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vector fields as holomorphic sections in the complex tangent bundle. A
holomorphic one parameter group is a holomorphic map g : Cx M — M with
the obvious properties. In particular, for each ¢ € C the map ¢ : M — M,
a +— ¢g(t,a), is a biholomorphic transformation of M. Correspondingly one
also defines the concept of a holomorphic local one parameter group: This is
a holomorphic map g : I x U — M, U C M open, with the corresponding
properties. Then, as in the differentiable case, holomorphic vector fields
and holomorphic local one parameter groups correspond. The proofs are
identical and will not be presented here.

Definition. A complex Lie group is a set G with the following properties:
(i) G is a group.
(ii) G is a complex manifold.
(iii) The map G x G — @G, (a,b) — ab~!, is holomorphic.

Example 3.6. The Lie group GL(n,C) is also a complex Lie group of

complex dimension n?.

Definition. Let M be a complex manifold and G a complex Lie group. An
action of G on M is a holomorphic map M x G — M, (p,g) — pg with the
following properties:

(1) (pg1)g2 = p(g192) for all p € M and g1, 92 € G,
(ii) pe = p for all p € M.

Remark 3.14. All the results of §3.4 hold analogously for complex Lie
groups and actions of complex Lie groups on complex manifolds. The proofs
can be taken over almost word-for-word to this situation, replacing the con-
cept differentiable by complex or holomorphic throughout.

3.6. Isolated critical points

We now come to the main theme of this chapter, namely the study of isolated
singularities of holomorphic functions.

Let M be an (n + 1)-dimensional complex manifold and f : M — C a
holomorphic function.

Definition. A point p € M is called a critical point or singularity of f if
its differential T}, f is the null map. If a is a critical point of f, then f(a) is
called a critical value of f.

Remark 3.15. If (z1,...,2,41) is a local coordinate system around a (with
zj(a) = 0), then a is a critical point of f if and only if
of of
—0)=...=
821 c’)zn+1

(0) = 0.
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Definition. A point p € M is called an isolated critical point or an isolated
singularity of f if there is a neighborhood U of p in M such that no point
of U\ {p} is critical.

Remark 3.16. One should note that this definition also includes the case
when p is not a critical point at all. This may appear illogical but is, however,
the usual definition.

Let f: (C"*1,0) — (C,0) be the germ of a holomorphic function with
an isolated critical point at 0. If M C C"*! is a suitable open neighborhood
of 0 € C"*' if f: M — C is a representative of f, and X := f~1(0), then
X has a regular or an isolated singular point at 0. We also then say simply
that f has an isolated singularity at 0. One often calls f or the analytic set
germ (X,0) an isolated singularity. In the sequel we shall not distinguish
notationally between a germ f and a representative f : M — C, where M
is an open neighborhood of 0 € C™+1,

By the implicit function theorem the level surface f~!(w) for w € C, w #
0, |w| suitably small, is a complex submanifold of C"*! in a neighborhood
of 0 € C"*1. The zero set f~1(0) has a singularity at 0 € C**!, but it is a
complex submanifold of C"*! in a neighborhood of 0, apart from 0.

Lemma 3.5. There exists an € > 0 such that the sphere S, C C™tL, center
0, of radius p < €, intersects the zero set f~1(0) transversally.

For the proof of this auxiliary result we need the following lemma, which
we cite without proof.

Lemma 3.6 (Curve selection lemma). Let V' C R™ be an open neighborhood
of p e R™, let f1,..., fx,91,-.-,91 : V — R be real analytic functions, and
let

Z:={zeV | filx)=...= fr(x) =0,g1(x) > 0,...,q(x) > 0}.

If p € Z, there exists a real analytic curve v : [0,6) — V, 0 < 6, with
v(0) =p and y(t) € Z for all t € (0,6).

For the proof see [Mil68, §3]. It is assumed there that V' = R™ and
that the fi1,..., fx,91,...,9 are polynomials. The proof can be adapted
immediately to the analytic case.

Proof of Lemma 3.5. We consider the function 7|1 : 710) — R,
r(z) = |z|%. The critical points of 7 on f~!(0) are exactly those points of
f71(0) at which Sz and f~!(0) do not intersect transversally. Put

Z ={z€ f10) | z a critical point of 7| -10)\ {0} }-
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Then Z is specified by real analytic equations and inequalities, so it satisfies
the hypothesis of the curve selection lemma. We must show that 0 is not an
accumulation point of Z.

Suppose 0 € Z. Then, by the curve selection lemma, there are a § > 0
and a curve v : [0,8) — f~1(0) with v(0) = 0 and ~(t) € Z for t € (0,0).
Thus

(ro7)/(£) = (grad r(7(1)), /(1)) = 0

for all ¢t € (0,d). Hence r o v is constant, and, since r o v(0) = 0, we have
roy =0on[0,8). Since r~1(0) = 0, it follows that v(t) = 0 for all ¢ € [0, §).
This, however, contradicts y(t) € Z for t € (0,9). O

Now let M be an open neighborhood of 0 € C"*! and let f : M — C
be a representative of f. Let € > 0 be as in Lemma 3.5, B. C M the open
ball around 0 € C™*! of radius . This is a complex submanifold of M. It
follows from Lemma 3.5 that there is an 79 > 0, 9 < ¢, such that f~!(w)
intersects the sphere S; transversally for w € C, |w| < np.

Now again let M be an (n + 1)-dimensional complex manifold and f :
M — C a holomorphic function.

Definition. A critical point p € M of f is called nondegenerate if there is
a local coordinate system (z1,...,2p41) around p (with p = 0) such that
det ((0*f/0202j)(0)) # 0. Here det ((9%f/02;0z;)(0)) is the determinant
of the Hessian matrix of f in the coordinates (z1,...,2p+1) at 0.

Remark 3.17. One can show that the condition for a nondegenerate critical
point is independent of the choice of the coordinate system.

There is a complex Morse lemma:

Proposition 3.15 (Complex Morse lemma). Let M be an (n + 1)-
dimensional complex manifold, f : M — C a holomorphic function and
p a nondegenerate critical point of f. Then there is a local coordinate sys-
tem (z1,...,2n+1) in a neighborhood V- of p with zi(p) =0,i=1,...,n+1,
such that on V,

f(217-~72n+1):f(p)+2%+-~+2721+1-

To prove Proposition 3.15, we need the following lemma.

Lemma 3.7. Let f : (C"™1,0) — (C,0) be the germ of a holomorphic func-
tion with a nondegenerate critical point in 0. Then the partial derivatives
Of/0z1,...,0f/0zny1 generate the mazimal ideal my 1 of Opyq.
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Proof. Let U C C"*! be an open neighborhood of 0 and f : U — C a
representative of f. We consider the map

gradf: U — C"!
z (g—i(z),...,ai{rl(z)).

Since 0 is a nondegenerate critical point of f, we have

rank (Jgrad £(0)) = n + 1.

From the rank theorem (Proposition 2.34) follows: There are open neigh-
borhoods V', V' of 0 in U and a biholomorphic map ¢ : V' — V' such that
forall z €V,

grad fo(z1,. .., 2n41) = (21, -+ Znt1)-
Since z1, ..., 2n4+1 generate the maximal ideal my 1 of 0,41, the result fol-
lows. O

Proof of Proposition 3.15. Since we are dealing with a local assertion, we can
assume that M is an open neighborhood of 0 in C"*!, p = 0 and f(p) = 0.

By a linear change of coordinates we can ensure that in suitable coordi-
nates f has the form

flu) =i+ Fupi +(u)
with ¢ € m3_ ;. We consider the function
F(u,t) == uf+...+ui g +to(u)

for u in a neighborhood U of 0 in C*"*! and ¢t € [0,1]. We now search
for a holomorphic one parameter group g : [0,1] x U" — U’ for a suitable
neighborhood U’ of 0 € C**! such that

(3.2)
Fg(u),t) =ui +...+udiq, go(u) =u, g:(0)=0forue U’ te01].

A holomorphic vector field

o 0
X = a-f-jz;at’]a—u]

is induced on [0, 1] x U’ by g. From the equation (3.2) it follows that X F =
0 for this vector field. Hence one obtains the following equation for the
functions a; ; sought:

OF n+1 OF n+1

oF
+ a’t, j = SD + at: j = 0'
8t = J 8Uj ]z::l J 8uj
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We can rewrite this equation as
n+1

OF
(3.3) ;at,j%j = —.

However, the function F; with Fi(u) = F(u,t) has a nondegenerate crit-
ical point in 0 for each ¢ € [0,1]. By Lemma 3.7 the partial deriva-

tives 0F;/0uy,...,0F;/Ou,y1 generate the maximal ideal m,11 of Opq.
Hence in a suitable neighborhood W of {0} x [0,1] in U x C we can take
wy := OF/0uy, ..., wyy1 := OF/Jup4+1 and t as new coordinates.

Since by hypothesis ¢ lies in m3 11, We can write ¢ as

n+1

o= Z w;jvy,
i=1

where the 1; are holomorphic functions on W with +;(0,t) = 0 for t € [0, 1].
We can thus solve the equation (3.3) as follows:

at,j = —T/Jj.

By Proposition 3.3 and Remark 3.13 there is now a local holomorphic
one parameter group ¢’ : I x U” — C"!, where U” C U is a suitable
neighborhood of 0 € C™*!, that induces the vector field X. The vector field
X in this case also depends on t, but Proposition 3.3 can be generalized
immediately to time dependent vector fields too. Since X = 0 for ¢ €
[0,1], we can extend ¢’ to a holomorphic one parameter group g : [0, 1] x
U’ — U’, where, if necessary, we shrink U” to a suitable neighborhood U’
of 0 € C"*1. Then ¢;(0) = 0 for ¢t € [0,1]. The coordinate transformation
sought is thus g;. O

Corollary 3.3. Nondegenerate critical points are isolated.

Definition. A holomorphic function f : M — Cis called a Morse function if
all its critical points are nondegenerate and all its critical values are distinct.

3.7. The universal unfolding

In this section we introduce the concept of an unfolding of a holomorphic
function germ.

Let f: (C"*!,0) — (C,0) be a holomorphic function germ.
Definition. An unfolding of f is a holomorphic function germ F : (C**! x
CF,0) — (C,0) with F(z,0) = f(2).

Definition. Two unfoldings F : (C"*! x CF,0) — (C,0), G : (C™*! x
C*,0) — (C,0) of f are called equivalent if there is a holomorphic map germ
Y (C™H % CF,0) — (€L, 0) with ¢(z,0) = z
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such that
G(z,u) = F(¢Y(z,u),u).
Definition. Let F : (C"*! x C*,0) — (C,0) be an unfolding of f and

let ¢ : (C',0) — (C*,0) be a holomorphic map germ. The unfolding G :
(C"+ x CL,0) — (C,0) with

G(z,t) = F(z,¢(t))
is called the unfolding of f induced from F by .

Definition. An unfolding F : (C"*! x C*,0) — (C,0) of f is called versal
if every unfolding of f is equivalent to an unfolding induced from F.

A versal unfolding F : (C™*! x CF,0) — (C,0) of f is called universal
(or miniversal) if k is minimal.

Proposition 3.16. Let f : (C"*1,0) — (C,0) be a holomorphic function
germ with an isolated singularity at 0. Then

af af
On—i—l/on-i-l (8—21’ '762 +1>

is a finite-dimensional C-vector space.

Proof. Let f;j :== 0f/0z; , j = 1,...,n+ 1, be the partial derivatives of f
and let Jy be the ideal spanned by the fi,..., f,11. Now f has an isolated
singularity at 0, so 0 is the unique solution of

fi(z)=...= faqa(2) =0
in an open neighborhood M of 0. Then

V(Jr) =V (fi,-- s fas1) = ({0}, 0).
It follows that
I(V(Jg)) = m,
where m is the maximal ideal of O,, 1. By Riickert’s Nullstellensatz (Propo-
sition 2.27)
I(V(Jf)) = rad Jf.

Hence there is a natural number ¢ > 0 such that m? C J;. But O, 41/mf
is a finite-dimensional C-vector space (cf. the proof of Proposition 2.42).

Hence O,,41/J5 is also a finite-dimensional C-vector space. This completes
the proof of Proposition 3.16. (Il

If f has an isolated singularity at 0, one can construct a universal un-
folding of f as follows.
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Proposition 3.17. Let f : (C**1,0) — (C,0) be a holomorphic function
germ with an isolated singularity at 0. Then one obtains a universal unfold-
ing I of f as follows: Let go = —1,g1,...,gp—1 be representatives of a basis
of the C-vector space

of of
Ont1/On1 <6—21, ceey 8zn+1> .
Then put

F:. (Ctlxcr0) — (C,0)

-1
(u)  — f(2) +p§0 g3 (2.

We present a proof of this proposition modelled on [AGV 85, Mar82].
We need a few preparations.
Let I : (C"*! x C¥,0) — (C,0), (2,u) — F(z,u) be an unfolding of f.
We put
. OF (z,u) ,
Fi(z)= ————= =1,...,k.
](Z) au] uzoa J ) )

This defines function germs Fj € Ops1- We denote the set of all linear

combinations of Fi, ..., F}, with complex coefficients by
C(FY,..., Fy).

Furthermore, for brevity, we put

of\ of of
On-‘rl <5_zl) - On-i—l <8—21’ '582n+1
for the ideal of O,4; spanned by the partial derivatives J9f/0z,...,
of /8Zn+1-

Definition. An unfolding F : (C"*! x C*,0) — (C,0) of f is called infini-
tesimally versal if

0 . i
On—l—l = On—i—l <8_f> + C(Fl, ciey Fk)
%
Example 3.7. The unfolding F' as in Proposition 3.17 is infinitesimally

versal.

Now let F': (C"*! x C¥,0) — (C,0), (z,u) — F(z,u), be an infinitesi-
mally versal unfolding of f. Let
G: (Cf'xCFxC,00 — (C,0)
(z,u,v) —  G(z,u,v)

be a one-parameter unfolding of F, i.e., G(z,u,0) = F(z,u). Since
G(2,0,0) = F(z,0) = f(z), we can also regard G as an unfolding of f.
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Lemma 3.8. The unfolding G of f is equivalent to an unfolding of f induced
from F.

Proof. Since F is infinitesimally versal,

0 . )
On+1 = On—i—l (8_f> + (C(Fl, Ce 7Fk)
Zi
Since
oG of .
8_21‘(27070) = 8_21'72_17'”771—’_17
0G )
—(2,0,0) = F;, j=1,....k
auj (Z’ ’ ) g J ) y Ry
it follows that
(3.4)
oG 0G 0G
Ont1+k+1 = Ongi4k+1 (a—z) + On+14k+1mp41 + C (8—1“, cee 8—uk> )
where my 1 is the maximal ideal of Ok = C{uy,...,ux,v}. Now let
7: CrtlxChkxC — CFxC
(z,u,v) —  (u,v)

be the canonical projection and 7* : Opy1 — Oy 114141 the algebra homo-
morphism induced by it. Let

oG
M = On+1+k+1/0n+1+k+1 (g) .

Then M 1is obviously finite over O,i14xy+1- We apply the Weier-
strass preparation theorem for modules (Corollary 2.5) to n*, M and
0G /0uy, . ..,0G/0u. From this proposition and the equation (3.4) it fol-
lows that

oG oG oG
Ont1+k+1 = Ont14k+1 (6—2) + Ok11 (8—11,1’ . 8—uk> .

Now we consider the element 0G/0v € Opi14k+1. Then 0G/0v has a
representation

oG 1 G & le!
%_12;51(272/1)@)8_21—'_;77](2%@)8—%

with & € Opyi4k+1 and n; € Opqq. This equation can be formulated as
follows: For the germ of the holomorphic vector field

n+1

o & B o
X === niwo)—— -3 &i(z,u,0) =
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we have
X(G) =0.

This vector field defines, by Proposition 3.3 and Remark 3.13, a holomorphic
local one parameter group and a system of phase curves. For a point (z, u, v)
near 0 let (¢(z,u,v), p(u,v),0) be the point of intersection of the phase
curve through (z,u,v) with the hyperplane C"*! x C* x {0}. This defines
holomorphic map germs

w . ((Cn-i-l % (Ck % C,O) _ (Cn+1,0),

2 (Ck X (C,O) B ((Ckvo)

with ¢(z,0,0) = z. From the condition X(G) = 0 it follows that G is
constant along the phase curves. Thus

G(z,u,v) = G(¥(z,u,v),o(u,v),0) = F(¢Y(z,u,v), o(u,v)).

This means that 1 is an equivalence of G with the unfolding F' induced by
. This proves Lemma 3.8. ]
Proof of Proposition 3.17. Let F : (C"*! x CP,0) — (C,0) be the unfolding
of f from Proposition 3.17 and let F’ : (C**! x C',0) — (C,0), (z,u) —
F'(z,u’), be an arbitrary unfolding of f. We form the “sum” of F and F”:

H: (C"t'xcrxcCho) — (C,0)
(Z,U,U,) — F(Z,’LL)—FF,(Z,U,)—f(Z)
We denote by Hy, Hy, ..., H; the restrictions of H to the subspaces
C"HxCPcC™ xCPxCcC...cC"™ xCPxCL

In particular Hy = F and H; = H. Since F' is infinitesimally versal, so
too the unfoldings Hy, H1, ..., H; are infinitesimally versal, as is easy to see.
We can therefore apply Lemma 3.8 successively to show that the unfolding
H is equivalent to an unfolding of f induced from F. Since the unfolding
F' of f is induced from H, it follows that the unfolding F’ is equivalent to
an unfolding of f induced from F. Thus the unfolding F' is universal and
Proposition 3.17 is proved. U

We record yet another corollary of Proposition 3.17.
Corollary 3.4. Let f : (C"*1,0) — (C,0) be a holomorphic function germ
with a nondegenerate critical point at 0. Then

F: (C"*'xC,00 — (C,
(z,t) —  f(z

0)
)—t

is a universal unfolding of f.

Proof. This follows from Proposition 3.17 and Lemma 3.7. (I
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3.8. Morsifications
Let f: (C"*1,0) — (C,0) be a holomorphic function germ.
Definition. A morsification of f : (C"*1,0) — (C,0) is a representative
F: M x U — C of an unfolding
F: (C"*'xC,00) — (C,0)
(2,4) —  fa(z)
of f such that for almost all A € U \ {0} (everywhere except on a Lebesgue

null set) the function fy : M — C is a Morse function. The Morse function
[ is itself often called a morsification of f.

We next want to show that every isolated singularity of f has a morsi-
fication.

Proposition 3.18. Let f : (C"*1,0) — (C,0) be a holomorphic function
germ with an isolated singularity at 0. Then f has a morsification.

Proof. Let f : M — C be a representative of f, where M is an open
neighborhood of 0 in C"*!. We consider the map

gradf: M — CnH!
0 0
z +— grad f(z) = (Ti"“’azn‘il) .
By Proposition 3.7 the critical values of grad f form a Lebesgue null set in
C"*L. Let A(ay,...,ans1) for X € C be a regular value near 0 € C**1. Put

n+1

Iz) = f(z) = A Z a;z;.
i—1

A point p € C"! is then a critical point of fy if and only if grad f(p) =
Aay,...,ap4+1). But since A(ap,...,an+1) is not a critical value of grad f,
we see that grad f is biholomorphic at p, whence

0 f
det < 95207, (p)> # 0,

i.e., p is a nondegenerate critical point of f'A. Therefore fA has only nonde-
generate critical points. Since the set of regular values of the map grad f
is open, we may replace A(ai,...,an,+1) by a neighboring regular value
Aay,...,an4+1) so that the function

n+1

In(z) = f(z) - )‘Zaizi
i=1

has only nondegenerate points with distinct critical values. (I
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Definition. The number p = u(f) of nondegenerate critical points of a
morsification fy of f is called the Milnor number (or multiplicity) of the
singularity f.

In the following proposition we give another description of this number.
It follows from this proposition that the Milnor number is independent of
the morsification chosen. Our proof follows [Orl76, 1.5].

Proposition 3.19. Let f : (C"*1,0) — (C,0) be a holomorphic function
germ with an isolated singularity at 0. Then
. 0 0
p(f) = dime Opqy /On—l—l <—f / ) :

921 Ozp

Proof. By Proposition 3.16 the number on the right side is finite. We put
of of )

8217".782'”4_1

d := dim¢c Op 41 /On+1 (

By definition, u(f) is equal to the number of nondegenerate critical
points of a morsification f\ of f. By the proof of Proposition 3.18 this last
number is equal to the number of preimage points (in a neighborhood of 0)
of a regular value near 0 of the finite holomorphic map

grad f : M — C"HL,

where M is a suitable open neighborhood of 0 in C"*!. We now show that
this number is equal to d.

We denote the component functions of the map grad f by fi :=
Of/0z1,..., fa+1 := Of/0zpnt1. Since f has an isolated singularity at
0, by hypothesis, 0 is an isolated point of (grad f)~'(0). By Proposi-
tion 2.42 the map (grad f)* : Opy1 — Op4q is finite. Since O, has
dimension n + 1 (Corollary 2.6), it follows from the proof of Proposi-
tion 2.44 that the homomorphism (grad f)* is injective. To distinguish,
we denote the coordinates of the image space of grad f by yi,..., Yn+1-
Furthermore, we put A = C{z1,...,2n41}, R = C{f1,..., fuy1} C A
Since (grad f)* : C{y1,...,yn+1} — A is injective, R is isomorphic to
(C{yl, e 7yn+1}'

Now d < 00 80 (f1,..., fn+1) is & parameter system for A and by Corol-
lary 2.9 it is also a prime sequence in A. From Proposition 2.52 it follows
that A is a free R-module. By the Weierstrass preparation theorem for mod-
ules (Corollary 2.5), A is generated as an R-module by d elements and d is
the minimal number of generators. Thus A has an R-basis of d elements.
Let Kr and K4 be the respective quotient fields of R and A. Then K4 is
a field extension of K of degree d. Since all elements of K4 are algebraic
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over Kg, we have K4 = Kr(z1,...,2np+1). By the primitive element theo-
rem (see e.g. [Lan02, V, §4]) thereisa ¢ € K4, & = Z?;“ll ciz; with ¢; € Kg,
with K4 = Kr(¢). By multiplying the minimal polynomial of £ over K by
the common denominator of the coefficients, we can assume that £ satisfies
an equation

botd + b€ 4 4 bg =0
with b; € R, 7 =0,...,d, bp # 0. On multiplying this equation by bg_l, one
obtains the equation

(bo€)? + b1 (bo€) ! + ... + b3 by = 0.

It follows from this equation that bgé is integral over R. By changing
coordinates we can assume that bp{ = z;. Then 2z; satisfies an equation

p(f1y--, fa+1)(21) = 0, where
p(fla .. '7fn+1)(t) = td + al(fl, .. .,fn+1)td_1 + ...+ ad(fl, .. .,fn+1)

and a;(f1,..., fa+1), for i = 1,...,d, is a power series in fi,..., fo4+1 that
converges in a neighborhood U C M of 0. By Proposition 2.43, a;(0) = 0
fori=1,...,d.

Next we consider the hypersurface

V=A{(1,--, far1,21) €U XC | p(f1,..., far1)(z1) =0} CU xC
with the projection
™ \%4 — U
(f1,- s fagz1) — (f1,0) fas).

Let A(f1,..., fa+1) be the discriminant of the polynomial p(fi,..., fnt+1)(t)
(cf. §1.6). This is a polynomial in the coefficients a;(f1,..., fnt1) of the

polynomial p(fi,..., fnt1)(t). Let

D = {(fl,-uafnJrl) eU | A(fl,...,fn+1) :0} cU.
The set D is a hypersurface in U. Outside D the equation

p(f17 .. '7fn+1)(21) =0

has exactly d distinct solutions in the variable 2z1. Let C = 7~ 1(D).
We consider further the map
o M — M xC
(21, 2n41) — (f1(2),- -, fara(2), 21)-
Let W = 6~1(V). Then W is a neighborhood of 0 in M. We put ¢ = |y,
B = 0~ (C). By shrinking U and V, if necessary, we can ensure that o maps

the set W'\ B homeomorphically onto V'\ C. The composition cor : W — U
agrees with the map grad f : W — U. Since o o w has exactly d preimage
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points outside D, this is true for grad f too. By the remark at the beginning
of the proof it follows that

u(f) =d.

This completes the proof of Proposition 3.19. (Il

Let f : (C"*1,0) — (C,0) be a holomorphic function germ with an
isolated singularity at 0, grad f(0) = 0. To be able to survey all possible
morsifications, we consider a universal unfolding F of f. By Proposition 3.16
one obtains a universal unfolding F' of f as follows: Let go = —1,91,...,9,-1
be representatives of a basis of the C-vector space

of of
On+1/(a—,217.‘.78—%> On-‘rlv

which has dimension u; cf. Proposition 3.19. Then put
F: (C"*lxCr0) — (C,0)
(2, u) — f(2) + 450 95(2)u;.
Let
F:-MxU—-C

be a representative of the unfolding F', where M is an open neighborhood
of 0 in C**! and U is an open neighborhood of 0 in C*. We put

Y = {(z,u) e M xU|F(z,u) =0},
Vu = {z€ M| F(z,u) =0}.

Since F(z,0) = f(z), there is, by Lemma 3.5, an € > 0 such that each sphere
S, C M around 0 of radius p < ¢ intersects the set )y transversally. Let
e > 0 be so chosen. Then there is also an > 0 such that for |u| < n the
set {u € C*||u| < n} lies entirely in U and ), intersects the sphere S.
transversally. Let 1 be so chosen. We put

X = {(z,u) ey ‘ lz| < e, |u|l <n},
X = {(zu) €Y Iz <elul <},

0X = {(zu) €Y |lz] =5 |ul <n}
S = {ueU|ul <n},

p: X — S
(z,u) — .

Let C be the set of critical points of p. If py, ..., p,—1 are the component
functions of p, i.e., p;(z,u) = u; for (z,u) € X, then the critical points of p
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ax
<
X
C
Va
0X P
D

Figure 3.7. Critical set C' and discriminant D

are determined by the equations and inequalities
F(za 'LL) =0,
grad F' = A\ggradpg + ...+ A\,—1 grad p,—1,
2| < e, |ul <mn,

in the unknowns 21, ..., 2p41,%0, - -, Uy—1, A0, - - -, Au—1 € C. It follows that

2l < e, lul <,

C - (Z,U)EMXU F(Z,U):O,
L (zu)=...= afn}il(z,u) -0

= {(z,u) € X | z is a critical point of F(-,u)}.
Let D = p(C) C S be the discriminant of p (see Figure 3.7). The map
P =ple_p1py: X —p (D) — S-D
is then a submersion.

For the proof of the following proposition we need a generalization of
the Morse lemma (Proposition 3.15).

Proposition 3.20 (Generalized Morse lemma). Let f : (C"*10) — (C,0)
be a holomorphic function germ with

grad f(0) =0 and rank ((82f/('32¢8zj)(0)) =k.
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Then there are coordinates (z1,...,2n+1) of C*"™! around 0 such that f is
represented in a neighborhood of 0 as
(Z17' . '7Zn+1) — Z% +.o..t Z]% +g(2k+1,. . '7ZTL+1)7

where g € m3 ;.

Proof. By a linear coordinate transformation one can ensure that f is of the
form

f(y17ayn+l):y%++yz+h(yl7ayn+l)
with h € m3. Let fo: (C*,0) — (C,0) be defined by

Joyt,--yyk) = fyt, -+ Uk, 0,...,0).

Then one can regard f as an unfolding of fy. The function germ fy has a
nondegenerate critical point at 0. By Corollary 3.4, f is equivalent as an
unfolding to an unfolding of fy induced from the universal unfolding

F: (CFxcC,0) — (C,0)
(1) — foly) —t.
Thus there are holomorphic map germs
g: (C™17F,0) — (C,0),
¥ : (CF x CF=F 0) — (CF,0)
with ¥(y1,...,¥%,0,...,0) = (y1,...,yr) such that

s syne) = fo(b(yrs - Yns1)) + 9(Wktts -5 Yntr)-
By the hypothesis on 1 the map germ
e (C+10) — (C"*1)0)
Y=t ynt1) — (@1(y);- - Uk(Y)s Y155 Ynt)
is biholomorphic. We put

(Zl7 ey Zn+1) = (7/)1(?/)7 sy ¢k(y),yk+17 ey yn+1)'
It follows that

(forb™)(z1,- - 2nt1) = fo(z1,- - 20) + 9(Zkt1s- - - Zng1)-

We now apply the Morse lemma (Proposition 3.15) to fo, proving the result.
[l

Proposition 3.21. For a suitable n > 0 we have

(i) the map p: X — S is proper,

(ii) C is a nonsingular analytic subset of X and is closed in X,

(iii) the restriction p|c : C — S is finite (i.e., proper with finite fibers),

(

iv) the discriminant D is an irreducible hypersurface in S.
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Proof. (i) If K C S is compact, so too is X N p Y (K) compact. Thus
p: X — S is proper.

(ii) By the choice of € and 7 the map p|y5 is a submersion. It follows
that CNoX =0, ie., C C X. From the description above, C'is an analytic
subset of X and so is closed in &.

We must next show that C' is nonsingular for some suitable n > 0. By
Proposition 3.20 we can write f in suitable coordinates as

2 2
fz1, oo szng1) = h(z1, o 20) F 200+ o+ 200
where h € m? ;. Then we can choose the coordinate functions 21, ...,z as
representatives g1, ..., g, of elements of

of of
On-‘rl/(a—zlv--'y%) Ont1 -

Then a representative of the universal unfolding F : (C"*! x C*,0) — (C,0)
of f has the form

(3.5) F(z,u) = —ug+urz1 +ugza +...+upze + 22, +.. .+ 22 +a(z,u),

where a(z,u) has terms only of third or higher order.

The critical set C' can now be specified as
C={(z,u) e M xU ‘ |z| <e,|u| <n,o(z,u) =0}
where
o:MxU— C?

is the map given by o = (F,0F/0z1,...,0F/0zp4+1). In view of the above
form for F' we have

oF O*F
—(0) =0, 0) =20 for1 <i< 1, 1< < 1,
sz() 8zi8zj() jlorl<:1<n+lLr+l<j)j<n+
oF oF
—(0)=-1, —(0)=0for1 <3<
()= =1, S () =0for 1 <i<r,
0’F , ,
M(O)Zdij for1<i<n+1,0<j5<r.
The matrix
OF oF oF oF
Dz, 11 (0) e Tzy i1 (0) @(0) e Dur (0)
9°F 92F 92F 92F
0210zr+1 (0) e 02102Zn+1 (O) 0z10ug (O) U 0210ur (O)
8215 ' 82F' a?f ' a?f
Trtnm ) om0 | gm0 a0
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—T1o

Figure 3.8. AxT C S

is therefore an (n + 2) x (n + 2)-submatrix of rank n + 2 of the functional
matrix of o at 0. By the implicit function theorem C' is therefore a (y — 1)-
dimensional submanifold of X in a neighborhood of 0. Therefore C' is not
singular for > 0 sufficiently small.

(iii), (iv) By (ii), C is an irreducible analytic subset of X. The map p :
X — S is the restriction of a linear projection and, by (i), is proper. Since,
by (ii), C is closed in X, so too p|c : C — S is proper. By Proposition 2.53
the image D = p(C') is thus an analytic subset of S and the map p|c : C — S
is finite. By Proposition 2.54, D is also irreducible. Since the dimension of
the analytic set germ (C,x) is equal to p — 1 (Corollary 2.7) for each point
x € C, and since p|c : C — D is finite, we have dim, D = u — 1 for all
u € D. It follows from Proposition 2.47 that D is a hypersurface in S. [

Let T := {t = (u1,...,uu—1) € C*71|[t| < m} be an open ball of radius
m > 0 around 0 € C*~! and let A C C be a disc of radius 9 > 0 around 0
such that

AXT={(up,ut,...,uu—1) €C*" | ug € A, (ur,...,uy—1) €THC S

(see Figure 3.8). We replace S by AxT and X by XNp~! (A xT), retaining,
however, the same symbols. For ¢t € T' we put

= {(UO,Ul,...,qul)GAxT| (ul,...,uu,l):t}.
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We consider a suitable representative F : X — S = A x T of

F: (C"t'xCr0) — (CxCr10)
(z,u) — (F(z,u),u1,. .., up—1)

where F' is of the form
pn—1
F(zu) = f(2) —uo+ > g;(2)u;.
j=1

Lemma 3.9. Lett €T, t # 0. The function
f)\tZM—>AX{)\t}
with fx(z) = F(2,0,t) represents a morsification of f for X # 0.

Proof. We again consider a representative of the universal unfolding of f
having the form (3.5) as in the proof of Proposition 3.21. Then it follows
as in the proof of Proposition 3.18 that F(-,u), for (u1,...,uu—1) = At
outside a Lebesgue null set in a neighborhood of 0, has only nondegenerate
critical points with pairwise distinct critical values. Hence fy; for A # 0 is

a morsification of f. O
A U
S
I
|
! D
|
|
w Ut, . y Up—1
|
|
|
St

Figure 3.9. The line C x {At} intersects the discriminant D transversally

Remark 3.18. That f); is a Morse function is tantamount to the line
C x {\t} being in general position in the discriminant D, i.e., intersecting
the discriminant D transversally at regular points (see Figure 3.9). This
follows from the description

C ={(z,u) € X | 7 is a critical point of F(-,u)}.

If the representative F' of the universal unfolding of f has the form (3.5),
it follows that the line C x {0} does not lie in the tangent space (tangent
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cone) of D at 0. It follows that for At outside a Lebesgue null set the line
C x {At} is in general position to the discriminant D, whence fy; is a Morse
function.

3.9. Finitely determined function germs

Next we consider an equivalence relation on the set of all holomorphic func-
tion germs f : (C"*! p) — (C,s).

Definition. Two holomorphic function germs f; : (C*™!,p1) — (C, 51), fo :
(C"*1 po) — (C, s2) are called right equivalent if there are representatives
fl :U; — C of f1 and fg : Us — C of fo and a biholomorphic map ¢ :
Uy — Uy with @(p1) = po such that ¢ o fi = fo 0@, where ¢ : C — C is the
translation z — z + (s3 — s1), i.e., if the following diagram commutes:

U, 42— U,

7| |7
C — C
¥

The right equivalence class of a holomorphic function germ f : (C"*!,p) —
(C, s) is denoted by [f]. If f is an isolated singularity, we also call [f] an
isolated singularity.

Definition. Let f : (C"™1,0) — (C,0) be a holomorphic function germ
with an isolated singularity at 0. The modality (or module number) of f,
symbolically, mod(f), is the smallest number m for which there exists a
representative p : X — S of the universal unfolding F : (C"*! x C*,0) —
(C,0) of f such that for all (z,u) € X the function germs F, : (C"™! 2) —
(C, F(z,u)) given by F,(2') = F(2',u) fall into finitely many families of
right equivalence classes depending on at most m (complex) parameters.
The modality depends only on the right equivalence class [f] of f, so we
may write mod[f]. If mod[f] = m, we call [f] m-modal (or m-modular).
For m = 0,1,2 one says simple, unimodal (or unimodular), and bimodal
(bimodular), respectively.

The fact that f is simple means that there are finitely many function
germs f; : (C"*1,0) — (C,0) (i = 1,...,k) such that for each unfolding
F : (C"" x C",0) — (C,0) of f there exists a representative p : X — S
such that for all (z,u) € X the function germ F, : (C"*! 2) — (C, F(z,u))
is right equivalent to an f;.

Example 3.8. If f : (C""1 0) — (C,0) is a holomorphic function germ
with a nondegenerate critical point at 0, then f is simple. This follows from
Corollary 3.4.
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Example 3.9. Let f : (C2%,0) — (C,0) be given by f(z1,22) = z122(21 +
22)(z1 — #2). We show that f is not simple. To do this, we consider the
unfolding

F(z1,29,u) := (21 + uze)z2(z1 + 22)(21 — 22).

Then the germs of the functions

fu : ((C270) - ((C’O)v fu(zl,ZQ) = F(Zl,ZQ,’LL),

are in general not right equivalent to one another, for, if this were the case,
for two values uj,us € C there would have to be a biholomorphic map
@ : Uy — Uy, Uy, Uy C C? open, with ¢(0) = 0, such that f,, = fu, o .
Since f,, and fy,, are homogeneous polynomials of fourth degree, one can
assume that ¢ is linear. The space of all lines in C? through the origin is
the 1-dimensional complex projective space P;C. This space is isomorphic
to the Riemann sphere C. The four lines

z1+uzog =0, 20=0, 214+ 20=0, 21 —20=0

determine four points on the projective line P;C. The map ¢ induces a
fractional linear transformation ¢ of C onto itself. By Proposition 1.26 a
fractional linear transformation leaves the cross ratio of these four points
invariant. The cross ratio of these four points depends, however, on wu.

In what follows we shall classify the simple function germs. To do this,
we need a means of deciding whether two function germs are right equivalent.
We now address this matter.

Let f: (C""1 0) — (C,0) be a holomorphic function germ.

Definition. The Taylor polynomial of f around 0 of degree r is called the
r-jet of f and is denoted by ;" f.

Definition. The function germ f is called r-determined if every holomorphic
function germ g : (C"*1,0) — (C,0) with j"f = j"g is right equivalent to f.

In particular an r-determined function germ f is right equivalent to the
polynomial 5" f.
Let us again write m for the maximal ideal of O,41. Then
m’ = {f € Opp1|j7'f=0}.
Theorem 3.1 (Mather). Let f: (C"*1,0) — (C,0) be a holomorphic func-

tion germ. If
m T m? ﬁ,..., of +m" 2
8z1 Gznﬂ

then f is r-determined.
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Proof. We must show that for each element h € m"*! the function germ
f + h is right equivalent to f. We proceed in a way similar to that of the
proof of the complex Morse lemma (Proposition 3.15).

So we consider the function
F(z,1) = £(2) + th(z)

for z in a neighborhood U of 0 in C*** and ¢ € [0, 1]. We seek a holomorphic
local one parameter group g : [0,1] x U" — U’ for a suitable neighborhood
U’ of 0 € C"*! such that

(3.6)  F(gt(2),t) = f(2), go(z) =2, g(0)=0forzeU’ te]l0,1].

A holomorphic vector field
n+1

0 0
X—&‘l—;at,]a—zj

is induced on [0, 1] x U’ by g. From the equation (3.6) it follows that X F' = 0
for this vector field. Hence we obtain the following equation for the functions
as; that we seek:

oF n+1 oF n+1 oF
E—i_zat’j% :h—l—Zama =0.
i=1 J j=1 7

We can rewrite this equation as follows:

n+1
oF
3.7 E i— = —h.

Claim 3.1. Under the hypotheses of Theorem 3.1 the equation (3.7) is
solvable for the coefficients ay ;.

Proof. Let ty € [0, 1], let £ be the ring of holomorphic function germs
(R x C"™, (¢9,0)) — (C,0)

and let n be the corresponding maximal ideal. Let
JzS(?—Zaf—};)

By hypothesis, h € m"*!. We can solve the equation (3.7) for ay; if

m' ™t c JEm.

From the definition of F
or _of o
8Zj N 8zj 8zj’
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and so
of _or on
sz - 82’]' 82’]"
Hence
of of 1
—_— ... J T
(821’ ’8zn+1> CJ+nm
Since m" Tt c m? (0f/0z1,...,0f/0zp41) +m T2 by hypothesis, we obtain
Em™t c Em? ﬁ, ce of + Em'H?
0z1 O0zn41

c m?J +nEm

The claim follows from Nakayama’s lemma (Corollary 2.3). O

As in the proof of the complex Morse lemma it now follows that there
exists a holomorphic local one parameter group ¢ : [0, 1] x U’ — U’ satisfying
the equation (3.6). Then the map germ g1 : (U’,0) — (U’,0) satisfies

(f+h)og=f
so f is right equivalent to f + h. O
Corollary 3.5. Let f: (C"1,0) — (C,0) be a holomorphic function germ.

If
_ of of
r—1 ~J
m C(azl"”’&an)’

forr > 1, then f is r-determined.

Proof. This follows from Theorem 3.1 sincem"™™ =m? - m" ! forr > 1. O

Corollary 3.6. Let f: (C""1,0) — (C,0) be a holomorphic function germ
with an isolated singularity at 0. Then f is right equivalent to a polynomial.

Proof. Again let f; :== 0f/0z; , j =1,...,n+ 1, be the partial derivatives
of f, and let Jy of fi,..., fnr1 be the ideal they span. From the proof of
Proposition 3.16 it follows that m"~! c J 7 for some r > 1. By Corollary 3.5
f is right equivalent to j" f, so to a polynomial. O

We next apply Proposition 3.12 and Remark 3.14 to the study of holo-
morphic function germs.

Proposition 3.22. Suppose k > 3 and let f(z1,...,zr) be a homogeneous
polynomial of degree 3 having an isolated singularity at 0. Then the corre-
sponding holomorphic function germ f : (CF,0) — (C,0) is not simple.

Proof. The homogeneous polynomials in the variables zq, ..., zx of degree 3
form a complex vector space V. The complex dimension of this vector space
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is the number of distinct monomials in the variables z1, ..., 2z, i.e.,
k+3—-1 1
< 3 ) ZEk(k'—I—l)(k:—l—Z).

We consider the unfolding

F(z,u) = f(2) + Z uyz”
lv|=3

of f, where v runs through all multiindices v = (v1,...,v,) with |v| =
v + ...+ v = 3. All the function germs f, = F(-,u) are homogeneous
polynomials of degree 3. Two homogeneous polynomials g and g of degree 3
are right equivalent if and only if there is a ¢ € GL(k,C) with g = g o .

Now GL(k,C) is a complex Lie group of complex dimension k2. The
orbit of the natural action of this Lie group on V under g € V' corresponds
to the right equivalence class of g. By Proposition 3.12 and Remark 3.14

the orbit is locally a complex submanifold of V' of complex dimension < k2.
But

1
k< gk(k: +1)(k+2)
for £ > 3. On applying this to the unfolding F' of f, we see that in every

neighborhood of f we can find infinitely many function germs not right
equivalent to one another. Therefore f is not simple. O

Corollary 3.7. Let f : (C"1,0) — (C,0) be a simple holomorphic function
germ with an isolated singularity at 0. Then

0% f
>n—1.
rank (&ziazj (0)) >n—1

Proof. Suppose that
2
rank( ) (0)> =k<n-1

8zi8zj
By the generalized Morse lemma (Proposition 3.20) there are coordinates
(21, .., 2n+1) such that in these coordinates f can be written as
flzl oo zng1) =20+ .. + z,? + 9(Zhtt1s s Zntl)s

where g € m3 41- But the 3-jet of g is a homogeneous polynomial of degree 3
in n 4+ 1 — k > 3 variables having an isolated singularity at 0. By Proposi-
tion 3.22, 53(g), hence g also, is not simple. By the following proposition f
is then also not simple. O
Proposition 3.23. Let f; : (CF xC!,0) — (C,0), (x,9) — fi(z,y),i=1,2,
be two function germs of the following form:

filz,y) = 22+, +22 4+ gi1(y) with g € m3,

folz,y) = 224+ ...+ 22+ goly) with gy € m>.



3.9. Finitely determined function germs 163

If f1 and fo are right equivalent, then so too are g1 and go Tight equivalent.

Proof. Let
¢: (CFxCho) — (CkxCo0)
(zy)  — ()
be the germ of a biholomorphic map with
(3.8) hi@y) = fioplz,y) = fola,y).
We consider the partial derivative of fo with respect to the coordinate x; at

a point (0,y). Let go(O y) = (o, ’). Then
8y’

/ l
0= 8f2 Z Y Z )5 (0.9)

Let A(0,y) be the matrix

a0 = (520 y>))i .
i =1,
Since of /
8—:1:;(:6 Y ) = 2%’
and

afl / agl ro
—(ﬂfl,y ) = —(CC Y )a
Oy;- Gy;

we obtain following system of equations

8y/-

—2(0,y)

l
_94 o 891 / /8
(0,y)2" = a,( Y) 5. (0.9), Z -

j=1
The matrix A(0,y) is invertible for y in a neighborhood of 0 in C'. Hence

we can solve the system of equations for 2’ in a neighborhood of (0,0) in
({0} x C"), i.e., write the coordinate 2/ as a function 2} = &(y) of y, where

. g1 g1
&GO[ <8yi7...7ayl/>.

It then follows from equation (3.8) that
920y) = f0y) = ficey) = A&®), - &W),Y)

Thus g; is right equivalent to g — Zle ¢2. The proposition now follows
from the following lemma. ]
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Lemma 3.10. Let g : (C!,0) — (C,0) be a holomorphic function germ with

g €m?. Let
o dg dg
%"_Q<5Z””?E>'

If h € (J,)?, then g + h is right equivalent to g.

Proof. The proof proceeds similarly to that of Theorem 3.1.
We consider, as there,
G(z,t) = g(z) + th(z), te]0,1].
Let to € [0,1], let £ be the ring of holomorphic function germs
(R x €, (19, 0)) — (C,0)
and let n be the corresponding maximal ideal. Let
0G 0G

We need to show that
h € mJg.

Now

mJ, C mJg+tm& < on 6h>

8—21,...,6—2:1
C mJg +nmJ,.

From Nakayama’s lemma (Corollary 2.3) it follows that

mJg CmJg.
Since
h e (Jy)? C mJy,
it follows that h € mJg, as was to be shown. (Il

By Corollary 3.7 the simple function germs f : (C2,0) — (C,0) play
a special role. For this reason we shall classify them first of all in the
next section. The general classification will then follow with the help of
Proposition 3.23.

Proposition 3.24. Let f(z1,22) be a homogeneous polynomial of degree 4
having an isolated singularity at 0. Then the corresponding function germ
f:(C2,0) — (C,0) is not simple.

Proof. The proof proceeds as that of Proposition 3.22, where now we apply
the fact that the vector space of homogeneous polynomials of degree 4 in
the two variable z1, zo has complex dimension

2441
()
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while
dim GL(2,C) = 4.
This proves Proposition 3.24. (I
Immediately from this:

Corollary 3.8. Let f : (C%,0) — (C,0) be a simple holomorphic function
germ with an isolated singularity at 0. Then j3f # 0.

3.10. Classification of simple singularities

Our aim is now, first of all, to classify the simple singularities in C?. We
wish to prove the following proposition:

Proposition 3.25. Let f : (C2,0) — (C,0) be a simple holomorphic func-
tion germ with an isolated singularity at 0 and grad f(0) = 0. Then f is
right equivalent to one of the following simple function germs:

(a) 2Pt + o2 with k> 1 (A),

(b) 2%y + y*~ 1 with k > 4 (Dy),

(c) 2 +y* (Es),

(d) 2® +xy® (Br),

(e) z° +y° (Es).

Our proof of this proposition follows the representation in [BK91] which

in turn rests on the original work [Arn73]. We need three lemmas for the
proof:

Lemma 3.11. Let f(z,y) be a homogeneous polynomial of degree 3. Then
f can be brought by a C-linear transformation into one of the forms

0, z*y+vy*, 2%, %

Proof. We have
f(z,y) = (a12 + bry)(azw + bay)(azx + b3y)
for suitable complex numbers a;, b;, i = 1, 2,3. Now the equation
a;x + by =0

is the equation of a line in C2, which can be regarded as a point of the
complex projective line P;{C. Then Lemma 3.11 follows from the fact that
three distinct points in P;1C can be mapped to three arbitrary other points
by a fractional linear transformation. (I
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Lemma 3.12. The holomorphic function germs
fi : (C0) = (C0), (z,y)— a2
f2 + (C%0) = (C,0), (2,y)— 2y,

are not simple.

Proof. The unfoldings Fy(z,y,t) := 22 + ty* of fi are not right equivalent
to one another for fixed ¢t and k = 1,2,.... This follows from the fact that

y¥ is not right equivalent to y' for k # | (Exercise). Hence f; is not simple.

For f, one considers correspondingly the unfoldings Fy(x,y,t) := x%y +
tyl’C . U

Lemma 3.13. Let f; : (C%,0) — (C,0), (z,y) — 3+ zy* +ty® with t € C.
Then in general f; and fy are not right equivalent for t # t'.

Proof. We write f; in the form

filw,y) = (& = My?) (@ = Xay?) (@ — Aay?),
where A1, A2, A3 are the roots of the equation \> + XA + ¢ = 0. The zero set

Vi = {(z,y) € C?| fy(w,y) = 0}

of f; consists of the three parabolas © = A\y?, i = 1,2,3, with the same
tangents at 0. We show that two systems V; and Vi of three such parabolas
for t # t' cannot in general be mapped into one another by a biholomorphic
map.

Not all three roots of the equation A3 + XA +¢ = 0 can be equal to 0.
Without loss of generality let Ay % 0. We assume in the sequel that all three
roots are pairwise distinct. By using the coordinate transformation

= z— Ay’

y' = )\2 — )\1y,
we can ensure that for Vi,
Vi={("y)|2' =0, o/ =y* o' =0y°}.
Correspondingly we can find coordinates (z”,y") for Vi such that
Vi = {(:L’",y”) |:L'” =0, 2 = y//Q’ 2 = 0'y”2}.

We assume that 8 # 0,1 and ¢ # 0,1. Let t # t'. Then 6 # 6 too.
Suppose V; can be transported to Vy by a biholomorphic map. Then, since
the common tangent 2’ = 0 of the parabolas V; must be transported to the
common tangent z” = 0 of the parabolas V;/, this map must have the form

2 = 2'(an +u(d,y)), wuem,

"= ama’ +axny +v(y), ve m2.
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Since the parabola 2/ = y'*> must be mapped to the parabola 2" = y"?, it
follows that aj; = a3,. But the image of the parabola 2’ = 0y’ 2 is the curve

" = 0y"* + w(y") with w € m3. But this is not a parabola of the form
2" = 0'y"* for any 0 +# 6. O
Proof of Proposition 3.25. We denote the coordinates of C? by (z,y). Let
now f : (C%,0) — (C,0), (x,y) — f(x,y), be simple, and let grad f(0) =
Then j'f = 0. Consider the rank of the Hessian matrix

0% f
= k .
7 :=ran <8zi82j (O)>
Then r» =0, 1 or 2.

(1) If » = 2, then, by the Morse lemma, f is right equivalent to x2 + y?
and we are in case (a) (k =1, Ay).

(2) If r = 1, then, by the generalized Morse lemma (Proposition 3.20),
f is right equivalent to

22 +g(y) with g € m.

We have two cases to distinguish:
(2.1) g = 0: By Lemma 3.12, f would not be simple.

(2.2) g # 0: Then g(y) = ay* ' +h(y)y* ! with a # 0, h € m and k > 2.
The transformation y — y *\/a + h(y) shows that g is right equivalent to
y**1. Hence f is right equivalent to +yk+1, k > 2, and we are in case (a)
(Ak, k>2).
(3) The case r = 0 remains. In this case we examine the 3-jet j°f. By
Lemma 3.11 this is right equivalent to one of the following polynomials:

0, z’y+y° 2%y, 2a°

(3.1) j3f = 0: By Corollary 3.8, f is not simple.

(3.2) 73f = 2%y + 3> Then 2%y + 9 is 3-determined, by Theorem 3.1
(Exercise). Hence f is right equivalent to 2%y + 3> and we are in case (b)
(k =4, Dy).

(3.3) j3f = xzy' Then there are two possibilities:

(3.3.1) f ~ 2%y: By Lemma 3.12, f would not be simple.

(3.3.2) f o 2%y: Then

3 f = 2%y + ay® + 2bxy* ! + 2%g(z,y)  withgem® 2, s>4.
We now put
1 = x+by*
yi = y+g(2,9).
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Then
3°f = 2ty + ayy.
We again distinguish cases.

(3.3.2.1) a =0 for all s > 4: Then f would again be right equivalent to
2%y and so not simple.

(3.3.2.2) a # 0: By Theorem 3.1, 2%y + ay® is s-determined (Exercise)
and thus f is right equivalent to 2%y 4+ y*~1, k > 5. We have then case (b)
(Dg, k >5).

(3.4) j3f = 23: Next we consider the 4-jet j%f of f. It has the form

G = 2% 4+ ay* + bay® + 32%g(z,y) with g € m?.
After the substitution x; := = + g(z,y) one obtains
G = 23 + ay* + byt

We again distinguish cases.
(3.4.1) a # 0: After the substitution

b
= v _—
y1 = Vay + 4(\4/5)3961

j*f becomes
§f =2t +yi + 3xih(z,y).
If we now put 3 := x1 + h(x,y), we obtain
JHf = a3 + i

But now 2 + y* is, by Theorem 3.1, 4-determined (Exercise). Hence f is
right equivalent to 23 + y* and we find ourselves in case (c) (Eg).

(3.4.2) a = 0, b # 0: By the substitution y; := v/by we obtain
§Hf = at + eyt

By Theorem 3.1 the function germ x> + zy? is only 5-determined. Therefore
we consider the 5-jet 5°f of f:

3°f = @t + 2yl + ayf + Briyy + 3atha (w1, 1) with hy € m?.
On substituting =9 := z1 + ay%, we obtain

3°f = a3+ oy} — 3aadyl + B'wayt + 3a3ha(w2,y1), ho € .
The substitution yo := y1 — axs yields

7°f = 23(1 — 20’32 — 3a%ys) + 22y + 8" 2y5 + 323hs(22,Y2),
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where h3 € m3. Finally we put

T3 = 9 {’/1 — 20319 — 302ys9,
1

Y2 .
{’/1 —2a3x9 — 302y

Y3

We then obtain
J°f = @i +asyi + 8
Next we replace x3 by x4 := x3 + ha(zs,y3) and then ys by ys :=

y3v/1 + "y to obtain

" 3y5 4 3x3ha(23,y3) with hy € m3.

3Of = @] + wayy.
Since 23 4 2y is 5-determined, f is right equivalent to x3 + zy>® and we find
ourselves in case (d) (Er).
(3.4.3) a = b = 0: We consider again the 5-jet j°f of f:
5f = 2%+ ay® + Bay* + 32%h(z,y) with h € m3.
The substitution z; := = + h(z,y) yields
3°f =2} + oy’ + prayt.
We again distinguish cases.
(3.4.3.1) a # 0: Putting y; := /ay, one obtains
P =i+l + By
If one now substitutes y2 := y1 + (1/5)3'z1, one obtains
3°f =t +ys + 3zihi(x1,y2)  with by € m.
The substitution xg := 1 + hi(z1, y2) finally yields j°f = 23 + v3. It again
follows from Theorem 3.1 that z3 + 3° is 5-determined. Hence f is right
equivalent to 3 + y° and we are in case (e) (Es).

(3.4.3.2) a = 0: Next we consider the 6-jet jOf of f. With the same
coordinate transformations as in case (3.4.2) we can achieve

O f =2 + 2yt + M\y®,  with A e C.
It follows then from Lemma 3.13 that f is not simple.

It remains to show that the function germs (a) — (e) are simple. To do
this, we consider the universal unfoldings of these function germs, as listed
in the following proposition. Let F : (C? x C¥, (0,0)) — (C,0), (z,y,u)
F(x,y,u), be such an unfolding and p : X — S a suitable representative. If
one works with the function germ F(-,-,u) : (C?, (z,y)) — (C, F(z,y,u)) in
the above proof, one can show that this function germ is right equivalent to
one of the finitely many function germs of type A;, D; or E; with [ < k. We
leave the details to the reader as an exercise. [l
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Proposition 3.26. The following functions represent universal unfoldings

of the holomorphic function germs of type Ay, Dy, Eg, F7 and Eg:
P + y2 — Ug + urx + uzx2 + ...+ uk_lxk_l,
k—1

Ap ¢+ F(z,y,u) =
Dy : F(z,y,u):=z*y+y
Eg : F(z,y,u):
B F(z,y,u):= 2>+ 2y — ug + wiz + ugy + uzy?

—up+uwry+ ...+ uk_gykfz + up_1x,
=g + y4 — Ug + U1 T + Uy + u?)y2 + uqxy + u5:1:y2,

+U4y3 + U5y4 + ugxy,
Eg @ F(z,y,u) =2 +y° — ug + w1z + usy + usy® + usy®
+usry + u6$y2 + U7xy3.

Proof. This follows from Proposition 3.17 and the fact that the monomials
by which the corresponding equations are perturbed form a basis of the
vector space

02/0y (gf gf>

O

From the proof of Proposition 3.25 one can develop an algorithm to
decide whether a given holomorphic function germ is simple, and, if so, to
which of the function germs of Proposition 3.25 (a) — (e) it is right equivalent.
Such an algorithm is presented in [BK91, p. 17].

We finally obtain the general classification of simple holomorphic func-
tion germs that goes back to V. I. Arnold [Arn73|.

Theorem 3.2 (Arnold). Let f : (C"T1,0) — (C,0) be a simple holomorphic
function germ with grad f(0) = 0. Then f is right equivalent to one of the
following simple function germs:

Ap o 2N 22k forn>0, k> 1,

Dy @ ziza+ 25t d4 422 forn>1, k>4,
Es : B34+ +23+.. . +22.,

E; @ B +ma+aa+. .+,

Eg zi’+z§’+z§+...+zi+l.

Proof. Let n > 1. By Corollary 3.7

% f
= >n—1.
k := rank <8ziazj (0)> >n—1

By the generalized Morse lemma f is then right equivalent to

f(z) = Z% +...t 2721—1 + 9(2n, 2n11) with g € m%
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real picture complex picture

Figure 3.10. Xj

From the generalized Morse lemma it follows, besides, that each unfolding
of f is right equivalent to an unfolding of the form

2422 4Gz, 21, )

where G(zy, zn+1,u) represents an unfolding of g. If, now, g is simple, then
f is simple too. If on the other hand, g is not simple, it follows from
Proposition 3.23 that f is also not simple. Thus Theorem 3.2 follows from
Proposition 3.25. U

3.11. Real morsifications of the simple curve singularities

We shall now motivate the notation of the simple singularities in the previous
section. For this purpose we present a short introduction to the topology of
singularities in the context of a singularity of type A;.

We consider the function
f: C? — C
(z1,22) +— z% + Z%.
The unique critical point of this function is the origin (21, z2) = (0,0). This
is also the unique singularity on the hypersurface
Xo = {(21,22) € C* | 22 + 23 = 0}

that consists of two complex lines that intersect at the origin (see Fig-
ure 3.10). The space germ (X, 0) thus has an isolated singularity at 0.
We also called more briefly (Xp,0) an isolated singularity.

We now want to study the topology of the map f.
For A € C, A # 0 we put

X\ ={(21,2) € C? | 22 + 22 = A},

the fiber of f over the value A. Since X contains no singularities, X is
a Riemann surface. It coincides with the Riemann surface of the algebraic

function
2o = /A — 2}
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Xo

AN

| f

Figure 3.11. Fibers of the map f

We recall how one obtains this surface topologically: We take two copies of
the complex zi-plane and paste the edges of the cuts (—\/X, \/X) crosswise
(see Figure 1.8). In this way one sees that X is homeomorphic to a cylinder
S1 x R. The real 4-dimensional preimage space C? thus decomposes as the
singular fiber Xy over 0 and the nonsingular fibers X over A # 0 which are
homeomorphic to cylinders (see Figure 3.11).
We wish to describe the level surface X in terms of coordinates. To do
this, we put
z1 = x1+ iylv
zg = T2+ 1yo.
Let A € R. Then X, is given by
2 2 2 2
2, .2 T T3 YT Y3 = A,
21+ 2= =
tre { x1y1 + way2 = 0.

With the help of the coordinate transformation

U=z, U=, w:i\/y%+y§

(the sign preceding w is determined by the x1,x2,y1,y2), we can combine
both these equations together in the following equation:

w2+ 0% —w? =\

This equation describes a hyperboloid in R? (see Figure 3.12). As A — 0,
its waist shrinks to a point.
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A—0

Y

Figure 3.12. The level surface Xy

We next want to examine how the fiber X varies as A goes once around
the critical value 0. This is the idea of monodromy that will play a central
role in Chapter 5. We therefore consider the path

A(t) =nexp(2mit), 0<t<1, n>0,

in the image plane. It goes once around the origin in the positive direction
(counterclockwise) on the boundary of a circle of radius > 0 in the A-plane
(see Figure 3.13). We look at how the fiber X, varies as we let ¢ go from 0

L
v

Figure 3.13. The path A

to 1. For this we again use the description of the fiber X)) as the Riemann
surface of the function

2o = \/A(t) — 22
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As t increases, the branch points £4/A(t) = £,/n exp(mit) wind round the
point 0 in the positive direction. We thus obtain the sequence of Riemann
surfaces represented in Figure 3.14. At ¢ = 1 the cut has turned itself

= [T (=

t=20 t=1/2 t=1

Figure 3.14. X, fort =0,1/2,1

through 180° and we come back again to the surface X;, = X (q).

We can now construct a family of diffeomorphisms
ht : )(,7 — X)\(t)

with hg = id that is continuous in ¢. We first consider a differentiable bell
function

x:R— R
with
x(t) = 1for0< |7 <27,
x(t) = 0 for 3\/n <|7|

(see Figure 3.15). Then we put

| |
T T T

3T 27 27 30

Figure 3.15. Graph of the bell function x

g: C — C
z1 +—  zexp|mit - x(|z1])]-
Let
ht : X77 — X)\(t)
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be a lifting of g; to the covering

ht
X77 E— X}\(t)

l l

C gt

The map

h:=h: X5 — X,
is called the geometric monodromy of f. The diffeomorphisms h;, and hy
with them, are of course uniquely determined only up to homotopy.

We now want to study the diffeomorphism h more closely. We consider
the circle
6= {(u,v,w) € R®|u? +v? =n, w=0}
in the coordinates (u,v,w) (cf. Figure 3.16). The cycle ¢ shrinks to the
point 0 as n — 0. Following Picard-Lefschetz, § is called a vanishing cycle

(cf. §5.2).

Figure 3.16. Vanishing cycle 0

| <>+
+ > |

On the other hand we consider the curve
6 = {(u,v,w) ER®|u =0, v* —w? =7, v<0}

(cf. Figure 3.17). If instead of X, we consider the corresponding compact
Riemann surface X,, of \/n — 2% over P1(C), then the boundary of the corre-
sponding compactified * consists of the two points over co. For this reason
we speak of a relative cycle. The cycle 6* will be called a “covanishing cy-
cle”’. Tt intersects the cycle § transversally in exactly one point. We orient §*
so that the tangent vectors to §* and ¢ at the point of intersection, taken in
this order, define the orientation of the complex z1-plane. This means that
the intersection number (6%, §) between the cycles 6* and 0 is equal to +1.

We next look at what the diffeomorphisms h; do to the cycles § and
0* (see Figure 3.18). Outside the compact subset of X, determined by
|z1| < 3y/n the map h : X, — X, is the identity. Inside this subset it
is as in Figure 3.18. Transported to the cylinder the action h looks as in
Figure 3.19.
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5*

‘-i [ ==/
Figure 3.17. Covanishing cycle §*

#i% @9&

t=1/2

Figure 3.18. Image of § and §* under h;

E | g
—> 5
5* h(6%)

Figure 3.19. Effect of the monodromy A

5* — h(6*)
Figure 3.20. The cycle 6* — h(0*)

The monodromy A is the identity outside a certain ring, while inside this
ring the individual circles are twisted, through 0 at one end to 27 at the
other end.
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We see in this figure that this cycle is homologous to 9, i.e.,
0" — h(0") ~ 0.

The diffeomorphism h is the identity outside a compact set. The cycle
d* — h(0*) is represented in Figure 3.20. This is the simplest form of the
Picard-Lefschetz formula (cf. §5.3).

Next we consider particular morsifications of the simple holomorphic
function germs f : (C%,0) — (C,0). The representatives described in
Proposition 3.25 have the property that they are real, i.e., the restriction to
R? C C? maps R? to R.

Definition. Let f : (C2,0) — (C,0) be a holomorphic function germ with
f(M NR?) C R for a suitable representative f : M — C. A morsification f
of f is called real if f(M NR?) C R.

Now we consider first of all a simple holomorphic function germ f :
(C2,0) — (C,0) of type Ay, given by f(z,y) = 21 —42. One obtains a real
morsification fy of f as follows: In the case when k is even we put

x 1
f/\(xay) = )\2k+2Tk+1 (ﬁ) — y2 + Q_k)\Qk-l—?.

Here T, (x) = (1/2" 1) cos(n - arccos ) is the n-th Chebyshev polynomial.
When k is odd, we consider
x

T
fala,y) = (W Ty 2 (F) — )N Ty 0 (ﬁ) +y).
The real curve

XR,O = {(xay) € R2 | fA(xay) = 0}
appears as in Figure 3.21 (k even), resp. Figure 3.22 (k odd).

Figure 3.21. The curve Xryo for k =6

Now let n € R, n < 0, with |n| sufficiently small. Then the real level set
Xry = {(z,y) € R?| fi(z,y) = n}
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K > X

Figure 3.22. The curve Xgr for k =7

consists of cycles. As we let n tend to the function value of the minima
of fy, these cycles vanish. We can treat these cycles as vanishing cycles
corresponding to the minima.

Next we consider the situation of a double point of X, that lies between
two minima. In a neighborhood of such a double point we can introduce
real coordinates (Z,7) so that f\ has the form

W&, g) =2 -7
In order to be able to apply our results on the local topology of the function
f(z1,29) = 23 + 22, we consider the complex coordinates
z1 = z1 -+,
zZo = Ta+ Y2
with 1 =  and y2 = y. The vanishing cycles corresponding to the two

neighboring minima are the two branches of the hyperbola

P-7=n & zi-y=n.

In the space y; = 0, with the coordinates (u,v,w), these are the curves
6 = {(u,v,w) €ER¥|v =0, u* —w? =1, u<0},
& = {(u,v,w) €R¥|v =0, u* —w? =n, u>0}.

These curves correspond exactly to the covanishing cycles. We orient the
vanishing cycle ¢ of the double points and the covanishing cycles so that

(6%, 6) = (55,8) = 1.

In this way we obtain a vanishing cycle for each minimum and each
double point. We enumerate the cycles beginning with the cycles for the
minima. Let d1,...,d, be the cycles of the minima and Jp41,...,d; the
cycles of the double points. Then we assign a graph to the system (41, ..., 0x)
of vanishing cycles as follows: The vertices of this graph correspond to the
vanishing cycles. We connect the vertices d; and d; for ¢« < j by an edge if
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and only if (d;,d;) = 1. This graph is called a Cozeter-Dynkin diagram of f
(cf. §5.5).

In our case we obtain the graph represented in Figure 3.23. This is a

- e e 4 (k vertices)

Figure 3.23. The Coxeter-Dynkin diagram of type Ay

Coxeter-Dynkin diagram of type Ag, as known from the theory of Lie groups.

We can also carry out an analogous construction for the simple holo-
morphic function germs f : (C2,0) — (C,0) of type Dy. Let f be given
by

fla,y) =2y -y = y(a® =y 7).
Then we consider the real morsification

Al y) = (y — 22 fal(z,y),

where f) is the above real morsification determined through the given sin-
gularity of type Ag_3. For the remaining three types Fg, E7 and Eg it is
not so simple to describe real morsifications whose only critical points are
minima and saddle points. But it is possible to do so in these cases too. In

(k vertices) Ay

> e (k vertices) Dy (k> 4)
| "

l E

Figure 3.24. Coxeter-Dynkin diagrams of simple curve singularities

fact the simple holomorphic function germs f : (C2,0) — (C,0) are the only
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holomorphic function germs for which there are real morsifications with only
one or two critical values (cf. [Dur79, Characterization B6]).

In all one obtains the list of Coxeter-Dynkin diagrams presented in Fig-
ure 3.24. These diagrams are also known in the theory of Lie groups and
take their name from there.

A definition and a thorough discussion of the concepts of monodromy,
vanishing cycles and Coxeter-Dynkin diagrams for general isolated singular-
ities of holomorphic functions form the subject matter of Chapter 5.



