Chapter 4

Permutation
Representations

In this chapter we study permutation representations and their in-
variants. Because of their combinatorial nature there is a lot one
can prove about them without any machinery from abstract algebra.
This is what we exploit in this chapter. In the first section we de-
fine permutation representations. Then in Section 4.2 we prove that
every symmetric polynomial can be written as a polynomial in the
elementary symmetric polynomials. In Section 4.3 we generalize this
result to arbitrary permutation representations.

4.1. Permutation Representations

The symmetric group on n letters %, acts on the set {1,...,n} by
permutations. Let V = F" be the n-dimensional vector space over
a field F. Let eq,...,e, be a basis. Then ¥, also acts on the set
S ={ey,...,e,} by permutation.

Yo xS — S8, (0,€) — ey

foralli =1,...,n. Thus ¥, acts on V by permuting the basis vectors.
Let v = (v1,...,v,); then

XXV — ‘/v (Ua V) = (va(l)a e -avo(n))'
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In the terminology introduced in Chapter 1, this means that we have
rediscovered the defining representation of ¥,,:

p: X, — GL(n,F)
afforded by the matrices

0 1

p(li) = 1 , 1=2,...,n,

1

where the 1’s in the first row and column appear in the ith place.
Since ¥,, can be generated by the transpositions (14) for i = 2,...,n,
it is enough to give these images. Note that by construction every
matrix in p(X,,) has exactly one 1 in each row and column. Matrices
with this property are called permutation matrices. Let G be an
arbitrary group. We call a representation

p:G— GL(n, F)

a permutation representation if for each element g € G its image
p(g) € GL(n, F) is a permutation matrix. Identifying the symmetric
group Y, with its image in GL(n,F) in its defining representation
allows us to rephrase this as

plg) €Xn Vged.

Example 4.1. Take the cyclic group of order 4, Z/4, with generator
3= —1. Then

01 0 O
0 01 0
p:Z/4 — GL(4,F), 3+— 00 0 1
10 00

defines a faithful permutation representation of Z/4.
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Indeed, every finite group G has a permutation representation
because G can be viewed as a subgroup of some symmetric group.
This can be seen as follows. Let |G| = n. Then enumerate the
elements of G, so that we have G = {g1,...,9»}. Take an arbitrary
element g € G. Then for every i = 1,...,nthereisag(i) € {1,...,n}
such that

Moreover,
99i = 99; < =]

Thus G acts by permutation on its underlying set {g1,...,9,}. We
identify the g;’s with the basis vectors of an n-dimensional vector
space V, then group multiplication leads to a permutation of the basis
vectors. The representation of GG that is obtained in this way is called
the regular representation of G. It is probably the most important
representation of G since it encodes all other representations in a way
we will not explain here, since this would lead us too far off the path.
However, this is an interesting topic and you should definitely learn
about this!

The representation in Example 4.1 is the regular representation
of Z/4: The group Z/4 consists of 0,1,2,3. We identify the group
elements with basis elements of a vector space

{0>73} *){el,“-yeﬁl}a iHeH-l'

The group is generated by —1 = 3. Since (i) —1 = i—1, this translates
into

+3
€ir1 v €

for the basis vectors. So, the group permutes cyclicly the basis vec-
tors. The matrix above describes precisely this: a cyclic permutation
of the basis vectors

€y v €3 v e v e v ey.

Thus the above Example 4.1 is the regular representation of Z/4.
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Example 4.2 (Regular Representation of Z/n). Take the cyclic group
of order n. Then

0 1
p:Z/n— GL(n,F), n—1+— )
0 1
1 0

defines a faithful permutation representation of Z/n. This matrix
describes a cyclic permutation of the basis vectors

€y M €ep_1 VY@ v e v ey,
Thus this is the regular representation of Z/n.
Before we proceed, let us give another example:

Example 4.3 (Regular Representation of ¥3). The symmetric group
in three letters has six elements. We enumerate them in the following
way:

g1 =(1),92 = (12), 95 = (13), 94 = (23), 95 = (123), and g = (132).

Then the regular representation p of X3 is given by the matrices

(0 1. 0 0 0 0]

1 00000
pa) =1 2@ =10 0 o0 o 1 ol

000100

00 1 0 0 0
(001 0 0 0] [0 0 0 1 0 0]
000010 00000 1
1 00000 00 0O0T10

Pes)=10 000 0 1|° P9=1{1 0 0 0 0 o

01 0000 001000
0 00 1 0 0 0 1.0 0 0 0f
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, and p(ge) =

O R O O O O
SO O = O O O
_ O O O O O
_ O O O O O
O O = O O O
O = O O O O

O O O O = O
o O O = O O
O O O O o

SO O O = OO
(=l eNeNel =
S O O O O

Remark 4.4. It does not matter in which order we enumerate our
group elements to obtain the regular representation, because a change
of the order translates into a permutation of the basis. Thus we
receive an equivalent representation. This justifies speaking about
the regular representation.

Note that the degree of the regular representation always coin-
cides with the order of the group. Note also that not every permuta-
tion representation is the regular representation.

Example 4.5. The defining representation of X, is, of course, a
permutation representation of degree n. However, it is not the regular
representation: this has degree n!.

4.2. Newton, Waring, and Gauss

In this section we look at the polynomial invariants of the defining
representation of the symmetric group on n letters 3,,.

Consider the ring F[V] = Fx1,...,x,] of polynomials in n vari-
ables. We call the sum

si1=x1+ -+ x, € F[V]

the first elementary symmetric polynomial in x4, ...,x,. More
generally we define the ith elementary symmetric polynomial as

S; = E XI,
I

where the sum runs over all exponent sequences I = (i1, ...,4,) con-
sisting of ¢ 1’s and zeros otherwise. These are also sometimes called
Viete polynomials. For example

So = XX +X1X3+ -+ XXy +T2x3+ -+ Tp_1Tp
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and
Sy =XT1 " Tp-

As we saw in the previous section the defining representation of ¥,
induces an action of ¥, on the n-dimensional vector space V = F”
by permuting the basis elements e, ..., e,. For all ¢ € 3,, we have

o(e;) = € Vi=1,...,n,
and by linear extension
o(v) =0(v1,...,vn) = (Ve(1), -+, Vo)) YVEW

Thus the induced action on the dual space V* also permutes the basis
elements z1,...,z,. For o € ¥,, we have

o(2i(v)) = 2i(071 (V) = 2i(Vo-101), - -, Vom1(m))
= VUs-1(3) = To—1(3) (V)
for all i = 1,...,n. Hence for a monomial %' - - - zi» € F[V] we obtain

i1 A i1 %
U($1 a 'xnn) = ngl(l) T xgn—l(n);

another monomial of the same degree with permuted indices. Ex-
tending this linearly to all polynomials gives for f = Y a;x!

o(f) = Zala(x[) = Zala(xlf cepin) = Za;x?,l(l) . --xi":l(n).
We apply an element o € ¥, to an elementary symmetric polynomial
o(si) =o(x1m2 2 + 2129+ i1 Tip1 + 0+ Tp—ig1 - Tn)
= Lot To-1(2)  Tomi(i) T F Lo nmit1) " Lo i(n)-

Thus the only thing that has changed is the order of summation,
ie., o(s;) = s; is a polynomial invariant under 3,. An arbitrary
polynomial invariant under ¥, is called symmetric.

Example 4.6 (Symmetric Power Sums). The symmetric power sums
are defined by

pi = @) e,
They are symmetric because any element in 3, permutes the sum-
mands.

The following formulae go back to Sir Isaac Newton [1646-1723].
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Proposition 4.7 (Newton’s Formulae). The symmetric power sums
and elementary symmetric functions satisfy the following relations:
51 = P1,
259 = p1s1 — e,
3s3 = p1S2 — p2s1 + s,

%

isi = > (=" 'prsis,

k=1

where we set sg = 1.

Proof. We consider the following polynomial in an indeterminant ¢
and with coefficients from F[V]:

n

(%) Q) =[]0 - 2:t) e FV][].

i=1
Its logarithmic derivative with respect to ¢ is
20(t

t t) Z [T ()

Jj=1,j#i

;= n + pot + pat® + -

where the last equahty holds because

Tt bl bl
1-— .ﬁit
Thus we obtain
0
(1) 8tQ( ) = —Q(t)(p1 + pat + pst® + -+ ).

On the other hand, we can expand the product in equation () and
get
n .
Q) =) (—1)'sit",

Therefore

2) Qo) = (-1t
0
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and we obtain the result by equating coefficients of (1) and (2). O

These formulae express implicitly the symmetric power sums in
terms of the elementary symmetric functions. A little bit later Ed-
ward Waring [1734-1798] gave a formula expressing the p;’s explicitly
in terms of the elementary symmetric functions. More generally, he
gave formulae expressing any symmetric polynomial in terms of the
elementary symmetric ones. This gives the elementary symmetric
functions their significance: any symmetric function is a polynomial
in the s;’s. We want to prove this result, but instead of giving War-
ing’s (very long) formulae, we present the algorithmic proof due to
Carl Friedrich Gauss [1777-1855]. For this we need some preliminary
steps.

Example 4.8. Consider p:Z/2 — GL(4,F) with
0 1
1o 0
O 0 1
1 0

The dual space V* is the disjoint union of {0} and the orbits of the
following nine types:

p(1) =

o[Ax1] = {Ax1, Azo},
o[Azs] = {Azs, Axal,
o[Azy + pxe) = {Ax1 + pxe, Axe + pai},
o[Az1 + pxs] = {Ax1 + pxs, A\xe + pral,
o[Azy + pxy) = {Ax1 + pxg, Axe + pas},
o[Axs + pxs) = {Axs + pxa, A\xg+ prs},
o[Ax1 + pxe + vs) = { Az + pae + vas, Arg + pxy + vagl,
o[Ax1 + pxs + vas] = {Ax1 + pas + v, Aze + pxy + vash,

and

o[Axy + pxa + ves + wry] = {Ax1 + pre + veg + wiy,
Azg + pxy + vey + wrst,
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for nonzero field elements A, i1, v, and w. In particular, the set of basis
elements consists of two orbits:
{z1,... 24} = {21, 22} U{x3, 24}

Thus the polynomials z; 4+ x5 and z3 + x4 are also invariant.

The two polynomials we constructed in the preceding example are
orbit sums. They are what you think they are: Take any monomial
x! € F[V]. Then gx! € F[V] for g € G is also a monomial, since we
are dealing with permutation representations. Thus the orbit of x! is
the set of monomials

o[x'] = {gx'|g € G}.
The orbit sum is the sum of all orbit elements
o(x!) = Z gx!.
It is, by construction, an invariant polynomial. This is our first
method to construct invariant polynomials. As we see below, in the

case of permutation invariants this suffices to find all invariant poly-
nomials.

Before we proceed note that in general

O(XI) _ Z gXI # Z gXI

gE€G /Stabg (xT) geG

as we illustrate with the next example.

Example 4.9. Reconsider Example 4.8. The orbit of xx5 consists of
one element, because it is invariant. Thus o(z122) = x122. However,

Z g(x122) = 2w 0.

gEL/2

The elementary symmetric polynomials are nothing but orbit
sums (under the action of the full symmetric group)

si=o(xy---x;) Vi=1,...,n.
Indeed in general we have the following result.

Proposition 4.10. Permutation invariants are sums of orbit sums.
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Proof. Let p: G — GL(n, F) be a permutation representation. Let
f € F[V]€ be a homogeneous invariant of degree d. Without loss of
generality we assume that f is not the sum of two other invariant
polynomials. We need to show that f is the orbit sum of one of its
terms. Set

f= Zajx[, with ay # 0.
I

Observe that

Iy _ (i in) — i1 in _ ety bg=1(n)
g(x )_g(xl "'xn)_ngl(l)"'xg"—l(n)—xl :L-n .

Thus the action of G can be interpreted as a permutation of the
exponent sequence:
g(xT) =x" D,

Thus for any g € G we have that
9f = Zalg(xl) = Zazxg_l(l) = Z%(I)XI'
I I I
Therefore we obtain

0:f—gf:Za1xl—Zag(1)xI.
I; I3

Since the set of monomials of degree d forms a basis of the vector
space of all polynomials of degree d, they are linearly independent.
Moreover, the coefficients a;y # 0 by assumption. Thus every term
arx! in the first sum is cancelled by the term ay(;)x’, i.e.,

a1 = Gq(1)

as claimed. O

Example 4.11. We come back to Example 4.8 and consider mono-
mials of degree two. The second elementary symmetric polynomial
is
So = T1To + X1X3 + X1X4 + ToT3 + ToXy + X324
= (Ill‘g) + (.Z‘1I3 =+ x2x4) + (.Z‘1I4 + l‘2$3) + (I3$4).
We set the brackets around expressions that are Z/2-orbit sums. We

see that s, is the sum of four Z/2-invariants.

Recall from Exercise 3 of Chapter 3 that the set of homogeneous
invariants of degree d, IF[V}(%), forms an F-vector space, d € Ng.
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Proposition 4.12. The orbit sums of any given degree d form a basis
of the vector space ]F[V](Ci).

Proof. In the preceding Proposition 4.10 we have seen that every
invariant polynomial is a sum of orbit sums. Thus the orbit sums
of degree d form a generating set of ]F[V](C;). To show that they are
linearly independent, assume that there is a linear relation

(%) a101 + -+ apo, =0,

where o1, ..., 0, are orbit sums of degree d and aq,...,a, € F. Ex-
pand (%) as a sum of distinct monomials of degree d. Since those
are linearly independent and the orbits are disjoint, the coefficients
ai,...,a, vanish as desired. O

In other words, we have proven that rings of permutation invari-
ants are generated by orbit sums of monomials. With this at hand
we can proceed to Gauss’ proof.

We say a monomial x! is smaller in lexicographic order than

x’, written as

XI <lex XJa
if the first nonzero entry in the difference of the exponent sequences
J—=I=1—91, -, Jn—in)
is positive.
Theorem 4.13 (Ring of Invariants of the Defining Representation of
¥n). Any polynomial invariant under the defining representation of

the symmetric group on n letters can be written as a polynomial in
the elementary symmetric polynomials.

Proof. Let f be a homogeneous symmetric polynomial. If f is divis-
ible by s, then

f = snf,
for some symmetric polynomial f’. Thus without loss of generality
we assume that s, does not divide f.

We want to proceed by induction on the lexicographic order. If
f € F, then there is nothing to show. Thus our induction starts. Let
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ax!, a € F\ 0, be the leading (i.e., highest) term of f with respect to
the lexicographic order. We claim that

Iy Sdpop <ooe Sig <dg
Assume to the contrary that there is an index k € {1,...,n} such
that i < igy1. Then for 7 = (k k+ 1) € 3,,, the term

T(m) = T(CL.’I}? e I:{') = axil e kaJrlekJrl R mi{l

has higher lexicographic order. Since this also appears in f by Propo-

sition 4.12, we obtain a contradiction.
Next observe that the symmetric polynomial
aslil*izsézfie, L. S;n

has the same leading term as f. Thus

iv—iz ia—ig . in
f—asy sy s

is a symmetric polynomial with lower highest term. So we are done
by induction. O

Thus we can write our ring of polynomial invariants as

F[V]*" = F[s1,. .., 8]

A set of polynomials is called algebraically independent if
there are no algebraic relations between them.

Example 4.14. There are no algebraic relations between the vari-
ables x1,...,z, € F[V]. For otherwise there would be a polynomial
expression

flz1,...,2,) = 0.

But this means that f is the zero polynomial. There is also no alge-
braic relation between z? and y? in Flz,y].

Indeed there are no algebraic relations among the elementary
symmetric functions.

Proposition 4.15. The elementary symmetric polynomials are alge-
braically independent.
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Proof. Suppose there is an algebraic relation between the elemen-
tary symmetric functions. Let f(Xi,...,X,) € F[X1,...,X,] be a
polynomial such that

f(s1,...,8,) =0.

We have to show that f is the zero polynomial. Rewrite f(s1,...,s,)
as a polynomial in the z;’s. Choose the term aX’ of f of highest
lexicographic order. Thus f(s1,...,s,), regarded as a polynomial in
the z;’s, has leading term

gt in giaedin | gin

a n

which, by assumption, is zero. Thus a = 0 as desired. |

Remark 4.16. The issue here is that this means that every sym-
metric polynomial can be uniquely written as a polynomial in the
51,...,8,: Let p € F[V]®» be an arbitrary invariant. Assume that p
can be written in two ways as a polynomial in the elementary sym-
metric polynomials. Then

p=fi(s1,....8n) = fa(s1,...,8n)
for some fi, fo € F[X1,...,X,]. Thus

O:fl(slv'“asn)7f2(313"'75n),

which in turn means that 0 = f; — fo by the preceding Proposi-
tion 4.15. Thus f; and f; are the same polynomials.

Remark 4.17. The generators of a ring of invariants are in general
not algebraically independent; cf. Exercise 13 in this chapter.

4.3. Gobel’s Bound

In this section we want to find a complete set of generators for an
arbitrary permutation representation

p: G — GL(n,F).
This result was proven by Manfred Gobel in his PhD thesis.! The

proof we present here is based on a reworking of the original proof

IManfred Gobel, Computing Bases for Permutation-Invariant Polynomials,
PhD thesis, University of Tiibingen, Germany, 1996.
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by Nelson Killius, who was at that time a first year graduate student
visiting Northwestern University.

We note that p(G) < X,, < GL(n,F) (where we identified the
symmetric group with its image under its defining representation). In
particular, this means that every polynomial that is invariant under
the full symmetric group is invariant under the smaller group G as
well.

FV]®" = Fsy,...,s,] — F[V]¢ < F[V].
Thus the elementary symmetric polynomials are present in every ring
of permutation invariants. In other words, they form a universal set
of invariants for the class of permutation invariants.

We know already that F[V]¢ is generated by orbit sums by Propo-
sition 4.12. Our next goal is to describe more precisely the set of orbit
sums we actually need. For that we introduce more terminology.

Take an exponent sequence I = (i1,...,4,) with i1,...,i, € Ny,
and rearrange it in weakly decreasing order. We obtain an n-tuple
(AM(ID),..., (D)) that is a permutation of the original (i1,...,4,).
The underlying ordered set

A) = (M) =2 A1) 2 -+ = A(]))
is called the associated partition of I.

We call a monomial x! special if the associated partition A(I)
satisfies
(1) )\7,([) — )\z+1(I) S 1foralli= 17. Lo, = 1, and
(i1) A (I) = 0.

Example 4.18. The monomial z3z3z} € Flx1, 22, x3] is not special,
because the associated partition (3 > 2 > 1) does not satisfy property
(ii). However, considered as an element in Flxy, ..., x4] it is special.
The associated partition is (3 > 2 > 1 > 0). The monomial x{z31 is
not special in F[z1, 22, z3] nor in F[z1,...,x4]. The respective asso-
ciated partitions are (4 > 1> 1) and (4 > 1> 1 > 0). In both cases
the first condition for special monomials is not satisfied: 4 — 1 > 1,
i.e., there is a “gap”.

Since the n-tuples of the associated partitions are permutations
of the original exponent sequence, two exponent sequences J and K
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are permutations of each other if and only if the associated partitions
are equal: A(J) = A(K).

We want to prove that the ring of invariants of a permutation
representation is generated as an algebra by the orbit sums of special
monomials and the elementary symmetric polynomial® s,, = 1 - - - zy,.
Thus we need to show that any permutation invariant can be rewritten
as a polynomial in the orbit sums of special monomials and s,,.

The proof relies on the same idea as Gauss’ proof for the X,,-
invariants: we give an algorithm that rewrites an arbitrary invariant
in the desired form. For this algorithm to work (i.e., to terminate)
we need to choose a suitable order on the set of monomials.

Let I = (i1,...,i,) and J = (j1,...,Jn) be n-tuples of nonneg-
ative integers. Then we say that the monomial x! is smaller in the
dominance order than x7, denoted by x! <gom x”, if the associated
partitions satisfy

M(I) < M (),

M) + X2 (1) < M(J) + X (),

M)+ A (D) S M (T) 4 4 An( ).

If x! <gom x7 and x7 <gom x! we say x! =gom x”’. (Note that
x! =4om x7 if and only if I and J are permutations of each other; see
Exercise 8 in this chapter.)

We explain next how we rewrite the orbit sum of an arbitrary
monomial in terms of orbit sums of special monomials and s,,.

Let x! be a monomial. Let A(I) be the associated partition.
Assume that x! does not satisfy the first condition for being special.
Then there is a “gap” in the associated partition. We denote by

tr = mln{z|)\Z(I) — )\i+1(1) > 1}

the first occurrence of such a gap. We define the reduced monomial
of x! to be x4, and denote it by

AMred) = (D) = 1, .. A, () = 1, Ay (D), An(D)).

2Note that sy, is not special. However, all other elementary symmetric polynomi-
als are (sums of) orbit sums of special monomials.
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Thus we obtained the exponent sequence I,..q from I by lowering the
t; largest exponents by 1. Note that the gap in the new partition is
smaller,

Aty (Ired) = Aty +1(Tred) = A, (1) = Agpya (1) — 1,

thus the reduced monomial x’r¢ is “closer” to being special than x’
was.

Example 4.19. Let us reconsider the example zizjzl € Flzy, ..., z4].
We have t; = 1. The reduced monomial is ziz3zl with associated
partition (3 > 1 > 1 > 0). This is still not special. However, if we
reduce this again (again t;_, = 1) we obtain the special monomial

rlz3xrl with associated partition (2 >1>1 > 0).

We want to use this reduction method in our algorithm. So that
this can work we need to show that this reduction method leads to
monomials that are lower with respect to the dominance order than
the original one. This is the content of the next proposition.

Proposition 4.20. Let I = (iy,...,i,) be an n-tuple of nonnegative
integers. Any monomial x? occurring in o(x're) - s, is lower in the
dominance order than x'. We have equality if and only if x’ is a

term in o(x').

Proof. Denote by t = t; the first occurrence of a gap in the partition
of I. Let x’ be a monomial occurring in o(x!rd) - s;. Let Leq =
(4 ... i*ed). We have

J K
X =X Xy 2y,

where

k

jred jred
971 97 ()
n Tn

(%) ayt ey = x5 = g(xhe) = ay

for some element g € G. Thus K is a permutation of I.q, and
AK) = AMIrea). Moreover, note that

[k AL 2NN
T k1 i le{l,. . L)

We express the associated partition A(J) = (A(J) > -+ > A
in terms of the original partition \(I) = (A (1) > -+ > A
follows.

(%)
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Set L ={ly,...,l:} C{1,...,n}. Denote by . the character-
istic function of the subset L, i.e.,
1 ifielL,

By (x) we have

-red -
ki = Tgsi(sys ©= 1,...,n,

for some g € G. Thus (*) says that

P z’;e_dl(i) ifi g {ly,...,l:},
i igidl(i) +1 ifie{l,....lI;}
= Z.;e_d1 (1) + Xc (Z)

This means the following for the associated partition A(J):

(1) )\.(J){)‘gl(i)(f)lJrX,c(i) if 1 <i<t,

)\g—l(i)(f)+X£(i) ift+1<i<n.

Next, in order to show that J <qom I, we need to show that

ZMJ) < ZMI)

for all s =1,...,n. Assume that s < t. We have
S (1) S )
D NT) =Y gD = 1+ xe (@)
i=1 i=1
S S
= ArinD) = s+ > xeli)
i=1 i=1
2 & B

< Z}\g—l(i)(I) < Z)\Z(I)a
i=1 1=1

where (1) is true because of (1), (2) is true because Y ;_; xz(i) < s
and (3) is true because reordering of \(I) = (M (1) > -+ > A\, (1)
can only lead to a smaller sum for the first s terms.
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If s > ¢, then with () we obtain

t

DN =3 M)+ D ()

Pt ol
- ;<Ag—1<i)(1) 1+ Xz:(i)) + i:;l <,\g_1(i) (1) + m(z’))
= i)‘g—lm(f) —t+ ix[:(i).
Therefore
iAi(J) ) 2Ag_1(i)(1)_t+iXﬁ(i) < i%—lm(f) = iAi(I),

where (1) follows from Y ;_; x2(i) < t. Finally, we have to show that
x” is a term in o(xl) if and only if x! =gom x”.

If x7 is a term in o(x!), then I and J are permutations of each
other and their associated partitions are equal: A(I) = A(J). Thus of

course x! =gom x”.

To prove the converse, observe that if x! =gom x7, then A\(I) =
A(J). Therefore, J is a permutation of I. We need to prove that there
is an element g € G that permutes I into J. To this end, note that by
definition the monomial x” occurs in the orbit sum o(x!r¢)-s;. Thus,
we subtract 1 from the ¢ largest exponents in the exponent sequence
I to obtain xa. Then we permute the result by an element g of
G to get some monomial in the orbit of xred. Finally we add 1 to
the same t; exponents in the result as we subtracted in the first step,
because we are multiplying with s;. Since the resulting monomial is
x”7 we have that the element g € G permutes I into J. Thus x” is a
term of o(x'). O

We illustrate this result with an example.
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Example 4.21. Let p:Z/2 — GL(4,R) be the faithful representa-
tion afforded by the matrix

0 1

1o 0

O 0 1
1 0
Let x! = zyx323; thus I = (1,3,1,0). This is a nonspecial monomial
with orbit sum
o(x!) = zyadxs + 2dxoxs.
The gap occurs at t = 1, and its reduced exponent sequence is
Lea = (1,2,1,0).
We compute
o(z12373)s1 = (212523 + 21 223) (21 + -+ + T4)
= I%.’I}%.’I}:; + .’L‘?Ig.ﬁg + xlmgm + .’II%.%%I?,
+ :clxgx% + xfa:gxg + $1$§$3$4 + xf:chgu.
The exponent sequences occurring in this polynomial have partitions
(2,2,1,0), (2,1,1,1), or (3,1,1,0).

The sequences are lower in dominance order than the exponent se-
quence of our original x’. Also note that the two monomials

x:{’mgm and x1m§x3

with the same dominance order occur in o(x’). Hence,

O(XI) = o(xlngcg)sl - o(x%xgxg) - o(xlacg:vg) - 0(95%.%2%3994).

Furthermore, the first three orbit sums on the right hand side are

orbit sums of special monomials. Thus we are left with the problem
of breaking up the last orbit sum:

o(z2ryxsxy) = o(21)s4.

Theorem 4.22 (M. Gébel). Let p: G — GL(n, F) be a permutation
representation of a finite group. Then the ring of invariants F[V]¢
s generated as an algebra by the top elementary symmetric function
Sp =1+ Xy and the orbit sums of special monomials.
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Proof. By Proposition 4.12 we need to show that the orbit sum of
any monomial can be written as a polynomial in s, and orbit sums
of special monomials. We denote by A C F[V]¢ the subalgebra gen-
erated by s, and all orbit sums of special monomials.

Let x! € F[V] be a nonspecial monomial. We use induction on
the dominance order to show that o(x!) € A.

The monomials with smallest dominance order are those of degree
zero. Thus our induction starts.

Assume that the result is proven for all monomials smaller in
dominance order than x!.

If A\, (I) # 0, then x! is divisible by s,,. We have

I _ I
xI =xI" . gD,

. . . . . . . .
I is no longer divisible by s,,. Since s,, is invariant under G,

we have that

where x

O(X[) = o(xll) . 5;\1“(1).

Thus it is enough to show the result for x’ ". In other words we assume,
without loss of generality, that A, (I) = 0. Since x!
be nonspecial, there is a gap in the associated partition A(I) at ¢;.
We set

was assumed to

o(x!) = o(xTred) - 5, — r(x7).
The ¢rth elementary symmetric polynomial s, is a sum of orbit sums
of special monomials, because t; < n. Thus s;, € A. Moreover, the
orbit sum o(x’rd) belongs to A by induction, because the reduced
monomial is strictly lower in dominance order. Therefore, o(x'rd)-s;,
belongs to A. Finally, we have

’I"(XI) = o(xlmd) S, — o(xl).

Thus by Proposition 4.20 all the monomials that occur in r(x!) are
lower in the dominance order than x!. Hence r(x!) is in A by induc-
tion, and therefore so is o(x'). O

What have we gained by this result?

First, special monomials have degree at most (%). Thus we have
the following corollary.
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Corollary 4.23 (Gébel’s Bound). Let p : G — GL(n, F) be a per-
mutation representation of a finite group. Then the ring of invariants
F[V]Y is generated as an algebra by homogeneous polynomials of de-
gree at most max{n, (3)}.

Proof. The maximal degree of a special monomial is (). The degree
of s, is n. O

Note that Go&bel’s bound is valid for all permutation represen-
tations independent of the group or the ground field. However, it
depends on n, the size of the representation (or the size of the set
being permuted). We will see in Chapter 6 that in characteristic zero
there is always an a priori degree bound on the generators. This
bound will be called Noether’s bound.

The next example illustrates that Gobel’s bound is sharp, i.e.,
there exists a permutation representation of a finite group so that
any minimal generating set contains an element of highest possible
order:

Example 4.24 (Defining Representation of the Alternating Group).
Consider the alternating group A,, n > 4, in its defining representa-
tion. Certainly we have si,...,s, € F[z1,...,z,]*". Furthermore,
the Vandermonde determinant
Vi = H(xz - )

i<j
is invariant under A,,, because A,, consists of all even permutations.
The polynomial V,, is not symmetric, because for any transposition
T € X, we have that

Therefore
Fls1,...,8,] CFls1,...,80, V] CFlzy,... 2z,

By what we have proven in this section, we know that in order to find
the full ring of invariants we “just” have to calculate the orbit sums of
all special monomials and put them together with s, into an algebra.
If you do that (or write a small computer routine that does that for
you) you find that F[V]4» is equal to F[sy,...,s,, V,]. This is of
course not very satisfying. It is one of the goals of the next chapters
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to find methods to determine the ring of invariants more effectively.
For now, note that V,, has degree (Z) Thus Gébel’s bound is sharp.
See Exercise 13 in this chapter for the case of n = 3.

The preceding results also tell us that a ring of permutation in-
variants is always finitely generated, because they are only finitely
many special monomials (even though their number grows rapidly
with the number of variables).

Corollary 4.25. Let p: G — GL(n, F) be a permutation represen-
tation of a finite group. Then the ring of invariants F[V]% is finitely
generated as an algebra.

This statement remains true for all invariant rings of finite groups.
We will present two proofs of this fact in this text: an algorithmic
proof in Chapter 6 and an abstract proof in Chapter 10.

Finally, note that the results of this chapter yield an algorithm
to calculate any ring of permutation invariants:

Let p : G — GL(n,F) be a permutation representation of a finite
group G.
first: Calculate the orbit sums of all special monomials.
second: The desired ring is the F-algebra generated by all orbit sums

calculated in the first step and s,,.

Alternatively, you could calculate the orbit sums of al/l monomials
of degree at most max{n, (5)}.

Note carefully that this algorithm terminates, because there are
only finitely many special monomials, resp. finitely many monomials
of degree at most max{n, (3)}.

Example 4.26. Recall the regular representation of Z/4 from Ex-
ample 4.1:

p:7Z/4 — GL(4,F), 3+—

= O O O
SO O O =
o O = O
o = O O
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By Gobel’s Theorem the ring of invariants is generated by orbit sums
of special monomials and s; = x1xox324. Since n = 4, special mono-
mials have degree at most 6. The possible partitions are

(120>202>0),(1>21>02>0),(2>1>02>0),(1>1>12>0),
(2>1>1>0),(2>2>1>0),and (3>2>12>0).
So the following is a complete list of algebra generators (where we
noted when two orbit sums are obviously equal): In degree one there
is only the first elementary symmetric function
o(x1) = o(x2) = o(x3) = o(x4) = s1.

In degree two there are two orbit sums of special monomials (their
sum is sz - why is that supposed to be so?)

o(z122) = o(xax3) = o(x324) = 0(T421)
= X122 + Xox3 + T3T4 + 471, and
o(z123) = o(®ay) = T123 + T2X4.
In degree three we find
o(232s) = o(zix3) = o(x3rs) = o(xiw)
= $§.’L‘2 + x%xg + x§x4 + xixl,
o(zirs) = o(xiry) = xiws + x324,

o(z3r1) = o(x3r2) = o(wjzs)

o(x3xy)
= 22z + 23z + 23xy + 2wz, and
o(zr122x3) = o(x22324) = 0(T3w4w1) = 0(T4x122)
= T1T2%3 + T2T3T4 + T3T4T1 + T4T1T2
= s3.
In degree four we have
o(z2roxs) = o(rixsxy) = o(x3xsxy) = o231 0)
= I%.’L‘gxg + x§x3x4 + x%mxl + xixlxg,
o(z17373) = o(wax324) = o(w3232)) = o(242702)
= le'gﬂfg + xzxgu + :chixl + ZL’4Q§%Z2, and
o(x12223) = o(xo1373) = o(r3w427) = 0(x42123)

2 2 2 2
= T1T2X3 + X2X3Ty + T3T4T] + T4X125.



86 4. Permutation Representations

In degree five we have

o(wiwiws) = o(232524) = o(afzin:) = o(wizizy)

2.2 2.2 2.2 2.2
= T1T5x3 + X3X3T4 + T3TLT1 + THX1 T2,

o(ziriry) = o(xixixy) = o(x323xs) = o(23xins)
= x%x%m + x%x%xl + x%xixg + xixfxg, and
o(zizsw3) = o(v32327) = o(v3z42]) = o(vir123)
= x%ngcg + x%xgxi + x%ux% + xixlxg.
Finally, in degree six we have
o(wiwyrs) = o(w3w3ws) = o(a3rizr) = o(ziziws)
= $§1‘§$3 + :cga:gu + xgxixl + 1'2$%332,
o(ziz3rs) = o(z3z3z1) = o(afzizs) = o(zizizs)
= xi’x%u + x%xgxl + xgxixg + xix%x;;,
o(ziz3e,) = o(w3rixs) = o(z3als) = o(z]z3a1)
= a:fx%xz + :cga:ixg + x%x%u + xix%xl,
o(zizizs) = o(23ziz1) = o(zh2Txs) = o(z7321)
= xi’x%m + x%xixl + :cgﬁxg + xix%xg,
o(z3x3xs) = o(x3x?xs) = o(x3a5xy) = o(xdaie)
= x?xixz + x%x%m + x%x%m + xix%xl, and
o(zizizs) = o(2321xs) = o(ah2321) = o(z7322)
= I’?I’iﬂfg + x%x%u + :cgmgxl + xixgxg.

Note that there are several orbit sums with the same associated par-
tition. Note also that we do not know whether we really need all of
those: there might be an orbit sum that can be expressed in terms of
the others, like, e.g.,

o(x22013) = 5351 — 454 — o(x3w324) — 0(23 202 4).

So Gobel’s Theorem gives us a complete set of generators, but
some of them might be redundant.

We close this chapter with another example.
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Example 4.27. The dihedral group of order 10 has a five-dimensional
permutation representation

P D10 — GL(5,F)
afforded by the matrices

01 0 00 01 0 0O
0 01 0O 10 0 0 O
D=0 0 0 1 0 and S=1|0 0 0 0 1
0 0 0 01 00 010
10 0 00 001 00

Following Gobel’s bound we calculate the orbit sums of all special
monomials up to degree 10 = (). We obtain in degree one only si;
in degree two we have sy. The third elementary symmetric function
splits into two invariants, namely

T1X2X3 + LoX3T4 + T3L4T5 + T4T5L1 + T5L1L2
and

T1T2X4 + LoX3X5 + T3X4T1 + T4X5X2 + L5213
Furthermore, we have the orbit sums of the monomials with partition
(2>1>02>02>0). In degree four there is the fourth elementary
symmetric function s4 and the orbit sums of the monomials with par-
tition (2 >1>1> 0> 0). In degree five there is the fifth elementary
symmetric function s; and the orbit sums of the monomials with par-
titions (2>1>1>1>0)and (2>2>12>0>0). In degree six we
need the orbit sums of monomials with partitions (2 >2>1>1 > 0)
and (3 >2 > 12> 0 > 0); in degree seven the orbit sums of monomials
with partitions (2 >2>2>1>0)and (3>2>1>12>0); in
degree eight (3 >2>22>1 > 0); in degree nine (3 >3>22>12>0)
and in degree ten (4 > 3 > 2 > 1 > 0); see Exercise 14 in this chapter.

4.4. Exercises

1

(1) Find the regular representation of V.
(2) Find the regular representation of Qs.
3)
(4)

3
4) Find a permutation representation of Z/6 of degree 6 that is not
the regular representation.

Find the regular representation of Dg.
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(5) Find a degree 4 representation of Z/4 that is not the regular
representation.

Show that lexicographic order is a partial order.

Show that dominance order is a partial order.

Show that x! =4om x” if and only if I is a permutation of J.

A~~~
© 00 N O
— N —

Consider the three monomials x:fxgxg, x(fxgxg, and $I!E2£B3 in
C[:Bl, ey $4].

(i) Which one is the largest in lexicographic order?

(ii) Which one is the largest in dominance order?

(iii) Are they special? If not, find the corresponding reduced

monomials.

(10) Rewrite the following polynomials in Clz, z2, 73]** in terms of
the elementary symmetric polynomials:

fi = 22xy + 223 + 232y + 2223 + 222y + 2200,
fo= :v:f:rgfcg + xlngcg + xlxzxg,
fs =2t + a5 + 5.
(Why do you know that these polynomials are invariant under
the X3-action?)

(11) Consider the representation of Z/2 of Example 4.21. Rewrite
the orbit sum of x123x3 as a polynomial in orbit sums of special
monomials. Do the same for the monomial z;z3z].

(12) Find the ring of invariants of the Z/2-representation given in
Example 4.8.

(13) Find the ring of invariants of the regular representation of Z/3.
(HiNT: This representation coincides with the defining represen-
tation of the alternating group in three letters.) Show that there
are invariants that can be written in more than one way in terms
of the algebra generators.

(14) Complete Example 4.27:

(i) Show that the orbit length of a monomial is 1,2,5, or 10.

(ii) Convince yourself that the partitions given in that example

are all that we have to consider.

(iii) Show that there are 30 monomials with the partition (2 >

1>1>02>0).

(iv) Count the number of special monomials of degree at least

5.
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(v) Make a complete list of generators of the ring of invariants.
(15) Find the ring of invariants of the regular representation of V.
(16) Let T = {t1 < ta < --- < t1} be an ordered subset of the set
{1,...,n —1}. Set tg41 = n. We define the Young subgroup
Y7 of ¥, associated to the descent set 7 by

Y = {U S En|0([ti,ti+1]) = [ti,ti+1] Vi=1,.. .,k},

where [t;,t;41] = {ti,t; +1,...,t;11} denotes the interval of in-
tegers from t; to t;11. (In other words, we put n things into k
boxes and then permute the things in the boxes independently.)

(i) Show that Y7 is indeed a group.

(ii) What is the order of Y7?
(iii) Take the defining representation of %,, and restrict it to Y7.

What is the corresponding ring of invariants?
(17) Prove the following generalization of Newton’s formulae (Propo-
sition 4.7): Let ly,...,l. € V* be linear forms. Then
K3

isi(l, -y b) = (=D peln, o )sick(ln, - ),

k=1
where so(l1,...,0.) =1, s;(l1,...,1,) is the ith elementary sym-
metric polynomial in the [;’s, and p;(l1,...,[,) is the ith symmet-

ric power sum in the [;’s.

(18) Read about Sir Isaac Newton [1646-1723].

(19) Read about Edward Waring [1734-1798].

(20) Read about Carl Friedrich Gauss [1777-1855].

(21) Who gave the Viete polynomials their name?

(22) The Vandermonde determinant is named after Alexandre-Théo-
phile Vandermonde [1735-1796]. Why is the Vandermonde deter-
minant a determinant?

(23) Alfred Young [1873-1940] gave Young groups their name. Read
about him.



Application: Decay of a
Spinless Particle

We want to illustrate the results we achieved so far with an example
from particle physics taken from the diploma thesis of Dirk Engel-

mani. L

Consider the decay of a spinless boson into four identical spinless
bosons. Each of these four final particles has a 4-momentum p; (i =
1,...,4). Mathematically speaking the p;’s are just 4-dimensional
vectors p; = (E;, pi1, - . ., Pis), where the first component describes the
total energy and the last three components describe the 3-momentum.
We obtain the six basic Minkowski scalar products

pip; = EiEj — (piipj1 + piepj2 + pizpsa)

for 1 < ¢ < j < 4, which encode the basic physical properties.
Since our four bosons are identical, any permutation of them does
not change the physical situation. However, say we interchange bo-
son 1 and boson 2, then the scalar product p;ps is interchanged with
pap3. Thus we obtain a permutation of the set of basic scalar prod-
ucts. In other words, setting v;; = p;p;, we are looking at a ¥4-action
on the 6-dimensional vector space spanned by v;; for 1 <7 < j <4

1Dirk Engelmann, Polynominvarianten eitner Darstellung der symmetrischen
Gruppe, University of Gottingen, 1995.



92 Application: Decay of a Spinless Particle

induced by the defining representation of >4:

O'(’U“) _ Uo’(i)o’(j) if U(Z) < U(j)7
v Vo ()0 (i) otherwise.
Now you want to know which expressions in the v;;’s are invariant
under this ¥4-action.

Let us step back and assume we have three final identical parti-
cles. Then we have to study a Xs-action on a 3-dimensional vector
space spanned by va3, v13, v12. Which representation is that? Let us
check that: We keep the basis vectors in the above order. Then we
have

p: X3 — GL(3,C),

where
010 0 01
p(12)=1[1 0 0| and p(13)=(0 1 O
0 01 1 00

This is just the defining representation of the symmetric group on
three letters. By Theorem 4.13 its ring of invariants C[zas, 713, 12]™*
is generated by the three elementary symmetric functions in the basis
elements xa3, T13, T12.

However, for four final particles the situation is a bit more com-
plicated: Our vector space has dimension 6 with basis elements

V12, V13, V14, V23, V24, U34.-
Our representation is
p: Xy — GL(6,C)

with

, p(13) = , and

O O O O O
OO~ O O O
O = O O O O
O O O O = O
o O o= O O
= O O o O O
OO~ O O O
[l el elell =
= O O O O O
O O O O O
o= O O O O
O O O = OO
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000010
00000 1
001000

PI=10 0 01 0 0
100000
010000

So, what is the ring of invariants? According to Gobel’s Theorem,
Theorem 4.22, we have to check the orbit sums of all special mono-
mials. They have degree at most 15, and there are 332 of them!
In his diploma thesis Dirk Engelmann developed methods to treat
representations like this for arbitrary symmetric groups: Let V be
a (2)—dimensional complex vector space. Denote its basis by v;; for
1 < i < j <n. Then consider the representation of the symmetric
group on n letters

p: T, — GL((Z),C)
given by
(i) = 4 "7D70) if o(1) < o(j),
Y Vo(j)o(i) Otherwise
for all 0 € ¥,,. Now find its ring of invariants! In our case, n = 4,

he obtained the following set of C-algebra generators of the ring of
invariants Clz1, ..., 34]>:

S1 =T12+ -+ T34,
p2 = aly + -+ a3y,
ps =Yy + o+ T3y,
pa =iy + - + Ty,
0(x12234) = 12234 + T13T24 + T14%23,
0(Z12013%14) = T12213T14 + T12T23%24 + T13T23T34 + T14T24734
and the orbit sums
o(r}yr13), o(zlyT13%23), 0(1p713), o(1pals), and o(xTyaisa3571a).

We note that the first elementary symmetric function s; and the
power sums po,ps, and p, are invariant under the full symmetric
group on six letters. Furthermore, we note that some of his invariants
are not orbit sums of special monomials, because he had developed
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other methods avoiding the calculation of all orbit sums of special
monomials and better suited for this type of ¥,,-action.



Application: Counting
Weighted Graphs

The representation of the symmetric group X, in the preceding ap-
plication appears also in graph theory as we show in this section.!

A graph I' consists of a set of vertices
V() = {v1,vq,...}
and a set of edges
E(T') = {e;j if v;,v; are connected}
between them. Two graphs I and I are isomorphic if there exists
a bijective map
¢:V(I') — V(I')
between the sets of vertices such that it induces a bijection
¢: B(L) — E(I'), e = €lio)
between the sets of edges.

A weighted graph I is a graph such that every edge e;; has a
weight m;; € C. Two weighted graphs are weighted isomorphic if
the bijection ¢ maps edges onto edges of the same weight.

1The material of this section is taken out of the PhD thesis of Nicolas M. Thiéry,
Invariants algébriques de graphes et reconstruction. Une étude expérimentale., PhD
thesis, University of Lyon I, 1999.

95
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We want to count the number of isomorphism classes of weighted
graphs with, say, n vertices. This translates into counting invariants
of the same type of representations we encountered in the previous
application:

Consider the ring of polynomials
in (g) variables. Then X, acts on Cla;;li # j,4,5 = 1,...,n] by
acting on the indices
To(iyo(y) if o(i) <o(j),
o(xij) = .
Tg(j)o(s) Otherwise.
We arrange the basis elements x;; in a symmetric matrix
Tij for i < j,
Xij = xj; fori>j,
0 otherwise
with zeros on the diagonal. The symmetric group acts by conjugation,
oX;;0 !, where we have identified o € ¥,, with its image under the
defining representation. This is exactly the representation of 3, we

obtain when considering the decay of a particle. In graph theory this
becomes useful by the following observation:

Assume that you have two weighted isomorphic graphs I" and I
with n vertices. The isomorphism ¢ : V(I') — V(I') is nothing but
a permutation of the vertices inducing a permutation on the edges as
well. Thus setting m = (m;;) we obtain

f(m) = f(m’)
for all invariant polynomials f € Clx;;|1 <i < j < n]*».

The converse is also true: Assume that you have two weighted
graphs T' and I” such that f(m) = f(m’) for all polynomials f €
Clzsj|1 <4 < j <n]*. Then

m = o(m’)
for some o € ¥,,. Thus o provides us with the desired isomorphism
between I" and T".
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