
Chapter 1

Fundamental Facts

We stated in the preface that these notes should be accessible to anyone
with a “first course” in operator algebras under their belt. An excellent first
course would consist of the material contained in [127], for example, and
we assume familiarity with that book. However, we’ll need numerous other
facts that may or may not have made it into your first course; the purpose
of this chapter is to summarize the requisite results.

It goes without saying that advanced students and seasoned researchers
should skip this chapter, referring back if necessary. Indeed, the only things
required before starting Chapter 2 are basic properties of completely positive
maps and Arveson’s Extension Theorem (Sections 1.5 and 1.6). We advise
the novice to nail down this material and then to jump ahead to Chapter 2
– mathematics books need not be read linearly.1

1.1. Notation

We use H, K and L to denote generic complex Hilbert spaces. The n-
dimensional Hilbert space is usually denoted �2

n, while �2 is the separable,
infinite-dimensional Hilbert space. Here B(H) is the algebra of bounded
linear operators on H, K(H) denotes the compacts and Q(H) = B(H)/K(H)
is the Calkin algebra. (An abstract copy of the compacts will be denoted by
K.) Also, Tr is the canonical (typically unbounded, densely defined) trace
on B(H). We let S1 (resp. S2) denote the trace class (resp. Hilbert-Schmidt)
operators, with canonical norm ‖T‖1 = Tr(|T |) (resp. ‖T‖2 =

√
Tr(|T |2)).

1If you feel obliged to go carefully through this chapter, be advised that tensor products are
required in a few places. Thus, first reading the beginning of Chapter 3 might be necessary. How’s
that for nonlinear?
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2 1. Fundamental Facts

Here Mn(C) is the n × n complex matrices and tr is its unique tracial
state. A collection of n×n matrices {ei,j}1≤i,j≤n is called a system of matrix
units if ei,jes,t = δj,sei,t. It is often convenient to index our matrices over a
finite set F , in which case we write MF (C) (= B(�2(F ))) and let {ep,q}p,q∈F

denote the canonical matrix units.
We reserve A, B, C and D for C∗-algebras while M and N will typically

denote von Neumann algebras. We let Asa be the self-adjoint elements, A1

the closed unit ball and A+ the positive elements in A. The symbols E and
F will denote operator systems (or operator spaces). We usually use I and
J for ideals in C∗-algebras (e.g. I � A), though they are occasionally index
sets too. All ideals are assumed closed and two-sided.

The set of states on A – positive linear functionals of norm one – will be
denoted S(A). If ϕ ∈ S(A), we let L2(A, ϕ) be the GNS (Gelfand-Naimark-
Segal) Hilbert space and πϕ : A → B(L2(A, ϕ)) be the GNS representation.
For an element a ∈ A, we let â ∈ L2(A, ϕ) denote its natural image.

1.2. C∗-algebras

Quasicentral approximate units. Quasicentral approximate units are an
indispensable tool. See [53, Theorem I.9.16] for a proof of the following fact.

Theorem 1.2.1. Let I � A be an ideal. Then I has an approximate unit
{ei} ⊂ I such that ‖eia − aei‖ → 0, as i → ∞, for all a ∈ A. In fact,
if {fk} ⊂ I is any approximate unit for I, then a quasicentral approximate
unit can always be extracted from its convex hull.

We don’t need it too many times, but it is worth mentioning that qua-
sicentral approximate units allow a particular type of approximate decom-
position.

Proposition 1.2.2. Let A be unital and {ei} ⊂ I � A be a quasicentral
approximate unit. For every pair a, b ∈ A such that a− b ∈ I we have

‖a−
(

(1− ei)
1
2 b(1− ei)

1
2 + e

1
2
i ae

1
2
i

)
‖ → 0.

Proof. First notice that for every x ∈ A and polynomial p we have ‖p(ei)x−
xp(ei)‖ → 0 (by some standard estimates). Since continuous functions can

be approximated by polynomials, it follows that ‖e
1
2
i x − xe

1
2
i ‖ → 0 and

‖(1− ei)
1
2 x− x(1− ei)

1
2 ‖ → 0.

Next, observe that
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1
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1
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1
2 (a− b)(1− ei)

1
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since limi ‖(1 − ei)x‖ is equal to the norm of x + I ∈ A/I. Putting these
observations together, we obtain asymptotic approximations

(1−ei)
1
2 b(1−ei)

1
2 +e

1
2
i ae

1
2
i ≈ (1−ei)

1
2 a(1−ei)

1
2 +e

1
2
i ae

1
2
i ≈ a(1−ei)+aei = a

and the proof is complete. �

Uniqueness of GNS representations. Hopefully you already know the
uniqueness statement for GNS representations, but here is a technical vari-
ation (with exactly the same proof).

Proposition 1.2.3. Let ϕ ∈ S(A) be a state on A, A0 ⊂ A be a norm dense
∗-subalgebra and ρ : A0 → B(H) be a ∗-homomorphism with the property
that there exists a unit vector v ∈ H such that A0v is dense in H and
ϕ(x) = 〈ρ(x)v, v〉 for all x ∈ A0. Then ρ extends to a representation of A
(which is unitarily equivalent to πϕ).

Proof. One defines a linear map U : Â0 → A0v by declaring Uâ = ρ(a)v.
Check that this is well-defined and isometric from a dense subspace of
L2(A, ϕ) to a dense subspace of H; thus it extends uniquely to a unitary.
The extension of ρ is obtained by conjugating πϕ by this unitary. �

1.3. Von Neumann algebras

Though these notes are primarily concerned with C∗-algebras, we will need
von Neumann algebras from time to time. The C∗-purists should be fore-
warned that we intend to delve into W∗-theory whenever possible (even
when it isn’t absolutely necessary).

Structure of von Neumann algebras. The basic decomposition theory
of von Neumann algebras will be important. We won’t give any proper
definitions, but thanks to well-known theorems our approach is legal (i.e.,
our definitions are equivalent to the “real” definitions; see [183, Definition
V.1.17]).

We let
∏

j Bj denote the �∞-direct sum of C∗-algebras {Bj}j∈J , i.e., the
set of tuples (bj)j∈J such that bj ∈ Bj and supj ‖bj‖ < ∞.

Definition 1.3.1. The von Neumann algebra M is type I if it is isomorphic
to ∏

j∈J

Aj ⊗̄ B(Hj)

for some set J of cardinal numbers, where each Aj is an abelian von Neu-
mann algebra and Hj is a Hilbert space of dimension j.2

2If you haven’t seen it, the definition of von Neumann tensor products is given in Remark
3.3.5.
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Definition 1.3.2. The von Neumann algebra M is type II1 if it has no
summand of type I and there exists a separating family of normal tracial
states (i.e., for every 0 < x ∈ M there exists a normal tracial state τ on M
such that τ(x) > 0).

Roughly speaking, the next type is just an increasing union of II1 corners.

Definition 1.3.3. The von Neumann algebra M is type II∞ if M has no
summand of type I or II1 but there exists an increasing net of projections
{pi}i∈I ⊂ M , converging strongly to 1M , such that piMpi is of type II1 for
every i ∈ I.

Finally, a von Neumann algebra is said to be of type III if it has no
summand of any of the types defined above. The following decomposition
theorem is fundamental ([183, Theorem V.1.19]).

Theorem 1.3.4. Every von Neumann algebra M has a unique decomposi-
tion

M ∼= MI ⊕MII1 ⊕MII∞ ⊕MIII

as a direct sum of algebras of type I, II1, II∞ and III (some of these sum-
mands may be 0).

Preduals and Sakai’s Theorem. Recall that B(H) is canonically isomor-
phic to the dual Banach space of the trace class operators S1 ⊂ B(H). Hence
every von Neumann algebra M ⊂ B(H) is also a dual Banach space (namely,
the dual of the quotient of S1 by the pre-annihilator of M). A fundamen-
tal result of Sakai (see [183, Corollary III.3.9]) implies that the induced
weak-∗ topology is canonical, i.e., independent of the normal representation
M ⊂ B(H). (Recall that a map ϕ : M → N of von Neumann algebras is
normal if ϕ(supxi) = supϕ(xi) for all norm bounded, monotone increasing
nets of self-adjoint elements {xi} ⊂Msa.)

Theorem 1.3.5. For a von Neumann algebra M , let M∗ be the Banach
space of normal linear functionals on M . Then M is (isometrically) isomor-
phic to the dual of M∗. Moreover, M∗ is the unique predual in the sense that
if X is a Banach space with the property that M is isometrically isomorphic
to X∗, then X is isometrically isomorphic to M∗.

Definition 1.3.6. The canonical weak-∗ topology on M (coming from M∗)
is called the ultraweak topology.

Point-ultraweak limits. Let M be a von Neumann algebra and M∗ be
its predual. For a Banach space X, let B(X, M) be the bounded linear
maps from X to M . It turns out that B(X, M) also has a predual. Let
B(X, M)∗ ⊂ B(X, M)∗ be the closed linear span of the linear functionals
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x⊗ ξ ∈ B(X, M)∗, where x ∈ X, ξ ∈ M∗ and x⊗ ξ is defined by x⊗ ξ(T ) =
ξ(T (x)). Then B(X, M) is isometrically isomorphic to the dual of B(X, M)∗,
whence it receives a weak-∗ topology. On bounded sets, this topology agrees
with the point-ultraweak (aka point-σ-weak) topology. That is, for a bounded
net convergence works as follows:

Tλ → T ⇐⇒ ξ(Tλ(x))→ ξ(T (x)), ∀x ∈ X, ∀ξ ∈ M∗.

Thus the unit ball of B(X, M) is compact, by Alaoglu’s Theorem, in the
point-ultraweak topology. Hence we obtain the following theorem (cf. The-
orem A.8).

Theorem 1.3.7. Let X be a Banach space, M be a von Neumann algebra
and Tλ : X → M be a bounded net of linear maps. Then {Tλ}λ∈Λ has a
cluster point in the point-ultraweak topology.

Representation theory. In contrast to the C∗-case, representation theory
of von Neumann algebras is almost trivial: one can cut by a projection in the
commutant and that’s about it. Of course, the precise statement is slightly
more complicated (see [183, Theorem IV.5.5]).

Theorem 1.3.8. Let M ⊂ B(H) be a von Neumann algebra and π : M →
B(K) be a normal representation. There exist a Hilbert space K̃ and a pro-
jection Pπ ∈ B(H ⊗ K̃) such that Pπ commutes with M ⊗ 1 ⊂ B(H ⊗ K̃)
and π is unitarily equivalent to the representation M → PπB(H ⊗ K̃)Pπ,
m �→ Pπ(m⊗ 1).

1.4. Double duals

The Banach space double dual of a C∗-algebra A is a wild beast; it should
be approached with humility, even trepidity. Whatever it takes, though,
one must become acquainted with A∗∗ as it’s an extremely useful universe
in which to work. See [183, Section III.2] for more.

The enveloping von Neumann algebra. Recall that the universal rep-
resentation of a C∗-algebra A is

πu =
⊕

ϕ∈S(A)

πϕ : A → B

( ⊕
ϕ∈S(A)

L2(A, ϕ)
)

= B(Hu).

By definition, the enveloping von Neumann algebra of A is the double com-
mutant πu(A)′′. Thanks to the next result, we need not distinguish between
the double dual and the enveloping von Neumann algebra; we’ll use A∗∗ to
denote either throughout this book.
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Theorem 1.4.1. The enveloping von Neumann algebra of A is isometrically
isomorphic to the double dual A∗∗. Hence the ultraweak topology on πu(A)′′

(= A∗∗) restricts to the weak topology on A (by Sakai’s Theorem).

Here is an often used consequence: If ai, a ∈ A and ai → a in the
ultraweak topology, then a belongs to the norm closure of the convex hull
of the ai’s (thanks to the Hahn-Banach Theorem).

Central covers. Since every representation can be decomposed as a di-
rect sum of cyclic representations (i.e., GNS representations), it is easily
seen that A∗∗ enjoys the following universal property: for each nondegen-
erate representation π : A → B(H) there exists a unique normal extension
π̃ : A∗∗ → B(H) such that π̃|A = π and π̃(A∗∗) = π(A)′′. The kernel of π̃ is
weakly closed (by normality); hence it’s a von Neumann algebra. As such,
it has a unit eπ which is a central projection in A∗∗.

Definition 1.4.2. Let π : A → B(H) be a nondegenerate representation.
The central cover of π, denoted c(π), is defined to be e⊥π = 1A∗∗ − eπ.

The following isomorphisms are immediate from the definition:

c(π)A∗∗ = c(π)A∗∗c(π) ∼= π̃(A∗∗) = π(A)′′.

We only need them on a few occasions, but here are some necessary
facts.

Proposition 1.4.3. If π1 and π2 are irreducible representations, then the
following are equivalent:

(1) c(π1)c(π2) �= 0;
(2) c(π1) = c(π2);
(3) π1 and π2 are unitarily equivalent.

Proposition 1.4.4. For two representations π : A → B(H) and ρ : A →
B(K), the following are equivalent:

(1) c(π)c(ρ) = 0;
(2) (π ⊕ ρ)(A)′′ = π(A)′′ ⊕ ρ(A)′′.

Two representations π : A → B(H) and ρ : A → B(K) are said to be
quasi-equivalent if there exists an isomorphism θ : π(A)′′ → ρ(A)′′ such that
θ(π(a)) = ρ(a) for all a ∈ A. Of course, unitarily equivalent representations
are quasi-equivalent in this sense, but the converse is false. (Any representa-
tion of π(A)′′ which is not unitarily equivalent to the original – for example,
one could modify the commutant – will yield a quasi-equivalent represen-
tation of A which is not unitarily equivalent to π.) Here are two simple
facts.
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Proposition 1.4.5. The representations π and ρ are quasi-equivalent if
and only if c(π) = c(ρ). Since every central projection in A∗∗ defines a
representation of A, there is a one-to-one correspondence between central
projections p ∈ Z(A∗∗) and quasi-equivalence classes of representations.

Proposition 1.4.6. The representation π is quasi-equivalent to a subrepre-
sentation of ρ if and only if c(π) ≤ c(ρ).

Lusin’s Theorem, excision and Glimm’s Lemma. The (difficult) proof
of the following noncommutative extension of Lusin’s Theorem can be found
in [183] (II.4.15) or [142] (2.7.3).

Theorem 1.4.7 (Lusin’s Theorem). Let A ⊂ B(H) be a nondegenerate
C∗-algebra with A′′ = M . For every finite set of vectors F ⊂ H, ε > 0,
projection p0 ∈ M and self-adjoint y ∈ M , there exist a self-adjoint x ∈ A
and a projection p ∈ M such that p ≤ p0, ‖p(h)− p0(h)‖ < ε for all h ∈ F,
‖x‖ ≤ min{2‖yp0‖, ‖y‖}+ ε and xp = yp.

We will need a slight sharpening of Kadison’s Transitivity Theorem.

Corollary 1.4.8 (Strong transitivity). Let A∗∗ ⊂ B(Hu) be the universal
representation and π : A → B(H) be an irreducible representation with nor-
mal extension π̃ to A∗∗. For each self-adjoint a ∈ A∗∗ and finite-rank projec-
tion Q ∈ B(H), we can find a self-adjoint net (ci)i∈I ⊂ A such that ci → a
in the strong operator topology, ‖ci‖ ≤ ‖a‖+ 1 and π̃(a)Q = π(ci)Q, for all
i ∈ I. If 0 ≤ a ≤ Q (in the decomposition A∗∗ = B(H) ⊕ (1 − c(π))A∗∗),
then the ci’s can be taken positive.

Proof. Let F ⊂ HU be any finite set of vectors and Q̃ ∈ B(H) be any finite-
rank projection dominating Q. Applying Lusin’s Theorem to a, Q̃⊕(1−c(π))
and any ε > 0, we can find c ∈ A and a projection P ∈ A∗∗ such that

(1) P ≤ Q̃⊕ (1− c(π));

(2) ‖P (v)− Q̃⊕ (1− c(π))(v)‖ < ε, for all v ∈ F;
(3) aP = cP ;
(4) ‖c‖ ≤ ‖a‖+ 1.

Writing P = c(π)P⊕(1−c(π))P , we claim that it is no loss of generality
to assume Q ≤ c(π)P = Q̃; it is easily seen that this implies the lemma.
The fact that P ≤ Q̃ ⊕ (1 − c(π)) implies c(π)P ≤ Q̃. On the other hand,
F can be any finite set of vectors – hence we could throw in a basis for the
range of Q̃. But then for small ε we would have ‖c(π)P − Q̃‖ < 1, which
implies c(π)P = Q̃ as desired.

Now, suppose that 0 ≤ a ≤ Q. Applying the first part of the proof to
a1/2, we find a self-adjoint net (bi) such that bi → a1/2, ‖bi‖ ≤ (‖a‖+ 1)1/2
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and π̃(a1/2)Q = π(bi)Q, for all i ∈ I. Since a and Q commute, one has

π(b2
i )Q = π(bi)

(
π̃(a1/2)Q

)
=
(
π(bi)Q

)
π̃(a1/2) = π̃(a)Q.

Hence ci = b2
i satisfy the required conditions. �

Lemma 1.4.9. Let A be a C∗-algebra, ϕ be a pure state and L = {a ∈ A :
ϕ(a∗a) = 0} be the associated left ideal. Then we have kerϕ = L + L∗.

Proof. Let x ∈ kerϕ be nonzero. Let (π,H, ξ) be the GNS triplet and K
be the 2-dimensional subspace spanned by ξ and π(x)ξ. Since ξ ⊥ π(x)ξ,
Kadison’s Transitivity Theorem provides us with a positive element b ∈ A
such that π(b)ξ = ξ and π(b)(π(x)ξ) = 0. It follows that bx ∈ L and
(1− b)x ∈ L∗. �

Here is half of the Akemann-Anderson-Pedersen Excision Theorem (see
[1] for the other half).

Theorem 1.4.10 (Excision). Let A be a C∗-algebra and ϕ be a pure state.
There exists a net (ei) ⊂ A such that 0 ≤ ei ≤ 1, ϕ(ei) = 1 and limi ‖eiaei−
ϕ(a)e2

i ‖ = 0 for every a ∈ A.

Proof. We first assume that A is unital. Let L be the left ideal associated
to ϕ and (ci) be a right approximate unit for L (i.e., (ci) is an approximate
unit for the hereditary subalgebra L ∩ L∗ and for every a ∈ L we have
‖a − aci‖ → 0). Let ei = 1− ci. Since a − ϕ(a) ∈ kerϕ = L + L∗, we have
lim ‖ei(a− ϕ(a))ei‖ = 0 and ϕ(ei) = 1.

Now suppose that A is nonunital and take ei as above for Ã. Let (bj) be a
quasicentral approximate unit for A such that ϕ(bj) = 1. (Existence follows
from Kadison’s Transitivity Theorem.) Then, bjeibj does the job. �

Here is a nonstandard proof of a fundamental fact.

Lemma 1.4.11 (Glimm’s Lemma). Let A ⊂ B(H) be a separable C∗-algebra
containing no nonzero compact operators on H. If ϕ is a state on A, then
there exist orthonormal vectors (ξn) such that ωξn(a) → ϕ(a) for all a ∈ A,
where ωξn(T ) = 〈Tξn, ξn〉.

Proof. 3 Let F ⊂ A be a finite subset of norm-one elements, ε > 0, K0 ⊂ H
be finite dimensional and PK0 be the orthogonal projection onto K0. It
suffices to show the existence of a unit vector ξ ∈ K⊥

0 such that |ωξ(a) −
ϕ(a)| < 6ε for all a ∈ F. By the Krein-Milman Theorem, there exists a
convex combination ψ =

∑n
k=1 λkψk of pure states ψk such that ϕ ≈F,ε ψ.

By excision, for each k, there exists a norm-one positive element ek ∈ A

3We thank Akitaka Kishimoto for showing us this short proof.
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such that ‖ek(a − ψk(a))ek‖ < ε for every a ∈ F. Let P⊥
K0

= 1 − PK0 and
notice that P⊥

K0
e1P

⊥
K0
− e1 is a compact operator; hence ‖P⊥

K0
e1P

⊥
K0
‖ = 1.

Let ζ1 ∈ K⊥
0 be a unit vector such that ‖e1ζ1 − ζ1‖ < ε. Now, let K1 be

the finite-dimensional subspace spanned by K0 and {aζ1}a∈F ∪ {a∗ζ1}a∈F.
Reasoning as above, there exists a unit vector ζ2 ∈ K⊥

1 such that ‖e2ζ2 −
ζ2‖ < ε. Repeating this n times, we get vectors ζ1, . . . , ζn and set ξ =∑

λ
1/2
k ζk. Then, for every a ∈ F, we have

ωξ(a) =
∑

λkωζk
(a)

≈2ε

∑
λkωekζk

(a)

≈ε

∑
λkψk(a)‖ekζk‖2

≈2ε ψ(a) ≈ε ϕ(a).

�

1.5. Completely positive maps

Completely positive maps (and their cousins, completely bounded maps) are
the heart and soul of C∗-approximation theory. For a positively complete
treatment of these morphisms see [141].

Definitions, examples and Stinespring’s Theorem.

Definition 1.5.1. An operator system E is a closed self-adjoint subspace
of a unital C∗-algebra A such that 1A ∈ E. The n × n matrices over E,
Mn(E), inherit an order structure from Mn(A): an element in Mn(E) is
positive if and only if it is positive in Mn(A). Note that the existence of a
unit guarantees that E is spanned by positive elements.

A map ϕ from an operator system E to a (not necessarily unital) C∗-
algebra B is said to be completely positive if ϕn : Mn(E) → Mn(B), defined
by

ϕn([ai,j]) = [ϕ(ai,j)],
is positive (i.e., maps positive matrices to positive matrices) for every n. We
denote by CP(E, B) the set of completely positive maps from an operator
system E into B.

Following well-established precedent, we use c.p. to abbreviate “com-
pletely positive,” u.c.p. for “unital completely positive” and c.c.p. for “con-
tractive completely positive.”

Example 1.5.2. A ∗-homomorphism π between C∗-algebras is c.p. since the
inflations πn are also ∗-homomorphisms (hence preserve positivity). More
generally, a map ϕ of the form ϕ(a) = V ∗π(a)V for some ∗-homomorphism
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π and an operator V is c.p. (One should verify this. Don’t forget that
a ≥ 0 ⇔ a = x∗x.) A positive linear functional f on an operator system E
is c.p. Indeed, for ξ = (ξ1, . . . , ξn) ∈ �2

n and a = [ai,j] ≥ 0 in Mn(E) we have

〈fn(a)ξ, ξ〉 = f(
n∑

i,j=1

ξ̄iξjai,j) = f(
[
ξ̄1 · · · ξ̄n

] ⎡⎢⎣a11 · · · a1n
...

. . .
...

an1 · · · ann

⎤⎥⎦
⎡⎢⎣ξ1

...
ξn

⎤⎥⎦) ≥ 0.

The transpose map on Mn(C) is positive but not c.p., since its norm increases
after inflation (cf. Theorem 1.5.3 and Proposition 3.5.1).

Directly generalizing the GNS construction, we have Stinespring’s Dila-
tion Theorem for c.p. maps. The details of the proof can be found in many
places; however, we need the explicit construction and hence we reproduce
the main ingredients.

Theorem 1.5.3 (Stinespring). Let A be a unital C∗-algebra and ϕ : A →
B(H) be a c.p. map. Then, there exist a Hilbert space Ĥ, a ∗-representation
π : A → B(Ĥ) and an operator V : H → Ĥ such that

ϕ(a) = V ∗π(a)V

for every a ∈ A. In particular, ‖ϕ‖ = ‖V ∗V ‖ = ‖ϕ(1)‖ (which, applied to
ϕn, implies ‖ϕn‖ = ‖ϕ(1)‖ as well).

Proof. Define a sesquilinear form 〈 · , · 〉 on A � H (this is the algebraic
tensor product – see Chapter 3) by

〈
∑

j

bj ⊗ ηj ,
∑

i

ai ⊗ ξi〉 =
∑
i,j

〈ϕ(a∗i bj)ηj , ξi〉H.

This form turns out to be positive semidefinite and so one mods out by
the zero subspace and completes to get a Hilbert space Ĥ (just as in the
usual GNS construction). We denote by (

∑
i ai ⊗ ξi)∧ the element in Ĥ

corresponding to
∑

i ai ⊗ ξi ∈ A � H. Let V : H → Ĥ be the contraction
defined by

V (ξ) = (1A ⊗ ξ)∧.

For a ∈ A, we define a linear operator π(a) on (A�H)∧ ⊂ Ĥ by

π(a)
(

(
∑

i

bi ⊗ ξi)∧
)

= (
∑

i

abi ⊗ ξi)∧.

As expected, π is a ∗-representation such that ϕ(a) = V ∗π(a)V for every
a ∈ A. �

Remark 1.5.4 (Nonunital Stinespring). Stinespring’s Dilation Theorem
holds for non-unital C∗-algebras too. This follows from Proposition 2.2.1 in
the next chapter, for example.
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Remarks 1.5.5. We call the triplet (π, Ĥ, V ) in Theorem 1.5.3 a Stinespring
dilation of ϕ. When ϕ is unital, V ∗V = ϕ(1) = 1 and hence V is an
isometry in this case. The projection V V ∗ ∈ B(Ĥ) is called the Stinespring
projection. In general there could be many different Stinespring dilations,
but we may always assume that a dilation (π, Ĥ, V ) is minimal in the sense
that π(A)VH is dense in Ĥ (which holds for the construction used in the
proof above). Under this minimality condition, a Stinespring dilation is
unique up to unitary equivalence.

When we come to c.p. maps and maximal tensor products, the following
result will be crucial (see Theorem 3.5.3): If (π, Ĥ, V ) is a minimal Stine-
spring dilation of ϕ : A → B(H), then the commutant ϕ(A)′ ⊂ B(H) also
lifts to B(Ĥ).

Proposition 1.5.6. Let (π, Ĥ, V ) be the minimal Stinespring dilation of a
c.c.p. map ϕ : A→ B(H). Then, there exists a ∗-homomorphism

ρ : ϕ(A)′ → π(A)′ ⊂ B(Ĥ)

such that
ϕ(a)x = V ∗π(a)ρ(x)V

for every a ∈ A and x ∈ ϕ(A)′.

Proof. For x ∈ ϕ(A)′, we define a linear operator ρ(x) on the span of
π(A)VH by

ρ(x)
(∑

i

π(ai)V ξi

)
=
∑

i

π(ai)V xξi.

Once we prove that ρ(x) is well-defined and bounded for every x ∈ ϕ(A)′, it
is not too hard to check that ρ gives rise to a ∗-representation of ϕ(A)′ on
Ĥ such that ρ(ϕ(A)′) ⊂ π(A)′ and ϕ(a)x = V ∗π(a)ρ(x)V for every a ∈ A
and x ∈ ϕ(A)′.

So, let x ∈ ϕ(A)′ and
∑

i π(ai)V ξi ∈ π(A)VH be given. If we set
ξ = [ξ1, . . . , ξn]T ∈ Hn and let diag(x) denote the n × n matrix with x’s
down the diagonal and zeroes elsewhere, then we have

‖ρ(x)
∑

i

π(ai)V ξi‖2
bH =

∑
i,j

〈x∗ϕ(a∗i aj)xξj, ξi〉H

= 〈diag(x)∗ϕn([a∗i aj ]) diag(x)ξ, ξ〉Hn

≤ ‖x‖2〈ϕn([a∗i aj ])ξ, ξ〉Hn

= ‖x‖2‖
∑

i

π(ai)V ξi‖2
bH,

where we use the fact that diag(x) and ϕn([a∗i aj ]) ∈ Mn(ϕ(A)) commute in
the third line above. Therefore, we have ‖ρ(x)‖ ≤ ‖x‖ as desired. �
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Multiplicative domains.

Proposition 1.5.7. Let A and B be C∗-algebras and ϕ : A → B be a c.c.p.
map.

(1) (Schwarz Inequality) The inequality ϕ(a)∗ϕ(a) ≤ ϕ(a∗a) holds for
every a ∈ A.

(2) (Bimodule Property) Given a ∈ A, if ϕ(a∗a) = ϕ(a)∗ϕ(a) and
ϕ(aa∗) = ϕ(a)ϕ(a)∗, then ϕ(ba) = ϕ(b)ϕ(a) and ϕ(ab) = ϕ(a)ϕ(b)
for every b ∈ A.

(3) The subspace

Aϕ = {a ∈ A : ϕ(a∗a) = ϕ(a)∗ϕ(a) and ϕ(aa∗) = ϕ(a)ϕ(a)∗}
is a C∗-subalgebra of A.

Proof. Let B ⊂ B(H) be a faithful ∗-representation and (π, Ĥ, V ) be a
Stinespring dilation of ϕ : A → B ⊂ B(H). Then, for every a ∈ A, we have

ϕ(a∗a)− ϕ(a)∗ϕ(a) = V ∗π(a)∗(1
bH − V V ∗)π(a)V ≥ 0

since V is a contraction. This proves (1). Moreover, ϕ(a∗a)−ϕ(a)∗ϕ(a) = 0
is equivalent to (1

bH − V V ∗)1/2π(a)V = 0, which in turn implies

ϕ(ba)− ϕ(b)ϕ(a) = V ∗π(b)(1
bH − V V ∗)π(a)V = 0

for every b ∈ A. By symmetry, this proves (2). Assertion (3) follows from
(2). �

Definition 1.5.8. Let ϕ : A → B be a c.c.p. map. The C∗-subalgebra Aϕ

in Proposition 1.5.7 is called the multiplicative domain of ϕ.

Evidently Aϕ is the largest subalgebra of A on which ϕ restricts to a
∗-homomorphism. Note also that if ‖a‖ ≤ 1 and ϕ(a) is a unitary element,
then a is in the multiplicative domain of ϕ (by the Schwarz inequality).

Conditional expectations. Conditional expectations are important ex-
amples of c.c.p. maps. Here’s the definition:

Definition 1.5.9. Let B ⊂ A be C∗-algebras. A projection from A onto B
is a linear map E : A → B such that E(b) = b for every b ∈ B. A conditional
expectation from A onto B is a c.c.p. projection E from A onto B such that
E(bxb′) = bE(x)b′ for every x ∈ A and b, b′ ∈ B (i.e., E is a B-bimodule
map).

Theorem 1.5.10 (Tomiyama). Let B ⊂ A be C∗-algebras and E be a pro-
jection from A onto B. Then, the following are equivalent:

(1) E is a conditional expectation;
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(2) E is c.c.p.;
(3) E is contractive.

Proof. We only have to prove that the last condition implies the first, so
assume E is contractive. Passing to double duals, we may assume that A
and B are von Neumann algebras. We first prove that E is a B-bimodule
map. Since von Neumann algebras are the (norm) closed linear span of their
projections, it suffices to check the module property on projections. Let
p ∈ B be a projection and let p⊥ = 1A − p. Since pE(p⊥x) = E(pE(p⊥x))
for every x ∈ A, we have that for any t ∈ R,

(1 + t)2‖pE(p⊥x)‖2 = ‖pE(p⊥x + tpE(p⊥x))‖2

≤ ‖p⊥x + tpE(p⊥x)‖2

≤ ‖p⊥x‖2 + t2‖pE(p⊥x)‖2.

It follows that ‖pE(p⊥x)‖2 + 2t‖pE(p⊥x)‖2 ≤ ‖p⊥x‖2 for all t ∈ R; hence,
pE(p⊥x) = 0. In particular, E(1⊥Bx) = 1BE(1⊥Bx) = 0. The same reasoning
shows (1B − p)E(px) = 0. It follows that

E(px) = pE(px) = pE(x− p⊥x) = pE(x)

for every projection p ∈ B and x ∈ A. Switching to the other side, one
shows E(xp) = E(x)p as well – hence E is a B-bimodule map.

Since E is unital – indeed, bE(1A) = E(b) = b for any b ∈ B – and
contractive, E is necessarily positive (this follows from the corresponding
fact for functionals). To prove that E is c.p., let a positive element [xi,j ] ∈
Mn(A) be given. Let π : B → B(H) be any ∗-representation with a cyclic
vector ξ. Then, for any b1, . . . , bn ∈ B, we have∑

i,j

〈π(E(xi,j))π(bj)ξ, π(bi)ξ〉 = 〈π(E(
∑
i,j

b∗i xi,jbj))ξ, ξ〉 ≥ 0

since
∑

i,j b∗i xi,jbj ≥ 0 in A. It follows that [π(E(xi,j))]i,j ≥ 0 in Mn(π(B)).
Since π is an arbitrary cyclic representation, we conclude [E(xi,j)]i,j ≥ 0 in
Mn(B). �

The following basic fact is extremely useful.

Lemma 1.5.11. Let M be a von Neumann algebra with a faithful normal
tracial state τ and let 1M ∈ N ⊂ M be a von Neumann subalgebra. Then,
there exists a unique trace-preserving, normal conditional expectation E from
M onto N .

Proof. The restriction of τ to N will also be denoted by τ . Let a, y ∈ M
be arbitrary and a = u|a| be the polar decomposition of a. We claim that

|τ(ya)| = |τ(yu|a|)| ≤ τ(yu|a|u∗y∗)1/2τ(|a|)1/2 ≤ ‖y‖τ(|a|).
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Indeed, the first inequality is due to Cauchy-Schwarz, while the second fol-
lows from the general fact that τ(x|a|x∗) = τ(|a|1/2x∗x|a|1/2) ≤ ‖x∗x‖τ(|a|),
for any x ∈ M .

For each a ∈ N , define τa ∈ N∗ by τa(y) = τ(ya). The inequality above
implies that ‖τa‖ = τ(|a|). Also note that {τa : a ∈ N} is a norm-dense
linear subspace in N∗. (If it were not dense, we could find 0 �= n ∈ N such
that τa(n) = 0 for all a ∈ N , which is impossible since τ is faithful.)

Now we construct the map E : M → N : For each x ∈ M , define E(x) ∈
N = (N∗)∗ to be the unique linear functional such that E(x)(τa) = τ(xa),
for all a ∈ N . (Recall that |τ(xa)| ≤ ‖x‖τ(|a|) = ‖x‖‖τa‖; hence ‖E(x)‖ ≤
‖x‖.) Note that

τ(E(x)a) = τa(E(x)) = E(x)(τa) = τ(xa),

for all a ∈ N . A routine exercise shows that E is a trace-preserving nor-
mal projection from M onto N ; since E is also contractive, it must be a
conditional expectation.

To prove uniqueness, assume E′ is another trace-preserving conditional
expectation. Then for every x ∈ M and a ∈ N , we have

τ(E′(x)a) = τ(E′(xa)) = τ(xa) = τ(E(xa)) = τ(E(x)a),

and hence E′ = E. �

With the same hypotheses as the last lemma, let L2(M, τ) be the GNS
Hilbert space for (M, τ) and L2(N, τ) be the Hilbert subspace corresponding
to N . Then, the trace-preserving conditional expectation E extends to the
orthogonal projection eN from L2(M, τ) onto L2(N, τ) in such a way that
eNxeN = E(x)eN for every x ∈ M . In fact, one can give an alternate proof
of the lemma by observing that eNxeN ∈ N , for every x ∈ M , as an element
in B(L2(N, τ)). More precisely, one must know that the commutant of the
right N action on L2(N, τ) coincides with N (see Section 6.1) and then check
that eNxeN commutes with the right N action.

The case of matrices. When either the domain or range is a matrix alge-
bra, there are useful one-to-one correspondences which we will often invoke.
Proofs are included for completeness, but the important part is the explicit
maps defining the correspondences.

Proposition 1.5.12. Let A be a C∗-algebra and {ei,j} be matrix units of
Mn(C). A map ϕ : Mn(C) → A is c.p. if and only if [ϕ(ei,j)] is positive in
Mn(A). In other words,

CP(Mn(C), A) � ϕ �−→ [ϕ(ei,j)] ∈ Mn(A)+

is a bijective correspondence.
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Proof. Since [ei,j] ∈ Mn(Mn(C)) is positive (it’s a multiple of a rank-one
projection), the “only if” part is trivial. To prove the “if” part, assume
a = [ϕ(ei,j)] ≥ 0 in Mn(A) and let a1/2 = [bi,j ]. It follows that

ϕ(ei,j) =
n∑

k=1

b∗k,ibk,j .

Let A ⊂ B(H) be a faithful representation and define V : H → �2
n ⊗ �2

n ⊗H
by

V ξ =
n∑

j,k=1

ζj ⊗ ζk ⊗ bk,jξ,

where {ζj}n
j=1 is the standard orthonormal basis for �2

n. Then, for T =
[ti,j ] ∈ Mn(C), we have

〈V ∗(T ⊗ 1⊗ 1)V η, ξ〉 = 〈(T ⊗ 1⊗ 1)V η, V ξ〉

=
n∑

i,j,k,l=1

〈Tζj , ζi〉〈ζk, ζl〉〈bk,jη, bl,iξ〉

=
n∑

i,j=1

ti,j〈
n∑

k=1

b∗k,ibk,jη, ξ〉

= 〈ϕ(
∑
i,j

ti,jei,j)η, ξ〉

= 〈ϕ(T )η, ξ〉

for every ξ, η ∈ H. Therefore, ϕ(T ) = V ∗(T ⊗ 1⊗ 1)V for every T ∈ Mn(C)
and ϕ is c.p. �

Example 1.5.13. Let a1, . . . , an ∈ A be given and define a linear map
ϕ : Mn(C) → A by ϕ(ei,j) = aia

∗
j . The previous result easily implies that ϕ

is completely positive. Indeed,

[ϕ(ei,j)] =

⎡⎢⎢⎢⎣
a1a

∗
1 a1a

∗
2 · · · a1a

∗
n

a2a
∗
1 a2a

∗
2 · · · a2a

∗
n

...
...

. . .
...

ana∗1 ana∗2 · · · ana∗n

⎤⎥⎥⎥⎦

=

⎡⎢⎢⎢⎣
a1 0 · · · 0
a2 0 · · · 0
...

...
. . .

...
an 0 · · · 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

a1 0 · · · 0
a2 0 · · · 0
...

...
. . .

...
an 0 · · · 0

⎤⎥⎥⎥⎦
∗

≥ 0.
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There is a similar characterization of c.p. maps from a C∗-algebra A into
Mn(C). For a linear map ϕ : A → Mn(C), we define a linear functional ϕ̂ on
Mn(A) by

ϕ̂([ai,j]) =
n∑

i,j=1

ϕ(ai,j)i,j .

The notation ϕ(ai,j)i,j means the (i, j)th entry of the matrix ϕ(ai,j). Yes,
the formula is slightly complicated, but it is explicit and very important.

Proposition 1.5.14. Let A be a unital C∗-algebra. A map ϕ : A → Mn(C)
is c.p. if and only if ϕ̂ is positive on Mn(A). In other words,

CP(A, Mn(C)) � ϕ �−→ ϕ̂ ∈ Mn(A)∗+
is a bijective correspondence.

Proof. Let {ζi}n
i=1 be the standard orthonormal basis for �2

n and let ζ =
[ζ1, . . . , ζn]T ∈ (�2

n)n. Since

ϕ̂([ai,j ]) = 〈ϕn([ai,j])ζ, ζ〉
for [ai,j ] ∈ Mn(A), positivity of ϕn implies that of ϕ̂. This proves the “only
if” part. To prove the “if” part, assume ϕ̂ is positive and let (π,H, ξ) be the
GNS triplet of ϕ̂. Let {ei,j} be the standard matrix units for Mn(C), which
we also view as elements in Mn(A). Then, for the operator V : �2

n → H
defined by V ζj = π(e1,j)ξ, it is not hard to check

ϕ(a) = V ∗π(

⎡⎢⎣a
. . .

a

⎤⎥⎦)V.

It follows that ϕ is c.p. �

Lemma 1.5.15. Let E ⊂ A be an operator subsystem and ψ : E → C be a
positive linear functional. Then ‖ψ‖ = ψ(1). Hence, any norm-preserving
extension of ψ to A is also positive.

Proof. Fix x ∈ E such that ‖x‖ ≤ 1 and |ψ(x)| is close to ‖ψ‖. Multiplying
by a complex scalar of norm one, we may assume that 0 < ψ(x) ∈ R. Since
positive maps are automatically self-adjoint, we have

ψ(x) =
1
2
ψ(x + x∗)

and thus we may assume x is self-adjoint. However, in this case we have the
operator inequality x ≤ ‖x‖1 and hence

ψ(x) ≤ ψ(1)‖x‖.
Since a functional satisfying the equation ψ(1) = ‖ψ‖ is necessarily positive,
we are done. �
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Corollary 1.5.16. Let E ⊂ A be an operator subsystem and ϕ : E → Mn(C)
be a c.p. map. Then ϕ extends to a c.p. map A → Mn(C).

Proof. Given ϕ, we can define a linear functional ϕ̂ on Mn(E) (as above)
and it is positive (same proof as above). By the previous lemma, we can
extend to a positive functional on all of Mn(A) and then apply the one-to-one
correspondence in reverse to get our desired extension. �

1.6. Arveson’s Extension Theorem

The following theorem, due to Arveson, is absolutely fundamental and prob-
ably gets invoked more than any other result in these notes.

Theorem 1.6.1. Let A be a unital C∗-algebra and E ⊂ A be an operator
subsystem. Then, every c.c.p. map ϕ : E → B(H) extends to a c.c.p. map
ϕ̄ : A → B(H).

Proof. Let Pi ∈ B(H) be an increasing net of finite-rank projections which
converge to the identity in the strong operator topology. For each i, we
regard the c.c.p. map ϕi : E → PiB(H)Pi, ϕi(e) = Piϕ(e)Pi as taking values
in a matrix algebra. Thus, by Corollary 1.5.16, we may assume that each ϕi

is actually defined on all of A. Now we regard ϕi as taking values in B(H)
and apply compactness of the unit ball of B(A, B(H)) in the point-ultraweak
topology (Theorem 1.3.7) to find a cluster point Φ: A → B(H). It is readily
verified that Φ is c.p. and extends ϕ. �

Remark 1.6.2 (Injectivity and Arveson’s Theorem). Arveson’s Extension
Theorem is equivalent to the statement that B(H) is injective in the category
of operator systems with c.c.p. maps as morphisms. This is even true in the
category of operator spaces with completely bounded maps as morphisms.

It follows from Arveson’s Theorem that a von Neumann algebra M ⊂
B(H) is injective if and only if there is a conditional expectation from B(H)
onto M . It also follows that injectivity is independent of the choice of faithful
representation M ⊂ B(H).

Corollary 1.6.3. Let E ⊂ B(H) be an ultraweakly closed operator system
and let ϕ : E → Mn(C) be a c.c.p. map. There exists a net of ultraweakly
continuous c.c.p. maps ϕλ : E → Mn(C) which converges to ϕ in the point-
norm topology (i.e., ‖ϕλ(x)− ϕ(x)‖ → 0 for all x ∈ E).

Proof. By Arveson’s Extension Theorem, we may assume that E = B(H).
Since ϕ is c.p., the corresponding functional ϕ̂ ∈ Mn(B(H))∗ is positive.
Hence, there exists a net ϕ̂λ of positive normal linear functionals which
converges pointwise to ϕ̂. Then, the corresponding c.p. maps ϕλ : B(H) →
Mn(C) are normal and converge to ϕ in the point-norm topology (which is
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easily seen from explicit form of the correspondence). Unfortunately the ϕλ’s
need not be contractive, but they are “almost contractive” (since ϕλ(1) →
ϕ(1) in norm); hence we can fiddle with their norms a bit to correct this
deficiency. �

1.7. Voiculescu’s Theorem

Voiculescu’s Theorem is analogous to the Hahn-Banach Theorem in two
ways: It gets used all of the time; and it really refers to a collection of
related results and corollaries.4 Here, we collect all the forms we need,
though we only prove those which haven’t yet appeared in a book.

Finite-dimensional case. Exploiting the duality between c.p. maps A →
Mn(C) and states on Mn(A), it is not too hard to deduce the next result
from Glimm’s lemma (Lemma 1.4.11).

Proposition 1.7.1. Let H be separable, 1 ∈ A ⊂ B(H) be a separable C∗-
algebra and ϕ : A → Mn(C) be a u.c.p. map such that ϕ|A∩K(H) = 0. Then
there exist isometries Vk : �2

n →H with the following properties:

(1) the ranges of the Vk’s are pairwise orthogonal;
(2) ‖ϕ(a)− V ∗

k aVk‖ → 0 for every a ∈ A.

General case.

Definition 1.7.2. Two maps π : A → B(H) and σ : A → B(K) are called
approximately unitarily equivalent if there is a sequence of unitary operators
Un : H → K such that

‖σ(a)− Unπ(a)U∗
n‖ → 0

for all a ∈ A. If it also happens that σ(a)−Unπ(a)U∗
n is a compact operator,

for all a ∈ A and n ∈ N, then we say that π and σ are approximately unitarily
equivalent relative to the compacts.

Note that approximate unitary equivalence relative to the compacts is a
much stronger notion as it implies that after passing to the Calkin algebra,
the representations π and σ are actually unitarily equivalent. See [11] or
[53, Corollary II.5.5] for a proof of the next result.

Theorem 1.7.3 (Voiculescu’s Theorem). Let H and K be separable Hilbert
spaces and A ⊂ B(H) be a separable C∗-algebra such that 1H ∈ A. Let
ι : A ↪→ B(H) denote the canonical inclusion and let ρ : A → B(K) be any
unital representation such that ρ|A∩K(H) = 0. Then ι and ι⊕ ρ are approxi-
mately unitarily equivalent relative to the compacts.

4Thirdly, some authors assume familiarity with all possible formulations and don’t bother
explaining which version is being invoked.
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Definition 1.7.4. A representation π : A → B(H) is called essential if π(A)
contains no nonzero compact operators.

Essential representations are easy to construct: if π : A → B(H) is any
representation, then its infinite inflation (i.e., the direct sum of infinitely
many copies of π) will be essential.

Corollary 1.7.5. Let πi : A → B(Hi), i = 1, 2, be faithful essential rep-
resentations. If A is unital and both π1, π2 are unital, then they are ap-
proximately unitarily equivalent relative to the compacts. If A is nonunital,
then π1 and π2 are always approximately unitarily equivalent relative to the
compacts.

In particular, the previous corollary implies that if A is simple and unital,
then it has precisely one unital representation, up to approximate unitary
equivalence relative to the compacts, since all representations will be faithful
and essential.

Technical variations. We’ll need some technical variations of Voiculescu’s
Theorem, but they require a bit more terminology.

If π : B(H)→ Q(H) is the canonical mapping onto the Calkin algebra, A
is a unital C∗-algebra and ϕ : A → B(H) is a unital completely positive map,
then we say that ϕ is a representation modulo the compacts if π ◦ ϕ : A →
Q(H) is a *-homomorphism. If π ◦ ϕ is injective, then we say that ϕ is
a faithful representation modulo the compacts. In this situation we define
constants ηϕ(a) by

ηϕ(a) = 2max{‖ϕ(a∗a)− ϕ(a∗)ϕ(a)‖1/2, ‖ϕ(aa∗)− ϕ(a)ϕ(a∗)‖1/2}

for every a ∈ A.

Theorem 1.7.6. Let A be a unital separable C∗-algebra and ϕ : A → B(H)
be a faithful representation modulo the compacts on a separable space H. If
σ : A → B(K) is any faithful unital essential representation on a separable
space K, then there exist unitaries Un : H → K such that

lim sup
n→∞

‖σ(a)− Unϕ(a)U∗
n‖ ≤ ηϕ(a)

for every a ∈ A.

Proof. It suffices to show the existence of a representation σ satisfying the
conclusion of the theorem, since all such representations are approximately
unitarily equivalent.

Let ρ : A → B(L) be the Stinespring dilation of ϕ, V : H → L be the
associated isometry, P = V V ∗ ∈ B(L) be the Stinespring projection and
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P⊥ = 1− P . It follows from the identity

(P⊥ρ(a)P )∗(P⊥ρ(a)P ) = V
(
ϕ(a∗a)− ϕ(a∗)ϕ(a)

)
V ∗

that
‖P⊥ρ(a)P‖ = ‖ϕ(a∗a)− ϕ(a∗)ϕ(a)‖1/2,

for all a ∈ A.
Now write L = PL⊕ P⊥L and decompose the representation ρ accord-

ingly. That is, consider the matrix decomposition

ρ(a) =
[

ρ(a)11 ρ(a)12

ρ(a)21 ρ(a)22

]
,

where ρ(a)21 = P⊥ρ(a)P and ρ(a)12 = ρ(a∗)∗21. Thanks to orthogonal
domains and ranges, the norm of the matrix[

0 ρ(a)12

ρ(a)21 0

]
is equal to 1

2ηφ(a).

Now comes the trick. We consider the Hilbert space P⊥L⊕PL and the
representation ρ′ : A → B(P⊥L ⊕ PL) given in matrix form as

ρ′(a) =
[

ρ(a)22 ρ(a)21

ρ(a)12 ρ(a)11

]
.

Using the obvious identification of the Hilbert spaces

PL⊕
(⊕

N

P⊥L ⊕ PL
)

and
⊕

N

L =
⊕

N

(PL ⊕ P⊥L),

a standard calculation shows that

‖ρ(a)11 ⊕ ρ′∞(a)− ρ∞(a)‖ ≤ ηϕ(a)

for all a ∈ A, where ρ′∞ =
⊕

N
ρ′ and ρ∞ =

⊕
N

ρ. Note also that ρ(a)11 =
V ϕ(a)V ∗.

Let C = ϕ(A)+K(H) and observe that C is actually a separable, unital
C∗-subalgebra of B(H) with π(C) ∼= A (again, π : B(H) → Q(H) is the
quotient map). Note that ι ⊕ ρ′∞ ◦ π is approximately unitarily equivalent
relative to the compacts to ι, where ι : C ↪→ B(H) is the inclusion. Let
Wn : H → H⊕ (

⊕
N
(P⊥L⊕ PL)) be unitaries such that

‖ϕ(a)⊕ ρ′∞(a)−Wnϕ(a)W ∗
n‖ → 0

for all a ∈ A.
Let

Ṽ : H⊕ (
⊕

N

(P⊥L ⊕ PL))→
⊕

N

L
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be the unitary V ⊕1. Note that Ṽ (ϕ(a)⊕ρ′∞(a))Ṽ ∗ = V ϕ(a)V ∗⊕ρ′∞(a) =
ρ(a)11 ⊕ ρ′∞(a). We now complete the proof by defining K =

⊕
N
L, σ =

ρ∞ =
⊕

N
ρ, and Un = Ṽ Wn : H →

⊕
N
L = K. �

Corollary 1.7.7. Let ϕ : A → Mn(C) ⊂ B(K) be a u.c.p. map where
Mn(C) ⊂ B(K) is a unital inclusion and K is infinite dimensional. Let
π : A → B(H) be a faithful unital essential representation. Then there exists
a sequence of unitaries Un : H → H⊕K such that

lim sup
n→∞

‖(π(a)⊕ ϕ(a))− Unπ(a)U∗
n‖ ≤ ηϕ(a)

for every a ∈ A.

Proof. Note that if K had finite dimension, then this result would follow
from the previous result, since π⊕ϕ would be a faithful homomorphism mod-
ulo the compacts. However, we have assumed K to be infinite dimensional;
hence there is something to prove.

Let ϕ̃ : A → Mn(C) = B(�2
n) be the map ϕ but now regarded as taking

values in B(�2
n) (instead of B(K)). As noted above, we can find unitaries

Vn : H → H⊕ �2
n such that

lim sup
n→∞

‖(π(a)⊕ ϕ̃(a))− Vnπ(a)V ∗
n ‖ ≤ ηϕ(a)

for every a ∈ A.
Since Mn(C) ⊂ B(K) is a unital inclusion, we can find an isomorphism

B(K) ∼= B(�2
n ⊗ L) that maps Mn(C) ⊂ B(K) to Mn(C) ⊗ 1L. Under this

isomorphism we may identify ϕ with ϕ̃⊗1L and hence the unitaries Vn⊗1L
will conjugate π⊗1L to (π⊕ϕ̃)⊗1L which we further identify with π⊗1L⊕ϕ.
The proof is finished once we observe that π is approximately unitarily
equivalent to π ⊗ 1L and π ⊗ 1L ⊕ ϕ is approximately unitarily equivalent
to π ⊕ ϕ. �

There is one more version of Voiculescu’s Theorem that we’ll need, but
not until the end of the book. See [53, II.5.3] for a proof.

Theorem 1.7.8. Let A ⊂ B(H) be a separable C∗-algebra and ϕ : A →
B(K) be a c.c.p. map such that ϕ(x) = 0 for all x ∈ A ∩ K(H). Then
there exist isometries Vk : K → H such that ϕ(a) − V ∗

k aVk ∈ K(K) and
lim ‖ϕ(a)− V ∗

k aVk‖ = 0, for all a ∈ A.


