CHAPTER 18

Hensel’s Lemma

We return to the class of relatively Henselian valued fields defined in §15.3, and
characterize it by means of several equivalent Diophantine conditions. Historically,
these equivalent formulations were among the main origins of valuation theory. We
use these conditions to give several major examples of Henselian field, such as the
p-adic fields, quotient fields of rings of Witt vectors, generalized formal power series
field, and Puiseux series fields.

18.1 The main variants

We will need the following form of the Taylor expansion formula.

LEMMA 18.1.1. Let (F,v) be a valued field and let f(X) € O,[X]. For every
a € O, and for every non-negative integer k one has:

k)
fla+X)=>Y" fzi'(a)x € Xk10,[X],
i=0 ’

where O (X) denotes the formal derivative of f(X) of order i.

PRrROOF. Let g(X) = f(a+ X) and expand g(X) = Y1 ) ¢;X* with ¢; € O,.
Then
ile; if0<i<n,

79(a) = g(0) = {

For k' = min{k, n} we therefore obtain

i (a) G ,
fla+X) =) ——=—=X'=g(X) = X' = Y X'
’ i=0

)
i=0 k' <i<n

0 if n<i.

The assertion follows. O

As before, given a valued field (F,v) and a polynomial f(X) € O,[X], we
denote the residue polynomial of f(X) in F,[X] by f(X).

THEOREM 18.1.2. Let E/F be a normal extension and let v be a valuation on
F. The following conditions are equivalent:

(a) v is Henselian relative to E;

(b) v is Henselian relative to every finite Galois extension Ey of F which is
contained in E;

(c) if f(X) is an irreducible monic polynomial in O,[X] which splits in E, then
f(X) is a power of an irreducible monic polynomial in F,[X];

(d) Hensel’s Lemma: if f(X) is a monic polynomial in O,[X] which splits
in E and if f(X) = g(X)B(X) for some relatively prime polynomials
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162 18. HENSEL’S LEMMA

G(X),h(X) in F,[X], then there exist polynomials g(X),h(X) € O,[X]
such that

F(X) = g(X)h(X), §(X)=g(X), h(X)=hX);

(e) for every monic polynomial f(X) € O,[X] which splits in E and for every
simple zero a € F, of f(X) there is a zero a € O, of f(X) with residue a
mn Fy;

(f) The Hensel-Rychlik condition: if g(X) € O,[X] splits in E and a €
O, satisfies v(g(a)) > 2v(g’(a)), then there exists a zero ¢ of g(X) such

that
v(a —c) =v(g(a)/g'(a)).

PrROOF. (a)&(b):  The reduction from the case of normal extensions to the
case of Galois extensions is by Proposition 14.2.5(a). The additional reduction from
the Galois case to the finite Galois case (as in (b)) is immediate.

(a)=-(c) By (a), v has a unique extension u to E (up to equivalence). Let
a € E be a zero of f(X). By assumption, f(X) splits in E as

n

F0) = TJ(X = 0s(a)

i=1

for some o1, ...,0, € Aut(E/F) = Z(u/v). Since O, is integrally closed (Propo-
sition 3.1.3), g;(a) € Oy, ¢ = 1,...,n. We may therefore take residues in E,, to

obtain
n n

7) = TT(X — oula)) = [](X — u(a),
i=1 i=1
where o is the image of o; under the epimorphism ®: Aut(E/F) — Aut(E,/F,) of
Theorem 16.1.1. Thus f(X) € F,[X] splits in £,[X] and its zeros are all conjugate
to a over F,. Since F,[X] is a unique factorization domain, this implies that f(X)
is a power of irr(a, F,).

(c)=(d): We may assume that §(X), h(X) are monic. Let u be an extension
of v to E. Write
F(X) = [(X) - fr(X),
with f;(X) € F[X] monic and irreducible. Again, since f(X) splits in E and O,
is integrally closed, the zeros of f(X) are in O,. Hence, so are the zeros of each
fi(X). Tt follows that

[i(X) € (OuNF)X]=0,X], i=1,...,k

By (c), f;(X) = 7;(X)™ for some irreducible monic polynomial 7;(X) € F,[X] and
some positive integer m;. Then

GXOR(X) = F(X) = Pa(X)™ - g (X) ™

in F,[X]. Since F,[X] is a unique factorization domain and §(X) and h(X) are
relatively prime, we get after renumbering;:
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Now let

! k
(x)=[[r00, )= I] Hi(X)
i=1 i=l+1
Then g(X) and h(X) are polynomials in O,[X] with residues §(X), h(X), respec-
tively, and f(X) = g(X)h(X).

(d)=(e): By assumption, f(X) = (X — a)h(X) for some h(X) € F,[X] with
h(a) # 0. From (d) we obtain polynomials g(X),h(X) € O,[X] such that

F(X) = g(X)A(X), §(X)=X—a, h(X)=h(X).
Since f(X) is monic, so are f(X) and h(X). We obtain:

deg(g) = deg(f) — deg(h) = deg(f) — deg(h) = deg(g) = 1.

The leading coeflicient of g(X) is in G, so we may assume without loss of generality
that g(X) is in fact monic; thus g(X) = X — a for some a € O,. Then f(a) =0
and the residue of @ in F, is a.

(e)=(b):  We may assume for simplicity that E/F is already a finite Galois
extension.

Let u be an extension of v to E. As before, let E; be the decomposition
field of (E,u)/(F,v). Lemma 15.2.1 yields a € O,, such that u(l —a) > 0 and
(uoo)(a) > 0 whenever o € Gal(E/F) \ Z(u/v). In particular, u(a) = 0.

Let o1(a),...,0r(a) be the distinct F-conjugates of a, where o1,...,0% €
Auwt(E/F) and o1 = Id. For 2 < i < k the restriction of o; to Fz is non-trivial
(e.g., on a). Hence o; ¢ Z(u/v), so (uoo;)(a) > 0. For the residues in £, we thus
have o1(a) =a =1 and 0;(a) =0 for 2 <i < k.

Now let f(X) = irr(a, F). Write

k

fX) =X —0i(a) =X  + 1 X - e X + o
i=1
Expressing the ¢; as symmetric polynomials in o1(a), ..., ox(a), we see that
cl,...,c, €0, 61:—1 , Cp=+-+=Cf =

Hence

FOX) = X* - X1 = X1 (x - 1),
so 1 is a simple root of f(X). By (e), it lifts to a root of f(X) in O,. But f(X) is
irreducible in F[X], so necessarily deg(f) =1, i.e., a € F.. By the choice of a, this
means that Gal(E/F) = Z(u/v), as desired.

(f)=(e): Let f(z) and a be as in (e). Take in (f) g(X) = f(X), and choose
an arbitrary a € O, with residue a. Then v(g(a)) > 0 and v(¢'(a)) = 0. We obtain
a zero ¢ of f(X) such that v(a —¢) = v(f(a)) > 0,80 a =c.

(e)=(f): If g(a) = 0, then we take ¢ = a. So suppose that g(a) # 0. The
assumption then implies that ¢’(a) # 0 as well. By the Taylor expansion formula
(Lemma 18.1.1),

gla+ X) =g(a)+ ¢'(a) X + X*h(X),
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with h(X) € O,[X]. Substitute X = —(g(a)/g¢'(a))Y to obtain that

o 8a0) s+ 2]
where
hi(Y) = h(— ;((C;)) Y) € 0,[Y]
Let
) =1-v + 9D vy
9'(a)?

The assumption that v(g(a)) > 2v(g'(a)) implies that v(f(1)) > 0, while v(f'(1)) =
0. Thus 1 is a simple root of f(Y) in F,. Since ¢g(X) splits in E, so does f(Y).
Condition (e) therefore gives rise to a zero b € G, of f(Y). Then

U1 C)
g'(a)
is zero of g(X). Moreover, v(a — ¢) = v(g(a)/g'(a)). O

Another important equivalent condition, the Krasner-Ostrowski lemma, will
be discussed in §18.5. For other equivalent conditions (in the more classical case,
where E is the algebraic closure of F') see [Ri2]. The fact that the equivalence of
the main classical forms of Henselity can also be formulated in this relative setting
was noted by Brocker [Brl].

18.2 nth powers

One important use of Henselity is to show that groups of nth powers in the
field are open with respect to the valuation topology.

PROPOSITION 18.2.1. Let n be a positive integer and let E/F be a normal
extension such that E contains all nth roots of elements of F'. Let v be a valuation
on F which is Henselian relative to E. Then

1+n°m, < (FX)".
In particular, if char F' fn, then (F*)™ is open with respect to the topology T,.

PROOF. Take d € 1+ n?m,. By assumption, the polynomial g(X) = X" —
d splits in E. Observe that v(g(1)) > 2v(n) = 2v(¢’(1)). The Hensel-Rychlik
condition (condition (f) of Theorem 18.1.2) therefore yields ¢ € F such that ¢ = d.
The second assertion follows from the first. g

18.2.2 ExaMmPLES. The assumptions of the first part of Proposition 18.2.1 are
satisfied in the following situations:

(1) nis arbitrary and FE is the algebraic closure of F' (so v is Henselian);

(2) nisarbitrary and E is the solvable closure of F' (so v is solvably Henselian);

(3) n =p is prime, F' contains a root of unity of order p, and E = F(p) is the
maximal pro-p Galois extension of F' (so v is p-Henselian).
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REMARK 18.2.3. Let n be a positive integer. Consider a valuation v on F' with
residue field of characteristic not dividing n. Then v is (F*)"-compatible (in the
sense of §11.1) if and only if 1 + n?m, < (F*)". In this sense, the compatibility
relation is a weak form of Henselity.

The following result of Wadsworth [Wad, Prop. 1.2] shows that when the
residue field contains a root of unity of order p, the converse of Example 18.2.2(3)
also holds.

PROPOSITION 18.2.4. Let p be a prime number and let v be a valuation on F
such that F, contains a primitive pth root of unity. Then v is p-Henselian if and
only if it is (F*)P-compatible.

PRrROOF. Note that the assumption implies in particular that char F, # p.

We have just seen the “only if” part.

For the “if” part, assume that v is (F*)P-compatible, but that a p-Henselization
(F, 0) of (F,v) is a proper extension of F. Let E be a minimal proper extension of
F inside . Then the extension E /F is finite, and its Galois hull M is contained
in F(p). Thus Gal(M/FE) is a maximal proper subgroup of the finite p-group
Gal(M/F). Hence it is normal of index p. Therefore E/F is a Galois extension of
degree p. By Kummer’s theory, E = F({/a) for some a € F* \ (F*)P.

Let uq,...,u;, be the distinct extensions of v to E (up to equivalence), say
with ¢ extending w;. By Remark 15.1.1(e), Z(u1/v) = 1, so v is not Henselian
relative to E, i.e., m > 2. By the fundamental inequality (Theorem 17.1.5),

e(ur/v)f(u1/v) < [E: F] = p.
Now if v(a) € v(F*), then ple(uy/v), a contradiction. Therefore a € O (F*)P.

Without loss of generality, we may assume that a € O;;. The residue a of a in F,
is then a pth power in E . Since

[Em :Fv] = f(ui/v) <p
and since F), contains a primitive pth root of unity, Kummer’s theory again implies
that in fact a € (F°)?. Therefore a € G,(F*)P = (F*)P, by the compatibility
assumption. This gives the desired contradiction. O

We conclude with a positive characteristic analog of Proposition 18.2.1.

LEMMA 18.2.5. Let p be a prime number and let p(x) = 2P —x. Let E/F be
a normal extension of fields of characteristic p such that F C @(F). Let v be a
valuation on F' which is Henselian relative to E. Then

m, < p(F).
In particular, for v nontrivial, p(F) is open in T,,.

PRrOOF. Take d € m,. By assumption, g(X) = p(X) — d has a root in E, and
therefore splits in E. Its reduction to F,[X] has p distinct roots in F,, namely the
elements of F),. Condition (e) of Theorem 18.1.2 allows us to lift them to roots of
g(X) in F.

The second assertion follows from the first and from the fact that p(F') is an
additive subgroup of F'. O
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18.3 Example: complete valued fields

It was the discovery of Kurt Hensel [He] that p-adic fields satisfy condition (d)
of Theorem 18.1.2 when E is the algebraic closure (whence the names “Hensel’s
lemma” and “Henselity”). In fact, his argument applies to any field which is com-
plete with respect to a valuation of rank 1. We prove a somewhat sharper version
of the equivalent condition (e) of the theorem for such fields.

THEOREM 18.3.1. Let v be a complete rank 1 valuation on the field F. Let
f(X) € 0,[X] and a € O, satisfy v(f(a)) > 0 and v(f'(a)) = 0. Then there exists
b e F such that f(b) =0 and v(b—a) > v(f(a)). Moreover, b is the unique zero of
f(X) satisfying v(b—a) > 0.

PRrROOF. For the existence of b set @ = v(f(a)). Thus o > 0. We define
inductively a sequence a1, as,... in F such that a; = a and for every n > 1:

(1) v(an = ant1) > no;

(2) o(f(an)) = nas

(3) v(f'(an)) =0.

Suppose that a, has already been defined. By (3), f'(an) # 0. Let h =
flan)/f'(ayn) and let a1 = an, — h. By (2) and (3), v(an — ant1) = v(h) > na.
The Taylor expansion formula (Lemma 18.1.1) gives:

flans1) € flan) — hf'(an) + h20, = K20,
Hence

v(flant1)) = 20(h) > 2na > (n+ 1)a.
Furthermore, v(a, — an11) > na implies that

v(f'(an) — f'(ans1)) > na > 0.

Since v(f'(an)) = 0 (by (3)) also v(f'(ant+1)) = 0, completing the inductive con-
struction.

It now follows from (1) and the ultrametric inequality that v(a, — am) > na
for n < m. In particular, {a,}>2, is a Cauchy sequence with respect to the metric
d, of §9.1. By the completeness, it converges to a limit b € F. Since 7, is a ring
topology (Proposition 8.1.1), f(X) is 7,-continuous. It therefore follows from (2)
that f(b) = 0. Also,

v(ay, —a) =v(a, —a1) > «
for all n, so v(b — a) > «a. In particular, v(b) > 0.

For the uniqueness, suppose that ¢ is a zero of f(X) with v(¢c —a) > 0. Then
¢ € O,. Write f(X) = (X —b)g(X), with g(X) € F[X]. Let ¥ be the restricted
Gauss valuation on F(X) extending v (see Example 4.3.2). Then

(X — b) = min{v(1),v(=b)} = 0.
Hence 0 < 0(f) = 9(g), so g(X) € O,[X]. As
F(X) = g(X) + (X = b)g'(X),
we have

(18.3.1) f(e)=gl(c)+ (c—b)g'(c).
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Since v(f’(a)) = 0 and v(c — a) > 0 we also have v(f’(c)) = 0. In addition,
v(e = b) > min{v(c —a),v(a—b)} >0

(¢)) > 0. It now follows from (18.3.1) that g(c) # 0. From 0 = f(c) =
¢) we deduce that ¢ = . O

and v(g’
(e =b)g(

COROLLARY 18.3.2. Let v be a complete rank 1 valuation on the field F and
let E be a normal extension of F. Then (F,v) is Henselian relative to E.

PrOOF. Theorem 18.3.1 gives the assertion for the algebraic closure of F'. By
Corollary 15.3.2, it holds for every normal extension of F'. (I
COROLLARY 18.3.3. Let v be a rank 1 valuation on the field F and let (F', )
be the completion of (F,v).
(a) Any Henselization of (F,v) embeds over (F,v) in (F,?).
(b) If char F,, = 0 or v is discrete, then the relative algebraic closure of F' in
F'is a Henselization of (F,v).

PROOF. (a) This follows from Corollary 18.3.2 and the universal property of
Henselizations (Theorem 15.3.5).

(b) Let F’ be the relative algebraic closure of F in F', and let v/ be the restric-
tion to it of 0. Since (F', ) is Henselian, so is (F”,v'), by Proposition 15.3.3. Hence
it is an algebraic extension of some Henselization of (F,v). The assumptions imply
that this extension is defectless (by Proposition 17.3.2 and Theorem 17.4.3). More-
over, this extension is immediate since (F,9)/(F,v) is immediate. By Ostrowski’s

formula (Theorem 17.2.1), the extension is trivial, i.e., (F’,v) is a Henselization of
(F,v). O

When combined with Examples 9.2.1 and 9.2.2, Corollary 18.3.2 above gives
some fundamental examples of Henselian valued fields.

18.3.4 EXAMPLES.

(1) (Hensel) The canonical p-adic valuation v, on the field Q, of p-adic
numbers is Henselian. Thus it has a unique extension to any algebraic
extension F' of ), and this valuation is also Henselian, by Corollary 15.3.2.

(2) By (1) and by Proposition 15.3.3, the relative algebraic closure Qp a1 of Q
in Q, is Henselian.

(3) Let F be a perfect field of characteristic p > 0 and let F' be the quotient
field of its ring W (F) of Witt vectors (see §12.4). By Theorem 12.4.1, F
is equipped with a canonical discrete complete valuation with residue field
F. By Corollary 18.3.2, it is Henselian.

From Example 18.3.4(1) one can deduce that on a p-adic field, the p-adic val-
uation is the only “interesting” valuation, in the following sense.

EXAMPLE 18.3.5. Let F' = Q,, for some prime number p and let v, be its p-
adic valuation. We show that every valuation v on F' which is not equivalent to v,
has a divisible value group. This is clear for the trivial valuation. So suppose that
v is non-trivial and let n be a positive integer. As we have seen in Example 10.1.2,
vp and v are necessarily independent. Now v, is Henselian (Example 18.3.4(1)),
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so by Proposition 18.2.1, (F*)" is 7, -open. It follows from Proposition 10.3.1(a)
that F* = (F*)"0O), i.e., v(F*) = nv(F*).

v

As an application we obtain:

COROLLARY 18.3.6. Let p,q be prime numbers and let 0:Q, — Qg be a field
embedding. Then p = q and o is the identity map.

PROOF. Denote again the canonical valuations on Q,,Q, by v,,v,, respec-
tively. Then v, and v, o o are discrete valuations on Q,. By what we have just
seen, this can happen only if they are equivalent. Since ¢ is the identity on Q, one
has (vg00)(g) > 0. Hence also v,(g) > 0, so p = ¢. It follows that o is an isometry
of the metric space (Qp, d,,) with itself (see §9.1), and in particular, is continuous
in the induced topology 7,,. But Q is 7, -dense in Q,. We conclude that o is the
identity on Q. |

Finally, we record the following topological fact which sometimes serves as a
partial converse of Proposition 18.2.1.

ProPOSITION 18.3.7. Let v be a discrete valuation on a field F' and let n be
a positive integer. Every T,-open subgroup of F* containing (F*)™ must contain
(F)"(1 + n’m,).

PRrROOF. Let (E,u) be the completion of (F,v). It is Henselian (Corollary
18.3.2). By Theorem 9.3.2(f), (E,u)/(F,v) is an immediate extension. Hence
mizFﬂmZ for i > 1.

Now let S be a T,-open subgroup of F* containing (F*)™. The subgroups
14+mi,i=1,2,..., form a local basis of 7, at 1. Therefore 1 +m’ < S for some
i > 1. By Proposition 3.4.5, EX = F*(1 +m}). Hence (E*)" < (F*)"(1 +m}).
By Proposition 18.2.1, 1 + n?m, < (E*)™. We conclude that

(F*)"(1 4 n’m,) < FN(EX)" < (F*)"(14+ml) < S. O

18.4 Example: power series fields

The Henselity of complete valued fields of rank 1 established in the previous
section implies in particular that whenever I' is an ordered abelian group of rank 1,
the field K ((T")) of generalized formal power series over K is Henselian with respect
to its canonical valuation v(f) = min(Supp(f)) (see Example 4.2.1). However, this
turns out to be valid for ordered abelian groups of arbitrary ranks, as we now show.

THEOREM 18.4.1 (Krull [Kru2]). Let K be a field and T' an ordered abelian
group. Let F = K((T')), and let v: F* — T be its canonical valuation. Then (F,v)
has no proper immediate extensions.

PROOF. Assume that (E,u)/(F,v) is an immediate extension, and let a € E*.
We need to show that a € F.

To this end let S be the set of all f € F such that u(a — f) (as an element
of T'U {oo}) is strictly larger than every element of the support Supp(f) of f. In
particular, 0 € S. We partially order S by the relation < defined in §2.7. We
recall that f < f’ means that f(0) = f/(J) for every § € T" for which there exists
v € Supp(f) with § <.
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Assume that C' is a non-empty chain in (S, <). By Lemma 2.7.6, it has a least
upper bound f* € F' satisfying Supp(f*) = Uscc Supp(f). We claim that f* € S.
Indeed, consider v € Supp(f*). Then v € Supp(f) for some f € C. As f < f* this
implies that v < v(f — f*). Also, f € C C S gives v < u(a— f). By the ultrametric
inequality, v < u(a — f*), as claimed.

Consequently Zorn’s lemma yields a maximal element f in (5, =<). Suppose
that @ # f. Then v = u(a — f) € I. By Lemma 3.2.5, EX = F*G,. Therefore
there exists g € F* with a — f € gG,. Thus u(g) = 7. In fact, we may choose
g = bt7 for some b € K*. Let f' = f + g. Since v is strictly larger than every
element of Supp(f) we have f < f’. Furthermore,

u(a = f') = ula — f —g) > u(g) = v = max(Supp(f")).

Hence f’ € S. This contradiction to the maximality of f in (S, <) shows that
a=f e, as desired. O

Krull’s original proof of Theorem 18.4.1 uses a transfinite construction, which
is replaced in the above argument by the application of Zorn’s lemma. A proof of
an analytic flavor is given in [Ril].

Valued fields having no proper immediate extensions are called maximally
complete. We refer to [Kap1] for an analytic characterization of these fields. Since
Henselizations are always immediate extensions (by Proposition 15.3.7), maximally
complete fields are necessarily Henselian. In particular, we deduce from Theorem
18.4.1:

COROLLARY 18.4.2. Let K be a field and let T' be an ordered abelian group.
Then K((I")) is Henselian with respect to its canonical valuation.

ExAMPLE 18.4.3 (MacLane [Mac2]). Let K be an algebraically closed field
and I' a divisible ordered abelian group. By Corollary 14.2.3, every algebraic ex-
tension of K((I')) must be immediate with respect to the canonical valuation. In
view of Theorem 18.4.1, this extension must be trivial. We conclude that K ((T'))
is algebraically closed. Of course, when char K = 0 this is also a special case of
Corollary 17.3.3.

ExXAMPLE 18.4.4: I'-Puiseux series.
Let K be an arbitrary field, I' an ordered abelian group, and

KPuis((F)) = h_H}K((F/))

the field of I'-Puiseux series over K, where I’ ranges over all subgroups of I'g;, which
contain I as a subgroup of finite index (§2.8). Let v be the canonical valuation on
Kpuis((T')) with respect to the trivial valuation on K, as in Example 4.2.3. Thus
the value group of v is I'g;y and its residue field is K. It extends the canonical
valuation on F' = K((I')), which is Henselian by Corollary 18.4.2. As we have
observed in §2.8, Kpyis((I')) is algebraic over K((I')). We conclude from Corollary
15.3.2 that v is also Henselian.

PROPOSITION 18.4.5. Assume that char K = 0 and let I’ be an ordered abelian
group.

(a) Kpuis((T)) is the relative algebraic closure of K((T')) in K((Taiv))-

(b) If K is algebraically closed, then Kpus((I')) is the algebraic closure of

K((I)-
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PROOF. (a) The canonical valuation on K((I")) is Henselian and its residue
field K has characteristic 0. Hence it is defectless relative to the algebraic clo-
sure (Proposition 17.3.2). By the tower property for the defect (17.2.1), so is its
extension v to Kpyis((I')). Furthermore, the extension K ((Taiv))/Kpuis((T)) is im-
mediate with respect to the canonical valuations. Therefore the relative algebraic
closure of Kpyus((T')) in K((Taiv)) is also an immediate extension of Kpys((T)).
Being algebraic, defectless and immediate, this extension is necessarily trivial, i.e.,
Kpuis((T)) is algebraically closed in K ((Tqiyv)), as required.

(b) By Example 18.4.3, K((T4iv)) is algebraically closed. By (a), Kpyuis((T'))
is therefore also algebraically closed. Since it is algebraic over K((T')), it is its
algebraic closure.

The assumption that char X' = 0 in Proposition 18.4.5(b) (and hence also in
Proposition 18.4.5(a)) cannot be omitted even when I' = Z, as the following example
demonstrates.

EXAMPLE 18.4.6 (Abhyankar [Ab], Chevalley [Ch, p. 64]). Let K be a field
of characteristic p > 0. As usual, let ¢ stand for the map in K((Z)) whichis 1 at 1
and 0 elsewhere. We claim that the polynomial equation

XP—X—1/t=0

has no solutions in Kpys((Z)) = lim K ((--Z)). In particular, the latter field is not
algebraically closed.

To prove the claim, suppose that f € Kpyis((Z)) satisfies fP — f = 1/t. Then
f € K((£Z)) for some positive integer m. Let vy, be the canonical valuation on

K((L7Z)) with value group +Z. Take i maximal with p’|m, and let

g=f—t~Yp _=Up 1

(when ¢ = 0 we take g = f). Observe that g € K((%Z)) and g? — g = t=1/P" . We
obtain that .

vm(g) = —1/p"* & 2
(Lemma 3.2.1(e)), a contradiction

Still in the case where K is algebraically closed of characteristic p > 0, Kedlaya
[Ked], extending earlier works by Huang, Rayner [Ra2], and Stefinescu [Ste],
realizes the algebraic closure of K((Z)) explicitly as the “twist-recurrent” maps in
the algebraically closed field K((Q)). In particular, the support of such maps must
be contained in a set of the form

{1/mp'|i=0,1,2,...}

for some positive integer m.

18.5 The Krasner—Ostrowski lemma

The following lemma gives another condition which is equivalent to relative
Henselity. Its importance lies in the fact that it connects the arithmetic (or better
said, analytic) properties of a valued field with its Galois theory. The implication
(a)=-(b) is known in the folklore as “Krasner’s Lemma” (see [Kra]), however, as
pointed out by Roquette in [Ro], the argument actually goes back to Ostrowski
[01].
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LEMMA 18.5.1. Let (E,u)/(F,v) be a normal extension of valued fields. The
following conditions are equivalent:
(a) v is Henselian relative to E;
(b) if a,b € E and if u(b — o(b)) < u(b — a) whenever o € Aut(E/F) and
o(b) # b, then the extension F(a,b)/F(a) is purely inseparable.

PrROOF. (a)=>(b):  Suppose that ¢ € Aut(E/F) fixes a. We need to show
that it fixes b as well.

Since v is Henselian relative to E, one has u = w o 0. In particular, u(b—a) =
u(o(b) — o(a)). From the ultrametric inequality we obtain that

u(b—o(b)) =u((b—a)— (c(b) — o(a)) > u(b— a).
Our assumption now implies that o(b) = b.

(b)=(a): Inlight of condition (b) of Theorem 18.1.2, we may assume that E/F
is a finite Galois extension. Lemma 15.2.1 yields b € Ez such that u(1—5) > 0 and
(woo)(b) > 0 whenever o € Gal(E/F) \ Z(u/v). Then u(b) = 0.

Now suppose that ¢ € Gal(E/F) satisfies o(b) # b. Then ¢ ¢ Z(u/v), so
(woo)(b) > 0, and therefore u(b — o(b)) = 0. Since the extension (Ez,uz)/(F,v)
is immediate (Theorem 15.2.2), there exists a € O,, with the same residue as b, i.e.,
u(b —a) > 0. It follows from (b) that the extension F'(b)/F is purely inseparable.
But E/F is Galois, so necessarily b € F. By the choice of b, this can happen only
if Gal(E/F) = Z(u/v). We conclude that v is Henselian relative to E. O

The main importance of Lemma 18.5.1 lies in the following consequence of it.
It shows that in a relatively Henselian field, minor changes in the coefficients of a
separable polynomial do not effect the splitting field.

For a valued field (F, v) we denote again the restricted classical Gauss valuation
on F(X) by ©. Thus

@(f) = min{U(CO)a s ,U(Cn)}
for f(X)=Y" X"

THEOREM 18.5.2. Let E/F be a normal extension of fields and let v be a
Henselian valuation on F relative to E. Let f(X) € F[X] be a monic polynomial
of degree n with n distinct roots ay, ..., a, in E. Then there exists a € v(F*) such
that any other monic polynomial g(X) € F[X]| of degree n which splits in E and

with o(f — g) > « has n distinct roots by, ..., b, in E such that F(a;) = F(b;),
i=1,...,n. In particular, f and g have the same splitting field over F'.

PROOF. Let u be the unique extension of v to E. We may assume that it is
non-trivial and that n > 2. Choose v € u(E*) with

max{u(a; —a;) | i#j} <~.

By the continuity of roots in the valuation topology 7,, (Theorem 8.2.3) there exists
a positive a € u(E*) such that if by,...,b, € E and

n

9(x) = [J(x - b)) € Flx]

i=1
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satisfy @(f — g) > « then, after re-numbering, u(a; — b;) > v, i = 1,...,n. In
light of the cofinality of v(F*) in u(E*) (Corollary 14.2.3(e)) we may assume that
a € v(F*). For by,...,b, as above, the ultrametric inequality gives for i # j:

min{~y, u(b; — b;)} < min{u(a; — b;),u(b; — b;), u(b; —a;)} < u(a; —a;) <.

It follows that
max{u(b; —b;) | i # j} <.
In particular, by,...,b, are distinct.

Lemma 18.5.1 implies that the extensions F(a;,b;)/F(a;) and F(a;,b;)/F(b;)
are purely inseparable. On the other hand, since aq,...,a, are the distinct zeros
of f(X) € F[X], they are separable over F'. Similarly, b1,...,b, are separable over
F. Consequently, F(a;) = F(a;,b;) = F(b;),i=1,...,n. O

COROLLARY 18.5.3. Let (E',0)/(F,v) be an extension of non-trivially valued
fields such that F' is Ty-dense in F' and (F,0) is Henselian. Let Fyep, Fsep be the
separable closures of F', F', respectively. Then Fy.p, is the compositum Fyep F'.

PRrROOF. Obviously, FsepF C Fsep. Conversely, let a € Fsep and let f(X) =
irr(a, F). Using the density, we may choose a monic polynomial g(X) € F[X] of
the same degree as f(X) and whose coefficients are sufficiently close to those of
f(X) with respect to 7;. It follows from Theorem 18.5.2 that the splitting fields
of f(X) and g(X) over F coincide. Moreover, g(X) is separable over F, hence it
splits in Fie,. Therefore f(X) splits in FsepF. We conclude that a € Fsepf?. O

18.5.4 EXAMPLES. ~ ~ ~
(1) The algebraic closure Q, of @, is the compositum QQ,, where Q is the
field of algebraic numbers.

(2) Given a field F, the separable closure of F((t)) is F'(t)sepF'((t)). The latter
field should not be confused with the Laurent series field Fyep((t)) over
Fycp, which is usually much larger.

(3) Let F be a separably closed field and let v be a valuation of rank 1 on
F. Then the completion (F,?) of (F,v) is also separably closed. Indeed,
(F, ) is Henselian by Corollary 18.3.2, and we apply Corollary 18.5.3.

(4) (Kiirschék [Kiir]) Let v be a valuation of rank 1 on a field Fy. Construct
inductively an increasing sequence of valued fields of rank 1

(Fo,v0) C (F1,v1) C (Fa,v2) C (F3,v3) C - -

as follows:

(i) Take (Foi41,v2:+1) to be the completion of (Fy;, ve;). Since this is an
immediate extension (Theorem 9.3.2(f)), vg;+1 indeed has rank 1.

(ii) Take Fy; o to be the separable closure of Fy; 41, and ve; 12 to be the ex-
tension of v9;41 to it. Notice that this extension is unique by Corollary
18.3.2, and has rank 1 by Corollary 14.2.3(c).

Now since (Fs, v2) is separably closed, Example (3) above implies that so is
its completion (Fj,vs). Consequently, this sequence of extensions stabilizes
from (F3,vs3) and on.
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(5) In particular, start with £y = Q and let vy be its p-adic valuation for some
prime number p. Then F} = Q, and F = Qp = QQP. The field F3 is often
denoted by C,. It is both complete and algebraically closed. Hence it is
a convenient “universal domain” for carrying computations of combined
algebraic/p-adic analytic nature.



