Chapter 2

Markov chains

The main purpose of this chapter is to introduce the concept of a
Markov chain. The next chapter will then treat the filtering theory
for Markov chains. The first section here focuses on particular Markov
chains called random walks. The second section treats Markov chains
in general. The concepts introduced in the second section are fur-
ther illustrated with a variety of examples in the third section of this
chapter.

1. Random walks

In the following definition, Z¢ denotes the set consisting of those
points in d-dimensional Euclidean space R? whose coordinates are
integers—positive, negative, or zero.

be

1. Definition (Random walks on Z?). Let (X,,n =0,1,2,.
a sequence of Z%valued random variables. We say that (X,
0,1,2,...) is @ random walk on Z% if the random variables

)

X1 — X, Xo — Xy, ...
are identically distributed and the random variables
Xo, X1 — Xo, Xo — X7, ...

are independent. For n > 1 the random variable X,, — X,,_; is the
step or jump of the random walk at time n, the value X, is called
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34 Chapter 2. Markov chains, Sec 1

the state of the random walk at time n, and, in particular, X, is the
(random) starting state.

Notice that since the distributions of X, — X,,_1 coincide, the

probability of a step of size z is the same for all n > 1 and z € Z%:
P(Xn:Xn_l—FZ)ZP(Xn—Xn_lZZ)ZP(Xl—XOZZ).

Usually we think of a random walk (X,,,n =0,1,2,...) as being
obtained in the following way. First we have a random experiment
which yields a Z%valued random variable X,. Then we have a ran-
dom experiment, which we repeat infinitely many times, each time
independently of the results of all previous experiments, and obtain
independent Z¢valued random variables Uy, Us, ... having the same
distribution. After that we set

X1 =Xo+U;, Xo=X1+0Us,

In this situation X,, — X,,_1 = U,, has the same distribution as U; for
all n > 1. Also the random variables Xo, X1 — Xo, Xo — X1,... are
independent.

2. Definition (Initial distribution, step distribution). Let
(Xn,n=0,1,2,...) (1)

be a random walk on Z?. The distribution of X is called the initial
distribution of the random walk. The distribution of X; — Xy—that
is, the function

P(X1—Xo=2), zeZ!
—is called its step distribution. This distribution is common to all
steps X7 — Xo, X2 — X1, ....

3. Definition (Symmetric random walks). A random walk (1)
on Z% is called symmetric if X; — Xy and Xy — X; have the same
distribution.

4. Definition (Simple random walks). A random walk (1) on Z¢
is simple if the values of X; — X belong to the set {£e;,i =1,...,d},
where e; are the standard basis vectors in R?. A random walk (1) on
74 is simple symmetric if

P(Xl—X()::I:ei):— ’L:1,27,d
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Recall that e; is the vector whose i*® coordinate is 1 and all

remaining ones equal 0.

Observe that for simple random walks the next state is always a
nearest neighbor of the current one. The steps of symmetric random
walks have the same distribution as their negatives. Also notice that
a random walk which is simple and symmetric need not necessarily
be a simple symmetric random walk.

5. Example. Let d =1, Xy =0, and
P(Xy—Xo=+1)=1/2.
Then we get a simple random walk on Z. One can obtain this ran-

dom walk by considering an infinite sequence of Bernoulli trials with
probability of success 1/2, setting Xy = 0, and letting

X, — X1 ==1
according as a success or a failure is obtained on the n'" trial. Re-
member that if we have a series of Bernoulli trials with probability of
success p € [0,1] and M,, denotes the number of successes in n trials,
then, for any £ =0,1,2,..., we have

P(M, =k)= <Z)pkq”k , Wwhere ¢q=1-p. (2)

In this notation, obviously,
X,=M,—(n—M,)=2M, —n.
It follows that, for any k € Z
n
P(X,=k)=P(M,=(n+k)/2)=2"" 3
(=0 =Pt = =2( o) @

if n+ k is even and |k| < n and P(X,, = k) = 0 otherwise.
6. Example. Let (X,,,n = 0,1,2,...) be a simple symmetric ran-
dom walk on Z starting at zero and let (Y,,n = 0,1,2...) be an
independent copy of (X,,,n > 0), that is, a simple symmetric random
walk on Z starting at zero and independent of (X,,,n > 0). Then
the sequence of ordered pairs (Z,, = (X,,Y,),n =0,1,2,...) is a
symmetric (but not simple) random walk on Z? since

(X1 —Xo, Y1 = Y0), (Xo—X1,Ys—-Y7),
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are independent and identically distributed with
P(Zn—Zn,1 = :|:61:|:€2) = P(Xn—Xn,1 = :l:].) P(Yn—Yn,1 = :|:].) =

7. Problem. Prove that if (Z,, = (X,,Y,), n > 0) is a random walk
on Z? for which Zy = (0,0),
2 2
P(Zy—Z0=0)+> P(Z1—Zy=e)+ Y P(Zy—Zy=—e;) =1,
i=1 i=1
and if X; and Y7 are independent, then P(X,, = 0) =1 for all n or
P(Y,, =0) =1 for all n.

8. Problem. If (X,,n =0,1,2,...) is a random walk on Z? and b
is any point in Z%, prove that (X, +bn,n = 0,1,2,...) is a random
walk on Z?. Also prove that if A is a linear transformation sending
7% into itself, then (AX,,n =0,1,2,...) is a random walk, which is
symmetric if (X,,n =0,1,2,...) is symmetric.

9. Problem. Let (Z,, = (X,,Y,), n > 0), be the random walk from
Example 6. Set Z], = ((X],Y,), n > 0) where

X =(X,+Y,)/2 and Y, =(X,-Y,)/2.
Prove that (Z],n > 0), is a simple symmetric random walk starting
at zero. Check that Z/ = 0 if and only if Z,, = 0. Also, show that

P(Z, =0)=2"%" (n%)z

if n is even and = 0 otherwise. Conclude that for any simple sym-
metric random walk (Z/,n > 0) on Z? starting at the origin

P(Z, =0)=2"2" (7;;2)2

if n is even and = 0 otherwise. Of course, emphasizing “any’
little sense because all simple symmetric random walks behave in the
same way.

)

makes

What follows below in this section is not used in our presentation
of filtering and prediction issues. We just wanted to give the reader
a slightly deeper insight into simple random walks.
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10. Theorem. Let (X,,n =0,1,2...) be a random walk on Z% with
Xy =0. Denote

T=inf{n>1:X, =0} (inf ) := o0)

the first time when X, returns to the origin. Then the total number N
of times when X,, n =0,1,2, ..., visits the origin, has the geometric
distribution on {1,2,3...} with mean

1

P(T = o0) if P(T=00)>0, and oo otherwise

(recall that geometric distributions on {1,2,3...} is introduced in Prob-
lem 1.2.18). In particular, N is infinite with probability one if and
only if P(T = o0) = 0. Also P(N = 1) =1 if and only if P(T =
o0) = 1.

Proof. Define the following sequence of experiments. We split the
infinite trajectory of X,,, n = 0,1, 2, ... into pieces between consecutive
returns of X, to the origin and each piece we treat as the result of
an experiment. We say that the first experiment yields a success if
X, returns to the origin, that is, X,, = 0 for some n > 1. After the
first return to the origin we start the second experiment. We say that
the second experiment yields a success if X,, returns to the origin a
second time and so on. Since after coming to zero the random walk
continues its evolution independently of the past and in the same way
as initially, our sequence of experiments can be viewed as a sequence
of independent Bernoulli trials. Then N equals the number of trials
needed to get the first failure in our Bernoulli trials.

We infer that, if the probability of success in the first experiment
is p, then

P(N =k)=p"'q,

where ¢ =1 —p and k = 1,2, .... Thus indeed N has the geometric
distribution on {1,2,...} with parameter g. One knows that 1/q is
the mean of the geometric (¢) distribution, the number of successes
is infinite with probability one if and only if p = 1 and the number of
successes is zero if and only if p = 0. This proves the theorem since
the probability of success p = P(T < o0).
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Recall that the notation 4, where A is a random event, is used
for the random variable taking value 1 if A occurs and 0 if A does not
occur.

11. Corollary. We have P(T = o0) = 0 if and only if
> P(X, =0) = oc.
n=0

Indeed, observe that N is the number of times when the events
{X,, = 0} occur, that is, the number of 1’s in the sequence of Ix, —¢.
Also use the fact from probability theory that the expectation of
a sum of nonnegative random variables is the sum of expectations.
Then we find

N = i.rxn:o, EN = iP(Xn =0).
n=0 n=0

Thus, the series of probabilities on the right is infinite if and only
if EN = oo and the latter happens (by the lemma) if and only if
P(T = ) =0.

12. Definition (Recurrent random walks). We say that a ran-
dom walk starting at zero, that is, satisfying P(Xo = 0) = 1, is
recurrent if P(T < oc0) = 1.

13. Problem. Prove that the random walks from Example 5 and
Problem 9 are recurrent (Hint: By Stirling’s formula n! ~ (2)"v/2mn.)

14. Problem. Let (X,,n =0,1,2,...) be a simple random walk on
Z with Xg = 0 and P(X; = 1) = p € (0,1). Use the Law of Large
Numbers to prove that X, /n — p — ¢ as n — oo. The exact content
of your conclusion will depend on which version of the law you use.

Problem 14 shows that for p # 1/2 the simple random walk is
not recurrent and goes to oo as n — oo if p > 1/2. In this case
the probability that the random walk ever hits a specified point to
the left of the origin is less than one. We are going to find this
probability. First we find the probability that a simple random walk
in one dimension starting at zero hits a point a < 0 before hitting a
point b > 0. We need the following algebraic lemma.
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15. Lemma. Leta,b€Z,a<0,b>0,pe (0,1),g=1—p, f be an
arbitrary real-valued function defined on [a,b] N7Z. Then the system
of linear algebraic equations

u(a) = f(a),
u(n) =pu(n+1)+qu(n —1) + f(n) for a<n<b, (4)
u(b) = f(b)

has a unique solution.

Proof. The system (4) consists of b — a + 1 linear equations in
the same number of unknowns. From linear algebra we know that the
system has a unique solution for any f if and only if it has only one
solution for f = 0. So assume that f = 0 and let u be a solution of
(4) for that f. Among the values

u(a),u(a+1),...,u(b—1),u(d)

at least one is maximal. Let u(m) be this value. We want to show
that u(m) = 0. If m = a or m = b we are done. If a < m < b, then

u(m) = pu(m +1) + qu(m — 1) < pu(m) + qu(m) = u(m).

Since u(m) appears at both ends of this chain, we have equality
throughout and, hence, both u(m—1) and u(m+1) equal u(m). After
this we can go to the right of m+1 unless m+1 = b and conclude that
u(m + 2) = u(m). After finitely many steps we get u(m) = u(b) = 0.
Thus max, u(n) = 0. In the same way min,, u(n) = 0, which proves
the lemma.

16. Theorem. Let (X,,,n =0,1,2,...) be a simple random walk on
Z with Xo =0 and P(X; =1)=p € (0,1). Let A, be the event that
X, reaches a before reaching b, where a,b € Z, a < 0,b > 0. Then

bolal _ b+lal

% if p#1/2,
P(Aup) =

)

ol if p=1/2.
Proof. For x € [a,b]NZ define u(z) as the probability of the event

A(x) = {x + X,, reaches a before reaching b}.
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Of course u(a) =1 and u(b) = 0. For a < z < b we have
u(z) = P(A(x)) = P(A()|X) = D)p+ P(A@)| X, = —1)q.

The conditional probability P(A(z)|X;1 = 1) is the probability that
X, reaches a before reaching b for the walk starting at x, given that
at the first step the walk jumped to = + 1. From the way our random
walk behaves it is clear that this probability is just the probability
to reach a before reaching b for the walk starting at = + 1. Similar
argument holds for P(A(z)|X; = —1), so that

P(A(@)|X) = 1) = ulw+1), P(A(2)|X1 = ~1) = u(x - 1).

Hence u(z) satisfies (4) with f(z) =0 for a < z < b and f(a) = 1,
f(b) = 0. Because of the uniqueness aspect of Lemma 15, to find
P(A) = u(0) it suffices to find a solution of (4) for this f.

First we find some solutions of the middle equation in (4). We
try u(z) = A, where X is a parameter. Then, we get
N =pATT g\ T =pA+ g,
which is a quadratic equation in A. For p # 1/2 this equation has two
distinct solutions

1 and g¢/p.

The middle equation in (4) is homogeneous. Thus, for any constants
c and d, it is satisfied by the function

v(x) = cl® +d(q/p)”.
We want to find ¢ and d, so that v also satisfies the boundary condi-
tions in (4):
c+d(g/p)* =1, c+d(g/p)’=0.

The solution is

e o) i 1

(¢/p)* = (a/p)*’ (¢/p)* — (a/p)*

Then P(A,p) = ¢+ d, which for p # 1/2 is seen to be in agreement
with our assertion.

If p = 1/2, then 1 is a double root of the above quadratic equation.
What helps is that there is one more solution of the middle equation
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in (4): u(x) = z. Now, again the function

v(z) =c+dx
satisfies the middle equation in (4) for any constants ¢ and d. This
function satisfies the boundary conditions if

c+da=1, c+db=0.
We find
c=b/(b—a), d=-1/(b—a).
Thus,
wz)=(b—2x)/(b—a) and P(Asp)=u(0)=c=0b/(b—a).

The theorem is proved.
17. Theorem. Let (X,,,n =0,1,2,...) be a simple random walk on

Z with Xo =0 and P(X; =1)=p € (0,1). Let A, be the event that
eventually X,, reaches a, where a € Z, a < 0. Then

P(A,) = (g/p)°l  if p>1/2,
¢ 1 if p<1/2.

Proof. Obviously
Ay =|JAup and Aup CAae if c>b.

b>1
Therefore,
P(A,) = blim P(Aup)

and we easily get the result from Theorem 16. The theorem is proved.

There is an interesting issue related to Theorem 17. If p = 1/2,
then with probability 1 X,, reaches any point on (—o00,0) and, by
symmetry, on (0,00) as well. However, it turns out that the expected
time for X,, to reach even —1 is infinite. This is derived from the
following theorem by letting b — oo and observing that the time
needed to reach a < 0 is larger than the time needed to exit from
(a,b) for every b > 0.

18. Theorem. Let (X,,n = 0,1,2,...) be a simple symmetric ran-
dom walk on Z with Xo = 0. Let

T=inf{n>0:X,=a or X,=0}
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where a,b € Z, a < 0,b > 0. Then, ET = b|a|.

Proof. For z € [a,b] N Z define

r@) =inf{n>0:24+ X, =a or z+X,=b}, ux)=Er(z)

Obviously 7(a) = 7(b) = 0, so that u(a) = u(b) = 0. For a <z < b,
u(@) = (1/2)E(r(2)| X1 = 1) + (1/2)E(r(2)| X, = —1).

Here the conditional expectation E(7(x)|X; = 1) is the expected exit
time of the walk staring at = from (a,b), given that at the first step
the walk arrived at z+ 1. Again the way our walk evolves shows that
this expected exit time equals 1 (= the time to go from z to z + 1)
plus the expected exit time of the walk starting at z+ 1. We conclude

E(r(z)|Xi=1)=14u(z+1), E(r(x)X;=-1)=1+4u(z—-1).

Therefore,
u(x) =1+ (u(z+1) +u(z—1))/2

if a < < b and, as have been noticed above, u(a) = u(b) = 0. By
a straightforward computation, one proves that (z — a)(b — z) is a
solution of this system. By uniqueness (Lemma 15), u is indeed equal
to (x — a)(b — ). It only remains to use E7 = u(0). The theorem is
proved.

2. Discrete time and space Markov chains

The purpose of this section is to introduce a type of random sequences
of which random walks are special examples. Let S be a countable set.
For instance, S can be any finite set, such as a finite set of points on
a circle, or the set of all positive integers, or the set S? of all points in
R? having integer coordinates, but not the set R of all real numbers.

Some might want to study the examples in Section 3 in conjunc-
tion with their reading of this section.

1. Definition (Markov chain). Let (Zy, Z1, Zs, .. .) be a sequence
of S-valued random variables. We say that (Z,,n = 0,1,2,...) is a
Markov chain in discrete time if, for arbitrary n > 0 and zg, 21, ..., 2n4+1 €
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S, the Markov property holds:

P(Zps1=2n+1 | Zn=2ny..., Zo = 20) = P(Znt1 = 2n+1 | Zn = 2n),
(1)
whenever
P(Zy=zn,...,Z0 = 29) > 0.

The set S is called the state space of the Markov chain (Z,,n =
0,1,2,...) and the members of S are the states. The distribution of
Zy is called the initial distribution. If P(Zy = z) = 1 for some z, we
speak of a Markov chain starting at z and call z the starting state.
In order to explicitly mention the state space, a phrase such as “a
Markov chain (Zx, k > 0) on S” is used.

Formula (1) expresses the “memoryless” property of the chain:
To determine the conditional distribution of Z,, 11 we only need to
know where Z,, is and may forget which path led the chain into the
state z,.

Notice that in (1) the points zg, 21,..., 2,41 are just arbitrary
n + 2 points in S, so one can restate (1) in the following way: For
every n=0,1,2,..., 20,21,-..,2n,C €S we have

P(Zn+1 =cC ‘ Zn :ZOaZn—l :Zl,...,ZO :Zn)
= P(Zn+1 = C | Zn = ZO),
whenever P(Z,, = 20, Zn—1 = 21,..-,2Z0 = zn) > 0.
To make some writing shorter it is convenient to introduce the

following notation. For n =0,1,2,... and K =0,1,...,n and points
z; € S define

2] = (ks v - s 2n) -

In particular, 2, ) is another name for z,. Also set
Ziem) = (Zy ooy Zn).
Then the Markov property becomes
P(Zny1 = znv1 | Zon) = 2jo.n) = P(Zny1 = 2ny1 | Zn = 2n)
whenever P(Zjy ] = 2[0,n)) > 0. For sets Cy, ..., Cy, C S we also write

C[k,n] =Cpx..xC,= {Z[k,n] 22k € Chy ey 2n € Cn}



44 Chapter 2. Markov chains, Sec 2

The following problem has a continuous state space version stated
as Problem 5.1.3.

2. Problem*. Let Zy, Z1, ... be a sequence of S-valued random vari-
ables and let pi(z,y), p2(z,y),... be a sequence of real-valued func-
tions on S x S. Assume that, for each n > 0 and ¢, zg,...,2, € S we
have

P(Zpt1 = c| Zjpn) = #(0,n]) = Pn+1(2n,€)
whenever P(Zjg ) = 2[0,n)) > 0. Then prove that (Zo,Z,...) is a
Markov chain. (Hint: Use Problem 1.3.5.)

Throughout the rest of this section (Z,,n > 0) is a discrete-time

Markov chain on S.

Forn =0,1,2,..., let 7" denote the probability distribution of
Zy; thus,
7" (z) = P(Z, = z)
and 70 is the initial distribution. Also introduce functions p,11(z | c)
on S x S such that

P(Zn+1 = Z7Zn = C) :pn-‘rl(z I C)P(Zn :C); n= 0717"'567Z €S.
2)

Such functions p,4+1(z | ¢) exist and one example of them is given by

P(Zpy1=2|Zn =c).
By the way, observe that if P(Z, = ¢) > 0, then necessarily
pn-‘rl(z ‘ C) = P(Z7L+1 =z ‘ Zn = C)-
3. Problem*. Prove that for allm =1,2,... and 29,21,... €S
P(Zn = Zn,..., 40 = ZO) = pn(zn | Zn—l) teee 'pl(Zl | ZO)T‘-O(ZO)-

4. Problem*. On the basis of Problem 3 prove that for integers
m>n >0 and z,21,... €S

P(Zpps1,m) = Zin+1,m) | Zio.n] = Zjo,n))

:pm(zm ‘ Zm—l) e 'pn+1(zn+1 | Zn)
if P(Zjon] = 2[0,n)) > 0. Then by using Problem 1.3.5 conclude that
P(Z[nJrl,m] = Z[nJrl,m] | Zn = Zn) :pm(zm | Zm—l)'~-~'pn+1(zn+1 I Zn)

if P(Z, = 2,) > 0.
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5. Problem*. In the setting of Problem 4 with m > n > 0, prove
that

P(Z[n+1,m] = Zn+1,m]> Zn = Zn, Z[O,n—l] = Z[O,n—l])
= P(Z[nJrl,m] = Z[n+1,m] | Zy = zn) X
P(Zjon-1] = 2jon—1] | Zn = 20)7" (2n). (3)

(Hint: The first term on the right is found in Problem 4 and the
product of remaining terms in Problem 3 due to

P(Z[O,n—l] = 2[0,n—1] | Zn = Zn)’/Tn(Zn)
= P(Z[O,nfl] = Z[0,n—1]> Zn = Zn) )

6. Theorem. For all integers m > n > 0, points z, € S, and sets
Co,C4,... CS we have

P(Zpps1,m) € Crns1,m]s Zn = 2ns Zjon—1] € Clon—1])
= P(Z[n—i-l,m] S C[n+1,m] | Zn = Zn) X
P(Z[Om—l] € C[O,n—l] | Zn = zn)ﬂ-n(zn) (4)

This theorem follows immediately from Problem 5 and the obser-
vation that the left-hand side of (4) equals the sum over

2(0,n—1] € Clon—1) and  2jpi1.m] € Clugim)
of the left-hand sides of (3).

By combining the last two terms on the right in (4) we arrive at
the following.

7. Corollary. Under the conditions of Theorem 6
P(Z[n—i-l,m] € CY[n+1,m] | Zn = Zn, Z[O,n—l] € C[O,n—l])
= P(Z[n+1,m] € C[nJrl,m] | Zn = Zn)
provided that P(Z, = zn,Zjon-1] € Clon-1)) > 0. In particular,

when some of C;’s coincide with S and the others are singletons, for
any 29,21,-- €S and k=0,...,n

P(Zm eCy, | Z[k,n] = Z[k,n]) = P(Zm e Cn | Ly = Zn)
if P(Zikn) = 2[k,n)) > 0. In any case
P(Zins1,m) € Clng1,m)s Zn = 2ns Zjo,n—1] € Clo,n—1])
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= P(Z[n+1,m] € C[n+1,m] | Zn = 2n)P(Zn, = ZWZ[OJL—U € C[Ov”—l])V
P(Zm € Cm7 Z[k,n] = Z[k,n])
= P(Zy € Cm | Zy = 20) P(Zjt,n) = 2[pe,n))-

By combining the last two and the first terms on the right in (4)
and using the definition of p,,+1 we obtain another important formula.

8. Corollary. Forn > 1, Cy,C,... CS and zp, 2p4+1 €S
P(Zny1 = 2nt1, Zn = 2ns Zjon-1) € Clon-1))
= P(Znt1 = 2n+1,Zn = 20) P(Zjo,n-1) € Clo,n—1) | Zn = 2n)
= Pnt1(Zny1 | 20)P(Zion—1) € Clojn—1] | Zn = 2n)7" (2n)
= Pnt1(Zns1 | 20) P(Zjon—1) € Clo,n—1]s Zn = Zn)-

9. Problem. Prove that for all integers m > n > 0 the random
variables Zg 1) and Z[,, 11, are conditionally independent given
Z, in the sense that for any sets Co,C1,... C S and z, € S

P(Z[n+1,m] € C[n—i—l,m]?Z[O,n—l] € C[O,n—l] | Zn = Zn)
= P(Z[n+1,m] € C[7L+1,m] | Zn = Zn)P(Z[O,n—l] € C[O,n—l] | Zn = 2n).
An instructive way of paraphrasing this result is to say: If a ran-

dom sequence is Markov then the past and future are conditionally
independent given the present.

The result of the following problem is used in interpolation of
Markov chains.

10. Problem*. In the setting of Theorem 6 prove that
P(Zion-11 € Clon—1) | Zn = 20y Zins1,m) € Clng1,m))

= P(Z[O,nfl] € C[O,nfl] | Zy = Zn)

if P(Zy, = 2n, Zint1,m] € Clng1,m)) > 0. Also take sets Do, Dy, ... CS.
Assume that

Dy, = {zn}
and prove that

P(Zio,n-1) € Cion—1) | Z[o,m) € Djo,m))
= P(Zo,n-1] € Clo,n—11 | Z[o,n] € Dio,n))
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if P(Zjo,m) € Djo,m)) > 0, which means that conditioning on the
future is irrelevant if the present state z, is given.

Observe that any function p,y; satisfying (2) is nonnegative and

an+1(z le)=1

z€S
if P(Z, =c) > 0.

11. Definition (Transition function). A function p : S xS —
[0,1] is called a transition function for S if

S ple,z) =1 (5)

z€S
for every c € S.

12. Theorem. For every n = 0,1,2,... there exist transition func-
tions pn+1(c, z) such that the function

Prt1(z | €) := pnya(c, 2)
satisfies (2).

Proof. For those ¢ for which P(Z,, = ¢) > 0, the function
pn-‘rl(ca Z) = P(Zn+1 =z | Zn = C)
satisfies (2) and (5). If ¢ is such that P(Z, = ¢) = 0, there are
infinitely many choices for p,y1(c,z) and each one will satisfy (2).

To get (5) satisfied one can set pp41(c, z) = mo(2). The theorem is
proved.

13. Definition. Any function p,11(c, z) from Theorem 12 is called
an n + lst transition function of (Zi,k =0,1,2,...).

14. Definition (Time-homogeneity). The Markov chain
(Zn,n=0,1,2,...)

is time-homogeneous if there exists a transition function p (indepen-
dent of n) such that

P(Zny1 = zng1 | Zn = 2n) = p(2n, 2n11)

whenever P(Z, = z,) > 0. In this case p is called a transition
function of the time-homogeneous Markov chain (Z,,,n =0,1,2,...).
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In terms of Definition 14 the result of Problem 4 implies the
following.

15. Theorem. Let (Zy,k > 0) be a time-homogeneous Markov chain
having transition function p. Then for any integers m > n > 0 and
20,21, .. € S

m—1

P(Zm) = Znm) = 7" (z0) [ p(2ir2041) -

i=n

In particular, if P(Z, = z,) > 0, then
m—1
P(Z[n,m] = Z[n,m] | Ly = Zn) = H p(2i7zi+1) .

The following example shows that some care is needed when
events of probability 0 are involved.

16. Example. Let S = {—1,1} and define p and p on S x S by

. 1 ifz=-1

p(c’z)_{ 0 ifz=1
and

e z):{ 1 ifz=c¢c

’ 0 ifz#c.

It is trivial to check that both p and p are transition functions. Let
(Zo,Z1,Z5 ...) be the sequence (—1,—1,—1,...). Then it is obvious
that (Zo, Z1, Za, ... ) is a Markov chain with state space S; moreover,
it is time-homogeneous, as can be checked by using either of the
transition functions p or p.

As in the above example, generally, it may happen that the
Markov chain (Z,,,n =0, 1,2, ...) actually lives on a set smaller than S.

17. Problem. For an S-valued Markov chain (Z,,n = 0,1,2,...),
denote
S={2€S:P(Z,=2)>0 forsome n>0}

and call S the effective phase space of (Z,,n = 0,1,2,...). Prove
that (Z,,n =0,1,2,...) is an S-valued Markov chain having a unique
transition function.
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18. Problem. Prove that random walks are time-homogeneous Mar-
kov chains with transition function satisfying p(a, z) = p(0, z — a).

In the following problem we describe a simple case when the ob-
servations Y,, of a Markov chain (X,,,n > 0) are “corrupted” by noises
W,.

19. Problem. Let (X,,,n =0,1,2,...) be a time-homogeneous Mar-
kov chain with state space S and transition function p(a,z). Let
~(z,w) be an S-valued function defined on S x S. Finally, let Wy,
W1, ... be a sequence of independent identically distributed S-valued
discrete random variables. Set

q(a,w) = P(y(a, Wo) = w)
and assume that
(Xo,...,Xpn) and (Wy,...,W,)
are independent for each n. Set
Y, =v(Xn, Wa)

and show that ((Xn7 Y,),n> 0) is a time-homogeneous Markov chain
with state space S x S and express its transition function in terms of
the transition function p and the function ¢. (Hint: Use the formula

P(Xn+1 = xn-‘rl)Yn—i-l = Yn+1 | X[O,n] = x[O,n]v}/[O,n] = y[O,n])

= P(XnJrl = xn+177($n+17 WnJrl) = Yn+1 | A)7
where A is the event that

Xion] = T[0,n]> V(@0 Wn) = Yn, -, Y(z0, Wo) = yo,
and use Problem 1.3.4.)

Generally, if (X,,Y),,) is constructed as in Problem 19, the se-
quence (Y,,n > 0) alone need not have the Markov property (see
Problem 3.9).

In the following problem we discuss a way to define Markov chains
by means of “stochastic equations”.
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20. Problem. Let (X,,,n=0,1,2,...) be a simple random walk on
Z starting at zero, and let Vp, Vi,... be independent identically dis-
tributed random variables with values in {1, —1}. Moreover, assume
that the (n + 1)-tuples

(Xo,...,Xpn) and (Vp,...,V,)
are independent for each n. Let Yy = 0 and for n > 1, set
Y, =Y. 1+ Vo (X, — Xno1).
Prove that ((X,,Y,),n=0,1,2,...) is a time-homogeneous Markov
chain on Z? and express its transition function in terms of
a=P(Vy=1) and f=PX;—Xo=1).

Also prove that (Y,,,n = 0,1,2,...) is a simple random walk on Z.
(Hint: Follow the hint to Problem 19).

Markov chains have initial distributions and transition functions.
A natural question arises: How arbitrary can these objects be?

21. Theorem. Let functions 7°(z) and p(c,z) given for ¢,z € S
satisfy

7%(2) >0, ple,z) >0, Zﬂ'o(b) =1, Zp(c, b) =1
bes beS
for all ¢,z € S. Then there exists a time-homogeneous Markov chain
0. In particular,

for any zg € S there exists a Markov chain with transition p function
starting at zg.

with transition function p and initial distribution m

To explain why Theorem 21 is true, we generate S-valued random
variables Yy and Y;,(¢) for all ¢ € S and n = 1,2,3, ... in such a way
that they are mutually independent and satisfy

P(Yy=2z)=1(z), P(Ya(c)=2)=0p(c,2)
for all ¢,z € Sand n =1,2,3.... Then we define recursively
ZO :)/07 Zn :Yn(anl)a n = 1,273

If we believe that such Yy, Y, (c) exist, then P(Zy = 2) = 7°(2) and
for P(Zjp,x) = 2[0,k)) > 0 we have

P(Zyx11 = 2|Zj0,1) = 2j0,4]) = P(Yes1(Zr) = 2| Z1o1) = 2(0,1)
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_ PMr1(Z) = 2 Zjow = Zom) _ PVir1(28) = 2, Zjo.k) = Zo.01)

P(Zo,1) = 2(0,1)) P(Zio.x) = 2(0,1])
_ PMVia(zr) = 2,4)
P(A) ’
where A is an event (that Zj ) = 2jo,4)) which is expressed in terms

of the variables Yy, Y1 (u), ..., Yi(u) for u € S. By independence, the
last fraction is

P(Yiy1(2k) = 2) = (2, 2),
which is exactly what we needed as follows from Problem 2.

The above construction gives an idea of how Markov chains be-
have. First, one generates the initial state Zy, then one uses a random
mechanism independent of Zj to generate the next step in accordance
with the transition function, and then again one uses a random mech-
anism independent of the previous ones to generate the next step,
again in accordance with the transition function, and so on.

22. Definition. For a transition function p, define recursively p**
for k=1,2,... by p*! =p and

pHez) =) p V(e w)pw,2), k=2,

The function p** is called the k-step transition function of the Markov
chain (Z,,n > 0) if the chain is time homogeneous and p is its tran-
sition function.

23. Problem*. Prove that for k£ > 2

*k(

P20, 2) = D plz0,20)p(21,22) + e p(2ko1, 28)-

24. Problem. Prove that

p*(e,2) = ple,w)p ™ D(w,2), k>2.

25. Problem. Let (Z,,n > 0) be a time-homogeneous Markov chain
with initial distribution 7° and transition function p. For each posi-
tive integer k, prove that (Zo, Zx, Zok, Zsk, - - - ) is a time-homogeneous
Markov chain with initial distribution 7° and (one-step) transition
function p**.
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The following theorem allows one to find the distribution of Z,,
from the initial distribution and transition function. Recall that

7" (z) = P(Z, = 2).

26. Theorem. Let (Z,,n=0,1,2,...) be a time-homogeneous Markov
chain with initial distribution 70 and transition function p. Then, for
any n >1 and m > 0, we have

m(y) =Y 7" (2)p(zy) = D70 (2)p™" (), (6)
z€S z€S
P(Zpsn =y | Zmn =12)=p"(2,y) (7)

if P(Z,, = ) > 0. In particular, if, for a fized z € S, we have
P(Zo =z) =1, then 7" (y) = p™"(2,y).

Proof. Equation (7) follows immediately from Theorem 15 and
Problem 23. Next, we have

P(Zn=y) =Y P(Zn=y|Zn1=2)P(Zp1=2)
z€S
=Y p(zy)n" N (2),
z€S
which proves the first equality in (6). Finally,

P(Zy=y)=Y P(Zn=vy|Zo=2)P(Z =2)
z€S
and since P(Zy = z) = 7°(2) the second equality in (6) follows
from (7). The theorem is proved.

27. Remark. If S is a finite set, it is sometimes convenient to iden-
tify it with {1,2,...,d}, set
. .o k ki -
mi =), pigi=p,0),  py =),
and interpret 7™ = (n{,...,7}) as a d-dimensional row vector (or

row matrir) and both p = (p;;) and p* = (pf;) as d-by-d matrices.

ij
In view of this discussion one sometimes uses the terms transition

matriz, initial probability vector, and probability vector at time n.

The notation p* for the matrix (pfj) would not be legitimate be-
cause the powers of matrices are well defined already, if the following
were not true.
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28. Problem. Using the above notation explain how the following
equalities follow from earlier results and definitions in this chapter:

pP=p" p=pp, k=2

29. Example. Let d =5, 7° = (1/5,1/5,1/5,1/5,1/5), and

1/2 1/2 0 0 0
1/2 0 1/2 0 0
p=|0 1/2 0 1/2 0
0 0 1/2 0 1/2
0 0 0 1/2 1/2

Then

/2 12 0 0 0
/2 0 1/2 0 0
' =(1/5,1/5,1/5,1/5,1/5)| 0 1/2 0 1/2 0
0 0 1/2 0 1/2
0 0 0 1/2 1/2

=(1/5,1/5,1/5,1/5,1/5).
By induction we get that
7" =(1/5,1/5,1/5,1/5,1/5)
for all n > 0.

30. Problem. Calculate p? and p3 for Example 29.

Quite often one is interested in knowing the distribution of 7,
for large n. According to (8), to find 7™ we need to multiply 7°
by the n-th power of p, computing which may present considerable
difficulties. Sometimes it is much more practical to approximate 7™
for large n by its limit ™ as n — oo, provided that the limit exists.
It turns out that this limit 7 exists in very many situations and can
be computed relatively easily. Of course since 7" = 7" !p, 7 should
satisfy m = 7p.
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31. Definition (Invariant distribution). Let = be a probability
distribution on S. We call it an invariant or equilibrium distribution
for Z,, if

m(z) =) m(e)p(c,2). (9)

ceS

In matrix notation (cf. Remark 27) equation (9) means that m = mp.

Observe that if the initial distribution 70 is invariant, then for
alln =0,1,2, ... the distribution 7" of Z,, coincides with 7%, so that
all Zy, Z1,Z5, ... have the same distribution. In this case Z,, n =
0,1,2,..., is also a stationary process (see Problem 7.2.19), predicting
which is one of our purposes.

In Example 29 the initial distribution 7%

is invariant and, as
we will see later, this is the only invariant distribution. Generally,

invariant distributions are not unique.

32. Example. For S = (1,2,...,d), the function J;; is a transition
function. For any Markov chain with this transition function, any
probability distribution is invariant.

33. Theorem. In the situation of Remark 27 assume that there ex-
ists m > 1 such that all entries of p™ are strictly positive. Then there
is a unique invariant distribution ™ = (71, ...,7q) and

lim 77 = m;, nh_)rréopz =m; Vi,j=1,..,d. (10)

n—oo

Proof. First we prove that the invariant distribution is unique.
In our situation equation (9) means that 7 = 7p. By multiplying
both sides by p™~! from the right, we get

7=, (11)

where ¢ = p™. Let € > 0 be such that ¢;; > ¢. By Problem 25 the
function ¢ is a transition function, so that

d
i=1
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Now assume that we have two invariant distributions = and p. Then

5,75 = X 1y = 1 and

d d d d d
Zlﬂi_ﬂi|zz‘2( MJ Qﬂ Z Z Qﬂ_ )|
i=1 i=1 j=1 i=1 j=1

d d d
<2 Imi—millaii—e) = ad_Im = ml
j=11i=1 j=1
where a := 1 — ed < 1. By comparing the extreme terms, we get
™= p.

Similarly, for any initial distribution 7°, by denoting 7" = 7%"

n+t1=kg we obtain

d d
SOl - < a3 ik ek
i=1 =1

and observing that 7#"*! =7

L—[n/k‘]k|

i

d d
< a2z |7T?+1_2k—ﬂ?_2k| <. < a[n/k] Z |7rin+1—[n/k]k7

i=1

< alVHg < groa~t,
where [n/k] is the integer part of n/k and 3 := a'/¥ < 1. By Cauchy’s
criterion it follows that the sequence of vectors 7™ converges as n —

0o. By denoting 7 its limit and using 7 *!
so that 7 is a (unique) invariant distribution.

= 1"p, we see that m = 7p,

This proves the first assertion in (10). By the above uniqueness
of solutions to (11) the limit of #™ is independent of the initial distri-
bution and to prove the second assertion in (10) it suffices to consider
a Markov chain starting at 4, for which m; = pj;.- The theorem is
proved.

34. Problem. Prove that the conditions of Theorem 33 are satisfied
if and only if for any 7,7 and Markov chain with transition matrix p
starting at i, P(X,, = j) > 0.

In Problems 35 and 36 random walks with absorption and reflec-
tion are, actually, not random walks. They are Markov chains.
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35. Problem (Random walks with absorption). Sometimes even if
the conditions of Theorem 33 are not satisfied, the chain has a unique
invariant distribution. Let S = Z and for ¢ # 1 let p(i,i+1) = 1/2 and
let p(1,1) = 1. Prove that there exists a unique invariant distribution
and find it.

36. Problem (Simple random walk with reflection). Fixd > 2 and
Z ={1,...d}. For 1 <i<d,let p(i,i £1) =1/2 and let p(1,1) =
p(1,2) = p(d,d — 1) = p(d,d) = 1/2. Prove that all entries of the

matrix p?~1 are strictly positive. In case d > 3, find pf;f.

37. Problem. Find the invariant distribution in Problem 36.

38. Problem. Show that random walks on Z?, which are nontrivial
in the sense that P(Z; # Zy) > 0, do not have invariant probability
distributions. (Hint: If we start off from an invariant distribution,
then Zy and Z; have the same distribution and 7y = Zg + (21 — Zy),
where the summands are independent. It follows that

Eexp(ih- Zy) = Eexp(ih- Zo)Eexp(iX - (Z1 — Zp)). )

In contrast with Problem 38, finite-state Markov chains always
have invariant distributions.

39. Theorem. Let S be a finite set and (Z,,n = 0,1,2,...) be an
S-valued time-homogeneous Markov chain. Then it has an invariant
distribution.

Proof. Let S = (1,2,...,d). For the matrix a = (a;;) = (pi; — dsj)
it holds that the sum of all its columns is zero. Therefore, the columns
are linearly dependent. By linear algebra, so are the rows. This means
that there exists a row vector A # 0 such that Aa = 0. In coordinate
form we have

d d
Z /\ia,;j = 0, which means )‘j = Z )\7le VJ
i=1 i=1
Normalizing if necessary, we can assume that, for m; := |\;|, we have

Zﬂi:]..
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Obviously
d
T < Z?Tipij (12)
i=1

for all 7. Summing up over all j leads to

d d d d
=YY Y = Yom =1
j=1 j=11i=1 i=1
It follows that, actually, the sides in (12) are equal for all j. This
proves the theorem.

40. Problem (Random walks with absorption). Fixd >2and S =
{1,...,d}. For 1 <i < d,let p(i,i+1) = 1/2 and let p(1,1) = p(d,d) =
1. Find all invariant distributions. (Hint: By using linear algebra,
first find all solutions of u = up.)

41. Problem. Let p and v be invariant distributions for the same
Markov chain. Define

m(x) = cmax(u(z), v(z)) with ¢ = Zmax(,u(m),y(x)).

Prove that = is invariant as well.

3. Further problems on Markov chains

The matrix viewpoint of Remark 2.27 is not confined to settings with
a finite state space. For countably infinite state spaces, one can label
the states with either the positive integers or the nonnegative integers
and use matrices that have a top row and a left-hand column but
which go on with out terminating in the downward and rightward
directions.

1. Problem. Check that the assertions in Problem 2.28 continue to
hold even for countably infinite state spaces.

Also, for countably infinite state spaces one can label the states
with all the integers and use matrices that have no top or bottom row
and no left-hand or right-hand column. This point of view is best for
the next problem.
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2. Problem. For the transition matrix p of the simple symmetric
random walk in Z find p? and p®. Also find the probability vector at
time 1 if the initial probability vector consists of twenty-one entries
of 1/21 in positions —10,—9,...,9,10 and zeroes elsewhere.

For random walks in Z2, one can also use a transition matrix, but
it is not very useful since, in creating a one-to-one correspondence
between Z? and {1,2,...} or Z, one loses the geometrical intuition
associated with Z2.

3. Problem. Consider the Markov chain starting at 0 with a tran-
sition matrix p whose top row and left-hand column are called the
zeroth row and column, whose entry in each position (7,7 + 1) is 3/4,
whose entry in each position (,0) is 1/4, and whose other entries all
equal 0. Find p?. Also find the distribution of the first return time
to 0. Describe the distribution of N, the number of returns to 0.

4. Problem. Modify the preceding problem by making the starting
point 1 rather than 0 with a focus on returns to 1 rather than to O.
Then do the modified problem.

5. Definition. Let (U,,n > 1) be a sequence of independent iden-
tically distributed random variables taking values in Z U {oo}. Set
To = 0, and then recursively define T}, for n > 0 by

Tn :Tnfl +Un7

where the sum of any member of Z* U {co} and oo is defined to
equal co. The random sequence (T,,n > 0), or any random sequence
having the same joint distributions as (T},,n > 0), is called a random
walk on Z+ U {oc} starting at 0.

The reason that the preceding definition is not encompassed in the
definition of random walk given earlier is that the random variables
U,, cannot necessarily be recovered from the random variables T,,.
For instance, if all the values of T, are known and Tg = +oc, then
none of the values of U,, for n > 6 can be obtained as T,, — T;,_1.

6. Problem. Modify and adapt Problem 2.18 to random walks on
Z* U {oo}, as introduced in Definition 5.
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7. Problem. Let (T,,,n > 0) be a random walk in ZTU{oo}, starting
at 0, as defined in Definition 5. Assume that P(T; > 0) = 1. For
k>0, set

Yi =k —max{T,: T, < k}.

Prove that (Yy,k > 0) is a time-homogeneous Markov chain on Z*
starting at 0. Find its transition function in terms of the distribution
of Tl.

8. Problem. Let (X, k > 0) be a time-homogeneous Markov chain
starting at xg, and let (T},,n > 0) be the sequence of return times to
zg. Define Y} in terms of the T},’s as in the preceding problem. Prove
that ((Xx,Y%),k > 0) is a time-homogeneous Markov chain starting
at (ZEQ, 0)

9. Problem. Let (X,,,n > 0) be a simple symmetric random walk
on 7Z starting at the origin and set y(a,w) = a(a® — 1) so that, in the
notation of Problem 2.19, Y,, = X,,(X2 — 1). Prove that (Y,,,n > 0)
is not a Markov chain. (Hint: Compare P(Ys = 6 | Y5 = 0) with
P(Ye = 6| Y5 = 0, = —24).)

10. Problem. Fix a positive integer u and a number p € (0,1). Let
(Xn,n > 0) be the Markov chain on Z* starting at 0 and having
transition function p defined by p(0,u) =1 and

pla,a+1)=p=1—-pla,a—1), a>0.
Is the expected time to return to O finite? Calculate the probability

that the first return time is finite.

11. Problem. Fix positive integers u < d and a number p € (0, 1).
Let (X,,n > 0) be the Markov chain on {0,1,...,d} starting at 0
and having transition function defined by p(0,u) = 1, p(d,d) = 1,
and

pla,a+1)=p=1—pla,a—1), 0<a<d.

Calculate the expected time to return to 0 and the probability that
the first return time is finite.





