Preface to the English
Edition

The book presents basics of Riemannian geometry in its modern form as the
geometry of differentiable manifolds and the most important structures on
them. Let us recall that Riemannian geometry is built on the following fun-
damental idea: The source of all geometric constructions is not the length
but the inner product of two vectors. This inner product can be symmetric
and positive definite (classical Riemannian geometry) or symmetric indefi-
nite (pseudo-Riemannian geometry and, in particular, the Lorentz geometry,
important in physics). Moreover, this inner product can be complex Her-
mitian and even skew-symmetric (symplectic geometry). The modern point
of view to any geometry also includes global topological aspects related to
the corresponding structures. Therefore, in the book we pay attention to
necessary basics of topology.

With this approach, Riemannian geometry has great influence on a num-
ber of fundamental areas of modern mathematics and its applications.

1. Geometry is a bridge between pure mathematics and natural sciences,
first of all physics. Fundamental laws of nature are expressed as relations
between geometric fields describing physical quantities.

2. The study of global properties of geometric objects leads to the far-
reaching developments in topology, including topology and geometry of fiber
bundles.

3. Geometric theory of Hamiltonian systems, which describe many phys-
ical phenomena, leads to the development of symplectic and Poisson geom-
etry.
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4. Geometry of complex and algebraic manifolds unifies Riemannian
geometry with the modern complex analysis, as well as with algebra and
number theory.

We tried, as much as possible, to present these ideas in our book. On
the other hand, combinatorial geometry, which is based on a completely
different set of ideas, remains beyond the scope of this book.

Now we briefly describe the contents of the book.

Chapters 1 and 2 are devoted to basics of various geometries in linear
spaces: Euclidean, pseudo-Euclidean, and symplectic. Special attention is
paid to the geometry of the Minkowski space, which is a necessary ingredient
of relativity.

Chapters 3 and 4 are devoted to the geometry of two-dimensional mani-
folds; here we also present necessary facts of complex analysis. Some famous
completely integrable systems of modern mathematical physics also appear
in these chapters.

Basics of topology of smooth manifolds are presented in Chapter 5.

Some material about Lie groups is included in Chapter 6. In addition to
classical theory of Lie groups and Lie algebras, here we pay attention to the
theory of crystallographic groups and their modern generalizations related
to the discovery of so-called quasicrystals.

Chapter 7 and 8 are devoted to classical tensor algebra and tensor cal-
culus, whereas in Chapter 9 the theory of differential forms (antisymmetric
tensors) is presented. It should be noted that already in Chapters 7 and 9
we encounter the so-called Grassmann (anticommuting) variables and the
corresponding integration.

Chapter 10 contains the Riemannian theory of connections and curva-
ture. The idea of a general connection in a bundle (Yang—Mills fields) also
appears here.

Conformal geometry and complex geometry are the main subjects of
Chapter 11.

In Chapter 12, we present elements of finite-dimensional Morse theory,
the calculus of variations, and the theory of Hamiltonian systems. Geometric
aspects of the theory of Hamiltonian systems are developed in Chapter 13,
where the theory of Lagrangian and Poisson manifolds is introduced.

Chapter 14 contains elements of multidimensional calculus of variations.
We should emphasize that, contrary to the majority of existing textbooks,
the mathematical language of our exposition is compatible with the language
of modern theoretical physics. In particular, we believe that such notions as
the energy-momentum tensor, conservation laws, and the Noether theorem
are an integral part of the exposition of this subject. Here we also touch



Preface to the English Edition XV

upon simplest topological aspects of the theory, such as the Morse index and
harmonic forms on compact Riemannian manifolds from the point of view
of Hodge theory.

In Chapter 15 we present the basic theory of the most important fields in
physics such as the Einstein gravitation field, the Dirac spinor field, and the
Yang—Mills fields associated to vector bundles. Here we also encounter topo-
logical phenomena such as the Chern and Pontryagin characteristic classes,
and instantons.

Each chapter is supplemented by exercises that allow the reader to get
a deeper understanding of the subject.
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As far back as in the late 1960s one of the authors of this book started
preparations to writing a series of textbooks which would enable a modern
young mathematician to learn geometry and topology. By that time, quite a
number of problems of training nature were collected from teaching experi-
ence. These problems (mostly topological) were included into the textbooks
[DNF1]-[NF] or published as a separate collection [NMSF]. The program
mentioned above was substantially extended after we had looked at text-
books in theoretical physics (especially, the outstanding series by Landau
and Lifshits, considerable part of which, e.g., the books [LL1, LL2], involve
geometry in its modern sense), as well as from discussions with special-
ists in theoretical mechanics, especially L. I. Sedov and V. P. Myasnikov,
in the Mechanics Division of the Mechanics and Mathematics Department
of Moscow State University, who were extremely interested in establish-
ing courses in modern geometry needed first of all in elasticity and other
branches of mechanics. Remarkably, designing a modern course in geometry
began in 1971 within the Mechanics, rather than the Mathematics Division
of the department because this was where this knowledge was really needed.
Mathematicians conceded to it later. Teaching these courses resulted in
publication of lecture notes (in duplicated form):

S. P. Novikov, Riemannian geometry and tensor analysis. Parts I and
IT, Moscow State University, 1972/73.

Subsequently these courses were developed and extended, including, in
particular, elements of topology, and were published as:

S. P. Novikov and A. T. Fomenko, Riemannian geometry and tensor
analysis. Part 111, Moscow State University, 1974.
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After that, S. P. Novikov wrote the program of a course in the fundamen-
tals of modern geometry and topology. It was realized in a series of books
[DNF1]-[NF], written jointly with B. A. Dubrovin and A. T. Fomenko.
Afterwards the topological part was completed by the book [N1], which
contained a presentation of the basic ideas of classical topology as they have
formed by the late 1960s—early 1970s. The later publication [N2] also in-
cluded some recent advances in topology, but quite a number of deep new
areas (such as, e.g., modern symplectic and contact topology, as well as new
developments in the topology of 4-dimensional manifolds) were not covered
yet. We recommend the book [AN]. We can definitely say that even now
there is no comprehensible textbook that would cover the main achieve-
ments in the classical topology of the 1950s-1970s, to say nothing of the
later period. Part IT of the book [1] and the book [2] are insufficient; other
books are sometimes unduly abstract; as a rule, they are devoted to spe-
cial subjects and provide no systematic presentation of the progress made
during this period, very important in the history of topology. Some well-
written books (e.g., [M1]-[MS]) cover only particular areas of the theory.
The book [BT] is a good supplement to [DNF1, DNF2], but its coverage
is still insufficient.

Nevertheless, among our books, Part IT of [DNF1] is a relatively good
textbook containing a wide range of basic theory of differential topology in
its interaction with physics. Nowadays this book could be modernized by
essentially improving the technical level of presentation, but as a whole this
book fulfills its task, together with the books [DNF2| and [N1], intended
for a more sophisticated reader.

As for Part I, i.e., the basics of Riemannian geometry, it has become
clear during the past 20 years that this book must be substantially revised,
as far as the exposition of basics and more complete presentation of modern
ideas are concerned. To this end, the courses [T] given by the second author,
I. A. Taimanov, at Novosibirsk University proved to be useful. We joined
our efforts in writing a new course using all the material mentioned above.

We believe that the time has come when a wide community of mathe-
maticians working in geometry, analysis, and related fields will finally turn
to the deep study of the contribution to mathematics made by theoretical
physics of the 20th century. This turn was anticipated already 25 years ago,
but its necessity was not realized then by a broad mathematical community.
The advancements in this direction made in our books such as [DNF1] had
not elicited a proper response among mathematicians for a long time. In
our view, the situation is different nowadays. Mathematicians understand
much better the necessity of studying mathematical tools used by physicists.
Moreover, it appears that the state of the art in theoretical physics itself is
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such that the deep mathematical methods created by physicists in the 20th
century may be preserved for future mankind only by the mathematical com-
munity; we are concerned that the remarkable fusion of the strictly rational
approach to the exploration of the real world with outstanding mathematical
techniques may be lost.

Anyhow, we wrote this book for a broad readership of mathematicians
and theoretical physicists. As before (see the Prefaces to the books [DNF1,
DNF2]), we followed the principles that the book must be as comprehensible
as possible and written with the minimal possible level of abstraction. A
clear grasp of the natural essence of the subject must be achieved before
starting its formalization. There is no sense to justify a theory which has
not been perceived yet. The formal language disconnects rather than unites
mathematics, and complicates rather than facilitates its understanding.

We hope that our ideas will be met with understanding by the mathe-
matical community.

The authors

Bibliography

[DNF1] B. A. Dubrovin, S. P. Novikov, and A. T. Fomenko, Modern geometry: Methods and
applications. Part 1. Geometry of surfaces, groups of transformations, and fields. Part II.
Geometry and topology of manifolds. 2nd ed., Nauka, Moscow, 1986; English transl. of
1st ed., Modern geometry—Methods and applications. Parts I and II, Graduate Texts in
Mathematics, vols. 93 and 104, Springer-Verlag, New York, 1992.

[DNF2] B. A. Dubrovin, S. P. Novikov, and A. T. Fomenko, Modern geometry: Methods of the
homology theory, Nauka, Moscow, 1984; English transl. Modern geometry—Methods and
applications. Part III, Graduate Texts in Mathematics, vol. 124, Springer-Verlag, New
York, 1990.

[NF] S. P. Novikov and A. T. Fomenko, Elements of differential geometry and topology, Nauka,
Moscow, 1987; English transl., Math. and Applications (Soviet series), vol. 60, Kluwer,
Dordrecht, 1990.

[NMSF] S. P. Novikov, A. S. Mishchenko, Yu. P. Solov’ev, and A. T. Fomenko, Problems in
geometry: Differential geometry and topology, Moscow State University Press, Moscow,
1978. (Russian)

[LL1] L. D. Landau and E. M. Lifshits, Mechanics, 3rd ed., Nauka, Moscow, 1973; English transl.
of 1st ed., Pergamon Press, Oxford, and Addison-Wesley, Reading, MA, 1960.

[LL2] L. D. Landau and E. M. Lifshits, The field theory, 6th ed., Nauka, Moscow, 1973; English
transl., Pergamon Press, Oxford-New York-Toronto, 1975.

[N1] S. P. Novikov, Topology-1, Current Problems in Mathematics. Fundamental Directions,
VINITI, Moscow, 1986, vol. 12, pp. 5-252. (Russian)

[N2] S. P. Novikov, Topology. I, Encyclopaedia of Math. Sciences, Springer-Verlag, Berlin, 1996.
(English transl. of [N1].)

[AN] V.I. Arnol’d and S. P. Novikov, eds., Dynamical systems, Current Problems in Mathemat-
ics. Fundamental Directions, VINITI, Moscow, 1985, vol. 4; English transl., Encyclopaedia
of Math. Sciences, vol. 4, Springer-Verlag, Berlin, 2001.

[M1] J. W. Milnor, Morse theory, Ann. of Math. Studies, no. 51, Princeton Univ. Press, Prince-
ton, NJ, 1963.



X Preface

[M2] J. W. Milnor, Lectures on the h-cobordism theorem, Princeton Univ. Press, Princeton, NJ,
1965.

[A] M. F. Atiyah, K-Theory, Benjamin, New York, 1967.

[MS] D. McDuff and D. Salamon, Introduction to symplectic topology, Clarendon Press, Oxford,
1995.

[BT] R. Bott and L. W. Tu, Differential forms in algebraic topology, Springer-Verlag, New York-
Heidelberg-Berlin, 1982.

[T] I. A. Taimanov, Lectures on differential geometry, Inst. Comp. Research, Moscow-Izhevsk,
2002. (Russian)



