of �2 and its induced representation.

We now wish to compute the dimension of an induced representation.

Proposition 2.3.11. Let k be a field, and let φ : H ÝÑ G be a group
homomorphism. For a k-representation � of H, acting on a space E, we
have

dimpIndGHp�qq “ rG : Impφqs dimpEKerpφq
q.

In particular, if H is a subgroup of G, we have

dimpIndGHp�qq “ rG : Hs dimp�q.

Remark 2.3.12. Note that this formula is one case where one must be
careful in the infinite-dimensional case. We mentioned in Section 1.3 that
we do not distinguish between infinite cardinals, and with this convention
the formula is valid (i.e., both sides are infinite if and only if one of them
is). However, the formula is not true if one interprets the left-hand side as
the cardinal (say c1) of a basis of IndGHp�q and the right-hand side as the
product (say c2) of the cardinals of rG : Impφqs and that of a basis of Ekerφ,
if the index rG : Impφqs is infinite (and Ekerφ is non-zero): we then have
c1 ą c2.

Proof. The idea is very simple: the definition of the space F on which
the induced representation acts shows that the value of f P F at a point x
determines the values at all other points of the form φphqx, i.e., at all points
which are in the same left-coset of G modulo the image of φ. Thus there
should be rG : Impφqs independent values of f ; each seems to belong to the
space E, but as we observed in Remark 2.3.5, it is in fact constrained to lie
in the possibly smaller space EKerpφq.

To check this precisely, we select a set R of representatives of ImpφqzG,

we let F̃ denote the space of all functions

f̃ : R ÝÑ EKerpφq,

and we consider the obvious k-linear map

F ÝÑ F̃
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defined by restricting functions on G to R (using Remark 2.3.5 to see that
this is well defined). Now we claim that this is an isomorphism of vector
spaces. This implies the formula for the dimension of F (distinguishing the
infinite-dimensional case from the finite-dimensional one).

To check the injectivity, we simply observe that if f P F is identically
zero on R, we have

fpφphqxq “ �phqfpxq “ 0

for all x P R and h P H. Since these elements, by definition, cover all of G,
we get f “ 0. This is really the content of the observation at the beginning
of the proof.

For surjectivity, for any x P G, we denote by rpxq the element of R
equivalent to x, and we select one hpxq P H such that

x “ φphpxqqrpxq,

with hpxq “ 1 if x P R.

Given an arbitrary function f̃ : R Ñ EKerpφq, we then define

fpxq “ fpφphpxqqrpxqq “ �phpxqqf̃prpxqq,

which is a well-defined E-valued function on G. Thus f is equal to f̃ on
R. By definition of F , this is in fact the only possible definition for such a
function, but we must check that f P F to conclude. Consider x P G and
h P H; let y “ φphqx, so that we have the two expressions

y “ φphhpxqqrpxq, y “ φphpyqqrpyq “ φphpyqqrpxq

since y and x are left-equivalent under Impφq. It follows that hhpxq and hpyq

differ by an element (say κ) in Kerpφq. Thus we get

fpyq “ fpφphpyqqrpxqq “ �phpyqqf̃prpxqq

“ �pκq�phhpxqqf̃prpxqq

“ �phq�phpxqqf̃prpxqq

since κ acts trivially on the space EKerpφq, and (as in Lemma 2.1.12) the
vector

�phhpxqqf̃prpxqq

does belong to it. We are now done because

fpφphqxq “ fpyq “ �phq�phpxqqf̃prpxqq “ �phqfpxq

finishes the proof that f P F . �

Remark 2.3.13. (1) From the proof we see that one could have defined the
induced representation as the k-vector space of all functions

ImpφqzG ÝÑ EKerpφq



2.3. Formalism: changing the group 53

together with a suitable action of G. However, this restriction model of
IndGHp�q is not very convenient because the action of G, by transport of
structure, is not very explicit.

(2) See Exercise 4.2.8 for an application to proving a lower bound for
the minimal index of a proper subgroup of a finite group.

Exercise 2.3.14. Let G be a group, let H Ă G be a subgroup, and let
� : G ÝÑ GLpEq be a k-representation of H.

(1) Show that if F is a subrepresentation of E, then IndGHpF q is naturally
isomorphic to a subrepresentation of IndGHp�q.

(2) Show that if IndGHp�q is irreducible, then so is �. Is the converse
true?

The proof of Proposition 2.3.11 implicitly reveals more information than
the dimension of the induced representation. In particular, we can use it to
give one answer to the question of recognizing when a given representation
of a group G is induced from a subgroup. Not only is this useful in practice
(see Proposition 2.8.1, for instance), but it certainly helps in visualizing
what the operation of induction is.

Proposition 2.3.15. Let G be a group, and let k be a field. Let � : G ÝÑ

GLpEq be a finite-dimensional k-representation of G. Assume that there
exists a finite-index subgroup H Ă G and a direct sum decomposition

E “

rG:Hs
à

i“1

Ei,

where each Ei Ă E is H-stable, such that for any i, we have Ei “ �pg´1
i qE1

for some gi P G. Then the representation � is isomorphic to the induced
representation IndGHpE1q.

Proof. Note that the assumption implies that the dimension of E is
rG : Hs dimE1, which is the dimension of IndGHpE1q, as we have just seen,
so the result is certainly plausible. We will construct an intertwining map

Φ : IndGHpE1q ÝÑ E

and show that it is injective. Since we also assume that dimE ă `8, this
will be enough to finish the proof.

The definition of Φ is easy. For f in the space F of the induced repre-
sentation IndGHpE1q, we define

Φpfq “

rG:Hs
ÿ

i“1

�pg´1
i qfpgiq.
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This defines a k-linear map to E, since fpgiq P E1 by definition of F . In
fact the assumption shows that �pg´1

i qfpgiq P Ei for each i, and since these
spaces are in direct sum, we also immediately see that

KerΦ “ tf P F | fpgiq “ 0 for all iu.

To deduce that Φ is injective, and indeed also to show that Φ is an
intertwiner, we now claim that the pgiq form a set of representatives of left
H-cosets in G, i.e., that

G “
ď

i

Hgi

with the union being disjoint. The number of gi is the right one, so it suffices
to prove that the gi are in distinct H-cosets. But if hgi “ gj for some h P H,
we deduce that

�pg´1
i q�phqE1 “ �pg´1

j qE1,

and since E1 is H-stable, this means that Ei “ Ej , which means that i “ j.

We first apply this to prove injectivity of Φ: f P KerΦ means that f
is zero on a set of representatives of HzG, and (as in the proof of Proposi-
tion 2.3.11), this means that f “ 0.

We conclude by checking that Φ is an intertwiner. Consider g P G and
f P F . Then the definition gives

Φpg ¨ fq “

ÿ

i

�pg´1
i qfpgigq.

Multiplication on the right by g permutes the left H-cosets: there exists
a permutation σ of the indices such that for each i, we have

(2.29) gig “ hσpiqgσpiq

for some hσpiq P H. Since f P F , we deduce that

Φpg ¨ fq “

ÿ

i

�pg´1
i qfpgigq “

ÿ

i

�pg´1
i hσpiqqfpgσiq.

But (2.29) gives

gg´1
σpiq “ g´1

i hσpiq

so that, rearranging the sum, this this becomes

Φpg ¨ fq “
ÿ

i

�pgg´1
σpiq

qfpgσpiqq “ �pgqpΦpfqq,

concluding the proof. �

Exercise 2.3.16. Let G be a group, let H Ă G be a finite-index subgroup,
and let k be a field. Let tg1, g2, . . . , gku be a set of representatives for right



2.3. Formalism: changing the group 55

H-cosets in G with g1 “ 1. For a k-representation � : H ÝÑ GLpEq, define
a representation π of G as follows. The space F of π is

F “

k
à

i“1

giE,

where giE denotes a vector space isomorphic to E, and the action is obtained
by formally using the action of H on E (given by �) and the requirement
that giE is the translate of g1E “ E by gi, i.e. if g P G, v P E and

ggi “ gjh

for some j and h P H, we put

g ¨ pgivq “ gjp�phqvq P gjE.

(1) Show that π is indeed a representation of G on F , and that it is
isomorphic to IndGHp�q.

(2) Show that for any k-representation �2 : G ÝÑ GLpF2q, there exists
a canonical isomorphism

HomGpπ, �2q » HomHp�,ResGHp�2qq

(this is the alternate formula (2.26) for Frobenius reciprocity).

The degree relation makes it clear, if needed, that the operations of
restriction and induction are not inverse to each other (as the dimensions
of the underlying vector spaces change). In fact, there is no inverse of
restriction in general:

Exercise 2.3.17. Show that there is no operation inverse of restriction:
there exist subgroups H Ă G and representations of H which are not the
restriction of any representation of G. (Hint : Even very simple examples
will do, and Proposition 2.3.3 can help.)

Nevertheless, there are relations between restriction and induction, as
we have seen with the Frobenius reciprocity formula. Here is another one.

Proposition 2.3.18 (Projection formula). Let k be a field, and let φ :
H Ñ G be a group homomorphism. For a k-representation �1 of G and a
k-representation �2 of H, we have a natural isomorphism

IndGHp�2 b ResGHp�1qq » IndGHp�2q b �1

of representations of G.

As in the case of the Frobenius reciprocity isomorphism (2.24), the proof
is not very difficult as the isomorphism can be described explicitly, but
the full details are a bit tedious. The reader should attempt to guess a
homomorphism between the two representations (it is easier to go from right
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to left here), and after checking that the guess is right, then try to verify
that it satisfies the required properties.11

Proof. We denote by F1 the space of �1, by E2 that of �2, and by F2 the
space (2.22) of the induced representation IndGHp�2q. Moreover, we denote
by τ the representation

τ “ �2 b ResGHp�1q

of H and by F̃2 the space of

IndGHpτq “ IndGHp�2 b ResGHp�1qq,

also defined using (2.22).

The isomorphism of representations of G that is claimed to exist is de-
fined as the k-linear map

F2 b F1
Φ

ÝÑ F̃2,

which extends by linearity the definition

Φpf b vq “ px ÞÑ fpxq b x ¨ vq

for f P F2 and v P F1.

Note that the right-hand side is indeed a function G ÝÑ E2 b F1, and
that E2 b F1 is the space of τ (in this proof, we write x ¨ v for the action of
�1 on F1). It is also a bilinear expression of the arguments f and v. Hence,
to see that Φ is well defined, it is enough to check that its image does lie in
F̃2. But if f̃ “ Φpf b vq, then (using the fact that f P F2), we obtain

f̃pφphqxq “ fpφphqxq b pφphqxq ¨ v

“ �2phqfpxq b φphqpx ¨ vq

“ τphqtfpxq b x ¨ vu

for all x P G, h P H, which is the property required for a function G ÝÑ

E2 b F1 to be in F̃2.

We will now check that Φ is a G-isomorphism. First, the fact that it is
a homomorphism is straightforward, as it can be checked on the generating
tensors f b v. Let f̃ “ Φpf b vq and g P G; then we have

pg ¨ f̃qpxq “ f̃pxgq “ fpxgq b pxgq ¨ v,

which we can also write as

f1pxq b x ¨ w,

where f1pxq “ fpxgq “ g ¨ fpxq and w “ g ¨ v, or in other words as

Φpf1 b wqpxq “ Φpg ¨ pf b vqqpxq,

as desired.

11 In fact, the details of this and similar proofs are probably not worth trying to read without
attempting such a process of self-discovery of the arguments.
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To conclude, it remains to prove that Φ is a k-linear isomorphism. Here
a little trick is needed, since pure tensors are not enough. We fix a basis
pvjq of F1 (it could be infinite, of course). Then, for any x P G, a vector w
of E2 b F1 can be written uniquely as a linear combination

(2.30) w “

ÿ

j

wjpxq b px ¨ vjq

for some wjpxq P E2. This is simply because, for every x, the vectors px ¨vjqj

also form a basis of F1.

We first show the injectivity of Φ: any element of F2 b F1 can be ex-
pressed as

ÿ

j

fj b vj

for some functions fj P F2. Let us assume such an element is in KerpΦq.
This means that for all x P G, we have

ÿ

j

fjpxq b px ¨ vjq “ 0 P E2 b F1.

Thus by the uniqueness of the representations (2.30), we get

fjpxq “ 0

for all j, or in other words fj “ 0 for all j, and this gives KerpΦq “ 0.

We now come to surjectivity. Let f̃ P F̃2 be given. Again by the obser-
vation above, for any x P G, we can write uniquely12

f̃pxq “

ÿ

j

f̃jpxq b px ¨ vjq,

thus defining coefficient functions f̃j : G Ñ E2. We next show that, because

f̃ P F̃2, each f̃j is in fact in F2, which will ensure that

f̃ “

ÿ

j

Φpf̃j b vjq

is in the image of Φ, which is therefore surjective.

The condition f̃ P F̃2 means that

f̃pφphqxq “ τphqf̃pxq

for all h P H and x P G. The left-hand side is
ÿ

j

f̃jpφphqxq b pφphqx ¨ vjq

12 This is the trick: use (2.30) for a varying x, not for a single fixed basis.
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by definition, while the right-hand side is

p�2 b Res �1qphqf̃pxq “

ÿ

j

�2phqf̃jpxq b tφphq ¨ px ¨ vjqu

“

ÿ

j

�2phqf̃jpxq b pφphqx ¨ vjq.

Comparing using the uniqueness of (2.30) with x replaced by φphqx, we
find that, for all j, we have

f̃jpφphqxq “ �2phqf̃jpxq,

and this does state that each coefficient function f̃j is in F2. �

Remark 2.3.19. If φ is an injective homomorphism and the groups G
and H are finite, then all spaces involved are finite dimensional. Since
Proposition 2.3.11 shows that both sides of the projection formula are of
degree rG : Hs dimp�1qdimp�2q, the injectivity of Φ is sufficient to finish the
proof.

Yet another important property of induction (and restriction) is the
following, which is called induction in stages in the case of induction:

Proposition 2.3.20 (Transitivity). Let k be a field, let

H2
φ2

ÝÑ H1
φ1

ÝÑ G

be group homomorphisms, and let φ “ φ1 ˝φ2. For any k-representations �2
of H2 and � of G, we have canonical isomorphisms

ResH1
H2

pResGH1
�q » ResGH2

p�q, IndGH1
pIndH1

H2
�2q » IndGH2

p�2q.

Proof. As far as the restriction is concerned, this is immediate from the
definition. For induction, the argument is pretty much of the same kind as
the ones we used before: defining maps both ways is quite simple and hard
to miss, and then one merely needs to make various checks to make sure
that everything works out. We will simplify those by mostly omitting the
homomorphisms φ, φ1, φ2 in the notation.

So here we go again: let E, F1, F2, F denote, respectively, the spaces of
the representations

�2, IndH1
H2

p�2q, IndGH1
pIndH1

H2
p�2qq, IndGH2

p�2q,

so that we must define a G-isomorphism

T : F ÝÑ F2.

Note that F is a space of functions from G to E, and F2 a space of
functions from G to F1. We define T as follows: given f P F , a function
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from G to E, it is natural to consider

g ¨ f “ px ÞÑ fpxgqq,

the image of f under the regular representation on E-valued functions. Then
g ÞÑ g ¨ f is a function from G to F , so its values are themselves functions
from G to E. We want T pfq P F2, so it must be an F1-valued function on
G, i.e., T pfqpgq must be a function from H1 to E. Hence it seems plausible
to define

T pfqpgq “ pg ¨ fq ˝ φ1.

If H1 is a subgroup of G, this is the restriction to H1—in the sense of
restricting a function on G to one on H1—of the function g ÞÑ g ¨ f on G.

We can then check that T pfq is, in fact, F1-valued; if we omit the group
homomorphisms involved, this amounts to letting ψ “ T pfq and writing

ψph2h1q “ g ¨ fph2h1q “ fph2h1gq “ �ph2qfph1gq “ �ph2qψph1q,

for hi P Hi, using of course in the middle the assumption that f is in F .
Again, this is unlikely to make much sense until the reader has tried and
succeeded independently to follow the computation.

Now we should check that T pfq is not only F1-valued, but also lies in

F2, i.e., transforms under H1 like the induced representation IndH1
H2

p�q. We
leave this to the reader; this is much helped by the fact that the action of
H1 on this induced representation is also the regular representation.

Next we must check that T is an intertwining operator; but again, both
F and F2 carry actions which are variants of the regular representation, and
this should not be surprising. We therefore omit it.

The final step is the construction of the inverse T̃ of T .13 We now start
with ψ P F2 and must define a function from G to E. Unraveling in two
steps, we set

T̃ pψqpgq “ ψpgqp1q

(ψpgq is an element of F1, i.e., a function from H1 to E, and we evaluate

that at the unit of H1. . . ). Taking g P G and h2 P H2, denoting f “ T̃ pψq,
we again let the reader check that

fph2gq “ ψph2gqp1q “ ph2 ¨ψpgqqp1q “ ψpgqph2q “ �ph2qψpgqp1q “ �ph2qfpgq

makes sense and means that T̃ pψq is in F .

Now we see that T̃ T pfq is the function which maps g P G to

pg ¨ fqp1q “ fpgq,

13 If the vector spaces are finite-dimensional and the homomorphisms are inclusions, note
that it is quite easy to check that T is injective, and since the dimensions of F and F2 are both
rG : H2sdim �, this last step can be shortened.
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in other words T̃ ˝ T is the identity. Rather more abstrusely, if ψ P F2,
f “ T̃ pψq, and ψ̃ “ T pfq, we find for g P G and h1 P H1 that

ψ̃pgqph1q “ pg ¨ fqph1q “ fph1gq

“ ψph1gqp1q “ ph1 ¨ ψpgqqp1q “ ψpgqph1q

(where we use the fact that, on F2, H1 acts through the regular represen-

tation), which indicates that T ˝ T̃ is also the identity (since ψ and ψ̃ are
functions on G whose values are functions from H1 to E. . . ). Thus T and

T̃ are reciprocal isomorphisms. �

Remark 2.3.21 (Functoriality saves time). At this point, conscientious
readers may well have become bored and annoyed at this “death of a thou-
sand checks”. And there are indeed at least two ways to avoid much (if
not all) of the computations we have done. One uses character theory; it
is restricted to special sitations, and will be discussed later. We sketch the
second now, since the reader is presumably well motivated to hear about
abstract nonsense if it cuts down on the calculations.

The keyword is the adjective “natural” (or “canonical”) that we attrib-
uted to the isomorphisms (2.24) of Frobenius reciprocity. In one sense, this
is intuitive enough: the linear isomorphism

HomGp�1, Ind
G
Hp�2qq ÝÑ HomHpResGHp�1q, �2q,

defined in the proof of Proposition 2.3.9 certainly feels natural. But we now
take this more seriously and try to give rigorous sense to this sentence.

The point is the following fact: a representation � of G is determined,
up to isomorphism, by the data of all homomorphism spaces

V pπq “ HomGpπ, �q,

where π runs over k-representations of G together with the data of the maps

V pπq
V pΦq
ÝÑ V pπ1

q

associated to any (reversed!) G-homomorphism π1 Φ
ÝÑ π by mapping

pΨ : π Ñ �q P V pπq

to

V pΦqpΨq “ Ψ ˝ Φ.

To be precise:

Fact. Suppose that �1 and �2 are k-representations of G, and that for any
representation π, there is given a k-linear isomorphism

Ipπq : HomGpπ, �1q ÝÑ HomGpπ, �2q,
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in such a way that all diagrams

HomGpπ, �1q
Ipπq
ÝÑ HomGpπ, �2q

Ó Ó

HomGpπ1, �1q
Ipπ1q
ÝÑ HomGpπ1, �2q

commute for any Φ : π1 Ñ π, where the vertical arrows, as above, are given
by Ψ ÞÑ Ψ ˝ Φ. Then �1 and �2 are isomorphic, and in fact there exists a
unique isomorphism

�1
I

ÝÑ �2

such that Ipπq is given by Ψ ÞÑ I ˝ Ψ for all π.

Let us first see why this is useful. When dealing with induction, the point
is that it tells us that an induced representation IndGHp�q is characterized, up
to isomorphism, by the Frobenius reciprocity isomorphisms (2.24). Indeed,
the latter tells us, simply from the data of �, what any G-homomorphism
space

HomGpπ, IndGHp�qq

is supposed to be. And the fact above says that there can be only one rep-
resentation �̃ with given homomorphism groups HomGpπ, �̃q which behave
naturally. Precisely, the behavior under morphisms must be compatible: we
get

Fact bis. Let φ : H Ñ G be a group-homomorphism, and let � be a k-
representation of H. There exists, up to isomorphism of representations of
G, at most one k-representation �1 of G with k-linear isomorphisms

ipπq : HomGpπ, �1
q ÝÑ HomHpRespπq, �q

such that the diagrams

HomGpπ, �1q
ipπq
ÝÑ HomHpRespπq, �q

Ó Ó

HomGpπ1, �1q
ipπ1q
ÝÑ HomHpRespπ1q, �q

commute for π1 Φ
ÝÑ π a G-homomorphism, where the vertical arrows are

again Ψ ÞÑ Ψ ˝ Φ, on the left, and Ψ ÞÑ Ψ ˝ RespΦq on the right (restriction
of Φ to Hq.

Readers are invited to check that the (explicit) isomorphisms

ipπq : HomGpπ, IndGHp�qq ÝÑ HomHpResGHpπq, �q
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that we constructed (based on the explicit model (2.22)) are such that the
diagrams

(2.31)
HomGpπ, IndGHp�qq

ipπq
ÝÑ HomHpResGHpπq, �q

Ó Ó

HomGpπ1, IndGHp�qq
ipπ1q
ÝÑ HomHpResGHpπ1q, �q

commute. These are the same as the ones above, with �1 “ Indp�q. This
is the real content of the observation that the Frobenius reciprocity isomor-
phisms are natural. Thus the construction of (2.22) proved the existence of
the induced representation characterized by the abstract property of Frobe-
nius reciprocity.

We can now see that the transitivity of induction is just a reflection of
the—clearly valid—transitivity of restriction. Consider

H2
φ2

ÝÑ H1
φ1

ÝÑ G

as in the transitivity formula, and consider a representation � of H2, as well
as

�1 “ IndGH1
pIndH1

H2
p�qq, �2 “ IndGH2

p�q.

According to Frobenius reciprocity applied twice or once, respectively,
we have, for all representations π of G, k-linear isomorphisms

HomGpπ, �1q » HomH1pResGH1
pπq, IndH1

H2
p�qq » HomH2pResH1

H2
pResGH1

pπqq, �q

and

HomGpπ, �2q » HomH2pResGH2
pπq, �q;

hence, by comparison and the obvious transitivity of restriction, we obtain
isomorphisms

Ipπq : HomGpπ, �1q » HomGpπ, �2q.

The reader should be easily convinced (and then check!) that these
isomorphisms satisfy the compatibility required in the claim to deduce that
�1 and �2 are isomorphic; indeed, this is a composition or tiling of the
corresponding facts for the diagrams (2.31).

At first sight, this may not seem much simpler than what we did ear-
lier, but a second look reveals that we did not use anything relating to k-
representations of G except the existence of morphisms, the identity maps,
and the composition operations! In particular, there is no need whatsoever
to know an explicit model for the induced representation.

We now prove the Fact above, using the notation in that statement.
Take π “ �1, so that we have

HomGpπ, �1q “ HomGp�1, �1q

and Ipπq “ Ip�1q is an isomorphism HomGp�1, �1q ÝÑ HomGp�1, �2q.
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We may not know much about the general existence of homomorphisms,
but certainly this space contains the identity of �1. Hence we obtain an
element

I “ Ip�1qpId�1q P HomGp�1, �2q.

Then (this looks like a cheat) this I is the desired isomorphism! To
see this—but first try it!—we check first that Ipπq is given, as claimed, by
precomposition with I for any π. Indeed, Ipπq is an isomorphism

HomGpπ, �1q ÝÑ HomGpπ, �2q.

Take an element Φ : π Ñ �1; we can then build the associated commu-
tative square

HomGp�1, �1q
Ip�1q
ÝÑ HomGp�1, �2q

Ó Ó

HomGpπ, �1q
Ipπq
ÝÑ HomGpπ, �2q.

Take the element Id�1 in the top-left corner. If we follow the right-then-
down route, we get, by definition, the element

Ip�1qpId�1q ˝ Φ “ I ˝ Φ P HomGpπ, �2q.

But if we follow the down-then-right route, we get IpπqpId�1 ˝Φq “ IpπqpΦq,
and hence the commutativity of these diagrams says that, for all Φ, we have

(2.32) IpπqpΦq “ I ˝ Φ,

which is what we had claimed.

We now check that I is, indeed, an isomorphism, by exhibiting an inverse.
The construction we used strongly suggests that

J “ Ip�2q
´1

pId�2q P HomGp�2, �1q,

should be what we need (where we use that Ip�2q is an isomorphism, by
assumption). Indeed, tautologically, we have

Ip�2qpJq “ Id�2 ,

which translates, from the formula (2.32) we have just seen (applied with
π “ �2) to

I ˝ J “ Id�2 .

Now we simply exchange the role of �1 and �2 and replace Ipπq by its
inverse; then I and J are exchanged, and we get also

J ˝ I “ Id�1 .
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Why did we not start with this “functorial” language? Partly this is a
matter of personal taste and partly of wanting to show very concretely how—
especially if the reader does (or has done) all computations independently—
part of the spirit of the game will have seeped in. Moreover, in some of the
more down-to-earth applications of these games with induction and its vari-
ants, it may be quite important to know what the canonical maps actually
are. The functorial language does usually give a way to compute them, but
it may be more direct to have written them down as directly as we did.

To conclude with the general properties of induction, we leave the proof
of the following lemma to the reader:

Lemma 2.3.22. Let k be a field, and let φ : H ÝÑ G be a group homomor-
phism with φpHq of finite index in G. For any finite-dimensional represen-
tations � and �i of H, we have natural isomorphisms

pIndGHp�qqq» IndGHpq�q

and
IndGH

´

à

iPI

�i

¯

»
à

iPI

IndGHp�iq

for I finite.

The corresponding statements for the restriction are also valid and
equally easy to check. On the other hand, although the isomorphism

ResGHp�1 b �2q » ResGHp�1q b ResGHp�2q

is immediate, it is usually definitely false (say when φ is injective but is not
an isomorphism) that

IndGHp�1 b �2q, IndGHp�1q b IndGHp�2q

are isomorphic, for instance, because the degrees do not match (from left to
right, they are given by

rG : Hs dimp�1qdimp�2q, rG : Hs
2
pdim �1qpdim �2q,

respectively).

We conclude this longish section with another type of “change of groups”.
Fix a field k and two groups G1 and G2. Given k-representations �1 and �2
of G1 and G2, acting on E1 and E2, respectively, we can define a represen-
tation of the direct product G1 ˆ G2 on the tensor product E1 b E2. For
pure tensors v1 b v2 in E1 b E2, we let

p�1 b �2qpg1, g2qpv1 b v2q “ �1pg1qv1 b �2pg2qv2,

which extends by linearity to the desired action, sometimes called the exter-
nal tensor product of �1 and �2,

�1 b �2 : G1 ˆ G2 ÝÑ GLpE1 b E2q.
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Of course, the dimension of this representation is again pdim �1qpdim �2q.
In particular, it is clear that not all representations of G1 ˆ G2 can be of
this type, simply because their dimensions might not factor non-trivially.
However, in some cases, irreducible representations must be external tensor
products of irreducible representations of the factors.

Proposition 2.3.23 (Irreducible representations of direct products). Let
k be an algebraically closed field, and let G1, G2 be two groups. If � is a
finite-dimensional irreducible k-representation of G “ G1 ˆ G2, then there
exist irreducible k-representations �1 of G1 and �2 of G2, respectively, such
that

� » �1 b �2.

Moreover, �1 and �2 are unique, up to isomorphism of representations of
their respective groups.

Conversely, if �1 and �2 are irreducible finite-dimensional k-representa-
tions of G1 and G2, respectively, the external tensor product �1 b �2 is an
irreducible representation of G1 ˆ G2.

The proof of this requires some preliminary results, so we defer it to the
end of Section 2.7. The statement is false, in general, over non-algebraically
closed fields (see Example 2.7.33).

Remark 2.3.24 (Relation with the ordinary tensor product). Consider a
group G. There is an injective diagonal homomorphism

φ

"

G ÝÑ G ˆ G
g ÞÑ pg, gq.

If �1 and �2 are k-representations of G, the definitions show that

ResGˆG
G p�1 b �2q “ �1 b �2.

2.4. Formalism: changing the field

We will not say much about changing the field. Clearly, whenever K is an
extension of k, we can turn a k-representation

G ÝÑ GLpEq

into a representation (which we denote � b K) over K, by composing with
the group homomorphism

GLpEq ÝÑ GLpE bk Kq

which, concretely (see the next section also), can be interpreted simply by
saying that a matrix with coefficients in the subfield k of K can be seen as
a matrix with coefficients in K, i.e., by looking at the inclusion

GLnpkq ãÑ GLnpKq.
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If � is a representation of G over a field K, and it is isomorphic to
a representation arising in this manner from a k-representation, for some
subfield k of K, one customarily says that � can be defined over k.

Sometimes, given a field extension K{k (for instance, with K alge-
braically closed) and a certain property Pp�q of a representation �, it may
happen that Pp�q does not hold for a k-representation �, but that Pp�bKq

does (or conversely). If K is an algebraic closure of k, and if � b K has
the desired property, one then says that the k-representation � “has P ab-
solutely”.

Example 2.4.1. We give here an example of a representation which is
irreducible but not absolutely irreducible. Consider the (infinite) abelian
group G “ R{Z, and the two-dimensional real representation given by

� :

$

’

&

’

%

G ÝÑ GL2pRq

θ ÞÑ

˜

cosp2πθq sinp2πθq

´ sinp2πθq cosp2πθq

¸

(which corresponds to the action of R{Z on the real plane by the rotation
with angle 2πθ). This makes it clear that this is a homomorphism (which is
otherwise easy to check using trigonometric identities), and it also makes it
clear that � is irreducible (there is no non-zero real subspace of R2 which is
stable under all rotations �pθq, except R2 itself).

However, the irreducibility breaks down when extending the base field
to C. Indeed, on C2, we have

�pθq

ˆ

1
i

˙

“

ˆ

cos θ ` i sin θ
´ sin θ ` i cos θ

˙

“ pcos θ ` i sin θq

ˆ

1
i

˙

and

�pθq

ˆ

1
´i

˙

“

ˆ

cos θ ´ i sin θ
sin θ ´ i cos θ

˙

“ pcos θ ´ i sin θq

ˆ

1
´i

˙

.

This means that C2, under the action of G through �, splits as a direct sum

C2
“

ˆ

1
i

˙

C ‘

ˆ

1
´i

˙

C

of two complex lines which are both subrepresentations, one of them iso-
morphic to the one-dimensional complex representation

#

G Ñ GLpCq » Cˆ

θ ÞÑ eiθ

and the other to
#

G Ñ Cˆ

θ ÞÑ e´iθ
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(its complex conjugate, in the sense of Example 2.4.2 below). Thus � is not
absolutely irreducible.

Another way to change the field, which may be more confusing, is to
apply automorphisms of k. Formally, this is not different: we have an
automorphism σ : k ÝÑ k, and we define a representation �pσq by the
composition

�pσq : G
�

ÝÑ GLpEq ÝÑ GLpE bk kq,

where we have to be careful to see k, in the second argument of the tensor
product, as given with the k-algebra structure σ. Concretely, Eσ “ E bk k
is the k-vector space with the same underlying abelian group as E, but with
scalar multiplication given by

α ¨ v “ σpαqv P E.

Here again matrix representations may help understand what happens.
A basis pviq of E is still a basis of Eσ but, for any g P G, the matrix
representing �pgq in the basis pviq of Eσ is obtained by applying σ´1 to all
coefficients of the matrix that represents �pgq. Indeed, for any i, we can
write

�pgqvi “

ÿ

j

αjvj “

ÿ

j

σ´1
pαjq ¨ vj

for some coefficients αj , so that the pj, iq-th coefficient of the matrix for �pgq

is αj , while it is σ´1pαjq for �pσqpgq.

This operation on representations can be interesting because � and �pσq

are usually not isomorphic as representations, despite the fact that they are
closely related. In particular, there is a bijection between the subrepresen-
tations of E and those of Eσ (given by F ÞÑ Fσ), and hence � and �pσq are
simultaneously irreducible or not irreducible, semisimple or not semisimple.

Example 2.4.2 (Complex conjugate). Consider k “ C. Although C, con-
sidered as an abstract field, has many automorphisms, the only continuous
ones, and therefore the most important, are the identity and the complex
conjugation σ : z ÞÑ z̄. It follows therefore that any time we have a com-
plex representation G ÝÑ GLpEq, where E is a C-vector space, there is
a naturally associated conjugate representation �̄ obtained by applying the
construction above to the complex conjugation. If E is finite dimensional,
then from the basic theory of characters (Proposition 2.7.38 below and Ex-
ample 2.7.41) one derives the fact that �̄ is isomorphic to � if and only if
the function g ÞÑ Tr �pgq is real valued. (This can already be checked when
� is one-dimensional, since �̄ is then the conjugate function G Ñ C, which
equals � if and only if � is real valued.) In particular, the examples in (2.4),
(2.5), or (2.6) lead to many cases of representations where � and �̄ are not
isomorphic.
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Field extensions (including automorphisms) are the only morphisms for
fields. However, there are sometimes other possibilities for changing fields,
which are more subtle. Suppose for instance that

� : G ÝÑ GLpEq

is a complex representation of degree d ě 1 of some group G, and that
with respect to some chosen basis of E, the image of � is given by matrices
with integral coefficients. If we then fix a prime number p, we may consider
the reduction modulo p (say �̄pgq) of these matrices, which will be elements
in GLdpZ{pZq. The properties of the reduction modulo p imply that g ÞÑ

�̄pgq is a homomorphism from G to GLdpZ{pZq, or in other words, an Fp-
representation of G.

More abstractly, this definition corresponds to the existence of a G-stable
lattice M of E, which is an abelian group M Ă E such that M bZ C » E
and such that �pgqm P M for all g P G and m P M . We can then define
an Fp-representation of G on M{pM , which is a d-dimensional Fp-vector
space, simply because pM is also G-stable (by linearity).

This construction can be extremely useful and important. However, it
is delicate: first of all, it is not always defined (the G-stable lattice M may
not exist), and also it may not be well defined, in the sense that taking
a different G-stable lattice (there is no uniqueness, since for instance pM
works just as well as M) might lead to a non-isomorphic Fp-representation
of G. We refer to [53, §15.2] for further discussion of this theory.

Exercise 2.4.3. Let G “ Z{2Z, and let � be the two-dimensional regular
representation of G on C2, with canonical basis e1, e2. Let f1 “ e1 ` e2,
f2 “ e1 ´ e2. Let k “ Z{2Z.

Show that M “ Z2 is a G-stable lattice and that the k-representation
of G on M{2M is not semisimple. On the other hand, show that M 1 “

f1Z‘ f2Z is another G-stable lattice, and that the k-representation of G on
M 1{2M 1 is trivial, in particular semisimple.

In Exercise 2.6.6, we will see an example of an irreducible representation
that reduces modulo a prime to one which is not.

2.5. Matrix representations

We have emphasized in Definition 2.1.1 the abstract view where a repre-
sentation is seen as a linear action of G on a k-vector space E. However,
in practice, if one wishes to compute with representations, one will select a
fixed basis of E and express � as the homomorphism

�m : G ÝÑ GLnpkq, n “ dimpEq,
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that maps g to the matrix representing �pgq in the chosen basis. Indeed,
this is what we already did in the cases of the example in (2.12) and in
Example 2.4.1.

Although such matrix representations can be awkward when used exclu-
sively (especially because of the choice of a basis), it is useful and important
to know how to express in these terms the various operations on represen-
tations that we have described previously. These concrete descriptions may
also help clarify these operations, especially for readers less familiar with
abstract algebra. We will explain this here fairly quickly.

For a direct sum �1 ‘ �2, we may concatenate bases pe1, . . . , enq of E1

and pf1, . . . , fmq of E2 to obtain a basis

pe1, . . . , en, f1, . . . , fmq

in which the representation �1‘�2 takes the form of block-diagonal matrices

g ÞÑ

ˆ

�m1 pgq 0

0 �m2 pgq

˙

of size m ` n. Corresponding to a short exact sequence

0 Ñ E1 ÝÑ E
Φ

ÝÑ E2 Ñ 0

of representations, which may not be split, we select a basis pe1, . . . , enq of
the subspace E1 of E, and we extend it to a basis pe1, . . . , en, f1, . . . , fmq,
m “ dimpE2q, of E. Then

pf 1
1, . . . , f

1
mq “ pΦpf1q, . . . ,Φpfmqq

is a basis of E2 and we get in these bases a block-triangular matrix repre-
sentation of � acting on E:

(2.33) g ÞÑ �mpgq “

ˆ

�m1 pgq ‹

0 �m2 pgq

˙

,

where �m1 is the matrix representation in pe1, . . . , enq and �m2 the one in
pf 1

1, . . . , f
1
mq. The block denoted ‹ is an important invariant of the short

exact sequence. If we view it as a map

c : G ÝÑ Mn,mpkq

from G to rectangular n ˆ m matrices with coefficients in k, then c is not a
homomorphism, but writing down the relation

�mpghq “ �mpgq�mphq,

we see that it satisfies instead

cpghq “ �m1 pgqcphq ` cpgq�m2 phq

for g, h P G.
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In the case of a tensor product � “ �1 b �2, one usually represents it in
the basis of pure tensors δi,j “ ei b fj . If this basis is ordered as

pδ1,1, . . . , δ1,m, δ2,1, . . . , δ2,m, . . . , δn,1, . . . , δn,mq,

and we denote by A “ pai,jq1ďi,jďn the matrix �m1 pgq and by B the matrix
�m2 pgq, then �mpgq is a block matrix with n rows and columns of square
blocks of size m, given by

¨

˚

˝

a1,1B a1,2B . . . a1,nB
...

...
...

an,1B . . . . . . an,nB

˛

‹

‚

.

It should be noted however that this explicit form is very rarely useful.

The matrix representation of the contragredient of a representation � is
also easy to describe. We have

q�mpgq “
t�mpgq

´1,

the inverse-transpose homomorphism.

The case of the restriction to a subgroup is immediate: the matrices of
the restriction do not change. For induction, the situation is more involved,
but we will see some examples in the next chapters.

2.6. Examples

We collect here some more examples of representations. The first one, in
particular, is very important, and it will reappear frequently in various ways
in the rest of the book.

2.6.1. Binary forms and invariants. Let k be any field. For an integer
m ě 0, we denote by Vm the vector space of polynomials in krX,Y s which
are homogeneous of degree m, i.e., the k-subspace of krX,Y s generated by
the monomials

X iY m´i, 0 ď i ď m.

In fact, these monomials are independent, and therefore form a basis of
Vm. In particular dimVm “ m ` 1.

If we take G “ SL2pkq, we can let G act on Vm by

p�mpgqfqpX,Y q “ fppX,Y q ¨ gq,

where pX,Y q ¨ g denotes the multiplication of the row vector pX,Y q by the
matrix g. In other words, if

(2.34) g “

ˆ

a b
c d

˙

,
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we have

pg ¨ fqpX,Y q “ fpaX ` cY, bX ` dY q

(one just says that G acts on Vm by linear change of variables).

We then have

Theorem 2.6.1 (Irreducible representations of SL2). (1) For k “ C, the
representations �m, for m ě 0, are irreducible representations of SL2pCq. In
fact, �m is an irreducible representation of the subgroup SU2pCq Ă SL2pCq.

(2) Any finite-dimensional, continuous, irreducible representation of the
subgroup SU2pCq is isomorphic to one of the �m.

(3) On the other hand, if k is a field of non-zero characteristic p, the
representation �p is not irreducible.

The first assertion will be proved in Example 2.7.11 and Exercise 2.7.13,
and the second in Theorem 5.6.3 (the notion of continuous representation
is explained in Section 3.3). The analogous statement for SL2pCq is more
complicated: it is not true that the representations �m exhaust (up to iso-
morphism) all finite-dimensional irreducible continuous representations of
SL2pCq. This can be seen quickly by noting that the complex conjugate �̄n
of �m (as defined in Example 2.4.2), which is irreducible, is not isomorphic
to any �n. Indeed, just by comparing dimensions, the only possibility would
be that �̄n » �n, but from simple computations, one can see that the char-
acter g ÞÑ Trp�mpgqq is not real valued, which is a necessary condition for
�m to be isomorphic to its complex conjugate (see (2.50)). One can show
that an irreducible finite-dimensional continuous representation of SL2pCq

is of the form

�m b �̄n

for some integers m, n ě 0 (see, e.g., [36, end of II.3]).

We can however already explain the statement (3). If k has characteristic
p, consider the subspace W Ă Vp spanned by the monomials Xp and Y p.
Then W “ Vp (since dimVp “ p ` 1 ě 3q and Vp is a subrepresentation.
Indeed, for g given by (2.34), we have

pg ¨ Xp
q “ paX ` cY q

p
“ apXp

` cpY p
P W,

pg ¨ Y p
q “ paX ` cY q

p
“ bpXp

` dpY p,

by the usual properties of the p-th power operation in characteristic p (i.e.,
the fact that the binomial coefficients

`

p
j

˘

are divisible by p for 1 ď j ď p´1).

One can also show that W Ă Vp does not have a stable complementary
subspace, so Vp is not semisimple in characteristic p.

We now consider only the case k “ C. It is elementary that �m is isomor-
phic to the m-th symmetric power of �1 for all m ě 0. Hence we see here a
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case where, using multilinear operations, all irreducible (finite-dimensional)
representations of a group are obtained from a “fundamental” one. We
also see here an elementary example of a group which has irreducible finite-
dimensional representations of arbitrarily large dimension. (In fact, SL2pCq

also has many infinite-dimensional representations which are irreducible, in
the sense of representations of topological groups.)

Exercise 2.6.2 (Matrix representation). (1) Compute the matrix represen-
tation for �2 and �3, in the bases pX2, XY, Y 2q and pX3, X2Y,XY 2, Y 3q of
V2 and V3, respectively.

(2) Compute the kernel of �2 and �3, and recover the result without
using matrix representations.

A very nice property of these representations—which turns out to be
crucial in quantum mechanics—illustrates another important type of results
in representation theory:

Theorem 2.6.3 (Clebsch–Gordan formula). For any integers m ě n ě 0,
the tensor product �m b �n is semisimple14 and decomposes as

(2.35) �m b �n » �m`n ‘ �m`n´2 ‘ ¨ ¨ ¨ ‘ �m´n.

One point of this formula is to illustrate that, if one knows some irre-
ducible representations of a group, one may well hope to be able to construct
or identify others by trying to decompose the tensor products of these rep-
resentations into irreducible components (if possible). Here, supposing one
knew only the “obvious” representations �0 “ 1 and �1 (which is just the
tautological inclusion SL2pCq ÝÑ GL2pCq), we see that all other representa-
tions �m arise by taking tensor products iteratively and decomposing them,
e.g.,

�1 b �1 “ �2 ‘ 1, �2 b �1 “ �3 ‘ �1, etc.

Proof. Both sides of the Clebsch–Gordan formula are trivial when m “ 0.
Using induction on m, we then see that it is enough to prove that

(2.36) �m b �n » �m`n ‘ p�m´1 b �n´1q

for m ě n ě 1.

At least a subrepresentation isomorphic to �m´1b�n´1 is not too difficult
to find. Indeed, first of all, the tensor product �m b �n can be interpreted
concretely as a representation on the space Vm,n of polynomials in four
variables X1, Y1, X2, Y2, which are homogeneous of degree m with respect
to pX1, Y1q, and of degree n with respect to the other variables, where the

14 In fact, any tensor product of finite-dimensional semisimple complex representations is
semisimple, but this result of Chevalley is by no means easy to prove (see Theorem 7.1.11).
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group SL2pCq acts by simultaneous linear change of variable on the two sets
of variables, i.e.,

pg ¨ fqpX1, Y1, X2, Y2q “ f ppX1, Y1qg, pX2, Y2qgq

for f P Vm,n. This G-isomorphism

Vm b Vn ÝÑ Vm,n

is induced by

pXiY m´i
q b pXjY n´j

q ÞÑ X i
1Y

m´i
1 Xj

2Y
n´j
2

for the standard basis vectors.

Using this description, we have a linear map

Δ

"

Vm´1,n´1 ÝÑ Vm,n

f ÞÑ pX1Y2 ´ X2Y1qf

which is a G-homomorphism. If we view the factor X1Y2 ´X2Y1 as a deter-
minant

δ “

ˇ

ˇ

ˇ

X1 X2

Y1 Y2

ˇ

ˇ

ˇ
,

it follows that

δppX1, Y1qg, pX2, Y2qgq “ δpX1, X2, Y1, Y2qdetpgq “ δpX1, X2, Y1, Y2q

for g P SL2pCq. Moreover, it should be intuitively obvious that Δ is injective,
but we check this rigorously: if f “ 0, it has degree d ě 0 with respect to
some variable, say X1, and then X1Y2f has degree d`1 with respect to X1,
while X2Y1f remains of degree d, and therefore X1Y2f “ X2Y1f .

Now we describe a stable complement to the image of Δ. To justify the
solution a little bit, note that ImpΔq only contains polynomials f such that
fpX,Y,X, Y q “ 0. Those for which this property fails must be recovered.
We do this by defining W to be the representation generated by the single
vector

e “ Xm
1 Xn

2 ,

i.e., the linear span in Vm,n of the translates g ¨ e. To check that it has the
required property, we look at the linear map “evaluating f when both sets of
variables are equal” suggested by the remark above, restricted to W . This
map is given by

T

#

W ÝÑ Vm`n

f ÞÑ fpX,Y,X, Y q

(since a polynomial of the type fpX,Y,X, Y q with f P Vm,n is homoge-
neous of degree m ` n), and we notice that it is an intertwiner with �m`n.
Since e maps to Xm`n which is nonzero, and �m`n is irreducible (Theo-
rem 2.6.1; although the proof of this will be given only later, the reader
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will have no problem checking that there is no circularity), Schur’s Lemma
(Lemma 2.2.6) proves that T is surjective.

We now examine W more closely. Writing g “

´

a b
c d

¯

, we have

g ¨ e “ paX1 ` bY1q
m

paX2 ` bY2q
n

“

ÿ

0ďjďm`n

ajbm`n´jϕjpX1, Y1, X2, Y2q

for some ϕj P Vm,n. We deduce that the space W , spanned by the vectors
g ¨ e, is contained in the span of the ϕj , and hence that dimW ď m`n` 1.
But since dim �m`n “ m ` n ` 1, we must have equality, and in particular
T is an isomorphism.

Since dimVm´1,n´1`dimW “ mn`m`n`1 “ dimVm,n, it only remains
to check that Vm´1,n´1 ‘ W “ Vm,n to conclude that (2.36) holds. But the
intersection Vm´1,n´1 XW is zero, since fpX,Y,X, Y q “ 0 for f P Vm´1,n´1,
while fpX,Y,X, Y q “ Tf “ 0 for a non-zero f P W . . . . �

In Corollary 5.6.2 in Chapter 5, we will see that the Clebsch–Gordan for-
mula for the subgroup SU2pCq (i.e., seeing each �m as restricted to SU2pCq)
can be proved—at least at the level of existence of an isomorphism!—in
a few lines using character theory. However, the proof above has the ad-
vantage that it “explains” the decomposition, and can be used to describe
concretely the subspaces of VmbVn corresponding to the subrepresentations
of �m b �n.

Now, in a slightly different direction, during the late 19th and early 20th
centuries, a great amount of work was done on the topic called invariant
theory, which in the (important) case of the invariants of SL2pCq can be
described as follows. One considers, for some m ě 0, the algebra SpVmq of
all polynomial functions on Vm. The group G acts on SpVmq according to

pg ¨ φqpfq “ φp�mpg´1
qfq,

and hence SpVmq is also a representation of G (it is infinite dimensional,
but splits as a direct sum of the homogeneous components of degree d ě 0,
which are finite dimensional). Then one tries to understand the subalgebra
SpVmqG of all G-invariant functions on Vm, in particular, to understand the
(finite) dimensions of the homogeneous pieces SpVmqGd of invariant functions
of degree d.

For instance, if m “ 2, so that V2 is the space of binary quadratic forms,
one can write any f P V2 as

f “ a0X
2

` 2a1XY ` a2Y
2,
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and then SpV2q » Cra0, a1, a2s is the polynomial algebra in these coordi-
nates. One invariant springs to mind: the discriminant

Δpa0, a1, a2q “ a21 ´ a0a2

of a binary quadratic form. One can then show that SpV2qG » CrΔs is a
polynomial algebra in the discriminant. For m “ 3, with SpV3q the space of
binary cubic forms, with elements

f “ a0X
3

` 3a1X
2Y ` 3a2XY 2

` a3Y
3

P SpV3q,

one can prove that SpV3qG » CrΔ3s, where

Δ3 “ a20a
2
3 ´ 6a0a1a2a3 ` 4a0a

3
2 ´ 3a21a

2
2 ` 4a31a3

(see, e.g., [59, 3.4.2 and 3.4.3]). We note that this reference computes the
larger rings C2 and C3 of the covariants of quadratic and cubic binary
forms, which have a double grading by integers e ě 0 and i ě 0, and that
the invariants SpV2qG and SpV3qG are the i “ 0 subrings of C2 and C3,
respectively.

The search for explicit descriptions of the invariant spaces SpVmqG—and
similar questions for other linear actions of groups such as SLmpCq acting
on homogeneous polynomials in more variables—was one of main topics of
the classical theory of invariants, which was extremely popular during the
19th century (see, e.g., [59, Ch. 3] for a modern presentation). These
questions are very hard if one wishes to give concrete answers. Currently,
explicit generators of SpVmqG (as an algebra) seem to be known only for
m ď 10. For m “ 9, one needs 92 invariants to generate SpVmqG as an
algebra (see [10]); these generators are not algebraically independent.

2.6.2. Permutation representations. At the origin of group theory, a
group G was often seen as a permutation group, or in other words, as a
subgroup of the group SX of all bijections of some set X (often finite).
Indeed, any group G can be identified with a subgroup of SG by mapping
g P G to the permutation h ÞÑ gh of the underlying set G (i.e., mapping g
to the g-th row of the “multiplication table” of the group law on G).

More generally, one may consider any action of G on a set X, i.e., any
homomorphism

#

G ÝÑ SX

g ÞÑ px ÞÑ g ¨ xq

as a permutation group analogue of a linear representation. Such actions,
even if X is not a vector space, are often very useful means of investigating
the properties of a group. There is always an associated linear representation
which encapsulates the action by linearizing it: given any field k, denote
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by kpXq the k-vector space generated by basis vectors ex indexed by the
elements of the set X, and define

� : G ÝÑ GLpkpXqq

by linearity using the rule

�pgqex “ eg¨x,

which exploits the action of G on X. Since g ¨ ph ¨ xq “ pghq ¨ x (the crucial
defining condition for an action!), we see that � is, indeed, a representation
of G, which is called the permutation representation associated to the action
of G on X. It has dimension dim � “ |X|, by construction.

Example 2.6.4. (1) As the choice of notation suggests, the representation
πG of G on the space kpGq spanned by G, defined in (2.3), is simply the
permutation representation associated to the left-action of G on itself by
multiplication.

(2) If H Ă G is a subgroup of G with finite index and X “ G{H is the
finite set of right cosets of G modulo H with the action given by

g ¨ pxHq “ gxH P G{H,

the corresponding permutation representation � is isomorphic to the induced
representation

IndGHp1q.

Indeed, the space for this induced representation is given by

F “ tf : G ÝÑ k | fphgq “ fpgq for all h P Hu,

with the action of G given by the regular representation. This space has a
basis given by the functions fx which are the characteristic functions of the
left cosets Hx. Moreover,

g ¨ fx “ fxg´1

(the left-hand side is non-zero at those y where yg P Hx, i.e., y P Hxg´1),
which means that mapping

fx ÞÑ ex´1

gives a linear isomorphism F ÝÑ kpXq, which is now an intertwiner.

A feature of all permutation representations is that they are never irre-
ducible if X is finite and |X| “ 1: the element

ÿ

xPX

ex P kpXq

is an invariant vector.
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Exercise 2.6.5. (1) Let � be the permutation representation over a field k
associated to the action on G{H, for H Ă G of finite index. Show that �G is
spanned by this invariant vector, and explain how to recover it as the image
of an explicit element

Φ P HomGp1, �q

constructed using Frobenius reciprocity.

(2) LetX be any finite set with an action ofG, and let � be the associated
permutation representation over k. Show that dim �G is equal to the number
of orbits of the action of G on X.

Exercise 2.6.6. Let G “ S3, and consider the permutation representation
of dimension 3 associated to the natural action of G on X “ t1, 2, 3u.

(1) Show that the subspace

E “ tv “ px, y, zq P C3
| x ` y ` z “ 0u

is a stable complement of the line spanned by the invariant vector p1, 1, 1q P

C3 and that the representation � of G on E is irreducible.

(2) Show that M “ Z3 Ă C3 and N “ EXM are stable lattices for their
respective representations. Prove that the reduction of � modulo 3 (i.e., the
representation of G over the field Z{3Z induced from N{3N , as in the end
of Section 2.4 and Exercise 2.4.3) is reducible and not semisimple.

2.6.3. Generators and relations. From an abstract point of view, one
may try to describe representations of a group G by writing down a presen-
tation of G, i.e., a set g Ă G of generators, together with the set r describing
all relations between the elements of g, relations being seen as (finite) words
involving the g P g, a situation which one summarizes by writing

G » xg | ry

(the relations are complete in the sense that any relation between the gen-
erators is a product of conjugates of some of the given words.)

Then one can see that for a given field k and dimension d ě 1, it is
equivalent to give a d-dimensional (matrix) representation

G ÝÑ GLdpkq

or to give a family
pxgqgPg

of invertible matrices in GLdpkq, such that “all relations in r hold”, i.e., if a
given r P r is given by a word

r “ g1 ¨ ¨ ¨ g�

(with gi in the free group generated by g), we should ensure that

xg1 ¨ ¨ ¨ xg� “ 1

in the matrix group GLdpkq.
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This description is usually not very useful for practical purposes if the
groupG is given, since it is often the case that there is no particularly natural
choice of generators and relations to use, and since furthermore it might be
very difficult to determine when representations built in this manner are
isomorphic or not.

One very interesting well-known case of the use of generators and rela-
tions to define a representation is the construction of the Weil representation
of SL2pF q, where F is a field which is either a finite field or R. We refer
to [41, Ch. XI] (for F “ R) or to [11, Prop. 4.1.3] (for finite fields) for full
details, as well as to Exercise 4.6.21.

One can also make use of this approach to provide examples of groups
with “a lot” of representations. Indeed, if G is a group where there are
no relations at all between a set g of generators (i.e., a free group), it is
equivalent to give a homomorphism G ÝÑ GLpEq as to give elements xg in
GLpEq indexed by the generators g P g. Moreover, two such representations
given by xg P GLpEq and yg P GLpF q are isomorphic if and only if these
elements are (globally) conjugate, i.e., if there exists a linear isomorphism
Φ : E Ñ F such that

xg “ Φ´1ygΦ

for all g P g.

Here is a slight variant that makes this even more concrete. Consider
the group G “ PSL2pZq of matrices of size 2 with integral coefficients and
determinant 1, modulo the subgroup t˘1u. Then G is not free, but it is
known to be generated by the (image modulo t˘1u of the) two elements

g1 “

ˆ

0 ´1
1 0

˙

, g2 “

ˆ

0 ´1
1 1

˙

in such a way that the only relations between the generators are

g21 “ 1, g32 “ 1

(i.e., G is a free product of Z{2Z and Z{3Z; see [26, II.A, II.B.28] for a proof
and more information).

Hence it is equivalent to give a representation PSL2pZq ÝÑ GLpEq or
to give two elements x, y P GLpEq such that x2 “ 1 and y3 “ 1.

Yet another use of generators and relations is in showing that there ex-
ist groups for which certain representations do not exist. In that case, it is
enough to find some abstract presentation where the relations are incom-
patible with matrix groups. Here is a concrete example:

Theorem 2.6.7 (Higman and Baumslag; an example of a non-linear finitely
generated group). Let G be the group with two generators a, b subject to the
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relation

a´1b2a “ b3.

Then, whatever the field k, there exists no faithful linear representation

G ÝÑ GLpEq,

where E is a finite-dimensional k-vector space.

The first example of such a group was constructed by Higman; the ex-
ample here is due to Baumslag (see [45]) and is an example of a family of
groups called the Baumslag–Solitar groups which have similar presentations
with the exponents 2 and 3 replaced by arbitrary integers.

We will only give a sketch, dependent on some fairly deep facts of group
theory.

Sketch of proof. We appeal to the following two results:

‚ Malcev’s Theorem. If k is a field and G Ă GLdpkq is a finitely
generated group, then for any g P G there exists a finite quotient
G ÝÑ G{H such that g is non-trivial modulo H (one says that G
is residually finite; for a proof, see [46]).

‚ The Identitätssatz of Magnus or Britton’s Lemma (see, e.g., [51,
Th. 11.81]). Let G be a finitely presented group with a single
relation (a one-relator group). Then one can decide algorithmically
if a word in the generators represents or not the identity element
of G.

Now we are going to check that G fails to satisfy the conclusion of
Malcev’s Theorem and, therefore, has no faithful finite-dimensional repre-
sentation over any field.

To begin with, iterating the single relation leads to

a´kb2
k
ak “ b3

k

for all k ě 1. Now assume G
π

ÝÑ G{H is a finite quotient of G, and let
α “ πpaq, β “ πpbq. Taking k to be the order of α in the finite group G{H,
we see that

β2k´3k
“ 1,

i.e., the order of β divides 2k ´ 3k. In particular, this order is coprime with
2, and this implies that the map γ ÞÑ γ2 is surjective on the finite cyclic
group generated by β. Thus β is a power of β2. Similarly, after conjugation
by a, the element b1 “ a´1ba is such that β1 “ πpb1q is a power of β2

1 .



80 2. The language of representation theory

But now we observe that β2
1 “ πpa´1b2aq “ πpb3q “ β3. Hence β1 is a

power of β3, and in particular it commutes with β, so that

πprb1, bsq “ β1ββ
´1
1 β´1

“ 1,

and this relation is valid in any finite quotient.

Now Britton’s Lemma [51, Th. 11.81] implies that the word

c “ rb1, bs “ b1bb
´1
1 b´1

“ a´1baba´1b´1ab´1

is non-trivial in G.15 Thus c P G is an element which is non-trivial, but
becomes so in any finite quotient of G. This is the desired conclusion. �

Remark 2.6.8. Concerning Malcev’s Theorem, a good example to have in
mind is the following. A group like SLdpZq Ă GLdpCq is finitely generated,
and one can check that it satisfies the desired condition simply by using the
reduction maps

SLdpZq ÝÑ SLdpZ{pZq

modulo primes. Indeed, for any fixed g P SLdpZq, if g “ 1, we can find some
prime p larger than the absolute values of all coefficients of g, and then g is
certainly non-trivial modulo p. The proof of Malcev’s Theorem is based on
similar ideas (though of course one has to use more general rings than Z).

Note that if one does not insist on finitely generated counterexamples,
it is easier to find non-linear groups—for instance, “sufficiently big” abelian
groups will work.

2.7. Some general results

In this section, we will prove some of the basic facts about representations.
Some of them will, for the first time, require that some restrictions be im-
posed on the representations, namely, either we consider finite-dimensional
representations or the base field k be algebraically closed.

2.7.1. The Jordan–Hölder–Noether Theorem. We first discuss a gen-
eralization of the classical Jordan–Hölder Theorem of group theory, which
explains in which sense irreducible representations are in fact “building
blocks” of all representations, at least for the finite-dimensional case.

Theorem 2.7.1 (Jordan–Hölder–Noether Theorem). Let G be a group, let
k be a field, and let

� : G ÝÑ GLpEq

be a k-representation of G.

15 In the language explained in Rotman’s book [51], G is an HNN extension for A “ 2Z,
B “ 3Z, isomorphic subgroups of Z “ xby, with stable letter a. Thus the expression for c contains
no “pinch” a´1b2a or ab3a´1 as a subword, and Britton’s Lemma deduces from this that c “ 1.


