CHAPTER 1

Positive Polynomials and Sums of Squares

This chapter provides the reader with a first look at the subject, and introduces
some of the main ideas. We consider the basic question of when a non-negative poly-
nomial is a sum of squares (of polynomials in Sections 1.2 and 1.3, rational functions
in Section 1.4, and formal power series in Section 1.6). Examples and counterex-
amples are provided. We introduce the reader to Tarski’s Transfer Principle, see
1.4.2, which plays an important role in what we are doing. As a first application,
we explain how it can be used to solve Hilbert’s 17th Problem, see 1.4.1. Tarski’s
Transfer Principle indicates the importance of having a good understanding of or-
derings on fields. The Baer-Krull Theorem, see 1.5.2, explains how orderings arise
from valuations.

1.1 Preliminaries on Polynomials

We denote the polynomial ring R[X7, ..., X,] by R[X] for short.

1.1.1 PropoOSITION. If f € R[X], f # 0, then there exists a point x € R™ such
that f(x) # 0.

PRrROOF. For n =1 this follows from the well-known fact that a non-zero poly-
nomial in one variable has only finitely many roots. For n > 1 it follows by induction
on n, using R[Xq,..., X,] = R[X4,..., X,,1][X,]: Since f # 0, f decomposes as

f:90+91Xn++gkX7]:a

gos---> 0k € R[Xy,...,X,_1], g # 0. By induction on n, there exists a point
(v1,...,2n_1) € R" 1 such that gi(z1,...,2,_1) # 0. Then

k

f(xlw .. 7xn717X’n) = Zgi(xlw .. 7xn71)X7iL
=0

is a non-zero polynomial in the single variable X,,, so, by the case n = 1, there
exists z,, € R such that f(z1,...,z,) #0. O

In fact, one can do much better. A simple modification of this same proof
shows the following:

1.1.2 ProposITION. If f € R[X], f # 0, then the set

R*\ Z2(f) = {z e R" | f(z) # 0}

is dense in R™.
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PRrROOF. Exercise. O

The degree of the monomial ¢X{* ... X% (¢ € R, ¢ # 0, dy,...,d, > 0) is
defined to be Y, d;. Each f € R[X] decomposes (uniquely) as a finite sum of
monomials. The degree of f is defined to be the maximum of the degrees of the
various monomials appearing in this decomposition. By convention, the degree of
the zero polynomial is —co. If deg(f) < d then, collecting together monomials of
the same degree, f decomposes (uniquely) as

f=f+hHh+ - +fa

where each f; € R[X] is homogeneous of degree i (i.e., a sum of monomials of degree
i or the zero polynomial).

1.1.3 COROLLARY. Suppose f = fZ+ -+ fZ, fi,....fx € RX], fi # 0.
Then

(1) f#0.
(2) deg(f) =2max{deg(f;) |i=1,...,k}.

PRrROOF. (1) By 1.1.1 there exists € R™ such that fi(x) # 0. Then
fl@) = fi(@)* + -+ fu(@)* > 0

so f # 0. (2) Decompose f; as f; = fio+- -+ fid, where f;; homogeneous of degree
j, d := max{deg(f;) | ¢ = 1,...,k}. Clearly deg(f) < 2d and the homogeneous
part of degree 2d of f is f2, + -+ f74. Since fiq # 0 for some i, this is not zero,
by (1). O

1.2 Positive Polynomials
For f € R[X]:
— We write f > 0 on R” to indicate that f(z) > 0 for all x € R™.
— We write f > 0 on R” to indicate that f(z) > 0 for all x € R™.
Obviously, if f is a sum of squares, say f = f + -+ f7, then

fl@) = fi(x)* + -+ fu(2)? 2 0
for all x € R™. It is natural to ask the following:

QUESTION. Is the converse true, i.e., is it true that f > 0 on R™ = f is a sum
of squares in R[X]?

This is easily seen to be the case if n = 1. In fact, we have the following;:

1.2.1 PROPOSITION. Suppose f is a non-zero polynomial in the single variable

X, and let
f=d]J(X —a)™ [T(X = 0)* + )"
i J
be the factorization of f into irreducibles in R[X]. Then the following are equivalent:
(1) f>0onR.
(2) d >0 and each k; is even.
(3) f=g?+ h?% for some g,h € RIX].
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PRrROOF. (1) = (2) is clear. For (2) = (3), use the ‘two squares identity’
(a? +b*)(c* + d?) = (ac — bd)? + (ad + be)?.
(3) = (1) is obvious. O

The answer is ‘no’ if n > 2. This was known already to Hilbert in 1888 [Hill]
although his proof was non-constructive. A concrete example was given by Motzkin
in 1967 [Mot]. The Motzkin example is

s(X,Y) =1-3X%Y2 4+ X?Y* + X*'V2

1.2.2 PROPOSITION. For s as above:
(1) s >0 on R2.
(2) s is not a sum of squares in R[X,Y].

ProOF. (1) follows from the standard inequality
b
% > Vabe (if a,b,c > 0)

relating the arithmetic mean and the geometric mean, taking a = 1, b = z2y*, and
c =ty

For (2) we use brute force. Suppose, to the contrary, that s = Y f? for some
polynomials f; € R[X,Y]. By 1.1.3(2), each f; can have degree at most 3, so is
some real linear combination of

1,X,Y, X2 XY, Y% X3 X%, XY? Y3

If X3 appears in some f;, then X° would appear in s with positive coefficient. Thus
X3 does not appear. Similarly, Y® does not appear. Arguing in the same way, we
see that X2 and Y2 do not appear, and finally that X and Y do not appear. Thus
fi has the form

fi=a;, +b;XY +¢;X%Y +d; XY?.

But then Y b? = —3, a contradiction. O

1.2.3 REMARKS.

(1) The minimum value of s on R? is zero. This occurs at each of the four
points (£1,£1). Refer to Figure 1.

(2) In fact, one can show that N + s is not a sum of squares in R[X, Y], for any
real constant N. The argument is exactly the same.

(3) In addition to the Motzkin example, many other examples have been con-
sidered. These include examples of Robinson in 1969 [Ro]; the Choi-Lam example

(X,Y,Z) =1+ X?Y2 +Y?Z% + Z°X? - 4XY Z
in 1977 [C-L]; the Schmiidgen example in 1979 [Sm1]

7(X,Y) = 200[(X?—4X)?+ (Y3 —4Y)? |+ (Y? - X)X (X +2)[X (X —2)+2(Y? —4)]
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FIGURE 1. s(X,Y) =1-3X%Y?2 + X2y* + X4Y?

(produced without prior knowledge of earlier explicit examples); and the modified
Motzkin example
p(X,Y)=1-X?Y? 4 X*'v? + x°v*

given by Berg, Christensen and Jensen in 1979 [B-C-J]. Note that
1
P(X,Y) = = (26+ 5(V3X,V3Y)).

(4) Although s is not a sum of squares of polynomials, it is a sum of 4 squares
of rational functions, for example:

CXY2(X?P4 Y24 1) (X2 4+ Y2 —2)2 4 (X2 -Y?)?
- (X2—|—Y2)2
X2Y(X?2+Y%2-2), XY}(X?+Y2-2)
= X2 1y? ] [ X2 1 y?2
[XY(X2+Y2—2)]2_1_[X2—Y2}2
X2 +Y? X2 412

S

]2

(The first term in the numerator gives rise to the first three squares. The last term
gives the final square.) This decomposition was pointed out to the author by M.
Bremner.

Hilbert worked with homogeneous polynomials. Homogeneous polynomials are
also called forms. Why did Hilbert restrict to this case? If f is any polynomial in
R[X] of degree < d, then

_ X,

X
f(X077Xn):ng(Y;,7YO)
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(called the homogenization of f) is homogeneous of degree d in the n + 1 variables
X0, X I (X, X)) = S eXh .--Xgn, then

_ X
f(X07"'7 ng ' XZ)d"

=zcxz-2dzxf«--xzn
=3 XX X

where dy :=d — > d;.

1.2.4 PROPOSITION. Let Vy,, = the vector space of all polynomials of degree
< d in n variables with coefficients in R, Fy,, = the vector space of forms of degree
d in n variables with coefficients in R. f +— f defines a vector space isomorphism
from Vy,, onto Fyny1. If d is even, then f >0 on R™ iff f > 0 on R* 1 and f s
a sum of squares of polynomials iff f is a sum of squares of forms of degree (iff
f is a sum of squares of polynomials).

PROOF. One checks easily that the map f — f is linear. Since it sends the
basis X% ... X S d; < d of Vy, to the basis X X% ... X S d; = d of
Fyn+1, it is a vector space isomorphism. Suppose d is even, deg(f) < d. To prove

f>0on R”+17:> f > 0on R", use f(xl,.. x,) = f(1, xl,.. ,Zn). To prove
f>0onR" = f>0on R use f(xo,..., )—:cof(ié ..,x n) if 2o # 0, and
f0,2q,...,2,) = lirr(l)f(e,xl,.. Xp), ifaxg=0.If f = Zl L 7, then deg(fi) < 2,
by 1.1.3, andf—Zf 1[Xd/2fi(X—;,...,§—g)] ,whichisasumofsquaresofformsof

degree d If f = Zl (92, then f=f(1,X1,...,X,) = Zf:lgi(l,Xl,...7Xn)2.D

1.2.5 REMARK. Counting the number of monomials X® ... X% $d; < d,
one sees that

dim(Vyn) = dim(Fy i) = (d : ”) - (d Z ”) (Exercise).

We say f € R[X] is positive semidefinite (on R™) if f > 0 on R™. For d,n > 1,
denote by P;, the subset of the vector space Fy, consisting of forms of degree
d in n variables which are positive semidefinite, and by ¥4, the subset of Py,
consisting of sums of squares. The case where d is odd is not interesting. In his
1888 paper [Hill], Hilbert proved the following:

1.2.6 THEOREM. For d even, Py, = Xq, iff n <2 ord=2 or (n =3 and
d=4).

PROOF. Applying 1.2.4, we see that the homogenized Motzkin polynomial

Y Z

(5 %) = X6+ v4Z% 4+ v2Z4 - 3X%y2 272

X655

isin Ps 3 \ ¥¢,3. Similarly, the homogenized Choi-Lam polynomial

XY Z

G 37 777) = W+ X2Y? +Y22% + 2°X% AW XY Z

Wiq
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isin Py 4\Y4.4. More generally, if d > 6 and n > 3, then X{'s (X1 , f(l Visin Py \Zd.n

and, if d > 4 and n > 4, then Xflq(ﬁf, i&,%) isin Pyp \ Zan. Pa1 = Za1 is
trivial. Pyo = 342 is immediate from 1.2.1 (using 1.2.4). P, = X5, follows from

0.2.1 : Any quadratic form is expressible as

F(X1, X)) = > a4 XiX,

2,j=1

where A = (a;;) is a symmetric matrix. If f > 0 on R™, then the matrix A is PSD,
so A factors as A = UTU and

FX)=XTAX = X"UTUX = (UX)"(UX) = |UX|?,

which is a sum of squares of linear forms. (To make sense of this, one needs to view
X as a column vector.) It remains to show that Py3 = ¥4 3. This is non-trivial.
See [B-C-R, Prop. 6.4.4] for the proof. O

The sets Py, and ¥ ,, are closed under addition and multiplication by positive
reals, i.e., they are cones in the vector space Fy,,. See the book of Reznick [R1] for
some basic properties of these cones and for additional references.

In a recent paper, Blekherman [Bl] defines a certain natural probability measure
on Fy ,, and estimates the probability of an element of Py ,, being in ¥4 ,,. His results
show that for fixed (even) d > 4 this approaches zero as n — co. The methods
of [Bl] do not generate explicit examples of nonnegative polynomials which are not
sums of squares.

1.3 Extending Positive Polynomials

Another way of building examples is described by Scheiderer in [S1]. Recall
that, for any subset C' of R™, Z(C') denotes the ideal of R[X] consisting of all

polynomials vanishing on C. Let I = Z(C). The factor ring w is naturally
identified with the ring of all polynomial functions from C' to R. In other words,
f,g € R[X] define the same function on C'iff f = ¢ mod I.

1.3.1 THEOREM. If C' C R" is a non-singular irreducible algebraic curve and
fo € RX] is > 0 on C, then there exists f € R[X] such that f = fo on C and
f >0 onR".

PROOF. Omitted. See [S1, Th. 5.6]. O

An obvious necessary condition for f to be a sum of squares in R[X] is that
f+1 (the image of f in J under the natural homomorphism) is a sum of squares

in [ ] . Thus, if we can produce fo € RIX], fo > 0on C, such that fo+ I is not a
sum of squares in M , then, by 1.3.1, we have produced f € R[X], f > 0 on R",
which is not a sum of squares in R[X]. See [S1, Sect. 3] for examples of curves for

which this method applies.
1.3.2 EXaAMPLE. Let C be the elliptic curve Y2 = X3 + X in R?, see Figure

2, and let I = Z(C). The polynomial X is obviously > 0 on C. Take

HX,Y)=Y2 - X34+ (Y2 - X3 - X)? =X +g(X,Y) + %g(X, Y)?2

1
2
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FIGURE 2. Y2 =X34+ X

where g(X,Y) := Y? — X3 — X. See Figure 3. Since g = 0 on C, it is clear that
t =X on C. We prove that t > 0 on R? and that X + I is not a sum of squares in

EXY] (so ¢ is not a sum of squares in R[X,Y]).

Claim 1. ¢t > 0 on R2.

PROOF. Let (z,y) € R% If x > 1 then t(z,y) > 3 + g(z,9) + 39(z,y)? =
%(1 +g(z,y))? > 0. At the same time, x + g(z,y) = y> — 22, so, if y> > 23, then
tx,y) = y? — 23 + %g(amy)Z > 0. Thus, if ¢ is negative at some point, then this
point is in the bounded set

1
{(z,y) € R* | y* < 23, 0<5L‘<§},

and t achieves its minimum value on this set. Say the minimum value of ¢ occurs
at the point (z,y). The partial derivatives

ot 9 ot
oy =1 BX+D(+g). o =2V(1+g)
vanish at (x,y). This forces y = 0 and
ot 2 3 5 3 2
a—X(:c,O):lf(Sx + 1)1+ (2" —2)=32"+42° -3z +2=0

which implies in turn (since z > 0) that 32*+42?—3z+1 = 0. Since the polynomial
3X* +4X?% — 3X + 1 is strictly positive on R, this is a contradiction. O

Note: X + g(X,Y) +rg(X,Y)? is > 0 on R?> when r € R is ‘large enough’.
Claim 1 shows that r = % is ‘large enough’ in this sense. There is no claim that
r= % is in any way optimal.
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\, 7

FIGURE 3. t(X,Y) =Y? - X34+ 1(v? - X3 — X)?

Claim 2. I = (g), the principal ideal in R[X, Y] generated by g.

PRrOOF. Clearly g € I so (g) C I. The polynomial g is irreducible in R[X,Y]
(it is even irreducible in the ring R(X)[Y], where R(X) denotes the field of fractions
of the domain R[X]), so the ideal (g) is prime. If R were algebraically closed, Claim
2 would be immediate from Hilbert’s Nullstellensatz. Since this is not the case, we
need another argument. Real algebraic geometry provides various tools to deal with
this situation, e.g., the Sign-Changing Criterion (See 12.7.1, Appendix 2). Rather
than quote this result, we give the following argument, which is elementary: Since
g is monic of degree 2, when viewed as a polynomial in Y with coefficients in R[X],
we can divide any h in R[X, Y] by g to obtain h = qg + r where ¢,r € R[X,Y] and
r has degree < 1in Y, i.e.,

r(X,Y) =a(X)+bX)Y, a(X),b(X) € R[X].
If h vanishes on Y2 = X3 4 X, this yields

a(x) £b(x)Vad +x2 =0

for each real z > 0. Adding these equations yields a(x) = 0 for each real > 0, so
a(X) = 0. Multiplying these equations yields a(x)? — b(x)?(2® + x) = 0 for each
real x > 0, i.e., b(x) = 0 for each real x > 0, so b(X) = 0. This proves that g | h,
which completes the proof. O

Claim 3. X + I is not a sum of squares in the ring w.

PROOF. We know I = (g), so the ring R[)i’y] is obtained by formally adjoining

Y = VX3 4+ X to the ring R[X]. Elements of M are represented uniquely by
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polynomials of the form a(X) + b(X)Y, a(X),b(X) € R[X]. If X + I were a sum
of squares in this ring, then we would have an expression
¢
X =) (a;i+bY)* mod I
i=1
for some a;,b; € R[X]. Expanding, this yields
t ¢
X = Z(af +b3(X? 4+ X)) (and also Z2aibi =0).
i=1 i=1
Since each non-zero a? has even degree and each non-zero b?(X® + X) has odd

degree > 3, and since the leading coefficient in each case is positive, this is a
contradiction. O

1.4 Hilbert’s 17th Problem
As one of his famous set of problems, Hilbert [Hil3] 1900 posed the following;:

1.4.1 HILBERT’S 17TH PROBLEM. For any f € R[X], is it true that f > 0 on
R™ = f is a sum of squares of rational functions?

— This is trivial when n = 1.
— Hilbert proved it, already in 1893, in the case n = 2 [Hil2].

— Artin proved it in the general case (and with R replaced by an arbitrary real
closed field) in 1927 [A].

Artin’s work represented a major breakthough. His proof combined two new
ingredients. The first ingredient — a description of elements of a field positive at
every ordering — has since developed into the larger subject known as real algebra.
The second ingredient — certain ‘specialization lemmas’ for real closed fields — has
evolved over time into what is referred to now as Tarski’s Transfer Principle, which
is an important result in the model theory of real closed fields.

We recall basic terminology: Let F' be a field, char(F) # 2. A preordering of
F is a subset T of F satisfying

T+TCT, TTCT, and a®> € T for all a € F.

3" F? denotes the set consisting of all finite sums 3" a?, a; € F. Y F? is the unique
smallest preordering of F'. An ordering of F' is a subset P of F satisfying

P+PCP, PPCP, PU-P=F, and PN—P = {0}.

Every ordering is a preordering. Orderings are also described as order relations: If
P is an ordering of F', the associated order relation < on F' is defined by a < b iff
b—a € P. P isrecovered from < via P = {a € F | a > 0}. An ordered field is a
pair (F, <) where F is a field, and < is an ordering on F. The field R, of course, is
uniquely ordered.

It is not our plan to say much about the model theory of real closed fields.
Here, we simply assume what we need. For what we are doing here, we can get
by with the following weak version of Tarski’s Transfer Principle, which has the
advantage of being easily understood.
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1.4.2 TARSKI’S TRANSFER PRINCIPLE. Suppose (F, <) is an ordered field ex-
tension of (R,<) and there exists x = (x1,...,x,) € F™ satisfying some finite
system of polynomial equations and inequalities with coefficients in R. Then there
exists x = (x1,...,2T,) € R™ satisfying these same equations and inequalities.

In fact, 1.4.2 is true with R replaced by any real closed field. It can be deduced
from the Tarski-Seidenberg Theorem [T] 1931 [Sei] 1954. It can also be deduced
from Lang’s Homomorphism Theorem [Lal] 1953. See Appendix 1 for more expla-
nation.

The finite systems of polynomial equations and inequalities in question are
expressible in the form

fi>i0and --- and f,. >, 0

where f; € R[X] and >;€ {>,>,=,#},i=1,...,r.

1.4.3 REMARK. Any such system of polynomial equations and inequalities can
be written in the form

fi>0and --- and fs > 0and g #0

for some f1,..., fs,g9 € R[X]. Just replace each equality g = 0 in the system by
the pair of inequalities g > 0 and —g > 0 and each strict inequality g > 0 in the
system by the pair of inequalities g > 0 and g # 0. Finally, replace all inequalities
gi #0,4=1,...,t in the resulting system by the single inequality szl gi # 0.

A subset of R"™ is called basic semialgebraic if it is the set of solutions of such
a finite system of polynomial equations and inequalities, and semialgebraic if it is

a finite union of basic semialgebraic sets. One checks easily that a subset of R is
semialgebraic iff it is a finite union of points and intervals (Exercise).

Assuming Tarski’s Transfer Principle, one can prove 1.4.1 as follows:

PROOF OF 1.4.1. Let f be any element of R[X]. Let F' = R(X), the field of
fractions of R[X]. Let T'=Y_ F?. We want to show:

f¢T= f(x) <0 for some z € R".

We use a basic result from real algebra which dates back to work of Artin and
Schreier in 1926 [A-S]:

1.4.4 LEMMA. Suppose f € F\T. Let P D T be any preordering of F mazimal
such that f ¢ P. (Such a preordering exists by Zorn’s lemma). Then P is an
ordering.

In fact, this result holds for any field F', char(F') # 2, any preordering T of F,
and any f € F\ T. The proof given here is due to Serre 1947 [Se].

PRrOOF.
Claim 1: —1 ¢ P. For, if —1 € P, then

r=I rcnd S rer



1.4 HILBERT’S 17TH PROBLEM 13

a contradiction.
Claim 2: —f € P. For, if —f ¢ P, consider P — fP := {a— fb]| a,b € P}. The

trivial identities

(a1 — fb1) + (a2 — fba) = (a1 + az) — f(by + b2),

(a1 — fb1)(ag — fb2) = (arag + biba f?) — f(aiba + azby),

a=a— (f)(oz)v

—f=02- (1%
show that P — fP is a preordering containing P properly, so, by the maximality of
P, feP—fP,sof=a—0bf,a,b€ P. Then (1+b)f = a, and 1+ b # 0 by Claim
1, so

a

1 2
f =10 = @1+ e P

a contradiction.

Claim 3: If g € F, g ¢ P, then —g € P (so PU—P = F). For consider
P+ gP:={a+bg| abe P} As above, P+ gP is a preordering containing P
properly, so f € P+gP,so f =a+bg, a,b € P. Then —bg =a+ (—f) € P (using
Claim 2) and a — f # 0 (since f ¢ P), so b # 0 and

a—f 1

=" —@-nwrer

Claim 4: If g€ PN —P then g =0 (so PN —P = {0}). For otherwise

—hﬂum%FGP

d

To finish the proof of 1.4.1, let < be the order relation on F' corresponding to
P ie,a<biff b—a € P. Since F = R(X), F is obviously an extension of R. Since
R is uniquely ordered, the restriction of < to R is the usual ordering on R. Thus
(F,<) is an ordered field extension of the ordered field (R, <). By construction,
f ¢ P, ie, f <0. Thus there exists * = (21,...,2,) € F™ such that f(z) < 0.
(Just take x; = X;, ¢ = 1,...,n. Then f(x) = f.) Thus, by Tarski’s Transfer
Principle, there exists € R™ such that f(z) < 0. O

1.4.5 REMARK. Various refinements of 1.4.1 have been considered. For exam-
ple:

(i) Quantitative aspects: How many squares are required? In 1967 Pfister [P{3]
showed that 2" squares suffice. This is trivial if n = 1, and had been proved
already in the case n = 2 by Hilbert in 1893 [Hil2]. Not surprisingly, the methods
here are from quadratic form theory. Pfister’s proof uses the theory of multiplicative
quadratic forms (now called Pfister forms).

(ii) What can be said if we replace the requirement that f > 0 on R™ by some
other positivity requirement, e.g., that if f > 0 on some semialgebraic subset K
of R"? The Krivine’s Positivstellensatz [Krl] (see Chapter 2) and Schmiidgen’s
Positivstellensatz [Sm2] (see Chapter 6) deal with questions of this type.

We do not consider topic (i) further. Topic (ii) is the main theme of the book.
On the other hand, the reader will encounter quadratic form theory (including
Pfister forms) in Chapter 8, in connection with the solution of the question of
Putinar.





