Chapter 1

Second-order elliptic
equations in WQQ(]Rd)

One of the most important elliptic operators acting on functions u(z),x €
R?, is Laplace’s operator given by the formula

Au = Uz + ..o+ Ugdgd.

The function Aw is called the Laplacian of u.

Given a domain D C R? and a function f(z),z € R%, one may try to
follow what is usually done in the theory of ordinary differential equations
in one space dimension and set up the goal of finding explicitly the general
solution of the equation

It turns out that generally this is impossible.

On few occasions, however, one can find a solution explicitly. For in-
stance, if d =2, f = —1, D = (—7/2,7/2)? and we are interested in finding
explicitly a solution vanishing on the boundary of D, then, as is known from
undergraduate school, the solution is given by the formula

o0

u(w,y) = Z Crm c0s(2n — 1)z cos(2m — 1)y,

n,m=1
where

Com = 6474 (=1)" (20 — 1)L (2m — 1) 71[(2n — 1)2 4 (2m — 1)?] 7L
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2 Chapter 1. Second-order elliptic equations in W2(R%), Sec. 0

Now one may try to answer some simple questions about the solution like:
Is it true that w > 07 Is u continuously differentiable in D and how many
derivatives does it possess?

Looking at this formula, it is either impossible or very hard to answer
these questions. Later, by using different means, we will see that indeed
u > 0 and w is infinitely differentiable in D.

Thus, there are no explicit solutions in the general case and often, even if
one can find an explicit formula, some fundamental properties of the solution
are still hard to establish.

These are the main reasons why other approaches to studying partial
differential equations were developed.

The goal of this chapter is to show how some simple and natural compu-
tations lead to the necessity of introducing Sobolev spaces and investigating
their properties and then to an Lo theory of elliptic equations. The general
scheme set out in this chapter will be used a few times in the future.

1. The simplest equation \u — Au = f

To explain how and why Sobolev spaces naturally appear, we start with
investigating the solvability of the simplest equation

Au—Au=f (1)

in R with an “arbitrary” right-hand side f and fixed A > 0.

Notice a few simple properties of equation (1).

1. Lemma. Let u € CZ be a solution of (1) in R:. Then

d d
Nlullz, + 20 Muasllz, + Y lwgsoellz, = 1F1Z,- (2)
j=1 Jk=1

Proof. We use some properties of the Fourier transform, which is defined
by

Fu)(€) = a(€) = cq /R ) e ETy(x)dr, cqg= (2m) Y2

By using integration by parts, one easily proves that

i€k a(€) = cq /

e C Ty (x) dr, —&Feu(¢) = cd/ e E Ty (2) da
Rd

R4
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Hence, (1) implies that f = (A + |£]?)@ and |f]2 = (A + |€]?)2|@|?. The
latter means that

d d
2|~ 2 Ty 2 j ¢k~ 2 3 2
Ma(E)]? + 22 liga©)? + Y | - geru©)l” = |F(©)P
j=1 k=1
By integrating this over R? and using Parseval’s identity (||glz, = |l9ll,),
we arrive at (2). The lemma is proved.
2. Exercise. Prove (2) by raising (1) to the second power and integrating by parts.
(Be careful: u is only in CZ.)

The following exercise will be mentioned in the hint to Exercise 4.8, that con-
cerns the solvability of elliptic equations with measurable coefficients in R2.

3. Exercise. By using the Fourier transform, prove that, if d = 2 and u € Cg,

then
/ det ug, dx = 0.
]Rd

It might be of interest that this result holds in any dimension (see Exercise 2.1).

4. Exercise*. Let /1, ..., ¢4 form an orthonormal basis in R% and let u be
a twice continuously differentiable function. Prove that

Au = Z umwﬁﬂi,
kyi,j
which is to say that the operator A is invariant under orthogonal transfor-
mations.

5. Exercise. Let B be the open ball of radius one centered at the origin and let u
be a three times continuously differentiable function in B. Assume that © = 0 on
the boundary 0B of B and prove that

Aul? — Ugigi |?) do = dfl/ ug - 1| dS,
/B(';' Byde=@=1) [ fu-n

where n is the unit outer normal to 9B (n(zx) = z) and dS is the element of the
surface measure.

In this chapter we use the following theorem only for p = 2 and for this
case a different proof is outlined in Exercise 12.

6. Theorem. Let A > 0. Then the set L := (A—A)Cg° is everywhere dense
in L, for any p € [1,00).

The proof is based on the following.
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7. Lemma. Let X\ > 0 and let u be a bounded from above twice continuously
differentiable function on R? satisfying

Au—Adu>0

in R, Then u < 0. In particular, if u is bounded and Au — \u = 0, then
+u <0, so that u = 0.

Proof. Assume that v > 0 at some points. Set ((x) = cosh(e|z|),
where € > 0 is a small constant. Bearing in mind Taylor’s series, one easily
proves that ( is infinitely differentiable. Next the function v = u/( satisfies
(A —X)(¢v) > 0, that is,

CAvV + 2(,v,5 + cv >0, (3)

where

c=AC— )X = C{52 + (d — 1)|z| e tanh(e|z|) — )\}.

Since tanh |z| < |z|, we have ¢ < 0 for all small & (say €2 < \/d). Actually,
the above computation makes perfect sense only if x # 0. But the conclusion
that ¢ = A{ — A( < 0 is valid for all z due to the continuity of { and its
derivatives.

By assumption, v > 0 at some points and the positive part of v tends
to zero as |xr| — oo. Therefore, v attains its maximum value at a point
zo € R% and v(xzg) > 0. The first derivatives of v vanish at zp and the
pure second-order derivatives are nonpositive at this point. This definitely
contradicts (3) since v(zg) > 0. We have the desired contradiction and the
lemma is proved.

8. Exercise. Give an example of unbounded twice continuously differentiable func-
tion u > 0 such that Au —u > 0 in R%.

9. Remark. In the case that A = 0 it turns out that if u is a bounded from
above twice continuously differentiable function on R? satisfying Au = 0
in R?, then u is a constant. The same is true if we replace Au = 0 with
Awu > 0 and assume that d = 1 or d = 2. However if d > 3, there are smooth
bounded functions u such that Au > 0.

Sometimes one needs the first part of the following version of Lemma 7 in the
form of the mazximum principle. Recall that

RY = {z = (2',2") : 2! > 0,2’ e R"'}.
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10. Exercise. Let Q be aibounded or unbounded domain in R and let u be
bounded and continuous in 2 and twice continuously differentiable in Q. Let Au —
Au > 0 in 2, where the constant A > 0. Prove that under these conditions

u<supuy in Q (sup..:=0).
oQ 0
Also prove Hopf’s lemma: For 2 = Rfl,_ under the above conditions, if ¢ € 9€2 is
such that u(zg) = supgq uy > 0 and ug: (zg) exists, then ug (z9) < —vAu(zg) < 0.

The following exercise can be used in investigating uniqueness of solutions to
some boundary-value problems in Rff_.

11. Exercise. Let Q = Ri, a constant A > 0, and let u be a bounded and twice
continuously differentiable function given on 2. Assume that Au—wu > 0 in £ and

Uzt + Z,@juxj + Z e —Au>0

Jj=2 Jik>2

on 0, where 37 and gj k¥ are constant and (a’¥) is a nonnegative symmetric matrix.
Prove that « < 0 in €.

Proof of Theorem 6. If the assertion is wrong, then by the Hahn-
Banach theorem there is a linear functional on £, vanishing on (A — A)Cg°.
Then by Riesz’s representation theorem there is a function g € £, with
q=p/(p—1) and [|g[|z, # 0 such that

/ g(x)(Au(z) — Au(z))dx =0
R4

for all u € C5°. Since, for any y € R?, the function u(y — ) belongs to C§°,
we have

| @)ty —2) = Auly - 2)) do =0 @

for all w € C§° and y € R?. Here the left-hand side happens to be

(A= A)(g*u)(y),

which follows from the well-known rules of differentiating integrals with
respect to parameters. These rules also imply that g * u is infinitely differ-
entiable for any locally integrable g, in particular, for g € £,. For g € £,
by using Hoélder’s inequality, we see that g *u is bounded. Thus, by Lemma
7 we conclude g x u = 0 and

/Rdgudxzo (5)
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for any u € C§°. Finally, we use the well-known fact from integration theory
that if ¢ is locally integrable and (5) holds for any v € C§°, then g = 0 (a.e.).
This is the desired contradiction and the theorem is proved.

Now imagine that we have to solve (1) with an f € Lo. Then one can

proceed as follows. Since L = L5 (Theorem 6), there is a sequence u™ € C2
such that, for

=" = Au” (6)

we have ||f — f"|z, — 0. Furthermore (6) and Lemma 1 imply that

d
Nl —u™1Z, + 20 luly — ulillZ,
j=1

d
+ ) e — s ullz, = 1" = F™Z,.
Jk=1

Since the sequence f,, converges in Lo, it is a Cauchy sequence:

1" ="l =0

as n,m — oo. It follows that ", u";,u”; , are also Cauchy sequences in L,.
2 xrlxT

The completeness of Lo implies that there exist the Lo limits

n

L n o n S _
v=lim v", wv;= lim u,, v]k—nlggouﬂxk.

n—oo n—oo

Now set by definition
Vyighk = Vjk

putting aside for a while the justification of that notation. Then, from (6)
we conclude that (a.e.)

Av— Av = f. (7)

This is a natural way to come to the necessity of introducing Sobolev spaces
and generalized solutions of (7).

12. Exercise. The above proof of Theorem 6 uses Lemma 7, the proof of which is
based on considering maximum points of certain functions. This way does not work
for higher-order or nonelliptic operators with constant coefficients. In connection
with this take p = 2 in Theorem 6. Use the fact that the Fourier transform can be
defined preserving Parseval’s identity for all u € Lo as the limit in £y of @, where
up, € C§° and u, — u in Lo.

(i) Prove that if f € Lo and h € Ly, then fxh € Ly and cqgF(f xh) = fh.
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(ii) Derive that the left-hand side in (4) belongs to L2 and its Fourier transform
is
cq g+ [EP)a.
Conclude that g =0, g = 0.

13. Exercise. Let m > 1 be an integer and let a® be some (complex) numbers,
not all of which are zero, given for any multi-indices « such that |a| < m. Consider

the operator
L= ) a*D"
loe|<m
and prove that the set LC§® is everywhere dense in £, for any p € [2,00). You may
like to first prove the following fact: If v is an infinitely differentiable function such

that v and each of its derivatives of any order are bounded and belong to Lo, then
F(D%) (&) = il*lga(€) for any multi-index o

14. Remark. As is easy to see from its proof, Lemma 1 remains valid for
any A € R. The same is true for Theorem 6 at least if p > 2 as is seen from
Exercise 12 for p = 2 and from Exercise 13 for more general p.

2. Integrating the determinants of Hessians (optional)

The following three exercises do not have much to do with the main subject of these
lectures. They are related to the remarkable properties of Jacobians and two very
powerful tools often used in the theory of nonlinear PDEs. The author could not
resist the temptation of discussing them once Exercise 1.3 has been proposed.

1. Exercise. Let {2 be a connected bounded domain with smooth boundary and
let F,G : Q — R? be C'(Q) mappings such that

F=G on 090

Observe that for large ¢ > 0 the mappings F; = F(x) + tx and G = G(x) + tx are
one-to-one, map 9 into the boundary of F;(2) and G+(€?), and therefore

Vol F,(Q) = Vol G4(2).

Express this equality in terms of F;/0z and 0G;/0x, then use that the determi-
nants of these matrices are polynomials in ¢, and conclude that

oF oG
/Qdet%dx—/ﬂdet%dx.

For ) being a large ball, F' = u,, and G = 0, this exercise explains without
computations why the result of Exercise 1.3 is true.

2. Exercise. For the domain from the preceding exercise show that there is no
CH(Q) function G : Q — 9Q such that G(z) = x on 9.

Extend the result to C(£2) functions G if Q = By := {x € R? : || < 1}.
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3. Exercise (Brouwer’s fixed point theorem). Let f : By — Bj be a continuous
mapping. We suggest the reader prove that f has fixed points in B; (where f(z) =
x) by using Exercise 2. You may like to start by assuming the contrary and on the
basis of considering the line passing through x and f(z), construct a mapping G as
in Exercise 2.

Upon mapping each convex closed bounded set onto Bi, extend the result to
all continuous mappings of convex closed bounded sets.
4. Exercise (Fan Ky minimax theorem). Let X,Y be closed bounded convex sub-
sets of R? and f(x,%) a real-valued function defined on X x Y such that

(i) f(x,y) is concave with respect to y € Y for each z € X,

(ii) f(x,y) is convex with respect to x € X for each y € Y.

Prove that then

. _ . . )
min max f (,y) = maxmin f(z,y) (1)

3. Sobolev spaces W} (Q)

Recall that if Q is a domain (open set) in R? and &k € {0, 1,2, ...}, we denote
by C* () the subset of C*(Q) consisting of functions u such that v and D%u
extend to functions continuous in Q (the closure of ) whenever |a| < k.
For these extensions we keep the same notation v and D®u, respectively.

1. Definition. Let p € [1,00), k € {0,1,2,...} and let © be a domain in
R9. For functions u € C*(Q) define

||UHWZ§(Q) = Z ||Dau||cp(9)-
|| <k

For a function u € £,(Q2) we write u € W;(Q) if there exists a sequence
u" € C*(Q) such that |Ju™ — ullz, @) — 0,

[ lw) < o0, [ID%" = D*u™| @) =0 V]| <k

as n,m — oco. We call any such sequence u" a defining sequence for u.
Denote Wf = Wf(Rd). The spaces Wz’f(ﬂ) are called Sobolev spaces.

Obviously the function v constructed before (1.7) belongs to W2.

2. Definition. If u € W} (Q) and ™ is its defining sequence, define the
generalized derivatives D®u for multi-indices « with |a| < k by

D% = L)~ lim D%u". (1)

n—oo
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Of course, we have to show that Definition 2 makes sense.

3. Lemma. Ifu € Wlf(ﬂ) and |a| < k, then D*u exists and is independent
of the choice of defining sequence.

Proof. Since D*u" is a Cauchy sequence in £,(€2), the limit in (1) exists.
To prove that it is unique, we take a test function ¢ € C§°(12) (that is, ¢ is
an infinitely differentiable function with compact support in €2) and notice
that integrating by parts yields

/QcéD“u"d:c: (—1)0‘|/Qu"Da¢dx.

We pass to the limit noticing that by Hélder’s inequality, if g" — g in £,(Q)
and h € L4(?) with ¢ =p/(p — 1), then

| /Q ghde — /Q ghdz| < |lg" = gl hllc,@ — O.

Then by virtue of (1) for any defining sequence, we have
/ pDudz = (—1)l / uD¢ dx. (2)

Now if u}' and u5 are two defining sequences for v and v1 and v are the
corresponding right-hand sides of (1), then by (2)

/Q¢v1da::/ﬂ¢vgd:r, /Q(Z)(UI—UQ)CM:O

for all ¢ € C§°(2). Since vi — va € Ly, it follows that vy —vo = 0 (a.e.),
which is exactly what is asserted. The lemma is proved.

The last part of the above proof shows that the following definition is
unambiguous.

4. Definition. Let o be a multi-index and let v and h be locally integrable
functions on €2 such that

/¢hdx— al/ vD% dz (3)

for all ¢ € C§°(€2). Then we call the function h the D® derivative of v
in the sense of distributions, or the D Sobolev derivative, or else the D%
generalized derivative and write h = D%v.
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Observe that Sobolev derivatives are the usual locally integrable func-
tions and not just distributions.

The fact that (2) holds for any ¢ € C§°(§2) means that D%u is the
derivative of u in the sense of distributions and the notions of generalized
derivatives introduced in Definitions 2 and 4 agree if u € Wﬁ(ﬂ) It is also
worth noting that as we have seen, (3) defines D“v uniquely (up to almost
everywhere).

Since for any smooth function u the usual derivative D%u satisfies (2),
we have the following.

5. Corollary. If u is a k times continuously differentiable function and
u € Wf(Q), then, for any multi-index o with |a| < k, the usual derivative
D%u coincides with the Sobolev one (a.e.).

In the following exercise and many times in the future we use local
versions of various function spaces. Unless specified otherwise, they are

introduced in the same way as, say, Wzlf’ 10c(€2), which is the space of functions

uw on ) such that u¢ € Wlf(Q) for any ¢ € C5°(©2). In particular, CX.(Q)
is the set of functions u defined on € and such that u¢ € C§°(f2) for any
¢ € Cgo ().
6. Exercise. Let g € £,(Q), ¢, € C7X.(),

¢ —9llz, ) — 0 and [|[D1¢n — D1dmllz, ) — 0

as n,m — oo. Prove that the generalized derivative D;g belongs to £,(€2) and
| D1¢n — D1gllz, @) — 0. (Warning: The function g need not belong to W, (€).)

7. Definition. For u € Wlf(ﬂ) define

lullwr o) = > D%l 0, [ulwr@) = > D%z, )

loo| <k o=k
Notice that if 4™ is a defining sequence for u € Wf(Q), then
lu —u"lwr@) =0, l[u"llwr) = llullweq)-
8. Exercise*. Let u € WF(Q) and |a| + |3] < k. Prove that
D e WEl(Q),  DF(Du) = D>y, 1Dl r—ton ) < llullwp (@)

9. Exercise*. Let u € WIf(Q), a € C"(Q), and || < k — n. Prove that
aD% € Wy () and

laD%ullwy ) < N(d;n)llallon@llullwy o)
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10. Exercise*. Let ¢ : Q — € be a one-to-one mapping of a domain
Q c R? onto a domain Q' c R% Assume that & > 1, ¢ € C*(Q), and
Y~ € CF(Q) and prove that

uw e WHQ) <= u(yp~ () € Wy(€).
We remind the reader that by C§(Q)) we mean the subset of C*()

consisting of all functions u vanishing for z € Q with sufficiently large |z|.
This notation will be used most often for @ = R% and Q = Ri, where

RL = {(2,2') : 2* > 0,2" = (2%, ..., 2%) e R}

with an obvious modification of this notation if d = 1. Assertion (ii) of the
following theorem will be improved in Theorem 8.5 (iii).

11. Theorem. (i) The space W} (Q) with norm || - Hwﬁ(ﬂ) is a Banach
space. (ii) Let @ =R or Q =R%L. Then the set C§(Q) is dense in WIf(Q)

Proof. (i) As usual we need only prove that W;(Q) is complete. Let

u™ be a Cauchy sequence in Wzi“(Q) and, for each n, let v™ be defining
sequences for u™. Then by definition

n__ ,nj
[u" = 0™ [l — 0
as j — oo. Hence, for each n, there exists j(n) such that
[u" = o™ W) < 1/n,

where v = pni (),
Observe that

[0" = o™ [[wr) < 10" = u"lwr @) + [[u" = u™[[wr @)
+ ™ = 0" wr@) < 1/n+1/m+[lu" —u™[lyro —0  (4)
as n,m — oo. In particular,
[v" =™, — O

and there is a function v € £,(€2) such that v™ — v in £,(2). This and (4)
mean by definition that v € W (). Furthermore, v — v in W (Q) by the
definition of D%, |a| < k, and

lim [0~ u" sy < Bim (o — 0" yyxey +1/n) = 0.

n—oo

This proves (i).
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Since C*(Q) N WIf(Q) is dense in WIf(Q) by definition, to prove (ii), it
suffices to show that any

ue CHQ) NWHR)

can be approximated in Wk by elements of [’)“(Q) Take any ¢ € C§° such
that {(z) =1 for |z| <1 and let u"(z) = u(z){(z/n). Notice that, by the
Leibnitz rule for |a] < k,

D (z) = ((a/m)Du(@) + S P(DPula)n (D) (a/n),

|B+1v]=]al
lv[>1

where ¢?7 are certain constants. Hence by the triangle inequality and the
dominated convergence theorem, for a constant N independent of n,

ID% " = D%l £, () < (1 = C(-/n) D%l g, 0y + N~ ullwa)

10— ¢(-/m) DRl o = /Q 11— (a/n)PID*u(2) P da — 0.

It follows that u™ — u in W(€2). The theorem is proved.
12. Exercise. Take d = 1 and prove that C§°((0,1)) is not dense in W3 ((0,1)).

13. Exercise*. Let u” be a Cauchy sequence in WF(€2), u € £,(€2) and let
u” — uin L£,(2). Prove that u € Wf(ﬂ) and u" — wu in Wz’f(Q)

A version of the following corollary of Theorem 11 (i) will be stated in
Corollary 8.1.3, which in turn is used in the hint to Exercise 11.1.10.

14. Corollary. Let 1 < p < oo, k € {0,1,2,...}, and let U be a bounded
subset of WIf(Q) Then for any sequence u, € U there exist a subsequence

Uy and a function u € W;,“(Q) such that the sequence D%u,s converges
weakly in L,(2) to Du whenever o] < k.

Proof. Let £,(2,R™) be the space of R™-valued functions with natural
norm. Take m = 1+d+... +d* and observe that by Theorem 11 (i) the set

M = {(D"u, |o| < k) : u € Wy(Q)}

is a closed linear subset of £,(€2,R"™). Then recall that, if F' is a bounded set
in £,(Q,R™) and f, € F, n = 1,2, ..., then there exists a subsequence f,,
and f € £,(Q,R™) such that f,, — f weakly in £,(Q,R™). We also know
that linear subspaces of Banach spaces are closed in the weak topology.
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These three facts combined imply that there is a subsequence

(D%, o) < k) € {(DY,|a| < k):veU}
converging weakly in £,(Q,R™) to a (D%, |a| < k) € M. This is exactly
what is asserted.

15. Remark. For 1 < p < oo, the set M in the above proof is actually
isomorphic to WIf(Q) and as a linear subspace of a reflexive space it is

reflexive itself. It follows that W]f (€2) is reflexive too. This observation is
not used in the future.

Our discussion before (1.7) proves the existence part in the following
result in which A > 0 is a fixed number.

16. Theorem. For any f € Lo there exists a unique u € W2 such that
Mu—Au = f (a.e.). In addition, for any u € W3 we have

d d
NlullZ, + 22 " uasllz, + Y lugiorllZ, = [Ae = AulZ,,  (5)
j=1 jok=1

where by continuity one can take A =0 as well.

The uniqueness follows from (5), which in turn follows from Lemma 1.1
and Theorem 11 (ii).

17. Exercise. Let Q =R, u € W(Q), j > 2, and ¢ € C5° (not C5°(2)). Prove

that
/uDﬂdez —/ oDjudz.
Q Q

The following exercise is used in the proof of Theorem 10.5.1.

18. Exercise*. Prove that if u € W} (Q) and p > 1, then u, [u| € W, (Q)
and

(ug)e = ualus0, (Ju])z = ug signu
(a.e.). Conclude that if u,v € W, (), then max(u,v) € W, (Q).

19. Exercise. Prove that if u € W (), then u,l,—o = 0 (a.e.). Conclude that
Ugly—c = 0 (a.e.) for any constant c.

20. Exercise*. Prove that if u € W;(Ri), then for almost any x! > 0 we
have

u(z',-) € W;(Rd_l).
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21. Exercise*. By using defining sequences, prove that if u € Wﬁ(Ri), a
is a multi-index with a; = 0, and v(x) := u(|z!],2’), then

Dv(z) = (D*u)(jz"|, ")

in R% where D% is the derivative in the sense of Definition 4.

22. Exercise (Hard if 1 < p < 2). Prove that if d = 1, u € W} ((a,b)) and p > 1,
then |ul? € Wi((a,b)).

23. Exercise. (i) Let B be the open unit ball centered at the origin and let u be
a twice continuously differentiable function on B. Assume that « = 0 on dB. Set
f = Au and prove that

HUHQLQ(B) + Z [tz ||2L2(B) < 4Hf||%2(3)-

(ii) Given an integer n, denote by P, the set of polynomials of = of degree < n
and let A be the operator A : P, — P, given by the formula

Ap = A[(1 = |z|*)p].

Conclude from (i) that A is invertible.

(iii) Use (i), (ii), and Exercise 1.5 to show that for any f € Lo(B) there is a
function u € W#(B) such that Au = f in B and

[ullZ,(m) + Z [ai |7, () + Z [twins 7,5y < SN2, m):

0,J
4. Second-order elliptic differential operators

In this section we show how to prove the solvability of general second-order
elliptic differential equations in R? by using the method of continuity and
the method of a priori estimates both introduced by S.N. Bernstein in the
beginning of the 20th century.

1. Definition. Let a%(x),b'(x),c(x) be real-valued measurable functions
on R? defined for i,j =1, ...,d. Assume that a¥ = a/*. The expression

L=a"Dij+b'D;+c

is called a second-order elliptic differential operator if there is a constant
k > 0 called a constant of ellipticity such that, for all z, & € R%, we have

kHEP > 0V (2)€ie > k¢ (1)

2. Exercise*. Derive from (1) and the symmetry of a¥/ that the a* are
bounded.
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3. Exercise*. Assuming that a,b, ¢ are bounded prove that L : v — Lu is
a continuous operator from Wg to L,.

Now we present the method of continuity.

4. Theorem. Let L be a second-order elliptic differential operator with
bounded coefficients. Assume that there are constants A\, Ny € (0,00) such
that, for any u € Cg and t € [0, 1], we have

l[ullwz < NollLiul|z,, (2)
where

Li = (1—1)(A = \) +tL.

Then for any f € Lo there exists a unique u € W2 such that Lu = f.
Furthermore, (2) holds for any u € W2 and t € [0,1].

Proof. That (2) holds for any u € W2 and t € [0, 1] follows directly
from Exercise 3 and Theorem 3.11. The uniqueness in W3 of the solution
of Lu = f and even Lyu = f for any ¢ € [0, 1] follows from (2).

To prove the existence, take a point ¢ € [0,1] and call it “good” if for
any f € Ly there exists a unique v € W such that Lyu = f. Let T be the
set of all good points. Notice that 0 € T" by Theorem 3.16.

Obviously, we only need to prove that 1 € T and to do that, it suffices
to prove that there is an € > 0 such that, for any tg € T,

[to—e,to+€]N[0,1] C T. (3)

Fix ato € T and f € Lo. For u € W3 and t € R consider the equation
Lijv=f+ (to — t)(Lu — Au+ Au). (4)
Since tyg € T, there is a unique v € W2 satisfying equation (4). Introduce
an operator (J; by defining
v = Qzu.

Then Q; is an operator mapping W2 into itself. It turns out that, if ¢ €
[to —&,to + €] and € is chosen appropriately, then @ is a contraction in W22 .

Indeed, if ut, u? € WQQ, then
Li,Quul = f + (to — t)(Lu' — Au® + \ub),

Liy (Qeu' = Quu®) = (to — )(L = A+ \)(u! —u?),



16 Chapter 1. Second-order elliptic equations in W3(R%), Sec. 4

which owing to (2) implies that

1Qeu' — Qeu?llyz < Nolto —t] - (L = A+ N)(u! = u?)|c,
< Nolto — t|Ni[lu' —u?[lyyz,

where N is independent of v’ and t. By taking e = (2NgN1)~!, we get that
Qq is a 1/2 contraction in W3 if t € [tg — €,t9 + €]. By Banach’s fixed point
theorem, for each such ¢, there exists a u € W such that Q,u = u, which
means

Liju= f+ (to —t)(Lu — Au+ M), Lu=f.

Thus for any t € [ty —e,to + €] and f € Lo there is a solution u € W22 of
Liu = f. We know that the solution is unique if in addition ¢ € [0, 1]. This
finishes proving (3) and the theorem.

5. Remark. One can restate assumption (2) in the following way. We
require the estimate

lullws < NI £z

to hold whenever u € W32 is a solution of Lyu = f. Since the existence
of such u is not known a priori, estimate (2) is usually called an a priori
estimate.

6. Exercise. One could take A = 0 in Theorem 4 if one knew that the equation
Au = f is uniquely solvable in W2 for any f € L. In connection with this prove
that there is no finite constant N such that for any u € C2 we have |jullz, <
N|[Aullz,

Theorem 4 reduces proving the solvability of elliptic equations to obtain-
ing a priori estimates. In the future we will see that it is possible to obtain
them if the coefficients of L are uniformly continuous or, more generally, are
of class VMO . There is a remarkable exception when d < 2. The following
set of exercises is aimed at proving the a priori estimate of type (2) for d = 2
and measurable coefficients.

7. Exercise. Let A = (a) and U = (u;;) be 2 x 2 symmetric matrices. Assume
that

plé|? < a¥igied < vl¢f? (5)

for all £ € R?, where > 0 and v > 0 are some constants. Prove that
1 2 e 2
)
2—Iu2( Z CLZJU;ij) Z m Z uij +d€t U

i,7=1 i,j=1
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8. Exercise. Let d = 2, a¥(r) be measurable functions on R? satisfying a*/ = a/?
and condition (5) for all z,¢ € R?, where > 0 and v > 0 are some constants. For
a A > 0 define

Lu = Lyu = aYugi,; — Ma'' + a*)u.
Prove that, for any u € C?,

2 2 9
14
Ml + 223 fuslE, + 3 Il < 5 Lul, ©)
i=1 dk=1

9. Exercise (Two-dimensional case). Under the conditions of Exercise 8 prove
that for any f € Lo there is a unique u € W3 satisfying Lu = f.

The reader can find a continuation of this series in Exercise 6.7 where we
add lower-order terms, Exercise 8.2.11 for equations in half spaces, Exercise
11.5.5 with Atra replaced with A and equations in R? for large A or in smooth
bounded domains with any A > 0, Exercise 11.6.5 for equations in R? with
A small, and Exercise 8.2.6 concerning the Neumann problem.

5. Multiplicative inequalities

Theorem 3.16 settles the issue of solvability of equations A\u — Au = f in
W2. To get prepared for treating more general elliptic equations by using
the ideas from Section 4, we need the following multiplicative inequalities.
Everywhere in this section

Q=R? or Q= Ri.
1. Theorem. For any p € [1,00) and u € W7 (Q) we have
1/2 1/2
luallz, @) < Nl g e o), (1)

where N is independent of u.

Proof. By virtue of Theorem 3.11 we need only prove (1) for u € C3().
Let ¢ € C§°(R) be a function of one variable with ¢(0) = 1, ¢/(0) = 0. Take
u € CZ(Q) and denote by e; the first basis vector. Notice that

(ugr (z4te1)C(t)), = ugrpn (x+ter)C(t) + (u(z+ter)C' (), —ulx +ter)C" (t),

Uyt () :—/0 Uz (2 + ter)( () dt+/0 u(x + ter)¢" (t) dt.



18 Chapter 1. Second-order elliptic equations in W3(R%), Sec. 5

Hence by Minkowski’s inequality

[zt ll 2, ) < /OOO(\C(t)H\C"(t)I)(!um('+t61)|!c,,<m+IIU('+t61)Hc,,<Q)) dt,
where the right-hand side equals a constant times

ezl 2, ) + llullz, @)
if @ = R? and less than this quantity if Q = Ri. Thus,

H%l”ap(ﬂ) < N(HUmHzp(Q) + Hu||£p(Q))

and the same estimate obviously also holds for w,: with any i = 2, ...,d.

Now, take a constant ¢ > 0 and put u(cx) in place of u in the just proved
inequality:

[uzllz, @) < Nlluezlle, @) + llullz,@)-

Then we get

clluzll ) < N(€luzzllz, @) + lulle,@)-

Upon dividing through by ¢ and minimizing with respect to ¢ > 0, we arrive
at (1). The theorem is proved.

Quite often instead of (1) we need its corollary, which we actually have
obtained in the end of the preceding proof.

2. Corollary. For anyp € [1,00) and € > 0 there exists a constant N such
that, if u € WpQ(Q), then
luzll ) < elluaelle, @) + Nllullz,@)-

In addition, one can take N = Noe~t, where Ny is independent of €.

3. Exercise. Show that if 2 is a bounded domain, then the assertion of Theorem
1 is wrong.

4. Corollary. Let b',...,b%, and ¢ be bounded measurable functions on R?.
Then there exists Ao > 1, depending only on d and bounds of b', ...,b%, and
c, such that for any X > \o and any f € Lo in W3 there is a unique solution
of the equation

Lu — \u = Au+ blug +cu— \u = f.
Furthermore, for any u € W3 and A > Ao

Mallzy + A2 luzllz, + luselle, < NJLu = Aul, (2)
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where the constant N depends only on d and the bounds of b', ...,b%, and c.
Indeed, for ¢ € [0, 1] set
Liu = Au — M + t(b'uy: + cu)

= (1 —t)(A = Nu -+ t(Au — M+ biug: + cu).

Then by Theorem 4.4 we only need to check that (2) holds with L; in place
of L — X for any ¢ € [0,1]. However, by Lemma 1.1

Ml + MNP luallz, + luzelle, < NillAuw = Xullg,

< Nif|Lyull g, + Nallue| 2, + Nallullc,,

where N7 = Ni(d) and Ny and N3 depend only on the bounds of b', ..., b?,
and ¢ and d. By Corollary 2

Nolluglz, < (1/2)||uawllco + Nallullz,,
so that

(A= N3 = Na)llull g, + A2 lue] 2y + (1/2)[usallca < NillLew = Aullz,.

This implies our a priori estimate for A > 2(N3 + Ny) + 1 =: Ag since then
A— N3 — Ng>(1/2)A.

5. Exercise. Let d = 1 and let L be a second-order elliptic operator with bounded
measurable coefficients. Prove that there exists A\g > 1 such that for any A > A
and any f € Lo in W there is a unique solution of the equation Lu — \u = f.

The following exercise is generalized in Exercise 13.3.20.

6. Exercise*. Prove by induction on n that for any n € {0,1,2,...}, k €
{0,1,2,...,n}, and u € W3 (1)

[lw) < Nllull g, foy [l ) ¥

where v = k/n and N is independent of w.

Exercise 6 and Young’s inequality
a7 < (1—=~)a+4b, a,b>0,7€][0,1],

imply the following.
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7. Corollary. For anyp € [1,00), n € {0,1,2,...}, and u € W}(Q),
lullwp) < N(llullz, @) + [Wwp@),

where N is independent of u.

It also follows from (3) and (4) that
lullwr@) < Nlullz, @) + [ulwe@)
< N(lulleyin + [l oyl
and since obviously
lll 2,0 < Mell {1l -

we arrive at the first inequality in (5) below.

8. Corollary. For any p € [1,0), n € {0,1,2,...}, &k € {0,1,2,...

e >0, and u € W}(Q),
[ullwr o) < NH”H}:;EYQ)H,LLH’Y ()
< Nellullwn o) + N5_7/(1_7)HUH£p(Q),

where v = k/n and N are independent of u and €.

The second inequality for v = 1 and € < 1 is trivial because the right-
hand side is infinite unless u = 0. For v =1 and ¢ > 1 it is also trivial and
in this case we see that one cannot replace Ne with another . If v € [0, 1),
the second inequality follows from Young’s inequality and the observation

that

Na'=7 = (NYIe/A=20)1=7(ch)?, 4 € [0,1),e > 0.

6. Solvability of elliptic equations with continuous
coeflicients

We deal with an operator L given on functions defined in R?. For conve-

nience of future references we collect what we need in the following.
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1. Assumption. The operator L is a second-order elliptic differential op-
erator with constant of ellipticity x > 0 (see Definition 4.1) independent of
x. The coefficients of L are bounded and measurable and the leading coeffi-
cients are uniformly continuous on R%. More precisely there is a constant
K and an increasing function w(e), € > 0, such that w(e) — 0 as e | 0, and
for all z,y € R% and i, = 1, ..., d we have

@ (@) W @) e(@)| < K, oV (@) = 0 (y)] < w(lz — ).

Throughout the whole section we suppose that Assumption 1 is satisfied.

2. Lemma. Additionally assume that the a” are constant. Then there exist
constants A\g > 1 and Ny, depending only on K, k, and d, such that, for any
A> X and u € C’g, we have

Mullz, + X[z, + lussllz, < NollLu — Aullz,. (1)

Proof. By repeating the argument from Corollary 5.4, we reduce the
general situation to the one in which L = " D;;. Then we observe that by
Theorem 5.1

1/2 1/2
A2 lug ey < NAY2 [l 12 uee || 2 < Ny + Nl s,

so that we only need to prove that

Mullz, + lluzellc, < NollLu — Aullz,- (2)

Now we use a change of coordinates in order to reduce L to A and apply
Lemma 1.1. We know that there exists a d x d symmetric matrix o such that
a = (a¥) = % Notice that, since the eigenvalues of a belong to [k, x 1],
the eigenvalues of o belong to [k'/2, k~1/?].

Define v(z) = u(ox). Then
Vi () = gk (02)0™ 040 (1) = Upn e (02) ™0™, Av(z) = (Lu)(ox).
Also observe that

I|Av — )\v||%2 =deto || Lu — )\u||%2 < N||Lu — )\UH%27

and, since there are obvious formulas expressing u,(z) and ugz,(x) in terms
of v, and v, also

[ullc, < Nllvlleos  Mualle, < Nlfvalleos  [uaelle, < Nlvzellz,-
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This and Lemma 1.1 yield that for A > 0

Nlullz, < NX|vlz, < N[Av = ||z, < N||Lu — Mullz,,
luzalZz, < NlvazlZ, < NlAv = M|z, < N[ Lu — AulZ,.

The lemma is proved.

3. Lemma. There exists an € = £(d, k, K,w) > 0 such that if u € CZ has
support in a ball of radius €, then estimate (1) holds for any A > Ao with
2Ny in place of Ny, where A\g and Ny are taken from Lemma 2.

Proof. Without loss of generality we assume that the ball in question
is centered at the origin, so that u(z) = 0 for |z| > €, where a small € > 0
is to be specified later. Since ¢ is small, Lu(z) should be close to Lou(x),
where the operator Ly is defined by “freezing” the leading coeflicients at the
origin:
Lou(z) = a(0) Djju(x) + b'(z) Dju(x) + c(z)u(w).
In fact,

| Lou(z) — Lu(z)| < Niw(e)| D?u(w)],
where N7 depends only on d. Furthermore, by Lemma 2, for A > A,
Mulle, + A2 luzlle, + luselle, < NollLou = Xulle,

< Nol|Lu — Aullz, + Now(e) |[uze | 2., (3)

where Ny depends only on K, k, and d. Upon choosing € so that Naw(e) <
1/2 and collecting like terms in (3), we get our assertion. The lemma is
proved.

4. Theorem. There exist constants Ay > 1 and Ny, depending only on K,
Kk, w, and d, such that estimate (1) holds true for any u € W3 and X > \o.
Furthermore, for any X > X\ and f € Lo, there exists a unique u € W2
satisfying Lu — Au = f.

Proof. Having in mind the method of continuity (Theorem 4.4), we first
concentrate on a priori estimates for u € Cg. As in the proof of Lemma 2 it
suffices to prove (2).

Take a ¢ € C3° with

1€z, =1
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and with support in the ball B, = {z : |z| < €}, where £ > 0 is taken from
Lemma 3. Observe that

— 20 _
1= [ v

u? i (x) = u?; ()¢ (x — :
@) = [ @ =) dy (@

These formulas are usually associated with the term “a partition of unity”.
In (4)

uiix]' (ZL‘)<2($ - y) = [(’LL(SL’)C(QL‘ - y))xzazﬂ = Ugi (x)Cxﬂ (:L‘ - y)
— Uy (x)le (1’ - y) - u(x)Cw’LmJ (l‘ - y)]

< 2[(u(@)¢(@ — Y))pins]” + N(lua(@)? + [u(@))n(z - y),

2

with
n= ’Cx|2 + |Cawc|2 € L.

Hence, by integrating through (4) with respect to x, we find
fusall <N [ GG = 0l du+ N (sl + )

Define Ay and Ny as in Lemma 3. Then by this lemma

1CC = Y)waalZ, < ANGIEL = N(C( = y)u)lZ,.

Therefore,
[uaalZ, <N [ L =N = v)wllZ, dy + N(|lullZ, + [[ul2,)-
Rd

We obtained an estimate of uy, through (L —X)(¢(- — y)u). Now we get
¢ outside L. Notice that

(L = N(u(@)¢(z —y)) = ¢z = y)(L = Nu(z) + 207 (2)uyi (2) o (x — y)
+u(@)(a” (2)Cains (T — y) + ' (2) G (2 — 1)),
(L = M (u(@)¢(z = y)* < 2/¢(z = y)(L = Au(z)?

+ N (Jug (@) + u(@)*)n(z - y).
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It follows that

/Rd I =M= y)u)lz, dy < 2L = NullZ, + N(luallZ, + llullZ,),
luaalZ, < N(IE = Nulz, + luallz, + llullZ,)- ()

Similarly,

Rl =3 [ It =l dy

<ang [ =N =)l dy
< NI = Nl + aol, + ul2,)

By combining this with (5) and Corollary 5.2, we find
Mulle, + luzzllc, < Nilllu = Xullz, + (1/2)|ugzllc, + Nallullz,,

where N; depend only on K, k, w, and d.

To finish proving (2) with 2N in place of Ny, it only remains to take
A > 2Nj, so that Ng < A/2 (do not forget that A\ > Ay with Ag from
Lemma 3).

By inspecting the above argument, one easily sees that Ao and Ny can
be taken to be the same for L; = (1 —¢)(A — 1) 4+ tL in place of L with any
t € [0,1]. Therefore, the method of continuity is applicable and the theorem
is proved.

We will see much later in Theorem 11.6.2 that, if ¢ < 0, then one can
take any Ag > 0 in Theorem 4 if one allows Ny to depend on A. The proof of
this fact will be based on an £, version of Exercise 6 before which we state
the following a priori estimate.

5. Theorem. There exists a constant N depending only on d, K, k, and w
such that for any u € W2 and A\ > 0 we have

[ullwz < N([[Adw = Lull 2, + [|lullz,)-

The proof is almost trivial since for A > Ag our assertion is contained in
Theorem 4, whereas for A € [0, A\g] we have

[ullwz < Nl[Aou — Lullz, < N([|Au = Lullz, + (Ao = Mlfullz,)

with )\0 - A < )\0.
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6. Exercise*. Assume that, for a particular L (as always satisfying As-
sumption 1), there exists a constant N such that for any A > 0 and u € W2
we have

ullz, < Nf[Aduw = Lul,

with NV independent of u and A. Prove that, for this L, the assertions of
Theorem 4 hold true for any A > 0 rather than A > X\g > 1.

7. Exercise. Under the conditions of Exercise 4.8 prove that if b%, i = 1,2, are
bounded measurable functions on R?, then there are constants Ay > 1 and N,
depending only on u, v, and the bounds of b%, such that for any A > Ao and f € Lo
the equation Lyu + b'u,: = f has a unique solution u € W3 and for any u € W3

)‘HUHE2 + /\1/2|‘u1||ﬁ2 + HulI/’1||ﬁ2 < N”L,\’U, + bzuaﬂ

Lo

In Exercise 11.6.5 we will see that one can take any Ag > 0 if we allow IV to depend
on A.

8. Exercise. Consider the nonlinear equation

a7 (2)ugigi () + Fug(x), u(x),z) — Au(z) = 0, (6)

where F(a, 3, ) is a measurable function of (a, 3,2) on R? x R x R% such that, for
an f € Lo, we have

[F(a, B, 2)| < K(la| + |8] + f(2)),

|F (a1, fr,z) — F(ag, B2, 2)| < K(Jon — as| + |61 — B2])

for all o, a;, 3, 0;,z. Use the method of continuity to prove that there is \g =
Xo(d, k, K,w) such that for any A > \¢ equation (6) has a unique solution u € W2.

7. Higher regularity of solutions

Here we want to show that if the coefficients of the operator L from Section
6 have bounded derivatives up to order n and the right-hand side f is in
W3, then the solutions of Lu — Au = f belong to W22+” provided that A is
large enough but yet independently of n. We will again use the method of
a priori estimates and the method of continuity.

First of all we need to know that the desired result holds for L = A.
The simplest way to do this is to use the Fourier transform. However, our
goal is to give a presentation which would be applicable to equations in
Wp%" with p # 2 without much additional effort. Therefore, we prefer an
approach based on the Green’s function Gy of A — A, which is introduced
in the following way.
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Let A > 0 and as in Section 1 first take u € C2, denote f = \u — Au
and write

(&) = (A + €271 F() = F(©) / e Neler gt

0

Then recall that e~ ¢I*t is proportional to the Fourier transform of

plt, @) = (4t) =2 12l*/(4) (1)

and that the product of the Fourier transforms is proportional to the Fourier
transform of the convolution. Then, after observing that the formula

/ p(t,x)dx =1
Rd

and the computation

/ / e_’\t|p(t,:v)|dtd:n:/ e_/\t/ Ip(t,z)|dz = 271 < oo
re Jo 0 R4

allow us to use Fubini’s theorem in finding the Fourier transform of

Gy(x) == /OO e Mp(t,z)dt, (2)

0

we easily see that

F(u) = F(Gx* f). 3)

Note that

Gy(z) >0, Gy(z)dr = 1. (4)
Rd

Since also f € L1, we have that G * f € £1 and by uniqueness of the
Fourier transform we obtain from (3) that

u:G,\*f (5)

almost everywhere. However, f € Cy and the dominated convergence theo-
rem implies that

Gy (@)= [ 1o =9)Galu)dy
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is a continuous function of x, so that (5) holds on RY rather than only almost
everywhere.

Also observe that if f € CJ' for an integer n > 1, then the rules of
differentiating convolutions show that

D™"(Grx f) =G+ D"f. (6)

In particular, G x f is infinitely differentiable if f € C§°.
1. Theorem. (i) The formula
Ryf =G« f
defines a bounded operator in L, for any p € [1,00]. Furthermore,

MRSz, < Ifllc,- (7)

(ii) For any f € La the unique solution u € W3 of the equation \u —
Au = f is given by u = Ry f.
(iii) If n > 1 and f € W3, then Ry f € W22+" and

D"Ryf = R\D". (8)

Proof. Assertion (i) follows from (4) and Minkowski’s inequality, which
we have already used a few times.

(ii) Equation (5) says that
u = Ry(Au — Au)

for u € CZ. By the above both sides of this equation are continuous Lo-
valued functions on W3, so that the formula holds for any u € W3.

(iii) By (6) equation (8) holds if f € CJ. If f € W3 and f;, € C is its
defining sequence, then for 0 < i < n,

|D' Ry fr, — DiRAmewg = |RA(D" fr — Difm)ng
< N|D'fy — D' finllz, — 0

as k,m — oo, where the constant N is independent of k,m. This shows
that the Ry fi form a Cauchy sequence in W22+". By completeness, there is
av e W22+” such that

D'Ry fi, — D'v
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in Lo for i < 2+ n. In particular, Ry fr — v and we discover that v = Ry f
due to the continuity of Ry on Lo. After that it only remains to substitute
fx in place of f in (8) and to pass to the limit. The theorem is proved.

2. Corollary. Letn >0, A > 0, and f € W3'. Then there exists a unique
solution u € W22+n of the equation \u — Au = f. Furthermore, for any
multi-index o with |a) < n

d d
NDullZ, + 22 D% |2, + D 1D ugiar I, = 1D FIIZ,-
j=1 jok=1

In particular, there exists a constant N depending only on d and n such that

Mullwy + [[vzellwp < N fllwg-

Indeed, uniqueness follows from Theorem 3.16. Furthermore, by Theo-
rem 1 the solution u, found in W2 according to Theorem 3.16, is actually in
W22+”. After that one can differentiate the equation Au — Au = f and get
the estimate again from Theorem 3.16.

3. Exercise. Prove that the norm of AR in any £, is 1.

4. Exercise. For u € C? prove that |Vu| < 2(sup|Au|'/?)(sup |u|'/?) on R? and
that the estimate is sharp.

5. Theorem. Take the operator L from Section 6, an integer n > 1, and
assume that the coefficients a,b,c are in C™ and their norms in C™ are
bounded by a constant Ki. Take )y from Theorem 6.4. Then there ezists
a constant Ny, depending only on K, Ky,n, k, w, and d, such that, for any
A > Ng and u € Wyt?

Mlullwy + llullyp+e < NollLu = Aullwy. (9)

Furthermore, for any X > X\g and f € W3', there exists a unique u € VVQTH'2
satisfying Lu — Au = f.

Proof. Recall that if g € C" and u € W)}, then gu € W3 and

lgullwy < Nligllenllullwg,

where N depends only on d and n (see Exercise 3.9). Also invoke Corollary 2.
With these two tools available, one can repeat the proof of Theorem 4.4,
using the method of continuity, taking there W3' and W2"+2 in place of Lo
and W3, respectively. Then one sees that to prove the theorem, it suffices

only to find Ny such that (9) holds for u € C;*2 and A > \o.
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Take a u € C’g”, observe that Lu is n times continuously differentiable,
and, for any multi-index a with |a| < n, by the Leibnitz formula write

D*(L-Nu=(L-XND+ » D,
1BI<]al+1

where ¢? are certain bounded functions. Hence by Theorem 6.4 for A\ > Xg
AD%ul z, + [[D%ullyyz < NI[(L = A) D%,

< N|DYL = Nullg, + N Y 1D ulz,.
18I<]al+1

By summing up over « such that |a| < k, where k € {0,1,...,n}, we get
Mlully + llullysre < NIL = MNullwy + Nlullype

The induction on k leads to

Mullwy +lullypre < NI(L=Mullwp+Nlulwy < NIL=Nullwz+N{ullyz

and to obtain (9) it only remains to use Theorem 6.4 again. The theorem
is proved.

Here is a result on global reqularity.

6. Corollary. Under the assumptions of Theorem 5 take a function u €
W3, X >0 and assume that Lu — Mu € W3'. Then u € Wa™? and

Mlullwy + [[ullypre < N(1Lu = Mullwy + llullz,),

where N depends only on n,d, K, K1, k, and w.

Indeed, denote \; = Ag + A and introduce

g :=Lu — Au= (Lu— Au) — Aou. (10)

If, for an r € {0,...,n — 1}, we have u € W2T+2, then g € W;H and by

Theorem 5 equation (10) has a solution in Wz(THHQ, which is unique in

W3. Since u is a solution of class W3, it follows that u € W3 3. An obvious
induction on r proves that u € W3 2.
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Furthermore, for » = 1,...,n by Theorem 5 we obtain
Ay = Mullwy + [ullyppsz < Mllullw -+l
< Nllgllwy < N[ Lu = Muflwg + [lullwy)
< N|Lu = Aullwyp + NAr—1 < ... < NJ[Lu — Aullwy + NAg
and referring to Theorem 6.5 finishes the argument.

Corollary 6 can be localized providing a local reqularity result.

7. Theorem. Under the assumptions of Theorem 5 take two numbers 0 <
p < R < oo and a function u € W2(BRr). Also take a A\ > 0 and assume
that Lu — Au € W§(BRg). Then u € Wyt*(B,) and

Mullwps,) + lullyz+2 g,y < NUILu = Mullwpsg) + ullwy ),
where N depends only on n,d, K, K1,k, p, R, and w.
Proof. Take a ( € C§°(Bg) and notice that
L(u¢) — Xu = ((Lu — M) + u(L¢ — ¢€) + 2aYu,i (s =: g.

Since n > 1, we have that g € W3, so that u¢ € W3 by Corollary 6. This
holds for any ¢ € C$°(Bg), implying that for n > 2 we have g € W3. In
that case by Corollary 6 we have u( € W24 . Proceeding further in this way,
we see that g € W§ and u¢ € W52 for any ¢ € C°(Bg). In particular,
u € WQnJFQ(Bp).

This allows us to apply Corollary 6 to the functions u(., r =0, ...,n+1,
where ¢, € C3°(Bpg) are chosen in such a way that (o = 1 on B, and ¢, 41 =1
on the support of ¢.. Then for r = 0,...,n we obtain

)‘HUCTHWQ"*" + HUCTHW;*T“ <NF+ NHuCr—i-lHWQ"*“rla (11)

where

F=||Lu = Aullwyp (Bg)-
In particular,
G lyp s < NFANuGrpallyprens  Grllyp sz < NN Gl
We take here r = 1 and use (11) with » = 0. Then we get
Nuollwg + luGollypz < NF -+ NluGillyas € NF+ NG ;-

The theorem is proved.
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This result will be substantially improved in Theorems 2.4.7 and 9.4.1.

Corollary 6 implies, in particular, that if A > g and f € W' for any n >
0 and if each derivative of a, b, ¢ is bounded, then the unique solution u € W22
of equation \u — Lu = f belongs to W3' also for all n > 0. It turns out that
in this case v is infinitely differentiable with each derivative bounded on R¢,
or, to be more precise, admits a function that equals u almost everywhere
and is infinitely differentiable with each derivative bounded on R%. In this
way we get the classical solvability of the equation Au — Lu = f.

This fact is obtained immediately from one of the Sobolev embedding
theorems that reads as follows.

8. Theorem. Let integers n >k > 0 and assume that 2(n — k) > d. Then
for any uw € W3 there exists a unique function v € C* such that v = u
almost everywhere. Furthermore, there is a constant N independent of u
such that

[oller < Nfullwg- (12)

Proof. First we claim that it suffices to prove (12) with v = v € Cj.
Indeed, if (12) is true in this case, then for any u € W3 we take a defining
sequence u,, € C{ and observe that by (12) we have

[ur — umllox < Nu, — UmHWQ” —0
as r,m — 0o. By the completeness of C* there exists a v € C* such that

Uy — v in CF. Since u, — u in Lo, we have u = v (a.e.). After that it only
remains to notice that

lollor = lim fumllcx <N lim fumllwy = flulw;-

Thus, we assume that u € C'. In that case, for any multi-index o with
|a| < n we have

D%u(x) = io‘|cd/ eETENq(E) dE.

R4

Hence
max [D%u| < Cd/ 1 *a(g)] de.
R4 Rd

By using Hoélder’s inequality and Parseval’s identity, we see that the square
of the last integral is dominated by the product of
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d
/ il + S ()L de,
R4 j=1

which is finite if || < k, and

d d
L0+ ST IEEROR = ull, + 3" 1D5ul, < Nl
j=1

Jj=1

The theorem is proved.

Theorem 8 will be generalized to a very large extent in Sections 10.2
and 13.8.

9. Remark. If we have two functions f and g of class £, defined in a
domain and f = g almost everywhere, then we say that f is a modification
of g and vice versa. Speaking about elements of £, it is common to say
that a function u is, say, continuous if it has a continuous modification. We
will always use this stipulation in the future. In this sense Theorem 8 says
that under its conditions any v € W3 is continuous.

10. Remark. There is also a “local” version of Theorem 8. Namely, if
2(n — k) > d, D is a domain in R? bounded domain G ¢ G C D, and
u € W3(D), then v € C¥(G) and the norm of u in C*(G) is less than a
constant, independent of u, times the norm of u in W3'(D).

This result follows at once from Theorem 8 if one takes a ¢ € C§°(D)
such that ( =1 on G and applies Theorem 8 to u(.

11. Exercise*. Let d =1, Q = (0,1). For u € W(Q2) prove that

[u(@) — u(y)| < Nz = y["Pllullwy ) [u(@)] < Nullyy g

for any z,y € 1, where N is independent of w.

8. Sobolev mollifiers

The most important point in Section 7 was that by Theorem 7.1 (iii) the
solutions of Au — Au = f are smoother if f is smoother. It turns out that
this fact can also be obtained in a different and very general way without
using explicit representations of solutions.

In this section we take
p € [1,00).

By definition a function in Wf can be approximated by smooth functions.
There is one very powerful unified way to do such approximations by using
the Sobolev mollifiers. In particular, this method will allow us to give a
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criterion for deciding if u € W;(Q) on the basis of knowing its Sobolev
derivatives.

We need the following Young’s inequalities.

1. Lemma. (i) Let g € L, and h € L1. Then gxh € L, and

lg* hllz, < llgll, [1Allz: - (1)

(ii) More generally, let g, € [1,00) and

1 1 1
-+ -=-+1 (2)
q T p
Also let g € Ly and h € L. Then
lg = hllz, < llglz. 7]z, 3)

Proof. (i) The convolution g * h(y) is

/ oy — 2)h(=) dz,
R4

which is the “sum” with respect to z of the functions g(y — x)h(x) as func-
tions of y. By Minkowski’s inequality (the norm of a sum is less than the
sum of norms)

1
lg* hllz, < [Hgl+1hlllz, S/ Ih(ﬂﬁ)l(/ 9y — )| dy) """ da,
R4 R4

where the last expression is just the right-hand side of (1).

(ii) If » = 1, we can use (i). In case that r > 1, observe that 1/¢g > 1/p
and p > q. Similarly, p > r. Then, by Holder’s inequality

lg * h|(z) < |g|* |h[(z) = /Rd(!g(y — )| [h()|P) | h(y) "~V dy

< (lab « W) @) ()| ag)

r T 1/r —1/r
= (gl * [B"2/2) " (&) R &1,
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Furthermore, by (i)

r r 1/r r r 1/r
[ lgl" * |AI"/2) i, = || gl * A" "
ril/r r 1/r
< gl IZ P = glle, IRIEP .

Hence,
1—-1
lg * hlle, < llgle, IRN&P (AL

and this is (3) since ¢/p+ ¢(1 —1/r) = 1. The lemma is proved.

Let ¢ € C5°. For & > 0 let (.(z) = e~%(x/e) and for any locally inte-
grable u define

WO@) = wr Gl = [ wcle—n)/2)dy= | uta = en)c) do
(W

2. Lemma. (i) If u is locally integrable in RY, then u'®) is infinitely differ-
entiable in R? and for any multi-index o

Du(z) = ux D(z) = [ u(y)(D*O)((z —y)/e)dy.  (5)

Rd

In particular, if u € Ly, then by Holder’s inequality the D9 are bounded
for any e > 0 and .

(ii) Let o be a multi-index, u locally integrable in RY, and let D®u be the
Sobolev D derivative of u (see Definition 3.4). Then D*u®) = (D) (z).

(iii) If
/ (der =1
Rd

and u € Ly, then ul®) € W]f for any k and u®) — u in L, ase | 0. In
particular, Cp° N Wlf; s dense in W;f, where Cp° =, C".

Proof. Assertion (i) is a standard result in integration theory. Assertion
(ii) follows from (5) by the definition of D%u.

To prove (iii), notice that for any bounded continuous function ¢ with
compact support and e € (0, 1) the functions ¢(¢) are bounded by a constant
independent of €. For € < 1 they also have support in a ball independent
of e. Indeed, if {(z) = 0 and ¢(z) = 0 for |x| > R, then it is not hard to
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see that, for |z| > R+ eR, we have ¢(y)(((z — y)/e) = 0 for all y, so that
#©)(z) = 0. Furthermore, for any =

o (z) = [ ¢z —ey)l(y)dy — o(z)

Rd

as € | 0 by the dominated convergence theorem. Also if ¢ € Cé“ and |a| <k,
then

D) = |

[ D°o(a —2y)Cly) dy — D 6(x)

as € | 0 with all functions involved uniformly bounded and vanishing outside
the same ball.

By the dominated convergence theorem and the above properties we
have ¢(&) — ¢ in Wlf if € CF. Also use Lemma 1, which, along with (5),
implies in particular that u(%) € W]f for any k. Then by inspecting

im llu — u® _ imllé — 6© im —w)®
lalfg lu =y < llu = llwr + lelfg R 161?8 1(¢ = w)* [l
< A+ Nk, d)|[Clley) 1w — ol

and using the fact that C} is dense in Wz’f, we get (iii). The lemma is proved.

In light of assertion (i) of Lemma 2 the operator u — u(®) is called a
Sobolev mollifier.

3. Exercise*. Prove that if o is a multi-index v € Lo and the Sobolev
derivative D%u € Lo, then

[ Pl d < NIl

where N is independent of u and @ is the Fourier transform of w.

New proof of Corollary 7.2. We know that u € W3 and that we need
only show that u € W22+”.

Take a ¢ € C$°(R?) with unit integral. Then by assertions (i) and (ii)
of Lemma 2 for any multi-index o with |a|] < n and € > 0 we have

e QE __ paE
AU — Au* = fo8

where

u®e = Dau(a)’ faa _ (Daf)(g).
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By assertion (iii) we have u®® € W2, so that by Theorem 3.16 for any & > 0
1D [ — ullyz < NII(D* ) — (D),

where N is independent of ¢, . Since this holds for any a with |a| < n,

[ = ullyzee <N 2 NDHE = (DN o

la|<n

The right-hand side here tends to zero as €,6 | 0 by Lemma 2 (iii), so that
the sequence of smooth functions u(!/9) is Cauchy in W22+”. In addition,
u(/7)) — w in Ly as j — oo again by Lemma 2 (iii). By referring to the
definition of W22+", we obtain what we needed.

4. Exercise*. Let u be a continuous function on R% and let the generalized
derivative u,1 also be a continuous function. By inspecting the proof of
Lemma 2 (iii), prove that u,: is the classical derivative of u with respect

to 1.

Assertion (i) of the following theorem turns out to be true for smooth
domains (see Exercise 8.4.5). Assertion (iii) generalizes assertion (ii) of The-
orem 3.11. We suggest the reader further generalize assertions (i) and (iii)
of Theorem 5 for the simplest case of Lipschitz domains, namely Lipschitz
half spaces, in Exercise 8. The proofs of assertions (i) through (iii) are based
on mollifying the function u extended as zero outside €2, but since near the
boundary the mollified functions may have “bad” behavior, we shift them
“outwards”.

5. Theorem. Assume that Q =R or Q = Ri. Then

(i) A function uw € L,() belongs to Wﬁ(Q) if and only if its Sobolev
derivatives D®u exist and belong to L,(Q2) for any multi-index o with o] <
k.

(ii) For any ¢ € C§°, which integrates to one and, in case Q = R‘i,
additionally satisfies ((z) = 0 if 21 > 0, we have in the notation before
Lemma 2 that

(ulp)® — u

in WIf(Q) ase | 0 for any u € Wf(Q)

(iii) The set of functions which are infinitely differentiable in Q and
vanish for large |x| is dense in Wj(Q)

(iv) For ¢ as in (ii) there is a constant N = N(d, k, () such that, for
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any u € L, and constant M,

we W, ulwy < M= [u®||yr < NM Ve >0,

(6)

p>1, [uyx <M Vee (0,1) = ueW), |ullyy < NM.

Proof. (i) The “only if” part follows from Definition 3.2. To prove the
“if” part, take u € £,(€) such that D € L,(Q) for |a| < k and define

v=uln, v*=IqD%.

Also take ¢ as in assertion (ii). Then v € £, and the v(®) are infinitely
differentiable, have bounded derivatives and belong to W for any m by
Lemma 2. In case = R?, the same lemma shows that D) — D%y in
L, if |a| < k. Hence v(1/™ is a Cauchy sequence in W} and /™) — 4y in
L,, so that by definition u € Wf .

In the remaining case that Q) = Ri the same argument is applicable
if we restrict our attention to ! > 0. Indeed, for those z and |o| < k,
due to the fact that ¢((z — y)/e) # 0 only if y! > 2! and, in particular,
C((z—-)/e) € C5°(2), we have

Do (z) == [ w(y) (D) (& —y) /) dy

=~ . v(y) (D) ((z —y)/e) dy

— o /Q C((x - y)/) Duly) dy = v * ().

In addition v* € £y, so that v® * (¢ — v* in £, and v* * (1, is a Cauchy
sequence in £, whereas Doy(1/n) (= v* * (1 on Q) is a Cauchy sequence
in £,(9). Finally, v/") — v in £,; in particular, v/ — v = u in £,(Q).
By definition u € W]f and assertion (i) is proved.

Assertion (ii) has actually been proved in the above argument. Assertion
(i) also follows easily from the above. Indeed (ulp)(®) is infinitely differ-
entiable in €, has bounded derivatives, belongs to Wf by Lemma 2, and
converges to u in Wj(Q) In addition, by using cut-off functions as in the
proof of Theorem 3.11, we can approximate in Wlf;(Q) the smooth functions
(uIg)®) by smooth ones vanishing for large |z|.
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To prove (iv), notice that the first implication in (6) follows from the
formula D*(u®)) = (D*u)®) and Lemma 1 estimating norms of convolu-
tions. To prove the second one, observe that, for |a| < k, the Doy(/m) are
bounded sequences in £,. Since p > 1, there is a subsequence n’ — co and
functions u® € L, such that Doy(/™) 5 4@ weakly in L,. In particular,
|u*|z, < M and for any ¢ € Cg°

(=)ol [ 4/ pegde = / oD w1 dz — | pu® da.
R4 Rd Rd
Since u/™) — 4 in Ly, the first expression tends to
(=Dl [ uDYda.
R4

Hence by definition u® = D“u, which along with the above estimate ||u®| ¢,
M and assertion (i), proves (iv). The theorem is proved.

IN

6. Exercise*. Let u € Wlf be even (or odd) with respect to . Prove that
the derivatives of order < k which do not contain differentiations in z! are

even (respectively, odd) with respect to z!.

7. Exercise®. Let u(x) = 0 for |z| > 1 and let w be Lipschitz continuous:
lu(x) — u(y)| < oz — y|, where « is a constant. Prove that u € Wz} for any
p and [Jug|z, < N(d)a.

8. Exercise. Let Q = {z : 2! > f(2)} where f is a Lipschitz continuous function:

If(2") — f(¥')| < alz’ — |, where « is a constant. Prove that in this situation
assertions (i) and (iii) of Theorem 5 are still valid.

9. Singular-integral representation of u,,

By Theorem 7.1 if u € CZ, then for any A > 0 we have
ula) = [ (vl =) = Aule = 9))Galo) do (1)

where G, is given by an explicit formula from which it follows that, as A | 0,

1

1 e 2
G Goly) = ——— [ =42~ WP/4 g — N (@) ——
A1 Golw) 1= g [ 7 ()

where the last equality is obtained by a change of variables. As is easy to
see, N(d) < oo if and only if d > 3. In that case Gy is locally summable
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and by the dominated convergence theorem we obtain from (1) that for any
u € Cg

1
um—Nd/—f:c—ydy, 2
(z) ()Rd|y,d,2 (z —y) (2)
where f = —Aw. This is a representation of u by means of the classical

Newtonian potential of f.

In the sequel we take d > 3. Again owing to the dominated convergence
theorem, one can differentiate (2) and see that if u € C3, then f € C} and

une) = N@ [

R \y!d Qf:vl( )dy

We represent R? as {y = (y', /) : y* € R,y € R¥"1} and write

|t —was= [ ([T e ) ay.

If i/ # 2/, the function |y — 2| ~(4=2) is an infinitely differentiable function of
y' and one can transform the inside integral by integrating by parts, thus
finding that for almost all ¥ it equals

<d—2>/ fy_‘jdﬂ)

Observe that

J.

since f has compact support and

1
_ < 3)
/|y—m|<R |y - :L'|Ul71

for any R. This allows us to write the repeated integral which we obtain
after integrating by parts as a usual integral over R% and leads to the formula

yl — ! 1
s [l <oo

ly — x|

1 1
wl0) = N2 [ L)y =) [ s+ dy

Rd |y
Similarly for any ¢ =1, ...,d

)

wla) = Mi(a) | )y
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For the same reasons as above one can differentiate this formula with
respect to x one more time and find

7
w0 = M@ [ D51,
However, if we now try to go the same way as above integrating by parts,
we will not be able to rewrite this expression as a usual integral over R¢
because this time we will have d in place of d —1 in (3) and the integral will
diverge. This is the reason why we take a ( € C§° depending only on |y|
and such that (0) = 1 and write

3105 (0) = N1 (d) / y

i [yl

(f(y) = £(0)C(y))ys dy + f(0)Nij, (4)

where
Y
Ni: := Ni(d ——C.i(y) dy.
J 1( )/Rd ’y|dCyJ(y) Yy

Now we integrate by parts with respect to 3/ and notice that

0y yyld— 9y
9y _Yyamoyl _ k.
Ay [yl |y|d+2 W)

N
lyld’

We also use the fact that f(y) — f(0)((y) has compact support. Then we
easily transform (4) into

[Kij(y)] < [f () = FO)SW)| = 1f(y) = £(0) + f(0)(1 = C(y) < Nyl

Uzizi (0) = N1(d) /Rd Kij(y)(f (y) — F(0)¢(y)) dy + f(0)Nij, ()
with the integral converging in the usual sense. In particular,

| Ka)(£) = 106y =tim [ Ky () = 106 d.

10 Jiy|>r

It turns out that for any r > 0

Kij(y)C(y) dy = 0.

ly|>r

By using the fact that ¢ is radially symmetric, to prove this, it suffices to
show that the integral of Kj; over spheres centered at the origin vanishes. If
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i # j, this is obvious because Kj; is anti-symmetric in y'. If i = j, then the
said integrals are obviously independent of ¢ and their sum is zero because

> ()2d—yPd=o.
Thus,

Uzizi (0) = N1(d) lim Kij(y) f(y) dy + f(0)Nyj.
rl0 ly|>r

Similarly, for any z, if u € C3,

Uyiqgi (2) = N1(d)Kij f(x) + f(z)Nij, (6)
where

Kijf (x) =lim o Kij(y)f(x +y)dy

is one of the so-called singular-integral operators. That it is singular is
reflected, in particular, in the fact that the usual estimate

1k flle, < Iklleillflle,

does not allow us to estimate the £, norm of K;; f through the £, norm of
f since the K;; are not integrable near the origin, let alone near infinity.

A quite discouraging fact is that (6) does not seem to allow us to get
the estimate even if p = 2, when we know that the estimate exists from
Theorem 3.16.

There is a theory of singular-integral operators (see, for instance, [19])
in which one shows that they are well defined and bounded on £, for any
p € (1,00) and this along with (6) yields the estimate

We are going to avoid using the theory of singular-integral operators and
obtain this estimate in a somewhat different way.

1. Exercise. Show that N;; = —§q1,

To give the reader some feeling about certain issues arising in the theory of
singular integrals, we give the following.

2. Exercise. Take k # j and for € € (0,1) define Kyj.(z) = Ky;(z) if e < |z| <
e~ and Kjj.(z) = 0 otherwise. Take a u € C§°, set f = —Au, and prove that in
the £y sense Ni(d)Kpje * [ — Ughy.
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3. Exercise*. Take d > 3, an f € C3°, define u by (2) and show that u is
infinitely differentiable, Au = —f in R, and |Juzz|lz, < N ()| f]lc,-

10. Hints to exercises
1.5. The integrand on the left is the divergence of the vector-field F' given by
F' = i AU — Uy Uy i
and on the boundary we have u, = (u, - n)n,
(Fyn) = (ug,n)(Au — (Ugen) - n).

To compute Au— (uy,n)-n at a point g € OB, take d— 1 unit mutually orthogonal
vectors {1, ...,£4—1 orthogonal to n(zg), so that owing to Exercise 1.4

d—1
Au — (ugen) -n = E Ui i 03,05,
k=1

at xg. Then, after differentiating the relation u, = (u, -n)n at xo along ¢, use the
equality u, - £ = 0 and show that at this point

Ugigi O, = O (Ug ) + 0" (Ugi - M), Ugigi O 0], = Uy - .

By the way, the latter identity is known as the Meusnier theorem.
1.8. Try e’
1.10. To prove the first assertion, show that the points where u/{ takes its positive

maximum value can only belong to 02, and then let £ | 0. To prove the second,
either consider the function

u() — u(o) exp(—r'VA)

or, what will be used in the hint to Exercise 1.11, observe that Lemma 1.7 holds true
1

even if we allow |u| to grow exponentially at infinity and then consider ue’® —u(x)

with appropriate § > 0.

1.11. Follow the hint to Exercise 1.10 to make A strictly positive and preserve
u < supgg U+. Then work with u/ cosh(e|a’|) and use Exercise 1.10.

1.12. (i) Use a simple corollary of Minkowski’s inequality: || f*h|z, < | fllz, [kl c,
(see Lemma 8.1); (ii) observe that for u.(z) = e~%u(x/e), we have . (£) — [udzx
ase | 0.

1.13. To prove the fact mentioned in the statement, consider F(¢,D“v), where
On = ¢(z/n), ¢ € C§°, ¢(x) =1 for |z] < 1. Then send n to infinity and use the
continuity of the Fourier transform in L£5. Then while proving the denseness, use
part of the proof of Theorem 1.6 and the facts that v := g*wu and all its derivatives
of any order are in £, and are bounded if g € £, ¢ = p/(p—1) (< 2), and u € C§°.
Then you will arrive at cv = 0, where

o(§) = ) avil®l¢?

laf<m
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is the so-called characteristic polynomial of L. Finally, observe that o(£) # 0 (a.e.)
since at least one of a® # 0 (the set where o = 0 cannot have density points).

2.2. Show that the vectors G,i,...,G,a are linearly dependent, set F(z) = x
and use Exercise 2.1. For the second part use approximations by polynomials and
observe that g(z)/|g(z)| € 0B1, whenever g(z) # 0.

2.3. If there are no fixed points, then introduce a mapping G, which sends x € B,
into the point G(x) on dB; such that x lies between G(z) and f(x) on the straight
segment joining those points.

2.4. Reduce the general situation to the one where f is strictly concave in y and
strictly convex in x. Then consider the function bringing x € X to the unique
point y(z) € Y maximizing f(z,y) over Y. From the uniqueness of y(z) deduce its
continuity in z. Similarly introduce z(y) by minimizing f(z,y) over X. Then from
Exercise 2.3 obtain that the mapping © — z(y(z)) has a fixed point zg € X. Set
yo = y(xo) and prove that z¢ = z(yp),

f(zo,90) = min f(z,90) = max f(zo,9),
maxmin f(z,y) > f(zo,y0) > min max f(z,y).

This yields a one-sided inequality in (2.1). Show that the opposite inequality is
true regardless of whether the requirements (i) and (ii) are imposed or not.

3.6. Observe that there exists a g1 € £, such that ||Di¢, —g1]/z, — 0 and use the
fact that

/ngwdx: lim /¢nD1wdx:— lim /(qubn)z/}dm:/glwdx
Q n—oo Q n—oo Q Q

to conclude that D1g = g;.

3.13. There is a v € W}F(Q) such that v — v in W}F(Q2). Find [jv — ul|z, (o).
8.17. Use the definition of W} (Q2).

3.18. First prove that if u € W, (€2), then for any € > 0

ue = Fo(u) € W, (),

where F.(t) = ([t>4€%]'/?—¢)I;>0, and compute (u.),. After that use Exercise 3.13.
You may also like to notice that the functions F.(t) are continuously differentiable
onR,0< F.(t) Tty ase 0.

3.19. What is (u_),?

8.20. If |[¢n|z, — 0, then for a subsequence n’ we have that ¢, (2',-) — 0 in
L,(R41) for almost all a!.

3.23. (i) For d > 2 multiply both parts of f = Au by (2 — |2|?)u and integrate by
parts. (ii) P, is a linear finite-dimensional space. (iii) Use approximations of f by
polynomials.

4.6. Use dilations.
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4.7. Notice that a”u;; = tr AU and the trace of a matrix is invariant under
orthogonal transformations.

4.8. Notice that Lu = a™v;;, where v;j = tzi,5 — A% u and use Exercises 1.3 and
4.7.

4.9. Consider (1 —t)(A —2\) +¢L.
6.6. Use the method of continuity moving A and Theorems 6.4 and 6.5.

7.3. Prove that the norm is independent of A and use that ARy f = f + R\Af for
smooth f.

7.4. Use (7.2) and (7.5) to show that |Vu| < A~*/2sup |\u — Au|. Then minimize
with respect to A\. To prove the sharpness, take d = 1.

8.3. From Lemma 8.2 and Parseval’s identity derive that
[ I PO ©F s = NID O, < NID"ul,

where

u®(&) = Na(§)¢(e€).

You may first like to prove part of the above for u € C§°.
8.6. Use mollifiers.
8.7. Use mollifiers.
8.8. Take ¢ with support in 2al2’| < —z?.
9.1. What is ), N;;?
9.2. First show that

Koo f@) = [ Ky@lfa+y) - f@))]dy

e 1>y|>e

and conclude that Ny (d)Kgje * f — Ugr,; on RY. Then introduce R as a number
such that f(x) = 0 for || > R and show that | Ky * f(z)| is bounded independently
of e if |z| < R+1 by repeating the argument which led to (9.5). To prove the uniform
boundedness of |K;e * f(z)| for |z| > R+ 1, show that |Kyj. * f(x)] < N|z|~<.

9.3. First work with G f.



