Chapter 12

Triangular
factorization and
positive definite
matrices

Half the harm that is done in this world

Is due to people who want to feel important.

They don’t mean to do harm—>but the harm does not interest them.
Or they do not see it, or they justify it

Because they are absorbed in the endless struggle

To think well of themselves.

T. S. Elliot, The Cocktail Party

This chapter is devoted primarily to positive definite and semidefinite
matrices and related applications. To add perspective, however, it is conve-
nient to begin with some general observations on the triangular factorization
of matrices. In a sense this is not new, because the formula

EPA=U or, equivalently, A= P lE-U

that emerged from the discussion of Gaussian elimination is almost a tri-
angular factorization. Under appropriate extra assumptions on the matrix
A € C™", the formula A = P~'E~'U holds with P = I,.

¢ WARNING: We remind the reader that from now on (u,v) = (u,v)g,
the standard inner product, and |lu|| = ||u||2 for vectors u,v € F™, unless
indicated otherwise. Correspondingly, || Al = ||A||2,2 for matrices A.
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240 12. Triangular factorization and positive definite matrices

12.1. A detour on triangular factorization

The notation
aj e gk

(12.1) Apjy=1{: ... for AeC™" and 1<j<k<n
agj - Ggk

will be convenient.

Theorem 12.1. A matriz A € C™*" admits a factorization of the form

(12.2) A=LDU,

where L € C™™ s a lower triangular matriz with ones on the diagonal,
U € C™" 4s an upper triangular matriz with ones on the diagonal and
D € C™ " 4s an invertible diagonal matriz, if and only if the submatrices

(12.3) Apg  are invertible for k=1,... ,n.

Moreover, if the conditions in (12.3) are met, then there is only one set of
matrices, L, D and U, with the stated properties for which (12.2) holds.

Proof. Suppose first that the condition (12.3) is in force. Then, upon

expressing
An A12:|
A=
[Am Az

in block form with A;; € CP*P, Ay € C?*7 and p + g = n, we can invoke
the first Schur complement formula

A:[ IploHAll O 1 pr A;llAu}
An A I, O Ay —AnAjAn || O 1,

repeatedly to obtain the asserted factorization formula (12.2). Thus, if
A1n = Ap -1, then o, = Ay — AglAﬁlAlg 1s a nonzero number and
the exhibited formula states that

an| Mg 2 o

Qn

where L, € C™" is a lower triangular matrix with ones on the diagonal
and U, € C™ "™ is an upper triangular matrix with ones on the diagonal.
The next step is to apply the same procedure to the (n —1) x (n — 1) matrix
Ap1,n—1)- This yields a factorization of the form

T A 1,n—2 ) r7
A[l,nfl} = Lp |: [O } 1 :| Un-1,
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where Zn_l e C(n=Dx(n=1) 5 g lower triangular matrix with ones on the
diagonal and U,_; € C=1)*(=1) js an upper triangular matrix with ones
on the diagonal. Therefore,

L, O A“g—z} ao g U,1 O
o 1 n-t o 1

A:Ln[
0 O o

o

which is one step further down the line. The final formula is obtained by
iterating this procedure n — 3 more times.

Conversely, if A admits a factorization of the form (12.2) with the stated
properties, then, upon writing the factorization in block form as

[An A12:|:[L11 0 ][Dn @) }{Un U12]
Ag1 Ag Loy Lo O Doy O Uy |’

it is readily checked that
An = L1 D11Uny
or, equivalently, that
Apng = LuyDpyUng for k=1,...,n.

Thus, Ay is invertible for k = 1,... ,n, as needed.

To verify uniqueness, suppose that A = L1D1U; = LaDsUs. Then the
identity L2_1L1D1 = D2U2U1_1 implies that L2_1L1D1 is both upper and
lower triangular and hence must be a diagonal matrix, which is readily seen
to be equal to D;i. Therefore, L1 = Ly and by an analogous argument
U1 = Us, which then forces D1 = Ds. O

Theorem 12.2. A matriz A € C™*" admits a factorization of the form
(12.4) A=UDL,

where L € C™™ s a lower triangular matriz with ones on the diagonal,
U € C™" 4s an upper triangular matriz with ones on the diagonal and
D € C™ " 4s an invertible diagonal matriz, if and only if the blocks

(12.5) Al are invertible for k=1,... n.

Moreover, if the conditions in (12.5) are met, then there is only one set of
matrices, L, D and U, with the stated properties for which (12.4) holds.

Proof. The details are left to the reader. They are easily filled in with the
proof of Theorem 12.1 as a guide. O

Exercise 12.1. Prove Theorem 12.2.
Exercise 12.2. Let P, = diag {I), O(n—k)x (n—k)}- Show that
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(a) A € C™™ is upper triangular if and only if AP, = P APy for k =

1,...,n.
(b) A € C™™ is lower triangular if and only if PyA = P, APy for k =
1,...,n.

Exercise 12.3. Show that if L € C™*" is lower triangular, U € C™*" is
upper triangular and D € C™*" is diagonal, then

(12.6) (LDU)p g = Ly PpgUnyg and  (UDL)g ) = Upen) D n) Lieon)
fork=1,...,n.

12.2. Definite and semidefinite matrices

A matrix A € C™*" is said to be positive semidefinite over C" if
(12.7) (Ax,x) > 0 for every x € C™;

it is said to be positive definite over C" if

(12.8) (Ax,x) > 0 for every nonzero vector x € C".

The notation

A = O will be used to indicate that the matrix A € C"*" is positive
semidefinite over C™. Similarly, the notation

A = O will be used to indicate that the matrix A € C™*"™ is positive definite
over C™. Moreover, if A € C™"™ and B € C™*", then

A > B and A > B means that A— B = O and A — B > O, respectively.
Correspondingly, a matrix A € C™*™ is said to be negative semidefinite
over C" if —A > O and negative definite over C" if —A > O.

Lemma 12.3. If A € C™*" and A > O, then:

(1) A is automatically Hermitian.
(2) The eigenvalues of A are nonnegative numbers.
(3) A > O <= the eigenvalues of A are all positive <= det A > 0.

Proof. If A > O, then
(Ax,x) = (Ax,x) = (x, Ax)

for every x € C". Therefore, by a straightforward calculation,

4
HAxy) = Y iMAx+i'y), (x+i'y))
k=1

4
= Y i"(x+ify), A(x +ify)) = 4(x, Ay);
k=1

ie., (Ax,y) = (x, Ay) for every choice of x, y € C™. Therefore, (1) holds.
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Next, let x be an eigenvector of A corresponding to the eigenvalue A.
Then

AMx,x) = (Ax,x) > 0.

Therefore A > 0, since (x,x) > 0. This justifies assertion (2); the proof of
(3) is left to the reader. O

WARNING: The conclusions of Lemma 12.3 are not true under the less
restrictive constraint

(Ax,x) > 0 for every x € R".

Thus, for example, if
. 2 =2 T
A_[O Q}andx—[:@},

(Ax,x) = (1 —22)2 + 22 + 22 >0

then

for every nonzero vector x € R™. However, A is clearly not Hermitian.
Exercise 12.4. Let A € C™*™. Show that if A = O, then
A > O <= all the eigenvalues of A are positive <= det A > 0.
Exercise 12.5. Show that if V€ C™*™ is invertible, then
A=0«= V1AV - 0.
Exercise 12.6. Show that if V € C"** and rank V = k, then
A=0= V1AV~ O,
but the converse implication is not true if k£ < n.

Exercise 12.7. Show that if the n x n matrix A = [a;;], 4,j =1,... ,n, is
positive semidefinite over C", then |a;;|* < aj;a;;.

Exercise 12.8. Show that if A € C™*" n =p+ q and

A Ar
A=
[ A1 Az } ’

where Ay € CP*P, Ayy € C9%9, then
A=0<+= A;1 =0, Ay =AlL and Ay — Ay AlAp = 0.
Exercise 12.9. Show that if A € CP*4, then
|A| <1<=1,-A"A» 0 1,- AA" - O.

[HINT: Use the singular value decomposition of A.]



244 12. Triangular factorization and positive definite matrices

Exercise 12.10. Show that if A € C™*" and A = A", then
A2 A

A I,

Exercise 12.11. Show that if A € C™*™ and A = O, then
[ A A

-0

AA]EO

Exercise 12.12. Let U € C™*" be unitary and let A € C"*". Show that if
A > Oand AU > O, then U = I,,. [HINT: Consider (Ax, x) for eigenvectors
x of U]

12.3. Characterizations of positive definite matrices

A basic question of interest is to check when an n x n matrix A = [a;j],4,j =
1,...,n is positive definite over C™. The next theorem supplies a number
of equivalent characterizations.

Theorem 12.4. If A € C™*™, then the following statements are equivalent:

(1) A= O.
(2) A = A and the eigenvalues of A are all positive; i.e. \j > 0 for
i=1...,n.

(3) A=VHV for some n x n invertible matriz V.

(4) A= A" and det Apg >0 for k=1,... n

(5) A= LLH, where L is a lower triangular invertible matriz.

(6) A= A" and det Ay >0 for k=1,...,n.

(7) A=UU", where U is an upper triangular invertible matriz.
Proof. Let {uy,...,u,} denote an orthonormal set of eigenvectors corre-
sponding to A1,..., A,. Then, since (u;,u;) = 1, the formula

Aj = Aj(uj,u5) = (Auj,u;), for j=1,...,n,
clearly displays the fact that (1)==(2). Next, if (2) is in force, then
D = diag{\1,..., \n}
admits a square root
DY? = diag{V\1,... ,V A}
and hence the diagonalization formula
A=UDU" with U=[u; - uy
can be rewritten as

A=VHYV with V =DY2UH invertible.
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Thus, (2) = (3), and, upon setting

Il = [ Iy ] and Vi = VII,
O(n—k)xk
it is readily seen that
Apy = IAIL
= vy,
- VlH‘/l .
But this implies that
I AlLx,x) = (VHVix,x)
= (le, V1X>
> 0

for every nonzero vector x € C¥, since Vi has k linearly independent
columns. Therefore, (3) implies (4). However, in view of Theorem 12.1,
(4) implies that A = L1 DUy, where L; € C™*" is a lower triangular matrix
with ones on the diagonal, U; € C™*" is an upper triangular matrix with
ones on the diagonal and D € C™*™ is an invertible diagonal matrix. Thus,
as A = AH in the present setting, it follows that

Uih='r, = D LU D!
and therefore, since the left-hand side of the last identity is lower triangular
and the right-hand side is upper triangular, the matrix (U#)~!L; must be

a diagonal matrix. Moreover, since both U; and L; have ones on their
diagonals, it follows that (UH)~'Ly = I,,, i.e., U = Ly. Consequently,

Ap g = I ATy, = U puyty, = (Woff ) (g b)) (v, 1ny,)
and
det A[l,k} = det{(Ll)[l,k}}det{D[Lk]}det{(Ul)[l’k]} = dl]. e dk‘k

for k =1,...,n. Therefore, D is positive definite over C™ asis A = LlDL{{.
The formula advertised in (5) is obtained by setting L = Ly DY/2. Tt is also
clear that (5) implies (1). Next, the matrix identity

[ O In } [ Ann Axe ] [ O I ] _ [ Aga Ay }
Iy O A1 Az Lix O A An
clearly displays the fact that (4) holds if and only if (6) holds. Moreover,

since (7) implies (1), it remains only to show that (6) implies (7) in order
to complete the proof. This is left to the reader as an exercise.

Exercise 12.13. Verify the implication (6)==(7) in Theorem 12.4.
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Exercise 12.14. Let A € C™*" and let D4 = diag{a11 ... ,an,} denote
the n x n diagonal matrix with diagonal entries equal to the diagonal entries
of A. Show that D4 is multiplicative on upper triangular matrices in the

sense that if A and B are both n x n upper triangular matrices, then D p =
DaDgp and thus, if A is invertible, D41 = (D4)~ 1.

Remark 12.5. The proof that a matrix A that is positive definite over
C"™ admits a factorization of the form A = LLH for some lower triangular
invertible matrix L can also be based on the general factorization formula
EPA = U that was established as a byproduct of Gaussian elimination.
The proof may be split into two parts. The first part is to check that, since
A = O, there always exists a lower triangular matrix ¥ with ones on the
diagonal such that
EA=U

is in upper echelon form and hence upper triangular. Once this is verified,
the second part is easy: The identity

UE" = EAE! = (EAE™)H = EUH

implies that D = UEH is a positive definite matrix that is both lower
triangular and upper triangular. Therefore,

D = diag{di1,... ,dnn}

is a diagonal matrix with dj; > 0 for j = 1,... ,n. Thus, D has a positive
square root:
D=F?,
where
F = diag{(di1)"?, ... , (dnn)"?} ,
and consequently
A= (E'F)(ETF)T
This is a representation of the desired form, since L = E~1F is lower trian-
gular.
Notice that dj; is the j'th pivot of U and E~1 = (D1U)X.

Exercise 12.15. Show that if A € C3*3 and A > O, then there exists a
lower triangular matrix £ with ones on the diagonal such that FA is upper
triangular.

Exercise 12.16. Show that if A € C3*3 and A > O, then there exists an
upper triangular matrix F' with ones on the diagonal such that F'A is lower
triangular. [HINT: This is very much like Gaussian elimination in spirit,
except that now you work from the bottom row up instead of from the top
row down. |
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Exercise 12.17. Let A = [Al Ag], where A; € C™ %, Ay € C™ and
s+t =r. Show that if rank A = 7, then the matrices A7 A, AT A, ALl A,
and AL Ay — AL A (AH A1) AL Ay are all positive definite (over complex
spaces of appropriate sizes).

3 2 z
Exercise 12.18. Show that if x € R, then the matrix [2 2 1| will be
z 1 1
positive definite over C? if and only if (z — 1)% < 1/2.
12.4. An application of factorization
Lemma 12.6. Let A € C™™*" and suppose that A = O and that
H H
_lan ¢ -1 _ |bn d
A—[C D} and A _[d E]’
where ¢,d € C"! and D, E € C(n=Ux(=1) " Thep
(12.9)
n n /
; _ o _ o) — _cHp-lanl/2 — p1/2
;z:QI,I.l..l%n<A(e1 Z;:Uje]), el ZQx]e]> {a11 —c'D "¢} by’
Jj= Jj=

Proof. In view of Theorem 12.4, A = LLH where L € C™ " is an invert-
ible lower triangular matrix. Therefore,

(Aler =Y wjej), e1 =y wjey) = [|IL(e1 = Y wje))|.
=2 j=2 j=2

Let v; :LHej forj=1,...,n,
V= [VQ vn} and V =span{va,...,v,}.
Then, since L is invertible, the vectors vi,... ,v, are linearly independent

and hence the orthogonal projection Py, of C™ onto V is given by the formula
Py, =vVHy)"lvH,
Thus the minimum of interest is equal to
|vi — Pyvi]|? = (vi — Pyvi,vi) = |[vi]|? = vIIV(VEV) vy,

It remains to express this number in terms of the entries in the original
matrix A by taking advantage of the formulas

H H H H
a1 ¢ . g Vi _vivi vV
{c D] =A=LLE = \pn | V= [VHV1 VHV] '
The rest is left to the reader. O

Exercise 12.19. Complete the proof of Lemma 12.6.
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Exercise 12.20. Let A € C™*"™ and assume that 4 = O. Evaluate

n—1 n—1
. mmin (A(epn, — ijej), e, — Z:Ujej>
! =1 =1

oo s Tn—1

in terms of the entries in A and the entries in A~1.

12.5. Positive definite Toeplitz matrices

In this section we shall sketch some applications related to factorization in
the special case that the given positive definite matrix is a Toeplitz matrix.

Theorem 12.7. Let

to t-1 -+ top m) .. 0
t1 to 0 tin oo 70"
T,=|. . . . =0 and T,=| : :T;l
S (n) (n
tn, -+ 1 to Ynn 0 Tnn
and let
pn(N) = Z’y](.g))\j and  qn(\) = Z’yj(z)/\j .
i=0 =
Then:
(1) >0 )\Z'yz(]n)wj is related to the polynomials p,(\) and gq,(\) by the
formula

(”) —1 * O\ (n)y -1 *

50 1-w

2 %J —fynn)jn ; ’yﬂ fOTZ]—O

(2)
(3) an(A) = A"pn(1/X).

(4) The polynomial p,(X\) has no roots in the closed unit disc.
(5)

5 IfS = O is an (n+ 1) x (n+ 1) Toeplitz matriz such that T, 'e; =
S tey, then S, =T,.

Proof. Since T,, = O = I',, = O we can invoke the Schur complement
formulas to write

(12.11)

Fn = [’Y(STOL) XH]
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and
(12.12)
- [In vt Y =y iy o I, 9,
0 1 o ol OO Y I
where x/ = [’Y(gqll) 7(()2)}» y? = [’YT(:(L)) 77(17271}, X denotes the

lower right-hand n x n corner of I';, and Y denotes the upper left-hand n xn
corner of I'y,. Thus,

1
w (n)

[LA o XD || = W00} Pa(@)

")
] [X—x{'y(()g)}_le L

wn

and a second development based on the second Schur complement formula
yields the identity

1
1A o AT | | =W an(w)
wn
1
[ Ty —y iy
wn—l
The proof of formula (12.10) is now completed by verifying that
(12.13) X —x{3M % =T =V —y{y(1 Y7
where
(12.14)
’Y(()I(f)) . /yé? tg t_1 t_k
Iy=|: : :kal and Ty = : :
k k
%gk) .. 71&12 e tg—1 -+ o

for k =0,...,n. The details are left to the reader as an exercise.
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To verify (2), let §;; denote the Kronecker delta symbol, i.e.,

5 — 1 if i=3j
Y10 if i# g 7
and write

n n
Z ti_ S’ygb) = 5@‘ = 5n—i,n—j = Ztn—i—s’%g?@)—j
_ s=0

n
= Ztn—i—(n 57n s,n—j Z,y" $,n= 3
= Z”)/JS ls—i,

which, upon comparing the last two sums, yields the first formula in (2);
the second follows from the fact that 7, and I',, are Hermitian matrices.

Suppose next that p,(w) = 0. Then formula (12.10) implies that

n
(1215)  —lePal0) (20} gl = (- W) 3 w0,
i,j=0
which is impossible if |w| < 1, because then the left-hand side of the identity
(12.15) is less than or equal to zero, whereas the right-hand side is positive.
Thus, |[pn(w)| > 0 if |w| < 1. Moreover, if |w| = 1, then formula (12.15)
implies that g,(w) = 0 also. Thus, formula (12.10) implies that

1

(12.16) 0=[1 A - AL, N

gl ...

for all A € C, which is impossible.

Finally, in view of items (2) and (3), formula (12.10) can be rewritten

as

(12.17)

S iy = PrO ) )" = X (/) b5} 1)
55 Y 1-w ’

which exhibits the fact that if T;, >= O, then all the entries ’yi(;%) are completely

determined by the first column of I';,, and hence serves to verify (5). O
Exercise 12.21. Verify the identity (12.13) in the setting of Theorem 12.7.

[HINT: Use the Schur complement formulas to calculate I';;! alias 7T}, from
the two block decompositions (12.11) and (12.12).]
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Theorem 12.7 is just the tip of the iceberg; it can be generalized in many
directions. Some indications are sketched in the next several exercises and
the next section, all of which can be skipped without loss of continuity.

Exercise 12.22. Show that if T;, > O, then '), admits the triangular fac-
torization

(12.18) I'n=L,D,LE
where
(12.19)
W O - O W oW e
(n) _(n—1) (n—1) (n—1)
f}/ ’Y P O O ’Y P n—
Ln _ 1.0 00 ‘ ‘ ’ Li[ _ 00 0, 1
n n—1 0
’Yr(zo) ’Y7(~L—1,0) T ’Yéo) @ @ T 'Y(()(()))
and
(12.20) D, = diag {75} L {rie UL D

Exercise 12.23. Find formulas in terms of ’yz(]k ) analogous to those given
in the preceding exercise for the factors in a triangular factorization of the

form

(12.21) T, =U,D, U

where T}, = O, U, is an upper triangular matrix and D,, is a diagonal matrix.
Positive definite Toeplitz matrices play a significant role in the theory

of prediction of stationary stochastic sequences, which, when recast in the

language of trigonometric approximation, focuses on evaluations of the fol-
lowing sort:

(12.22)
1 [ ol ,
min %/0 |lein? — ;cje”epf(ew)de Loy ne sy €C 3 = {71
and
(12.23)

n

1 [27 g .

min —/ |1 — ch6”9|2f(e’9)d0 t ey, €Ch = {’yég)}_l ,
2T 0 =

where, for ease of exposition, we assume that f(e*) is a continuous function

of 0 on the interval 0 < 6 < 27 such that f(e’e) > 0 on this interval. Let
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T, = T,,(f) denote the Toeplitz matrix with entries
1 2

(12.24) t=5- f(e9e %40 for j=0,+1,+2,....
™ Jo
Exercise 12.24. Show that
bo 1 2 2 g v
(12.25) if b= |: |, then —/ 1> b P ()b = b T,b.
: 27T 0 .
by, J=0
Exercise 12.25. Show that if 7, = O and ul = [tn tl], then
L o) [T,_1 0 | (1, T,
w2200 = L af o iy o T
Exercise 12.26. Show that if 7}, = O and v = [tl tn], then
r Hp—17 [y (n)y— 17 HT
(12.27) L e e e L N
0 I 0 Tn1| |T,21v In |

Exercise 12.27. Show that if T}, = O, then
(1228)  detTn = g} Mage Vb {0}
n)\— n—1 - 0)y—
= {77(m)} 1{%(1_1,72_1} b {’Yéo)} b

Exercise 12.28. Verify formula (12.22). [HINT: Exploit formulas (12.25)
and (12.26) ]

Exercise 12.29. Verify formula (12.23). [HINT: Exploit formulas (12.25)
and (12.27).]

Exercise 12.30. Use the formulas in Lemma 8.15 for calculating orthogo-
nal projections to verify (12.22) and (12.23) another way.

Exercise 12.31. Show that if 7}, = O, then 758) = %(51) and
-1
(12.29) 0 2200
[HINT: The monotonicity is an easy consequence of formula (12.23).]

Exercise 12.32. Show that if T,, = O, then the polynomials
k
(12.30) a(A) = Z'y](.:))\j for k=0,...,n
§=0

are orthogonal with respect to the inner product

1 2 ' ) )
(12.31) (gj,qr)s = %/0 0 (e®) f(€®)q;(€®)df, and (gp, qr) s = 7.
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Exercise 12.33. Use the orthogonal polynomials defined by formula (12.30)
to give a new proof of formula (12.22). [HINT: Write (" = > " ¢;¢;(C) |

Exercise 12.34. Let f(e?) = |h(e?|?, where h(() = Yoo hi¢?, 32520 [hyl <
oo and |h(¢)] > 0 for || < 1. Granting that 1/h has the same properties as
h (which follows from a theorem of Norbert Wiener), show that

(12.32) lim {75}~ = Iho*.

HINT: [1 = 7, e3P f(e?) = [h(e?) — Sy iR = [ho +
u(e)|?, where u(e?) = PO hjeii? — > i1 cje?h(e?) is orthogonal to
ho with respect to the inner product of Exercise 8.3 adapted to [0, 27].]

The next lemma serves to guarantee that the conditions imposed on

f(e?) in Exercise 12.34 are met if f(¢) = a(¢)/b(¢), where a(¢) = Z?:—k a;¢’
and b(¢) = Z?:J bj¢7 are trigonometric polynomials such that a(¢) > 0

and b(¢) > 0 when (| = 1.
Lemma 12.8. (Riesz-Fejér) Let

Q= fi¢ for [¢l=1

j=-n

be a trigonometric polynomial such that |f(¢)| > 0 for every point ¢ € C
with |¢| = 1 and f, # 0. Then there exists a polynomial v,(¢) = a(¢ —
ay) -+ (¢ — ay) such that

FQ) =len(Q)F for [¢l=1

and |ogj| > 1 forj=1,... n.

Proof. Under the given assumptions, it is readily checked that f_; = f_J
for j =0,...,n and hence, that f(3) = f(1/8) for every point 3 € C\ {0}.
Moreover, since g(¢) = ("f({) = fon + f1nC + -+ + fn¢*" is a polynomial
of degree 2n with ¢g(0) = f_, # 0,

g(¢) = a(¢ —B1) - (¢ — Ba2n)

for some choice of points a,51,...,02, € C\ {0}. However, in view of
the preceding discussion, these roots can be indexed so that [3;| > 1 and
Bjin =1/B; for j =1,... ,n. Therefore,
1© = ¢a]JC-8C~1/8)
j=1
= (-D"a(Br---B) [ -8)C =By if [¢l=1.

J=1
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The polynomial ¢,(¢) = \/(—1)”a(E--'m)*1 [Tj=1(C — Bj) meets the
stated requirements of the lemma. O

12.6. Detour on block Toeplitz matrices

The interplay between the two Schur complements that was used to establish
formula (12.10) is easily adapted to the more general setting of block Toeplitz
matrices

to - t_p
(12.33) T,=1|: .. + | withblockst; € CP*P i=0,...,k,
te -+ to
and their inverses
k) (k
’Yéo T 70k)
(12.34) Ty = | : ;| with blocks 7\ € CP*P, i,j=0,... ,k,
*ky (R
ko Vek

when they exist.

Lemma 12.9. Let T}, denote the block Toeplitz matrices defined by formula
(12.83) and suppose thatn > 1 and T,, is invertible. LetT,, = T, be decom-
posed into blocks as in formula (12.34). Then the following are equivalent:
(1) T, and 7(()3) are invertible.
(2) T,, and T,,—1 are invertible.

(3) T,, and 77(51) are invertible.

Proof. The proof is an easy consequence of the two Schur decompositions
used in the proof of Theorem 12.7 except that now block Schur decomposi-
tions are used and the vectors x and y¥ are replaced by the block rows
rygf) 'y(()z)} and [’Yr(z%) 77(1”7)1_1 , respectively. The details are left
to the reader. ]
Exercise 12.35. Show that in the setting of Lemma 12.9,
det 'y((]g) = det (") .

Theorem 12.10. Let T,, and T, _1 be invertible block Toeplitz matrices of
the form (12.33) and let Ty, = T,; 1. Then the matriz polynomials

(1235  Pu(N) = DN, Pi) =3 Nyl
j=0 J=0

(12.36) QD) = YN and Qi) =S N4
j=0 Jj=0
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are connected by the formula

(N0} P@) = MQuN 1) Q8@ i
1) :

12.
(12.37) 1-w

1,j=0

Proof. The proof is an almost exact paraphrase of the verification of for-
mula (12.10), except that now block Schur decompositions are used and the

vectors x! and y!! are replaced by the block rows ['V(()Tll) 7(()2)} and
77(17(1)) ,‘Yr(zn’r)z—l , respectively.

The well known Gohberg-Heinig formula for I',, can be obtained from
formula (12.37) with the aid of the following evaluation:

Lemma 12.11. Let
E . é .
XN =) _NX; and Y(N) =) NV,
i=0 i=0
be matriz polynomials with coefficients X; € CP*1 and Y; € CI*P for i =
0,...,¢ such that

(12.38) X(ew)Y(gw)H Oy for 0<0<2r.
Then
XY ()"
12. il VAnlh S’
(12:39) 1—-)\w
(X, Xpoq - Xi] vh o - 0
0] X ... X H i
S5V Il R W)
: . . : S
_O O Xg_ YIH Y2H }/KH
(X1 Xo X, 'YlH Y2H YéH
=y | s U(w)",
_Xg O . ) _}/KH 9] . O
where
TYA) =V (N)=[l, A, - A1

Proof. The condition (12.38) is equivalent to the condition

XNY A/ N =0,x, for xeC\{0}.
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Thus, if w # 0 and p = 1/w, then
XYW (X)) - X(1/@)}Y (w)”

1-w 1-w

g . .
X7_lﬂ o

V4 B .
N — "

¢ j—1

= —u Z Z )\iuj_l_inY(w)H

j=11i=0

—1 s
= —p) D N XY (w)?

s=0 i=0
/-1 A -1 ‘

= —pd XD XY (W)
=0 S=1

which serves to identify the coefficient of A’ in the first formula on the right-
hand side of (12.39) with

-1 -1 ¢
—1L Z /J,s ’LXS+1Y Z Z wt_s+i_1Xs+1Y;5H
s=1 s=i t=0

Moreover, since the right-hand side of the last formula is a polynomial in @,
it can be reexpressed as

14 ¢ ¢
_ {Xi-i-l Zwt—l}/tH +X7j+2zwt—2}/tH Xy Z —t— E—HYH}

t=0 t=0

14 ¢ )
t=>0—1

t=1 t=2
/—1 -2 A

o {X S EYHL + X Y GV 4 X, Zwﬁ’f—i} |
t=0 t=0 t=0

Therefore, the coefficient of A'@’ in the first formula on the right-hand side
of (12.39) is equal to

- {Xz—l—l j+1 + Xz+2Y +2 +---+ XEYEEI/L'JFJ‘} if ¢ > .7
and to

—{Xin YT+ Xipo Y+ + XV} i i<,
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which yields the first formula in (12.39). The second formula follows easily
from the first upon noting that

X1 Xy - Xy X, Xpq - X4 [O - O I,
Xo X3 -+ O O X, - Xo||O - I, O
X, O - O 1) O - X/ |I, -+ 0 O
O
Theorem 12.12. (Gohberg-Heinig) In the setting of Theorem 12.10,
i W, ] [ 0 - 0]
0 A | e o
(12.40) T, = | ! ’Yl." p, |
Lo o Rl L o) o
o %%) %(Zi)l,o ’Y%) (O) o - 0
0 0 A | | o 0
-1 | D e e O
O O o - 4W : P
O O o) o) (n) (n) .. (n)
L _ L To1 702 Yon
where
Dozdiag{'yég),...,%()g)} and diag{yflz),...,’yén)}.
Proof. Let
X0 = [POET AN )]
and B B
YO = [P0 —aQu(] .
Then
RS ALy fr =1, n
X, =
[O Ip] for j=n+1
and

[{'Y(g?)}H —{’Y,(f]?,l}H} for j=1,...,n

[O —{fy,(ﬁl}H] for j=n+1
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and the formula emerges from formula (12.39) upon making the requisite
substitutions. O

12.7. A maximum entropy matrix completion problem

In this section we shall consider the problem of completing a matrix in C"*™
that belongs to the class

Crm = {AeC™": Ax O}

when only the entries in the 2m + 1 central diagonals of A, i.e., the entries
a;; with indices in the set

(12.41) Ay ={0G,7):4,7=1,...,n and [i—j| <m},

are given. It is tempting to set the unknown entries equal to zero. However,
the matrix that is obtained this way is not necessarily positive definite; see
Exercise 12.18 for a simple example. A remarkable fact is that there exists
exactly one completion A€ CI*™ of the partially specified A such that
e?(ﬁ)_lej = 0 for (i,7) & A We shall sketch an algorithm for obtaining
this particular completion that is based on factorization and shall show
that A can also be characterized as the completion which maximizes the
determinant. Because of this property A is commonly referred to as the

maximum entropy completion.
Theorem 12.13. Let m be an integer such that 0 < m <n —1 and let
{bij = (i,7) € A}

be a given set of complex numbers. Then there exists a matric A € C2*"
such that
(12.42) Qi = bl'j fOT (Z,]) S Am
if and only if

bij o bijm
(12.43) : : =0 for j=1,...,n—m.

bjtmj o bjtmj+m

Discussion. The proof of necessity is easy and is left to the reader as
an exercise. The verification of sufficiency is by construction and is most
easily understood by example. To this end, let n = 5 and m = 2, and let
X € C5* denote the lower triangular matrix with entries x;j that are set

equal to zero for i > j + 2 (i.e., 41 = x51 = w52 = 0) and are determined
by the following equations when j <14 < j 4 2:

bir b2 biz| [z11 1 boo b3 bas| [x22 1
(12.44) |ba1 baa boz| |@a1| = 0| , |bsa b3z b3a| |[z32| = |0],
bs1 b3z b3z| |31 0 bao b4z baa| |74 0
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(12.45)
b b b 1
33 bas b3s| [x33 - bu bis] [2aa] 1
bas baa bas| |waz| = |0 e b = |,
0 54 bss| [T54

}, bssrs5 = 1.
bs3 bss bss| |53

Next, let D = diag{z11,...,255}. Since z;; > 0for j =1,...,5, D = O
and the matrix L = XD~! is lower triangular with ones on the diagonal.
Now set

(12.46) A= (LM tp-ipt,

Then clearly A € C2*® and equations (12.44) and (12.45) are in force, but
with a;; in place of b;;. Therefore, the numbers ¢;; = b;; — a;; are solutions
of the equations

c11 c12 c3| |T11 0 €22 C23 Coa| |T22 0
(12.47) |ca1 ca2 ca3| |@wa1| = |0] , |32 ¢33 c3a| |x32| = |Of ,
€31 €32 €33] |*31 0 C42 €43 Caa| [Ta2 0
(12.48)
€33 €34 C35| |T33 0
_ cq4 Ca5| |Taa| |0 _
c43 C44 C45| |T43| = |O0] , = ol » Cs5%55 =0.
0 Cs4  C55| |54
€53 C54 C55] |T53

But, since the xj; are positive and each of the five submatrices are Hermitian,
it is readily seen that ¢;; = 0 for all the indicated entries; i.e., a;; = b;; for
li — j| < 2. Thus, the matrix A constructed above is a positive definite
completion. O

At first glance it might seem that the missing entries in the partially
specified matrix should be set equal to zero. However, as we have already
noted, Exercise 12.18 shows that the matrix that arises this way is not
necessarily positive definite over C™.

The matrix A that is constructed in Theorem 12.13 inherits special prop-
erties from the construction.

Lemma 12.14. If A = XX and X € C™" is a lower triangular invert-
ible matriz, then

(12.49) a;;j =0 for i—j>k<=x;=0 for i—j>k.

Discussion. The verification of (12.49) becomes transparent if the calcu-
lations are organized properly. The underlying ideas are best conveyed by
example. Let A € C™7 and suppose that k = 3. Then the entries a;j in A
that meet the constraint ¢ — 7 > k with k£ = 3 can be expressed in terms of
the corresponding entries x;; in the lower triangular matrix X by means of
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the formulas

a41 T41
as1 T51| —— (102 or ws2 T21
= x11, a2 | = |Tel T62 —|
as1 T61 ar T T 22
ari | T71
(12.50)
a —:L’ 1 T2 X 31 1
63 = 6 6 63 32 and arqg = E XT7jT44 -
ars |1 L71 T72 XT3 T3 =1

Thus, as the diagonal entries of X are all nonzero, assertion (12.71) is
easily verified for this special case. The general case may be established in
just the same way.

There is a companion result, which we state without proof:

Lemma 12.15. I[f A=YY!" and Y € C™" is an upper triangular invert-
ible matriz, then

(12.51) a;j =0 for i—j<—-k<=y;=0 for i—j<—k.

Exercise 12.36. Verify Lemma 12.15 if n =7 and k = 3.

Theorem 12.16. Let m be an integer such that 0 < m <n —1 and let
{bij : (i,7) € Am}

be a given set of complex numbers such that the conditions (12.43) are in
force. Then there exists exactly one matriz A € CI*™ such that

(1252) Qjj = bij fOT (Z,j) €A,
and
(12.53) el Ale; =0 for (i,j) & Am.

Proof. In view of Lemma 12.14, the matrix A = (L)~!D~1L~! that was
constructed in the discussion of Theorem 12.13 meets both of the stated
conditions. Suppose next that Ay € C’*" is a second matrix that meets
the conditions (12.52) and (12.53). Then, by Theorem 12.4, A; admits a
factorization of the form

ATl =10,Dy LY

for some lower triangular matrix L; € C™*"™ with ones on the diagonal and
some diagonal matrix D1 € C*". Moreover, by Lemma 12.14 the entries
zi;j in the lower triangular matrix Z = L1 D are equal to zero for i > j + m.
Consequently, the entries z;; with j <4 < j+m are determined by the same
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equations as the x;; for j <i < j+m, i.e., by equations (12.44) and (12.45)
if n =5 and m = 2, or, in general, by the equations

1
Tjj 0
(12.54) Bl jtm] : =|. for j=1,... ., n—m
Tj+m,j 0
and
Cij 1
(12.55) Bim | @ | =9 for j=n-m+1,...,n.
Tn,j :

Thus, z;; = x;; for ¢,5 = 1,...,n and hence A; = A; i.e., the proof of
uniqueness is complete. O

Theorem 12.17. Let m be an integer such that 0 < m <n —1 and let
be a given set of complex numbers such that the conditions (12.43) are in
force. Let A € C2*™ meet conditions (12.52) and (12.53) and let C € C2*"
meet condition (12.52). Then
(1) det A > det C, with equality if and only if A= C.
(2) If A= LADALZ and C = LcDCLg, in which L4 and Lo are lower
triangular with ones on the diagonal and D4 and Do are n X n diag-
onal matrices, then D4 = D¢, with equality if and only if A = C.

Proof. In view of Theorem 12.4,
A=xM"'px~! and C= (") "lgy,

where X € C™"™ and Y € C™*"™ are lower triangular matrices with ones on
the diagonal, D € C2*" and G € C2*" are diagonal matrices and z;; = 0
for ¢ > m + j. Therefore, the formulas

C=A+(C—-A) and Z=Y'X
imply that
786Gz =D+ X1(C - A)X.
Thus, as Z is lower triangular with ones on the diagonal and the diagonal
entries of X (C — A)X are all equal to zero,

n
dij = Gsslzsil” = 955+ Y 9ssl2sil” > 95
s=j s>j
with strict inequality unless z,; = 0 for s > j, i.e., unless Z = I,,. This
completes the proof of (1). Much the same argument serves to justify (2).
]
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Remark 12.18. Theorem 12.16 can also be expressed in terms of the or-
thogonal projection P,,, that is defined by the formula

Py, A= Z (A, eie%eie?
(4,9)EAm
on the inner product space C™*" with inner product (A, B) = trace { B¥ A}:

If the conditions of Theorem 12.16 are met and if Q € C™*™ with ¢;; = b;;
for (¢,7) € Ay, then there exists exactly one matrix A € C2*" such that

Py, A=Q and (I,— Py )A'=0.

This formulation suggests that results analogous to those discussed above
can be obtained in other algebras, which is indeed the case.

12.8. Schur complements for semidefinite matrices

In this section we shall show that if £ > O, then analogues of the Schur
complement formulas hold even if neither of the block diagonal entries are
invertible. (Similar formulas hold if £ < O.)

Lemma 12.19. Let A€ CP*P, D e C99, n=p+q, and let
A B
£ g o]

be positive semidefinite over C™. Then:

(1) Nga C Ngu and Np C Np.

(2) Re CRa and Rgx C Rp.
(3) AA'B = B and DD'BH = BH,
(4)

4) The matriz E admits the (lower-upper) factorization
_ I, 0] A (@) I, A'B
(1256)  E= { BHAT 1, } { O D-BHAB } { o I, |’

where Al denotes the Moore-Penrose inverse of A.
(5) The matriz E admits the (upper-lower) factorization
_[1, BD'|[ A-BD'BH O I, O
(12:57) b= [ o I } [ O D || DB I, |°
where DY denotes the Moore-Penrose inverse of D.

Proof. Since F is presumed to be positive semidefinite, the inequality
x(Ax + By) + y#(B¥x 4+ Dy) > 0

must be in force for every choice of x € CP and y € C4. If, in particular,
x € N4, then this reduces to

<A By + y#(Bfx 4+ Dy) >0
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for every choice of y € C? and hence, upon replacing y by ey, to
ex" By + ey’ B x + 2y Dy > 0

for every choice of € > 0 as well. Consequently, upon dividing through by ¢
and then letting € | 0, it follows that

xIBy +y"BHx >0
for every choice of y € CY9. But if y = —BHx, then the last inequality
implies that
—2||Bx|? = x"BBx - x"BB"x > 0.
Therefore,
Bfix=o0,
which serves to complete the proof of the first statement in (1) and, since the

orthogonal complements of the indicated sets satisfy the opposite inclusion,
implies that

Ran = (Na)" D (Ngn)™ =Rp.

Since A = A this verifies the first assertion in (2); the proofs of the second
assertions in (1) and (2) are similar. The fourth assertion is a straightforward
consequence of the formula AATA = A and the fact that

A= A" — (AN = AT,
Items (3) and (5) are left to the reader. ]
Exercise 12.37. Verify items (3) and (5) of Lemma 12.19.

Theorem 12.20. If A € C™" and A = O, then A admits factorizations
of the form

(12.58) A=LDL¥ and A=UDyUY,

where L is lower triangular with ones on the diagonal, U is upper triangular
with ones on the diagonal, and D1 and Dy are n X n diagonal matrices with
nonnegative entries.

Proof. Since Ajj ) = O for k=1,... ,n, formula (12.56) implies that
0

> (Apg—1
A[l,k]:Lk[ [O ) o

]EkH for k=2,...,n,

where Ek is a k x k lower triangular matrix with ones on the diagonal and
ay > 0:

~ Ay e O~ ~ [A O+
A:Ln[ [1,n—1] }LH _”714[1’2}:[/2[ [5,11 }Lf
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The first formula in (12.58) is obtained by setting Lj = diag{fk, I,_1} and
writing
A=Ay, =LnyLyy- - Lydiag{ai1,aa,... ,an} LY - LI LI

The second formula in (12.57) is verified on the basis of (12.58) in much the
same way. ]

Exercise 12.38. Let
a b c b
A_[b c] and B_[b a}'
Show that if @ > b > ¢ > 0 and ac > b?, then:

(1) The matrices A and B are both positive definite over C?2.
(2) The matrix AB is not positive definite over C2.
(3) The matrix AB + BA is not positive definite over C2.

Exercise 12.39. Show that the matrix AB considered in Exercise 12.38 is
not positive definite over R 2.

Exercise 12.40. Let A € C™™ and B € C™*™ both be positive semidef-
inite over C™. Show that A2B? + B?A? need not be positive semidefinite
over C™. [HINT: See Exercise 12.38.]

Exercise 12.41. Let A € C™*" be expressed in block form as

An Am}
A =
|:A21 Az

with square blocks A1; and Ay and suppose that A = O. Show that:
(1) There exists a matrix K € CP*? such that A1 = A1 K.

(2) A= I, O] |An 0 I, K
TKE L O Axn-KHALZK||O I,
(3) KMALK = An Al Aro.
Exercise 12.42. Show that in the setting of Exercise 12.41

(1) There exists a matrix K € C?7*P such that Ay = AxpK.
(2) A= I, K2 TA;; — KA K? O I, O

o I, @) Agp| |K I
(3) KAQQKH = A12A;2A21.

Exercise 12.43. Let A = BBY, where B € C™** and rank B = k; let
uy, ..., u; be an orthonormal basis for Rpr; and let Ay = Z§:1 BujufBH
for{ =1,...,k. Show that A = Ay and that A— Ay is a positive semidefinite
matrix of rank kK — ¢ for £ =1,...  k— 1.
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Exercise 12.44. Show that if A € C"™*", then

(12.59) A=O0 = A=A" and det Apg =20 for k=1,...,n,
but the converse implication is false.

Exercise 12.45. Let A € C™*". Show that

(12.60) A=A" and o(A) C[0,00) <= A>O.

12.9. Square roots

Theorem 12.21. If A € C™*™ and A > O, then there is exactly one matriz
B € C™ " such that B > O and B? = A.

Proof. If A€ C™™ and A = O, then there exists a unitary matrix U and
a diagonal matrix

D = diag {dn, PN 7dnn}
with nonnegative entries such that A = UDU* . Therefore, upon setting

D'? = diag {d}1%,... ,d}/?},

r'nn

it is readily checked that the matrix B = UDY2UH is again positive semi-
definite and

B? = (UDY?utyup'?ufy =upUf = 4.

This completes the proof of the existence of at least one positive semidefinite
square root of A.

Suppose next that there are two positive semidefinite square roots of A,
say B1 and Bs. Then, since By and By are both positive semidefinite over
C™ and hence Hermitian, there exist a pair of unitary matrices Uy and U,
and a pair of diagonal matrices D1 = O and Dy = O such that

By =U; DU and By = Uy DUL.
Thus, as

U\ DU = B} = A= B = U, D3UH |
it follows that

Ufu,D? = DUy,
and hence that
(URU, D, — DU U)Dy + Do(US UL Dy — DU U =0
But this in turn implies that the matrix
X =UHU\D, — DU U,

is a solution of the equation

XD+ DX =0.
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The next step is to show that X = O is the only solution of this equation.
Upon writing

Dy = diag {d\},... ,d)} and D, = diag {d\”),... ,d(?)},

¥ 'nn ' mn

one can readily check that z;;, the i¢j entry of the matrix X, is a solution of
the equation

$l]d](]1) + di(f)xij =0.
Thus, if dj(;) + di(f) > 0, then x;; = 0. On the other hand, if dj(;) + di(f) =0,
then dj(jl) = di(f) = 0 and, as follows from the definition of X, x;; = 0 in this
case too. Consequently,
UlU\D, - DUR U =X =0
ie.,
B, =UD\UE = U, D,UH = By,

as claimed. O

If A = O, the symbol AY/2 will be used to denote the unique n x n matrix
B > O with B? = A. Correspondingly, B will be referred to as the square
root of A. The restriction that B > O is essential to insure uniqueness.
Thus, for example, if A is Hermitian, then the formula

A O A O _ A2 0]

Cc -A C —A| | CA-AC A2
exhibits the matrix

[ A O

A2 0O
c -A

O A?

} as a square root of [

for every choice of C' that commutes with A. In particular,

I, O ||y O\ |Ip O kxk
[C _Ik] [C —Ik]_[O Ik] for every C € C .

Exercise 12.46. Show that if A, B € C™*" and if A = O and B = BY,
then there exists a matrix V € C™*" such that

VEAV =1, and VHBV =D =diag{\1,...,\n}.
[HINT: Reexpress the problem in terms of U = A2V ]

Exercise 12.47. Show that if A, B € C™" and A = B > O, then B~! >
A1~ O. [HINT: A~ B>~ O = A"'Y2BA™Y2 < [, ]

Exercise 12.48. Show that if A,B € C"*"™ and if A > O and B > O, then
trace AB > 0 (even if AB # O).
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12.10. Polar forms

If A e CP*? and r = rank A > 1, then the formula A = VlDUlH that was
obtained in Corollary 10.2 on the basis of the singular value decomposition
of A can be reexpressed in polar form:

(12.61) A=viUu(U,pUf) and A= VDV VU,

where ViU{! maps R n isometrically onto Ry, UyDUH = {ATA}V/? is
positive definite on R 4r and Vi DV = {AAH}1/2 is positive definite on
R 4. These formulas are matrix analogues of the polar decomposition of a
complex number.

Theorem 12.22. Let A € CPX4. Then

(1) rank A = q if and only if A admits a factorization of the form A =
V1P, where Vi € CP*Y isisometric; i.e., VIHVl =1, and P, € C9*1
is positive definite over C1.

(2) rank A = p if and only if A admits a factorization of the form A =
PyUs, where Uy € CP*? 4s coisometric; i.e., UQUf =1Ip, and P» €
CP*P s positive definite over CP.

Proof. If rank A = ¢, then p > ¢ and, by Theorem 10.1, A admits a
factorization of the form
_ D _ 1y
o g
where V and U are unitary matrices of sizes p X p and g X ¢, respectively,
and D € C9%? is positive definite over C?. But this yields a factorization

IOq U and P, = UYDU. Conversely, if

A admits a factorization of this form, it is easily seen that rank A = ¢q. The
details are left to the reader.

of the asserted form with V; =V

Assertion (2) may be established in much the same way or by invoking
(1) and passing to transposes. The details are left to the reader. U

Exercise 12.49. Complete the proof of assertion (1) in Theorem 12.22.
Exercise 12.50. Verify assertion (2) in Theorem 12.22.

Exercise 12.51. Show that if UUY = VVH for a pair of matrices U,V &
C™*? with rank U = rankV = d, then U = VK for some unitary matrix
K ¢ Cdxd,

Exercise 12.52. Find an isometric matrix V; and a matrix P, > O such
10

that |1 1| = lel-
0 1
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12.11. Matrix inequalities

Lemma 12.23. If F € CP*9, G € C™ 9 and FIF — GHG = O, then there
exists exactly one matriz K € C"™P such that

(12.62) G=KF and Ku=0 forevery u€ Npn.

Moreover, this matriz K is contractive: | K| < 1.

Proof. The given conditions imply that
(FEFx,x) > (GHGx,x) for every x e CY.
Thus,
Fx=0= ||Gx||=0= Gx =0,
i.e., Np C Ng and hence Rge C Rpu. Therefore, there exists a matrix
K € CP*" such that G = FIKH.
If Npa = {0}, then the matrix K = K; meets both of the conditions in
(12.62).
If N # {0} and V € CP*¢ is a matrix whose columns form a basis for
Np#, then
FEKE yvL)=FiKkH =gl
for every choice of L € C**". Moreover,
(K1 + LAV =0 —= LY =-K,v(iy)-!
— K+ LAV = K1, - v(VIV)TlvH),
Thus, the matrix K = Ki(I, — V(VEV)~'V) meets the two conditions

stated in (12.62). This is eminently reasonable, since I, — V (VEV)= 1V is
the formula for the orthogonal projection of C? onto Rp.

It is readily checked that if IT(: € C"*P is a second matrix that meets the
two conditions in (12.62), then K = K. The details are left to the reader.

It remains to check that K is contractive. Since
CP=Rr® NFH s
every vector u € CP can be expressed as u = F'x + Vy for some choice of
x € C% and y € C*. Correspondingly,
(Ku,Ku) = (K(Fx+Vy),K(Fx+Vy))=(KFx, KFx)
= (Gx,Gx) < (Fx, Fx)
(Fx,Fx)+ (Vy,Vy) = (u,u).

IN

O

Exercise 12.53. Show that if K € C"™? and K € C™P both meet the two
conditions in (12.62), then K = K and hence that K is uniquely specified
in terms of the Moore-Penrose inverse F' of F' by the formula K = GFF?.
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Corollary 12.24. If, in the setting of Lemma 12.23, FFF = GH@G, then
the unique matrix K that meets the two conditions in (12.62) is an isometry
on Rp.

Proof. This is immediate from the identity
(KFx,KFx) = (Gx,Gx) = (Fx, Fx),
which is valid for every x € C14. 0

Lemma 12.25. Let A € C™™"™ and B € C™*"™, and suppose that A = B =
O. Then:

(1) There exists a matric K € C™" such that B = KT AK and I,, —
K"K = 0.

(2) AV2 = B2,
(3) det A >det B> O.

Moreover, if A = O, then
(4) det A =det B if and only if A= B.

Proof. Lemma 12.23 with F = A'/2 and G = B'/2 guarantees the exis-
tence of a contractive matrix K € C"*" such that K A2 = B1/2. Therefore,
since BY/2 = (BY/%)H = A2 K1,

B =B'Y?*B'? = KAV (KAY)H = KAK"T
Next, in view of Exercise 20.1, it suffices to show that all the eigenvalues

of the Hermitian matrix A'/2 — B'/2 are nonnegative in order to verify (2).
To this end, let (A2 — BY/?)u = \u for some nonzero vector u. Then

AN(AY? 4+ BYP)u,u) = ((AV? 4 BY/?)(AY? - B?)u,u)
= ((A+ BY2A1/2 _ Al/2pl/2 _ B)u,u)
= ((A—B)u,u) >0,
since
(B2 AY?u,u) = (BY?u, BY?*u) + Mu,u) = (AY/2B?u, u).

The last inequality implies that A > 0 if (A2 4+ BY?)u,u) > 0. On the
other hand, if ((AY? + B'/?)u,u) = 0, then (AY?u,u) = (B/?u,u) = 0
and hence A = 0.

To obtain (3), observe first that in view of (1), the eigenvalues p1, ... , up
of K K are subject to the bounds 0 < p; < 1for j =1,... ,n. Therefore,

det B = det (KAK™) =det (KHK) det A= (ju1 - jun) det A < det A.
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Moreover, if det B = det A and A is invertible, then p; = -+ = p, = 1, i.e.,
K"K = I,,. Therefore, since KAY? = BY/2 = (BY/2)H = A2 KH

B=AVKIKAYV? = AVPL AV = A,

which justifies (4) and completes the proof. O
) 2 1 1 0
Exercise 12.54. Let A = 11 and B = o ol Show that A — B > O,

but A? — B? has one positive eigenvalue and one negative eigenvalue.

Theorem 12.26. If A € C™*%, Ay € C™¥!, rank A; = s, rank Ay =t and
A= [Al Ag], then

det (AT A) < det (A Ay) det (AE Ay),
with equality if and only if A% Ay = O.

Proof. Clearly
AlTAL Al A,

AP A =
A A A A,

Therefore, since A A; is invertible by Exercise 12.17, it follows from the
Schur complement formulas that

det (AT A) = det (AT Ay) det (A Ay — AS A (AT A) 71 AT A,).

Thus, as

AT Ay — AT A (AT A TTA Ay < AT A,
Lemma 12.25 guarantees that

det (A Ay — AT AL (AT A)TLAT Ay) < det (AE 4y) ,

with equality if and only if

AT Ay — AT A (AT ANTTAT Ay = AT A,
This serves to complete the proof, since the last equality holds if and only
if ATA;=0. O

The lemma leads to another inequality (12.63) that is also credited to

Hadamard. This inequality is sharper than the inequality (9.13).

Corollary 12.27. Let A = [al e an] be an n x n matrix with columns
ajcC"for j=1,...,n. Then
n
(12.63) |det AP < ]]ajay.
j=1

Moreover, if A is invertible, then equality holds in (12.63) if and only if the
columns of A are orthogonal.
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Proof. The basic strategy is to iterate Theorem 12.26. The details are left
to the reader. O

Exercise 12.55. Complete the proof of Corollary 12.27.

Exercise 12.56. Show that if U, V € C™*?% and rank U = rank V = d, then
UUH =vVH «—= U =VK for some unitary matrix K e C9*?,
Exercise 12.57. Show that if A € C™*™ and O < A < I,, then a vector

x € R(z,-4) if and only if

lim((I,, — 6A)~! .
61&1(( JA)T X, x) < 00

[HINT: The result is transparent if A is diagonal.]
Exercise 12.58. Show that if A, B€ C™"™ and if A = O and B > O, then

A+ B
(12.64) Vdet A det B < det —g .
Exercise 12.59. Show thatif A, B € C™"*" and if AB = O but A+B > O,
then there exists a unitary matrix U € C™*™ such that

A O @) O}

O O O By
where A1 = O and Bos = O.

UHAU:[ } and UHBU:[

12.12. A minimal norm completion problem

The next result, which is usually referred to as Parrott’s lemma, is a nice
application of the preceding circle of ideas.

Lemma 12.28. Let A € CP*?, B € CP*" and C € C**1. Then
(12.65)

wnf[[ 2 8]]-0ec}omef|[&]] 104 22}

The proof will be developed in a sequence of auxiliary lemmas, most of
which will be left to the reader to verify.

Lemma 12.29. Let A € CP*X4, Then
|A|| < v <=L, — ATA = O <= I, - AAT ~ O.

Proof. The proof is easily extracted from the inequalities in Exercise 12.9.
O

Lemma 12.30. Let A€ CP*1, B e CP*" and C € C**9. Then

(1) '72H|:é:|”<:>’72]q_AHAECHC'
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2)v>||[ A B ]| <+, - AA" = BBH.

Proof. This is an easy consequence of the preceding lemma and the fact

that | E] = [ B O
Lemma 12.31. If A € CP*9 and |A|| < v, then:
(12.66) (I, — A A2 AT — AH(42[, — AAT)1/2
and
(12.67) (v2L, — AAT)Y2A = A2, — AH A)Y2.
Proof. These formulas may also be established with the aid of the singular
value decomposition of A. O
Lemma 12.32. If A € CP*Y, p+q=mn and ||A|| <, then the matric

27 _ A AH\1/2
(12.68) E = [ (VQIq _iHA)l/Q 0Ly _21;14 ) ]

satisfies the identity
I, O
EEH:['YP ]:721.
O 72, "

Proof. This is a straightforward multiplication, thanks to Lemma 12.31.
O

Lemma 12.33. Let A € CP*9, B € CP*" and C € C**? and suppose that

vzua{|[ 4] 004 B0}

Then there exists a matriz D € C**" such that
A B
 C D

<7

Proof. The given inequality implies that

VI, — A"A = C"C and ~%I,— AAY - BBY.
Therefore, by Lemma 12.23,
(12.69) B = (3?1, — AAMY2X and C =Y (41, — A" 4)'/2

for some choice of X € CP*" and Y € C**? with || X|| < 1 and ||Y| < 1.
Thus, upon setting D = —Y A” X | it is readily seen that

AB|_ |, O > I, O
C D OY o X |’
where E is given by formula (12.68). But this does the trick, since EE =

721, by Lemma 12.32 and the norm of each of the two outside factors on
the right is equal to one. ]
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12.13. A description of all solutions to the minimal norm
completion problem

Theorem 12.34. A matriz D € C**" achieves the minimum in (12.65) if
and only if it can be expressed in the form

(12.70) D=-YAUX + (I, - YYI)V27(1, — XHXx)1/?

where

(1271) X = {72110 - AAH)1/2}T B, Y=C {721(1 - AHA)1/2}T

and

(12.72) Z is any matriz in C**" such that Z%Z < ~*I,.
Discussion. We shall outline the main steps in the proof:

A cH1TA B

|:BH DH:| |:C D:| = 72[q+r
if and only if

(12.73) [CH A%

e o1 [ | .
2. In view of Lemma 12.31 and the formulas in (12.69),
2 Al "
Y lggr — BH (A Bl =M"M,

where

O v(I, — X X)1/2

3. In view of (12.73), the identity in Step 2 and Lemma 12.23, there exists a
unique matrix [Kl Kg] with components K7 € C**7 and Ky € C**" such
that

[C D] = [Ki Kj]M
= [Ki(y2, — AHA)Y?2 —K AP X + Koy(1, — X X)V/?]

A [('yQIq — AH )12 —Af x }

and

K1u1+K2u2:O if MH |::111:|:0.
2

4. K1 =Y, since
M7 [ul} =0 «— (i, —A"TA)?u; =0 and

— X" Auy +~(I, — XTX) 20y =0
— (¥, — A A)Y?u; =0 and (I, - XE X)) 2uy = 0,
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because
X f t
Hj_ gH {(72161 _AHA)1/2} A= BHA{(,YQIP _AAH)I/Q}

and Nyyn = Nyt for any matrix W € CF*F,
5. Extract the formula

D= —K AT X 4 yKo(I, — X X1)1/2

from Step 3 and then, taking note of the fact that KleI + KQKQH < I,
replace K1 by Y and 7K, by (I, — YYH)1/27.

12.14. Bibliographical notes

The section on maximum entropy interpolants is adapted from the paper
[24]. It is included here to illustrate the power of factorization methods. The
underlying algebraic structure is clarified in [25]; see also [34] for further
generalizations. A description of all completions of the problem considered
in Section 12.7 may be found e.g., in Chapter 10 of [21]. Formulas (12.32)
and (12.28) imply that

Gy g O

2

lim =In |ho|? = %/0 In f(e)do

for the Toeplitz matrix T),(f) based on the Fourier coefficients of the con-
sidered function f. This is a special case of a theorem that was proved by
Szeg6 in 1915 and is still the subject of active research today; see e.g., [9]
and [65] for two recent expository articles on the subject; [64] for additional
background material; and the references cited in all three. Lemma 12.8 is
due to Fejér and Riesz. Formula (12.40) is one way of writing a formula
due to Gohberg and Heinig. Other variants may be obtained by invoking
appropriate generalizations of the observation

0 0 1] |Ja O O] |0 O 1 a b
01 0l |b a 00 1 0f=10 a
1 0 0] |¢c b afl |1l 0 O 0 0
The minimal norm completion problem is adapted from [31] and [74], both

of which cite [18] as a basic reference for this problem. Exercises 12.58 and
12.59 are adapted from [69] and [26], respectively.
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