
Contents

Preface ix

Part 1. Controllability of linear control systems 1

Chapter 1. Finite-dimensional linear control systems 3
1.1. Definition of controllability 3
1.2. An integral criterion for controllability 4
1.3. Kalman’s type conditions for controllability 9
1.4. The Hilbert Uniqueness Method 19

Chapter 2. Linear partial differential equations 23
2.1. Transport equation 24
2.2. Korteweg-de Vries equation 38
2.3. Abstract linear control systems 51
2.4. Wave equation 67
2.5. Heat equation 76
2.6. A one-dimensional Schrödinger equation 95
2.7. Singular optimal control: A linear 1-D parabolic-hyperbolic example 99
2.8. Bibliographical complements 118

Part 2. Controllability of nonlinear control systems 121

Chapter 3. Controllability of nonlinear systems in finite dimension 125
3.1. The linear test 126
3.2. Iterated Lie brackets and the Lie algebra rank condition 129
3.3. Controllability of driftless control affine systems 134
3.4. Bad and good iterated Lie brackets 141
3.5. Global results 150
3.6. Bibliographical complements 156

Chapter 4. Linearized control systems and fixed-point methods 159
4.1. The Linear test: The regular case 159
4.2. The linear test: The case of loss of derivatives 165
4.3. Global controllability for perturbations of linear controllable systems 177

Chapter 5. Iterated Lie brackets 181

Chapter 6. Return method 187
6.1. Description of the method 187
6.2. Controllability of the Euler and Navier-Stokes equations 192

v



vi CONTENTS

6.3. Local controllability of a 1-D tank containing a fluid modeled by the
Saint-Venant equations 203

Chapter 7. Quasi-static deformations 223
7.1. Description of the method 223
7.2. Application to a semilinear heat equation 225

Chapter 8. Power series expansion 235
8.1. Description of the method 235
8.2. Application to a Korteweg-de Vries equation 237

Chapter 9. Previous methods applied to a Schrödinger equation 247
9.1. Controllability and uncontrollability results 247
9.2. Sketch of the proof of the controllability in large time 252
9.3. Proof of the nonlocal controllability in small time 263

Part 3. Stabilization 271

Chapter 10. Linear control systems in finite dimension and applications to
nonlinear control systems 275

10.1. Pole-shifting theorem 275
10.2. Direct applications to the stabilization of finite-dimensional control

systems 279
10.3. Gramian and stabilization 282

Chapter 11. Stabilization of nonlinear control systems in finite dimension 287
11.1. Obstructions to stationary feedback stabilization 288
11.2. Time-varying feedback laws 295
11.3. Output feedback stabilization 305
11.4. Discontinuous feedback laws 311

Chapter 12. Feedback design tools 313
12.1. Control Lyapunov function 313
12.2. Damping feedback laws 314
12.3. Homogeneity 328
12.4. Averaging 332
12.5. Backstepping 334
12.6. Forwarding 337
12.7. Transverse functions 340

Chapter 13. Applications to some partial differential equations 347
13.1. Gramian and rapid exponential stabilization 347
13.2. Stabilization of a rotating body-beam without damping 351
13.3. Null asymptotic stabilizability of the 2-D Euler control system 356
13.4. A strict Lyapunov function for boundary control of hyperbolic

systems of conservation laws 361

Appendix A. Elementary results on semigroups of linear operators 373

Appendix B. Degree theory 379

Bibliography 397



CONTENTS vii

List of symbols 421

Index 423


