Chapter 1

Representations of
quivers

This chapter opens with the definitions of a quiver Q = (Qo, Q1) and its
representations over a field £ as well as a demonstration of the fact that
representations of ) identify with modules for the path algebra KQ. To each
quiver () with n vertices, we attach an integral bilinear (Euler) form (—, —)
on ZQo = Z". The Euler form plays a central role in defining the Weyl group
W(Q) and root system ®(Q) of the quiver ). Making use of these important
tools, quivers naturally divide into three disjoint classes: Dynkin, tame, and
wild. Next, we introduce the reflection functors of Bernstein, Gelfand, and
Ponomarev, using them to show that all indecomposable representations of
a Dynkin quiver can be produced from simple ones. This approach provides
an elegant proof of Gabriel’s theorem, which states that ) has finitely many
isoclasses (= isomorphism classes) of indecomposable modules if and only if
() has Dynkin type. The proof of this result gives a bijection between the
isoclasses of indecomposable representations of a Dynkin quiver and the set
of positive roots in its root system.

The last section treats representation varieties of the quiver ) over an
algebraically closed field K. (Appendix A provides a sketch of the necessary
elementary algebraic geometry.) If a representation V' of @ has dimension
vector d, V' determines a point in the variety R(d) of all representations
having dimension vector d. The isoclass of V' then defines an orbit Oy
for a reductive group GLq(K) in its natural action on R(d). These ideas
are key in a final result on generic extensions of representations which have
interesting applications in Chapter 11.
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1.1. Quivers and their representations

We begin with the following basic definition.

Definition 1.1. A quiver Q = (Qo,Q1,t,h) consists of two sets Qo, @1,
and two maps t,h: Q1 — @QQg. The elements in )y are called the vertices of
@, and those in @) are called the arrows of Q). For each p in @1, tp and hp
are called the tail and head of p, respectively. We will indicate an arrow p
(between tp and hp) as
-—>p . or tp
tp hp
An arrow p with tp = hp is called a loop. A quiver Q' = (Qp, @), t/,h) is
called a subquiverof Q if Q, C Qo, Q) C Q1, and t’ and h' are the restrictions
of t and h, respectively, to Q}. Also, Q' is called proper if either Qf C Qo
or Q] C @1, and it is called full if, for any vertices ¢, j € @y, all arrows in @
between i and j also lie in @Q}. We often simply write @ = (Qo, Q1) instead

of Q = (QOa Q17t7h)'

A morphism ¢: Q — Q' from a quiver Q = (Qp, Q1) to a quiver Q' =
(Qp, Q}) consists of a map ¢: Qo — Qf and a map ¢: Q1 — @, satisfying
t'o(p) = (tp) and Wep(p) = @(hp), for p € Q1. The embedding of a
subquiver of @) into @ is an example of a quiver morphism. An isomorphism
of quivers is a morphism of quivers, bijective on both vertices and arrows.
Quivers with automorphisms will be considered in Chapter 3.

A quiver Q is called finite if both QQp and ) are finite sets.

All quivers considered in the sequel are finite, unless otherwise indicated.
(For example, the Auslander—Reiten quivers studied in §3.3 may be infinite.)

hp

Example 1.2. The following are examples of quivers.

- .
(2 S (v | / \

A path of length d > 1 in @ with tail 4 and head j is a sequence pg - - - p2p1

of arrows ps such that tp; =7, hps = tpsy1 (1 < s<d—1),and hpg = j. In
case 1 = j, the path p is said to be an oriented cycle. In particular, a loop
is an oriented cycle. A quiver @ is called acyclic if () admits no oriented
cycles. Besides paths of length > 1, we also consider the “trivial path” e;,
which is the path of length 0 with tail and head 7 € Q.
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Definition 1.3. Let K be a field. A representation V = (V;,V,) of a quiver
Q over k consists of a family of K-vector spaces V;, for i € Qq, together with
a family of K-linear maps V,: Vi, — Vi, for p € Q1. A morphism f: V —
W between representations V' and W is given by K-linear maps f;: V; — W;,
for all i € Qo, satisfying W, o fi, = fn, oV, (i.e., making the square

Vo

‘/tp Vhp
ftp fhp
Wep 77— Wiy

commutative), for each arrow p € Q1.

A representation V' = (V;,V),) is regarded as finite dimensional if all
Vi, i € Qo, are finite dimensional over K. Let RepcQ denote the category
of finite dimensional representations of ) over kK. For each representation
V = (V;,V,), the vector dim V' := (dim V});eq, € Z" is called the dimension
vector of V', and the sum Zz‘er dim V; is called the dimension of V. The cat-
egory Rep,() contains a zero object, which is the representation V' = (V;, V,)
with all V; = 0 (and thus all V, = 0). One may define a subrepresentation
W = (W;,W,) of a representation V' = (V;,V,) of Q. This requires that
W; is a subspace of V;, for each i € Qo, and that W,: Wy, — Wy, is the
restriction of V), to Wy,, for each p € Q1. A representation V = (V;,V,) of
Q is called nilpotent if there is a positive integer n (depending on V') such
that, for every path p,---p1 of length r > n, V, .-V, : Vi, — V. is the
Zero map.

Furthermore, to each j € Q¢ we can attach naturally a one-dimensional
representation S; = ((S;)i, (S;),) such that (S;); = K, (S;); = 0, for all
Jj # 1 € Qo, and (Sj), = 0, for all p € Q1. It is obvious that S; is a
simple (or an irreducible) representation in the sense that it has no nontrivial
subrepresentation. Also, the S; are nilpotent.

If @ is acyclic, then {S; | i € Qp} is a complete set of all simple repre-
sentations in Rep;Q); see Exercise 1.2(1). However, if @ contains oriented
cycles, then there are simple representations of @ other than the S;. Ex-
plicitly, if p., - - - p1 is an oriented cycle, then, for each nonzero A € K, the
representation V(A) = (V;, V) of @ defined by

-k, ifi=tps for 1 <s<m,
Vi= { 0, otherwise and

A
V, = 1, if p=ps, for 2 < s <m,
0, otherwise



46 1. Representations of quivers

is simple; see Exercise 1.2(2). Clearly, V(\) is not nilpotent. Nevertheless,
for an arbitrary quiver @, {S; | i € Qp} forms a complete set of all simple
nilpotent representations in Reka; see Exercise 1.2(3).

The direct sum of two representations V' = (V;,V,) and W = (W;, W,)
is, by definition, the representation U = (U;,U,), where U; := V; @ W;, for
all i € @y, and

U, = < ‘gp V[O/p > : Utp:‘/tp@wtp‘)‘/hp@whp: Uhp7
for all p € Q1. A representation V is said to be indecomposable if it is non-
zero and not isomorphic to a direct sum of two nonzero representations. For
m € N, we will let mV =V @& --- @V be the direct sum of m copies of V.
m

Besides having a zero object, subobjects, and direct sums, etc., the cat-
egory Repc@Q enjoys the other properties of an abelian category.! All of
these properties can be readily checked, but they also follow from the fact,
which we will soon prove that Rep;Q is equivalent to the category of finite
dimensional left modules over a K-algebra; see Proposition 1.7 below.

It turns out that a whole range of problems of linear algebra can be
formulated in the context of representations of quivers, as shown in the
examples below.

Examples 1.4. (1) Let @ be the quiver consisting of a single vertex 0
and one loop p. Each representation V' of @ is given by a K-vector space
Vo together with a K-linear endomorphism V,: Vo — Vy. If Vp is finite
dimensional, by choosing a basis of Vj, we can view V, as a matrix over
Kk, and the classification of isoclasses of representations of ) with a fixed
dimension d is equivalent to the classification of conjugacy classes of d x d
matrices over K. In particular, if £ is algebraically closed, the classification
is given by the well-known Jordan—Weierstrass theorem which assigns to
each d x d matrix its Jordan normal form.

(2) Let @ be the Kronecker quiver 1e

in Rep@ is given by two finite dimensional vector spaces V1, V2 and two
linear maps V,, V;,: V1 — V,. By choosing bases of V7 and V3, V, and V;, are
given by matrices over K of the same size. Thus, the problem of classifying
representations of @ with a given dimension vector (m,n) is converted to
that of finding a normal form of a pair of matrices X,Y € M, xm(K) under
simultaneous row and column transformations. Here M,,»,, (k) denotes the
set of all n x m matrices with entries in K.

«2. Each representation

LA detailed discussion of categories, sufficient for this book, is contained in [BAII, Ch.1 and
6] or [HAII, Ch.1]. Many of the categories considered in this book are abelian (e.g., module
categories).
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(3) A linear time-invariant dynamical system is a system of ordinary
differential equations

d(x(t))
dt

where u(t), z(t), and y(t) are functions of t € R with values in C', C™, and
C™, respectively, and X € M,,«;(C), Y € M,;,,(C), Z € Myxm(C). Thus,
such a system is associated with a representation V of the quiver @

0
. p () Ui .

1 2 3

=Yuz(t) + Xu(t), y(t) = Zz(t),

with V, = CL Vo =C™, V3 =C" and V, = X, V=Y, V, = Z.

Given two linear time-invariant dynamical systems, each isomorphism
between the associated representations provides a bijection between the
spaces of solutions. However, it seems hopeless to give a complete clas-
sification of representations of Q).

We can view representations of a quiver as modules over a K-algebra
K@, the path algebra of Q over K, which is defined as follows.

Definition 1.5. The path algebra KQ is the kK-algebra having as basis the
set of all the paths in Q. The product in the algebra is given by linearity
and the following product rule for paths pg--- p2p1 and ne - - - Momy:

pd - p2p1Ne M2y, if hne = tpr;

(pa---p2pr) - (ne---mam) = {0’ otherwise.

Clearly, K@ is an associative algebra with the identity 1 = Zz‘er €;.
The trivial paths e;, i € @, are pairwise orthogonal idempotents of KQ.
Moreover, the algebra K is finite dimensional if and only if @) is acyclic.

Examples 1.6. (1) If @ denotes the quiver consisting of a single vertex and
n loops, then KQ is the free K-algebra with n generators; see Proposition
0.11(1). In particular, if n = 1, KQ is the polynomial ring £[T] with an
indeterminate 7T'; cf. Example 1.4(1).

(2) Let @ be the following quiver:

o e et —_——>0 (112)

Then the path algebra £(Q is isomorphic to the lower triangular matrix
algebra

A= {(am') S Mn—l(&) ‘ ajj; = 0ifi < ]} .
In fact, under this isomorphism, the standard matrix unit F;;, i > j, cor-
responds to the path with tail 5 and head <.
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The quiver introduced in this example is usually called a linear quiver,
and it is often denoted by .%,_1. We will discuss this quiver again later in
different contexts. (And, to be consistent with later contexts, we consider
here %, 1 instead of .%,.)

Finally, we denote by KQ-mod the category of finite dimensional left
KQ-modules. We have the following proposition.

Proposition 1.7. The categories RepgQ) and KQ-mod are equivalent.

Proof. Let V = (V;, V) be a representation of Q. Set .7 (V) = @,cq, Vi-
Then .# (V') admits a K@Q-module structure defined by

p'U:VPdO"'OVpl(UWl) € Vhpd gg(V%

where v = Zier v; € F(V),and p=pg---p1is a path in Q. Clearly, each
morphism ¢: V — W between two representations V' and W gives rise to
a K@Q-module homomorphism .Z (¢): # (V) — .#(W). Thus, we obtain a
functor .7 : Rep;Q — KQ-mod.

Conversely, for each module M in KQ-mod, define M; = e; M, for each
1 € Qo, where e; is the trivial path at ¢. The KQ-module structure on M
induces K-linear maps M,: My, — My,, v —pv, for p € Q1. This gives
a representation ¢ (M) = (M;, M,) of the quiver ). Furthermore, a KQ-
module homomorphism ¢: M — N induces a morphism ¢ (v) = (¢;): 4 (M)
— 9 (N), where ¢;: M; = e,M — ¢;N = N; is the restriction of ¢, i € Q.
In this way, we have also defined a functor ¢: KQ-mod — RepQ.

From the construction, it is easily seen that
GoF = idRepKQ and Fo¥ = id&Q-moda

where idReka and idgg.mod denote the identity functors of the categories
Rep;@ and KQ-mod, respectively. O

As a consequence of this proposition (or, more simply, by a direct ver-
ification), the category Rep;Q is abelian. If £Q is finite dimensional (i.e.,
Q is acyclic), then Rept @ has enough projective and injective objects. In
addition, the Krull-Schmidt theorem [BAIIL, p.115] holds for Repc@Q, i.e.,
every object in Repg@ has a direct sum decomposition into indecomposable
objects, which are unique up to isomorphism. One of the main tasks in the
representation theory of quivers is to classify all indecomposable represen-
tations, up to isomorphism.

In the sequel, we will always identify K(Q-modules with representations
of @ over K.
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1.2. Euler forms, Cartan matrices, and the classification of
quivers

Let @ = (Qo,Q1) be a quiver. This section introduces a bilinear form
on ZQq, the free abelian group with basis QJg. This form leads to the
definition of Cartan matrix of @ (in the case where @ has no loops), and to
a classification of quivers into three types: Dynkin, tame, and wild quivers.

The elements in ZQo will be written as either x = (2;) or x = >, @i

Define a bilinear form (—, —): ZQo x ZQy — Z, called the Euler form of Q,
by
y) =S aii— 3 et for x = (z), ¥ = () € ZQo.
1€Qo PEQ1
Its symmetrization
(X7Y) = <XvY> + <y,X>
is called the symmetric Euler form of ). It is easily checked that

(x,y) =x'Cqy,
where elements in Z(Qq are considered as column vectors, x' denotes the
transpose of x, and Cg = (¢;,j)i jeq, is a symmetric |Qo| X |Qo|-matrix with
entries in Z given by
o ‘_{ 2 — 2|{loops at i}/, if i =j;
"7 | —|{arrows between i and j}|, if i # j.

The following easy lemma relates the matrix Cg with Cartan matrix defined
in Definition 0.1.

Lemma 1.8. Let QQ be a quiver.

(1) The matriz Cq of the symmetric Euler form is symmetric and inde-
pendent of the orientation of Q.

(2) If Q contains no loops, then Cq is a symmetric Cartan matriz.
Conversely, any symmetric Cartan matriz can be realized in this way.

Proof. Statement (1) is clear. If @ contains no loops, then ¢;; = 2, for
all ¢. This, together with (1) and the fact ¢; ; < 0, for ¢ # j, implies that
Cq is a symmetric Cartan matrix. Using the graph realization of Cartan
matrices given in §0.1, we also see that every symmetric Cartan matrix can
be realized as Cg, for a quiver @, proving (2). O

The Euler form admits a homological description given in (2) of the
following proposition.?

2The group ExtéQ(V, W) can be defined by means of a projective resolution of V if £KQ is
finite dimensional. In all cases, the theory of Yoneda extensions can be used. See [HAII, §3.4]
for the relevant material on Ext!-groups.
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Proposition 1.9. Let V = (V;,V,) and W = (W;, W) be finite dimensional
representations of Q.

(1) There exists an exact sequence of k-vector spaces:
0 — Homgq(V, W) —~ €D Homg(Vi, W)

5 ieQo . : (1.2.1)
> P Homg(Vip, Why) — Extiq(V, W) —0.

pPEQ1
(2) We have
(dim V, dim W) = dim Homq (V, W) — dim Exth(V, Ww). (1.2.2)
Proof. We give the definitions of the involved linear maps in (1): ¢ is the

inclusion map, § maps f = (fi)icg, to (fupVp — Wy fip)peq,, and € sends
(¢p)peq, to the equivalence class of the exact sequence 0 - W — E — V

— 0 with B; = W; & V; and B, = ("' {7 ), for all i € Qg and p € Q1. The
P
routine verification of exactness is left to the reader in Exercise 1.4.
For (2), since dim V; dim W; = dim Hom¢ (V;, W),

(dim V,dim W) = dim €D Homg (V;, W;) — dim @5 Homg Vi, W),

i€Qo pEQ1
which, in turn, equals dim Homq(V, W) — dim Exth(V, W), by taking the
alternating sum of the dimensions of the vector spaces in (1.2.1). ]

We deduce, in particular, from the exactness of (1.2.1) that Extle(V, W)
is finite dimensional, for finite dimensional representations V and W of a
(finite) quiver Q.

Now consider the case V = S; and W = S; in (1.2.1), for i, € Qo.
Obviously, ¢ is an isomorphism, so

dim Extle(Si, S;) = |{arrows from i to j}|,

yielding the following result.
Corollary 1.10. Let Q) be a quiver, and let S; be the simple KQ-module cor-

responding to i € Qo. Then the entries of the matriz Cgq can be interpreted
as

2 — 2dim Extl Si,Si), f 1= 7J;
Cij = { im Extigq ) $i=i (1.2.3)

— dim Ext, (S, S5) — dim Ext (S5, 5i), if i # J.
The quadratic form

1 1
qo(x) == (x,x) = E x? — E TpThy = §(x,x) = §XTCQX
i€Qo PEQ1
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associated with the Euler form (—, —) is called the Tits form on ZQo. It is
clear that q¢ is independent of the orientation of Q.

Recall that a quadratic form q is called positive definite (resp., positive
semidefinite) if q(x) > 0 (resp., q(x) = 0), for all x # 0 (see, for example,
[BAI, Ch.6]). We will call a quadratic form indefinite if it is neither positive
definite nor positive semidefinite.

For example, let @ be the following quiver

/ 4
>0 —>0
1 2 3\ .
Then
5
aQ(x) = > _ @} — 2179 — Tow3 — 1374 — T3T5,
i=1

which is positive definite since

1 1 1 1 /1 2
qo(x) = 5:0% + 5(961 —x9)? + 5(562 —x3)* + <§$3 - 904) + (5933 - 565) .

As indicated by the next result (and the remark following it), quivers
can be conveniently classified according to the nature of qg. The two classes
of graphs given in the theorem (cf. Figs. I and III) turn out to play a
fundamental role in this situation.

An (fn 2 ]_) - & ... L e & o
1 2 n—2 n—1 n
n—1
Dn (TL > 4) — & ...
1 2 n—3 n—2
2 n
1 3 4 5 6
>—0—21—0—0—4
E7
1 3 4 5 6 7
2 I
Ey: D D G —
1 3 4 5 6 7 8

Fig. I1. Dynkin graphs
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Theorem 1.11. Let QQ be a connected quiver without loops.

(1) The Tits form qq is positive definite if and only if the underlying
graph ¥.q of Q is one of the graphs listed in Fig. II. (These graphs are called
Dynkin graphs.)

(2) The Tits form qq is positive semidefinite, but not definite, if and
only if the underlying graph 3¢ of @ is one of the graphs listed in Fig. III.
(These graphs are called extended Dynkin graphs.)

Ay OCI
0
A, (n>2): 1 :
. e B
1 n—1
Dy (n > 4): >2 s n—3 n—2
0 n
0
2
Ee: 1 3 4 5 6
7—0—0—2]—0—0—4
Eq 0 1 3 4 5 6 7
>—0—21—0—0—0—0—<
Eg: 1 3 4 5 6 7 8 0

Fig. I11. FExtended Dynkin graphs

Proof. Let @ be a connected quiver without loops, and let ¥ denote the
underlying graph of (). We first make an easy observation:

Observation: If ¥q is not a Dynkin graph, it must contain an extended
Dynkin graph as a subgraph.

In fact, if g has a cycle, it contains a subgraph of type A If X
contains at most 1 branch vertex (= vertex connected to at least 3 different
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vertices by edges), it must contain a subgraph of type E, since Y is not a
Dynkin graph. And, if ¥ has at least 2 branch vertices, then it contains a

subgraph of type D.

Next, we describe the radical of a positive semidefinite qg. Suppose
that Qo has m vertices. We number vertices of Q in a some fixed order,
and write, for simplicity, Qo = {1,2,...,m} or Qo = {0,1,...,m —1} if the
latter is more desirable. (See the extended Dynkin graphs listed in Fig. III.)
Let Cg = (c¢;;) be the Cartan matrix associated with @. Recall that, by
definition, —¢; ; is the number of arrows between i and j, for 7 # j.

We define the radical of the quadratic form qg to be

rad(qg) = {x € ZQo | (x,y) =0, forally € ZQo}.

It is easy to see that x = (x;) € rad(qq) if and only if
Zci’jxj = 2x; + Zci7j$]' =0, for alli.
J J#
Call a vector x = (z;) € ZQo sincere if x; # 0, for all 1.

Claim: Assume there exists a nonzero vector x = (x;) € rad(qg) N NQyp.
Then x 1s sincere and qq s positive semidefinite. Moreover, in this case,

rad(qq) = {y € ZQo | aq(y) = 0} = Z(x/d), (1.2.4)
where d is the greatest common divisor of the x;.

In fact, let x = (x;) € rad(qg) "NQo. Assume x # 0. If z; = 0, for some

i, then

Z Cm’l‘j =0.

J#i
This implies x; = 0 whenever j # ¢ and ¢;; # 0 (i.e., whenever there is
an arrow between i and j). Since @ is connected, this would imply x = 0,
a contradiction. Thus, x is sincere. Since Cg is symmetric, we have, for

y = (yi) € ZQo, that
(-2
Xy xj

:L'il'j
0< =D cij—y
X5 2 i 2
) J

1<j

i<j i<j i<j
2
== Z Ci,j ﬁyf + Z Ci,jYiYj = Z <— Z Cz’,j%’) j + Z Ci,jYiYj
i£j ! i<j i ji Yoy

2
= ZQ%Qy—;Z + Zci,jyiyj = ny + Zci,jyiyj =qq(y)-
i i

1<j 1<j
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Therefore, qq is positive semidefinite. It is clear that

Z(x/d) C rad(qq) € {y € ZQo | ag(y) = 0}.

Conversely, let y € ZQq satisfy qg(y) = 0. The above calculation for qg(y)
shows that y;/x; = y;/x; whenever ¢; ; # 0. Since @ is connected, y = ax,
for some a € Q. This implies that y € Z(x/d), hence (1.2.4) holds as does
the claim.

Now suppose that g is a Dynkin graph. By embedding g into an
extended Dynkin graph, the claim implies that qg(x) > 0, for all 0 # x €
ZQo, that is, qq is positive definite. Conversely, if X is not a Dynkin
graph, then ) contains a subquiver whose underlying graph is an extended
Dynkin graph. Thus, qg cannot be positive definite. This proves (1).

To prove (2), let ¥g be an extended Dynkin graph. It is easy to check
that

(1,1,1,...,1,1)7, if X¢ is of type A,;
(1,1,2,...,2,1,1)7, if X is of type Dp;

b0 =12 (1,1,2,2,3,2,1)7, if Xg is of type Eg; (1.2.5)
(1,2,2,3,4,3,2,1)7, if Xg is of type Er;
(1,2,3,4,6,5,4,3,2)7, if Xq is of type Eg,

lies in rad(qg). Hence, by the claim, qg is positive semidefinite, but not

definite.

Conversely, it suffices to show that if Y is neither a Dynkin nor an
extended Dynkin graph, then qg is indefinite. In this case, ) contains
a proper subquiver Q' = (Q,Q}) such that ¢ is an extended Dynkin
graph. If Qo = @, then there is an arrow in Q;\Q}. It follows that
qq(x) < 0, for 0 # x € rad(qq) since x is sincere by the claim. Hence, qq
is indefinite. If Q) is a proper subset of Q, choose j in Qo\Qf and i € Qf
such that there is an arrow between ¢ and j. Thus, ¢;; # 0. Fix a nonzero
x € rad(qg) N NQo, and define y € NQq by y; = 1, yx = 2y, for k € Qp,
and yr, =0, for k &€ QU {j}. We get

qQ(y) = 4qqy (x)+1+ Z 2¢p 5o < 14 2¢;; <O0.
keQy

Thus, qg is indefinite. This completes the proof. (I

A connected quiver whose underlying graph is a graph shown in Fig. II
(resp., Fig. I11) is called a Dynkin (resp., tame or affine) quiver. By conven-
tion, tame quivers include the quiver consisting of a single vertex and one
loop. In this case, qg = 0 identically on Z. A connected quiver which is
neither a Dynkin quiver nor a tame quiver is called a wild quiver.
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1.3. Weyl groups and root systems

In this section, we define the Weyl group W (Q) and the root system ®(Q)
of a quiver @ = (Qo,Q1). Then we give characterizations of Dynkin, tame,
and wild quivers in terms of root systems.

For simplicity, we write Qo = {1,2,...,n}, and let a1, ag,..., o, be the
corresponding basis for ZQy(= Z"). For each vertex i € @y, we define an
element r; € Aut(ZQo) by

ri(p) = p — (p, i)y, for p € ZQo, (1.3.1)

or, simply by
ri(aj) = — Cj 0y, for jE Qo.

Notice that r; fixes the set {u € ZQo | (1, ;) = 0}. In general, r; does not
have order 2. But, if there are no loops at the vertex i, then r;(o;) = —ay,
and r; does have order 2. In this case, we call r; a simple reflection® on
Z.Qo, and we call a; a simple root, and denote by II = Ilg the set of all
simple roots. It is easy to see that, for each simple reflection r;, we have
(Ti(lu’)ari(y)) = (M?V)v for any u,v € ZQo.

For the remainder of this section, we discuss the Weyl group and root
system of a general quiver Q). When @) is a Dynkin quiver, it will be evident
that these two concepts agree with those introduced in §0.6 in the review
there of finite dimensional semisimple Lie algebras. However, the develop-
ment below does not use the material of §0.6. See the remark at the end of
this section for further discussion.

Define the Weyl group W(Q) of the quiver @ to be the subgroup of
Aut(ZQo) generated by the simple reflections r;. Because the bilinear form
(—, —) is independent of the orientation of @, the group W (@) is independent
of the orientation of (). The set

Q) = |J w@)cZQo
wew (Q)

is called the set of real roots of Q). Obviously, each u € ®,,(Q) satisfies
qQ(n) = (u, p) = 1.
For each 1 = >"1" | pic; € ZQo, let

supp = {i € Qo | ni # 0} (1.3.2)
be the support of p. We say that supp u is connected if the full subquiver

of @) with vertex set supp p is connected.

3n fact, r; extends to a linear transformation of the real vector space ZQo ®7z R = RQo,
which is a reflection in the hyperplane perpendicular to «; with respect to the Euler form (—, —).
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The fundamental set F¢g of Q is defined to be the set
Fo={0#pe N"| (u, ;) <0, for all oy € IT, and supp p is connected}.

Then the set
on(Q) = |J w(Fq)Uuw(-Fq)
weW(Q)
is called the set of imaginary roots. Clearly, each p € Py (Q) satisfies
qo(p) < 0. If @ has a loop at i € Qo, then o; € Fg. Thus, o; is an
imaginary root.

Finally, the root system of () is defined as

P(Q) = Pre(Q) U i (Q)-

An element p € ®(Q) N N™ is called a positive root. We denote by ®1(Q)
(resp., ®,5(Q), @ (Q)) the set of all positive (resp., positive real, positive
imaginary) roots. In fact, we have

0:e(Q) N Pim(Q) =0 and 2(Q) = 27(Q) U (-27(Q)).
(See Exercise 1.9.)

Examples 1.12. (1) Suppose that @ is a quiver consisting of a single loop.
Then Cg is the 1 x 1 zero matrix, (a1, 1) = 0 and IIg = 0. Thus, W(Q) =
{1}, the trivial group. In this case, @i, (Q) = Zay\{0}.

(2) Let @ denote the linear quiver .Z,_; in Example 1.6(2) (see (1.1.2)).
Then @ is a Dynkin quiver having underlying Dynkin graph A, _; in Fig. II,
and Cg is the Cartan matrix of type A,_; defined in Example 0.5. The
Weyl group W (Q) is the symmetric group on n letters. Moreover, let o ; =
g; —¢j for 7 # j, in the notation of Example 0.5. Then «a;; = —o;; and
a;; = o + g1 + -0 + o1, for any ¢ < j. As in Example 0.5, the
a;(= ajit1), for 1 <i < n—1, make up the simple roots. It can be checked
that @i, (Q) = 0, and that

(I)(Q) = <I>re(Q) = {O‘i,j | i F ]}

(3) Suppose that @ has underlying graph of type A shown in Fig. III.
Then W (Q) is the isomorphic to the infinite dihedral group Do, (i.e., it is
the free product of two cyclic groups of order 2). Also, ®,.(Q) = {ma; +
nag |m € Z,n =m =+ 1}, while ®in(Q) = Z(a1 + a2)\{0}.

We leave the detailed verification of these examples to the reader in
Exercise 1.10.

In general, the root system of a quiver has the following characterization.

Theorem 1.13. Let QQ be a connected quiver without loops. Then
(1) Q is a Dynkin quiver <= ®(Q) is finite <= Pi(Q) = 0;
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(2) Q is a tame quiver <= ®in(Q) = Z6\{0}, for some § € NQy; and

(3) Q is a wild quiver < there exists p € ®T(Q) such that supp u = Q
and such that (p, ;) < 0, for all i € Q.

In proving the theorem, we require the following lemma, which is verified
using only elementary calculus. For completeness, we include a proof here;
however, the reader is welcome simply to assume this result and go directly
to the proof of Theorem 1.13.

Lemma 1.14. Given real numbers a;; (1 < i < m, 1 <j < n), let X;
denote the linear function

n
. RN _ T § :
X;: R" —R, x—(ml,xg,...,xn) — Q5 5.
j=1

Then the system of linear inequalities
a; 121 + a; 22 + -+ + A n Ty > 0, 1 <2< m, (1.3.3)

has a real solution if and only if the only nonnegative real numbers by, ba,
..., bm satisfying
b X1 +bXo+- - 4+b, X =0

are by =...=0b, =0.

Proof. The necessity is obvious. For the sufficiency, consider the subset

A= {ibzaz bi 2 0, ibz = 1}
i=1 i=1

of R", where a; = (aj1,ai2,...,ain)", 1 <i < m. It is clear that A is a
compact and convex subset of R". Now assume that (0,0,...,0)" does not
lie in A. The proof is completed by showing that the inequalities (1.3.3)
have a common solution. The compactness of A implies that there is a
¢ € A such that [|£|| = /€. € is minimal and positive, where x .y denotes
the usual inner product of x,y in R". Write £ = (¢1,c2,...,¢,)". We will
show that (c1,co,...,¢,) is a solution of (1.3.3) or, equivalently, a; . £ > 0,
for all 1 < i < m. Since all a; belong to A, it suffices to show that x.£ > 0,
for all x € A. Choose an arbitrary x € A. If x = &, then x. £ = [[£]|? > 0.
Suppose now x # £. Since A is convex, tx + (1 —t)§ € A, for all 0 < ¢ < 1.
This implies that

ltx+ (1 = 2)¢]l = ]l
From equalities

[tx + (1= 0)E)* = [[t(x — &) + &II° = ?[lx — £]1* + 2t(x — €) . € + [|€]I?,
it follows that, for 0 <t < 1,
t]x = &|* + 2t(x — €) . £ > 0.
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Consider the real function f(t) := ?||x—&[|? +2t(x—&).€. Since ||x—£|2 > 0,
f(t) takes the unique minimal value at the zero tg = —(x — &) .&/||x — €2 of
its derivative f'(t) = 2t||x — &||2 + 2(x — €) . €. The facts that f(0) = 0 and
f(t) =0, for 0 <t <1, force ty < 0, since the graph y = f(t) is a parabola.
Hence, (x — &) . €& > 0, that is, x. & > €.& = ||€]|? > 0. This completes the
proof. O

We make some conventions for use in the proof of Theorem 1.13 as well
as later in the sequel. Write x > 0, for a vector x = (z;) € R™ if all z; > 0;
write x > 0 if x > 0 and x # 0. In the latter case, x is called positive. We
will also use the notation x > 0 when all z; > 0. Thus, x < 0 means that
—x > 0. For two vectors x,y € ZQo, we write x > yifx —y > 0.

Proof of Theorem 1.13. For simplicity, write Qo = {1,2,...,n}. Let
C = Cgq = (¢;j) be the n x n Cartan matrix associated with Q.

By the proof of Theorem 1.11, @) is a Dynkin quiver if and only if 7 (Q) =
0, i.e., Pim(Q) = 0; see Exercise 1.12. Thus, if @ is a Dynkin quiver,
qo(x) = 1, for each x € ®(Q) = P,(Q). Since qg is positive definite,
®(Q) is finite; see Exercise 1.11. Further, we see from the definition that
x € Z#(Q) implies ax € .7 (Q), for all 0 < a € Z. Hence, the fact that ®(Q)
is finite implies ®;, (Q) = (. This proves (1).

To prove (2) and (3), we first make some preliminary observations:

(i) If 0 < x € R™ and Cx > 0, then either x = 0 or x > 0. This
statement follows from the definition of C' and the fact that @ is connected.
(See the proof of the claim in argument for Theorem 1.11.)

(ii) Suppose that there exists p > 0 in R™ such that Cu > 0. Then any
x € R" such that Cx > 0 satisfies x > 0 or x = 0. This assertion follows
from (i) since, if x # 0 satisfies Cx > 0 but has a negative component, then,
for some positive real number r, y = x + ru satisfies y > 0 and C'y > 0, but
y has a zero component, which contradicts statement (i).

(iii) Statements (i) and (ii) hold if C is replaced by C + rl,, for any
positive real number r. (Here I,, denotes the n x n identity matrix.)

(iv) If a vector p € R™ ewists satisfying the hypothesis of (ii), then C
is monsingular. If x # 0, but Cx = 0, then y = p 4+ Ax has a negative
component for some A € R, while Cy = Cu > 0. This contradicts (ii).

(v) Suppose there is 0 # x € R"™ satisfying the hypothesis of (i). Then C
is positive semidefinite. In fact, C + rI, is nonsingular for all » € R (the
positive real numbers). Thus, C' has only nonnegative eigenvalues, i.e., C' is
positive semidefinite.
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(vi) The quiver Q is wild if and only if there exists p € ZQo such that
>0 and Cp < 0. If such a p exists, then qo(p) < 0, so @ is wild by
definition. Conversely, assume that @ is wild. Given x > 0, if Cx > 0,
then we know by (v) that C' is positive semidefinite. So we can assume
that Cx 2 0, for all x > 0. Let {e},...,e}} be the dual basis of the

standard basis {ej,...,e,} of R" and define linear functions y;: R" — R
by x; = — Z?Zl ¢ije;, for 1 <4 < n. Now consider the linear map
f:R"—R* x+—(e}(x),...,e5(x),x1(%), ., xn(x)". (1.3.4)

Then Im f N Ri” # (), for otherwise, by Lemma 1.14, there exists a vector
x=(a1,...,an,b1,...,b,)" € R?" such that x > 0 and

atej + -+ +aney +bixi+ - +baxn = 0.

Since C' = (¢;;) is symmetric, this would imply Cb = a > 0, where a =
(ai,...,an)"and b = (by,...,b,)". Thus, a; = b; =0, for all 1 < i < n, since
Cx # 0, for all 0 < x € R". This is a contradiction. Hence, Im f N R2" £ ().
Choose an x € Im fNR2™. Since f(x) € R?", x > 0 and Cx < 0. Moreover,
since all the entries ¢; j of C are integers, the existence of such an x implies
that there is u € ZQo such that > 0 and Cu < 0, as required by (vi).

Now we prove (2). If @ is tame, then the claim in the proof of Theorem
1.11 implies that @i, (Q) = Zo\{0}. If Q is wild, let p be as in (vi). For
any v € ZQog, v — mu € @;(Q), for some suitably large positive integer
m. Thus, ®in(Q) cannot equal Z§\{0}, for any single . Thus, the reverse
implication in (2) holds.

Finally, statement (3) is also clear from (vi). O

Corollary 1.15. If Q is a Dynkin quiver, then
(1) the Weyl group W(Q) is finite; and
(2) 2(Q) ={x € ZQo | 9o(x) = 1}.

Proof. (1) By the theorem above, ®(Q) = ®.(Q) is finite. Thus, each
element in W(Q) induces a permutation on the set ®(Q) of roots. The fact
that ®(Q) contains the basis {a; | i € Qo} of ZQ) implies that W (Q) can
be embedded into the permutation group of ®(Q). Hence, W(Q) is finite.

(2) Obviously, each o € ®(Q) satisfies qg(or) = 1. Now suppose x =
(x;) € ZQy satisfies qg(x) = 1. First, we show that either x or —x is positive.
Otherwise, we define x™ = (), x~ = (z;) € ZQ by setting

)

€.

+_{xi, if x; > 0; _ {m, if z; < 0;
1

. and x, = .
0, otherwise; ¢ 0, otherwise.
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Then x>0, —x~ > 0 and x = x" +x~. Since (a;, o) <0, for i # j,
+

(x,x) = (xT,xT) + (xT,x7) + (x7,x") + (x7,x7)

qQ(x) =
> xtxt) + (x7,x7) > 2,

a contradiction. So, we can suppose x is positive. We now proceed by
induction on Iy := Zier x;. If Iy = 1, then x = «4, for some i € Qo,
as required. Now let Iy > 1. We claim that there is an ¢ € Q)¢ such that
0 < r;jx < x. Suppose this is not the case, that is, for each i € @q, either
0 £ rix or r;x £ x. The equalities

2= 2qQ(X) = 2(x,x) = (x,%x) = Z (%, o)
1€Q0
imply that there is an ig € @ such that x;, > 0 and (x, a;,) > 0. Hence,
TioX = X — (X, vy ), < x. This implies 0 £ 4%, i.e., x5, — (x,;,) < 0. On
the other hand,

0 < qQ(X - xioaio) = qQ(X) + qQ(xioaio) + (X7 _xioaio)
=1+ xzzo - xio(xv Qi) =1+ xio(xio - (Xa O‘io))'
This forces x;, = 1 and x;, — (x,;,) = —1. Thus, qo(x — z4,04,) =0, i.e.,
X = Tj,4, = 0y,. This contradicts the fact that Iy > 1. Therefore, there is
an i € Qo such that 0 < r;x < x. By the induction hypothesis, r;x € ®(Q)
and, hence, x € ¢(Q). O

Remark 1.16. In case () contains no loops, the root system ®(Q) of @
coincides with the root system ®(Cg) of the Kac-Moody Lie algebra g(Cg)
associated with the Cartan matrix Cg; see §0.6 and the references given
in the Notes for §§1.2-1.3. Also, the Weyl group W (Q) coincides with the
Weyl group W (Cq) defined through a root datum realization of the Cartan
matrix Cg in §0.1; cf. Remark 4.4(1) and Exercise 4.7. In particular, if @
is a Dynkin quiver of type A, (n > 1), D,, (n > 4), Egs, E7, or Eg, then the
number of roots in ®(Q) is n(n+1), 2n(n—1), 72, 126, or 240, respectively.
See [LAII, p. 66].

1.4. Bernstein—Gelfand—Ponomarev reflection functors

A basic tool in the study of the representation theory of a quiver @ is the
notion of a reflection functor. These functors will be denoted by %’: and
X, , for k € Qo. Because they were first introduced by Bernstein, Gelfand,
and Ponomarev, they are commonly called BGP reflection functors. The
representations of quivers considered in this section are defined over a fixed
field k. For a representation V' of @ over K, we simply write End(V') for the
endomorphism algebra Endgq (V).

Let @ be a quiver. For each vertex k € g, we denote by s, the quiver
obtained from @) by reversing the direction of all arrows p satisfying tp = k
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or hp = k. If ie—">ej is an arrow in Q with i = k or j = k, we denote by

Op . .
jeL—ei the corresponding reversed arrow in s,Q.

Example 1.17. Let @ be the following quiver:

3
OEWAN
1 2 4
Then s3Q) and 54 are given as follows:

3 3
53Q C)_ﬂ/:';\;;—. 54Q O 2/:'\4
1 2 5 1 2

To define BGP reflection functors, we need the notions of a sink and a
source in a quiver @ = (Qo, Q1). A vertex k € Qo is called a sink (resp., a
source) if there is no arrow p with tp = k (resp., hp = k).

For example, the quiver @) in Example 1.17 has two sources 3 and 5, and
one sink 4.

Clearly, if k € Qo is a sink (resp., a source), then it is a source (resp., a
sink) of the quiver s;Q).

Now let k be a sink in Q). For each representation V' = (V;,V,) € Rep;Q,

we define a representation L%’,jV = (Wi, W,) € RepgsiQ as follows. For all
1 # k, set W; =V;, and define W}, to be the kernel of the map

% @ Vio — Vi, (@p)p— Z Vip(tp).

PERQ] p
hp=k

For each arrow 7 in s;,Q), if tn # k, set W), = V,,. If tn = k, then 7 is realized
by reversing an arrow 6 € )1 with hd = k, and we define W, to be the
composition

Wi, =Ker&e > @ Vi, —> Vis = Wi,
PEQ]
hp=k
where ¢;, denotes the canonical inclusion, and 7 is the canonical projection.
Next, with each morphism f = (f;): V' — V' in Rep;Q), associate a
morphism %,jf =g = (9:): %,;FV — %’;V’ in Repgs;Q defined by setting
g;i = fi, for i # k. The g; is defined as a restriction map by the following
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natural commutative diagram:

Kerka @ th&Vk

PEQ]
hp=k

l@fﬁp
Y% ;& /
Ker&), —— P Vi, ——V}

PEQ]
hp=k

|

|
gk | I

|

|

In this way, we obtain a functor
9?,:: Reps Q) —> Repys1.Q.

Dually, let k be a source in . With each representation V' = (V;,V,) €
Rep(Q, associate a representation %, V' = (W;, W) € Rep;5;Q as follows.
For all i # k, W; = V;. Define W}, to be the cokernel of the map

Wi Ve — P Vap, z— (Vp(2)),.

PER]
tp==k

For each arrow 7 in §;Q), if hn # k, define W, = V,,. If hn = k, then n is
realized as 0°P, for some 6 € @1 with t6 = k. Then define W), to be the
composition

l
Wiy =Vas —> @D Vhp 7> Wi,

PEQ]
tp==k

where l5 denotes the canonical inclusion, and pj is the canonical quotient
map. Similarly, for each morphism f: V — V'’ in Reps @, we can define
a morphism %, f: Z,V — %, V' in Repgsp@. In this way, we obtain a
functor

Xy, : ReppQ — RepgsiQ.

It is easy to see that, for a representation V of @, %:V =0or#, V=
0 if and only if V is isomorphic to a direct sum of copies of the simple
representation Si.

The following nice result relates the reflection functors %,:ct to the reflec-
tion 7 defined in (1.3.1).
Theorem 1.18 (Bernstein—Gelfand-Ponomarev). Let Q be a quiver and V
a representation of Q.

(1) Let k be a sink of Q. There is a canonical monomorphism
p: %’;%’:V —V.

Moreover, o splits, and V' is isomorphic to a direct sum of %k_,@,ﬁ/ and
various copies of Si. In particular, if V is indecomposable, then either
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V 2= Sk or ¢ is an isomorphism with
End(%;V) = End(V) and dim %,V = ry(dimV).
(2) Let k be a source of Q. There is a canonical epimorphism
VvV —R R V.

Moreover, ¥ splits, and V' is isomorphic to a direct sum of %’:%’,;V and
various copies of Si. In particular, if V is indecomposable, then either
V 2 S, or 4 is an isomorphism with

End(#, V)= End(V) and dim%Z, V = ri(dimV).

Proof. (1) The construction gives the following diagram with the top row
exact:

—— (V) P Wy ,% BV ) —0

Then there is a unique K-linear map ¢y : (%, Z; V)i — Vi such that & =
Pk 1t is obvious that ¢y, is injective and that ¢ = (¢;); is a monomorphism
from %’,}%’:V to V, where ¢; = idy;, for all 7 # k. Further, ¢ splits and
induces an isomorphism

V =R HTV @ mSy,

where m = dim V; — dimIm &;. Thus, if V' is indecomposable, then either
m=1and V = S; or & is surjective. In the latter case, @: %,;%;V -V
is an isomorphism. This also implies that %;WJ: %’:%’g %’:V — %’:V is an
isomorphism. Hence, the composition of any two maps in

<2
End(V) —* End(%+V) —E End(% %+V) —5 End(%+% %+V)
is a bijection. Consequently, End(Z; V) = End(V).
Finally, the surjectivity of & yields the equality

dim(Z} V) = > dimV;, — dim V.

PEQ]
hp=k

This implies that dim %,V = r,(dim V) since dim(%; V); = dimV; for all
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(2) This can be proved in a way similar to the method used in (1) by
considering the diagram

Vk
d)k/’/
ot Yk
0—— (BB Ve — B Vo~ (%, V) — 0 O
%

This theorem gives rise to the following two useful corollaries. For each
vertex k of @, denote by Rep¢Q(k) the full subcategory of Rep;Q consisting
of representations which do not have a summand isomorphic to S;. The
category Rep¢Q(k) is an additive category, but not usually abelian, since
morphisms need not have kernels or cokernels.

Corollary 1.19. If k is a sink in Q, then %’,j and %), induce mutually
inverse equivalences RepcQ(k) — RepgspQ(k). In particular, there is a
one-to-one correspondence between the isoclasses of indecomposable repre-
sentations of Q and those of s;Q).

Proof. The first assertion follows obviously from Theorem 1.18. The one-
to-one correspondence is induced by

Vi— ,@]jv, Sj —> Sk,
where V' € Repg() is indecomposable and V' % Sk. ([l

A sequence iy,19, ...,y of vertices (possibly with repetitions) in @ is
called (+)-admissible if i1 is a sink in @, and, for each 2 < s < m, is is a
sink in s;, , -+ -8;; Q. A (—)-admissible sequence is defined dually.

Corollary 1.20. Let iy,i9,...,iy be a (+)-admissible sequence in @, and
let V' be an indecomposable representation of Q. For each 0 < s < m, set

V(s) =2 - %V and x(s) =ri, -1y (dim V).

Suppose there is 0 < t < m such that x(t) > 0, but x(t + 1) # 0. Then,
for each 0 < s < t, V(s) is indecomposable, dim V (s) = x(s), and V(t+1),

.., V(m) are the zero representation. Moreover, V (t) is isomorphic to the
simple representation S;,,, of s;, ---$;;Q corresponding to the vertex i;y1.
In particular, V= %; - %, S

t+1°

Suppose that ) is an acyclic quiver. Then ) has a sink, say i;. By
deleting 7; and arrows with head 4; in @), we obtain a full subquiver of
() which again admits a sink, say is. Repeating this process, we finally
obtain a numbering 1,49, ...,i, of all vertices of ). Clearly, i1,1%9,...,iy
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is (4)-admissible and iy, ..., 42,71 is (—)-admissible. Moreover, each arrow
in s, - - 5i,5;, Q is obtained from an arrow in @) by changing its orientation
exactly twice, so s;, - - - 54,8, = Q. Thus, we obtain two functors

@t .— ‘%)’I .. %Z‘;%: and € =%, X, K,

from Rep¢@ to Rep@Q), called Cozeter functors. The Coxeter functors de-
pend on the orientation of @, but not on the choice of admissible sequence
(see the example below and Exercise 1.17).

Example 1.21. Let @ be the following quiver
3

VAN

2 4

It is easy to see that both the sequences 1,4,2,3,5 and 4,5,1,2,3 are (+)-
admissible. They give two functors

T T T TR T TS R - RepeQ — RepQ.

Since 1 and 5 are sinks of s4(¢) and since there are no arrows connecting
them, we have by definition

R} RS = RS R Reps4Q —> Repy515554Q).
This implies that
RS RS R RE R = B B % R RS RepQ) — Reps Q.
Repeating this argument, we finally get
Rs Ry R R R = R RS RS R R = R R B B R
= RS By R B RS = BT B % %) %7

1 5

Finally, we mention that in §11.4 the BGP reflection functors will be
extended to include quivers with automorphisms.

1.5. Gabriel’s theorem

A quiver @ is said to be of finite representation type or representation-finite
(over a field k) if, up to isomorphism, there are only finitely many inde-
composable representations in Repg@). Although finiteness is defined with
respect to a specified field £, a famous theorem of Gabriel, Theorem 1.23,
shows that finiteness is independent of the choice of field. More precisely,
Q is of finite representation type if and only if ) is a Dynkin quiver, and
hence if and only if its Tits form qq is positive definite.

The proof of this theorem will use the BGP reflection functors introduced
in the previous section. Throughout this section, @) is assumed to be a
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connected quiver with n vertices containing no loops. Therefore, for each
vertex i, the simple reflection r; € W(Q) is defined. To begin with, at least,
all representations of () are defined over a fixed field £.

For any ordered listing i1, 7o, ..., i, of the vertices in @), the element ¢ :=
T, T, € WI(Q) C Aut(ZQyp) is called a Cozeter transformation. Of
course, ¢ depends on how the elements of Qg are listed.

Lemma 1.22. Let Q be a Dynkin quiver.

(1) The Cozxeter transformation ¢ has no nonzero fixed vectors; that is,
cx # x, for every 0 # x € ZQy.

(2) For each 0 < x € ZQo, there is an integer m > 1 such that ¢"x is
not positive.

Proof. (1) Suppose x = (x;) € ZQp and cx = x. Since 74,,...,7;, do not
change the i;th coordinate of r; x, we have (r;,%);, = (¢x);;, = =;,. Hence,
riyx = x. Inductively, r;,;x = x, for all 1 < j < n. From the definition of T3
it follows that (x, ;) = 0, for all i € Qp. This implies that x = 0.

(2) By Corollary 1.15(1), W(Q) is finite. Thus, there is some h > 1 such

that ¢® = 1. If x, ¢x, ..., " 'x are all positive, then y := x+cx+---+c"x
is positive, but cy = y. This contradicts (1). Hence, there is some m > 1
such that ¢™x is not positive. O

Theorem 1.23 (Gabriel). Let Q be a connected quiver (and let K be an
arbitrary field). Then:
(1) Q is of finite representation type if and only if Q is a Dynkin quiver.
(2) When the equivalent conditions of (1) are satisfied, the correspon-
dence V — dimV induces a bijection between the set of isoclasses of inde-
composable representations of Q and the set ®T(Q) of positive roots in the
root system of Q).

Proof. First, we assume that () is a Dynkin quiver. We will show that @
is of finite representation type and that the conclusion of (2) holds.

For simplicity, set Qo = {1,2,...,n} and assume that the sequence
1,2,...,nis (+)-admissible.

Let V be an indecomposable representation of (. Then dimV > 0.
By Lemma 1.22(2), there is an m > 1 such that ¢ (dimV) ¥ 0, where
¢ = rp---rorp is a Coxeter transformation. Consider the (4)-admissible
sequence

(i1, 82, - -+ yinyinats - orimn) = (1,2, ...,n, 1,2, 00,0 on, 1,2, ..0.n),
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where the sequence 1,2, ..., n is repeated m times. Let 0 < ¢t < mn be such
that i, ---r;, (dim V) > 0, for all s <¢, but

rit+1’rit Ty (dlm V) f 0
From Corollary 1.20 it follows that
V2R R, E;,Siy and dimV =11, o1, (04,,,) € T (Q),

where S;, ., is the simple representation of s;, - - - s;,5;, Q) corresponding to
the vertex i441. This gives a map

p: I—27(Q), [V]— dimV,

where Z denotes the set of isoclasses of indecomposable representations V'
of @, and [V] denotes the isoclass of V.

Now let a be a positive root. Again by Lemma 1.22(2), there ex-
ists an m > 1 such that ¢™a # 0. As above, there is a 0 < t < mn
such that r; ---rj;a > 0, for all s < ¢, but r;, ;- -7, # 0. This
implies rj, -+ 15,0 = a4, that is, @ = - -1 (0g,,). Set V(a) =
Ry Ky, - Ky, Siy, € RepeQ. Then, by Theorem 1.18, V(a) is indecom-
posable, and dim V' (a) = a. Since ¢ only depends on «, we get a map

Y @T(Q) —I, ar—[V(a)].

It is easy to see that Yo = idz and @ ot = idg+(g). Thus, ¢ is a bijection.
This implies that @ is of finite representation type since ®*(Q) is finite.

Next, we assume that @ is of finite representation type (over ). We
will show that () is a Dynkin quiver.

Observe that, for any subquiver " (not necessarily full) of a quiver @,
each representation of ' can be naturally extended to a representation of
Q@ by adding zero spaces and zero maps. In this way we can view RepKQ’ as
a full subcategory of Repg(Q); see the details in Exercise 1.1.

Let K[x] be the polynomial ring over K with one indeterminate x. Then
each K[x]-module is given by a pair (U, f), where U is a K-vector space
and f is an endomorphism of U. Denote by K[x]-mod the category of finite
dimensional £[x]-modules. Given a K[x]-module U (with x acting via an
endomorphism f), the indecomposable summands of U correspond to the
Jordan blocks of f; therefore, K[x]-mod admits infinitely many nonisomor-
phic indecomposable modules, up to isomorphism.

Suppose now that @ is of finite representation type. Then, obviously,
each subquiver of ) is again of finite representation type.

First, the underlying graph of () contains no cycles, for if it did, @
would contain a subquiver @’ of the following form (n > 0, the arrows p;,
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0 <i<n—1, can have any orientation):

0
Po pn
L o
We thus obtain an additive functor
¥: K[x]-mod —Rep,Q’, (U, f)—V = (V;, V) (1.5.1)
by defining V; = U, for 0 <i<n, V, = f,and V,, =1y, for 0 <i <n—1,

where 1y denotes the identity map on U. Clearly, this functor is fully
faithful; see Exercise 1.21. Consequently, there are infinitely many inde-
composable representations of @)’, a contradiction. This implies particularly
that @ contains no multiple arrows.

Second, @) contains no subquiver of type D, (n > 4). To see this, let Q'
be a subquiver of Q of type ﬁn We will show that @ has infinitely many
pairwise nonisomorphic indecomposable representations. Using Corollary
1.19 repeatedly, we may suppose that @’ has the following orientation:

0 e o n—1

\n P1 . pn—4 /
e 3 —2\

Then there is an additive fully faithful functor
¥: K[x]-mod — RepsQ', (U, f)+—V, (1.5.2)
where V' = (V}, V) is given by

V():Vl:Vn I—Vn—Ua
Vi=U®U, for2<i<n—2;

= (o) v () = () = ()
Vp":<1(§]1(()]>’ for1<i<n—4.

See Exercise 1.21. This is again a contradiction.

Third, @) contains no subquiver of type E, (n =6,7,8). Otherwise, let
Q@' be such a subquiver of Q. Again, using Corollary 1.19, we may suppose
that Q" has the following orientation:

\.<—. ~~~~~~ e<——e
./O al ar—1 ar
b1
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where (r,s,1) = (2,2,2), (3,3,1), or (5,2,1), that is, Q' is of type Eg, Fr, Es,
respectively. In these three cases, set w = c1, b2, a4, respectively, and denote
the unique arrow directed towards w by «’ e—"—ew. By deleting the vertex
w’ (hence the arrow p) in @', we obtain a subquiver @” of " which is of
type Ey. It is known [LAI, pp.275-285] that the root system of Q" contains
a unique positive root p = (u;); € ZQ( such that p, = 2. (Indeed, p is
obtained from ¢ listed in (1.2.5) by deleting the component corresponding
tow’.) By (1), @” has a unique indecomposable representation Z = (Z;, Z,)
having dimension vector p. Thus, dim Z,, = 2. This gives rise to an additive

fully faithful functor (see Exercise 1.21)
¥ . k[x]-mod HRepKQ’, (U, f)—V (1.5.3)
such that V, =U,V, = Z;U,i€ Q, V, = Z,® 1y, p € Qf, and

1
v :( J({) V,=U-—UaU=72,0U=V,,
where V,, is identified with U @ U by fixing a basis of Z,,. This implies that
there are infinitely many nonisomorphic indecomposable representations of
@', hence of @, a contradiction.

In conclusion, we obtain that @ is a Dynkin quiver. Il

Remark 1.24. By the theorem, the set of dimension vectors of indecom-
posable representations of a Dynkin quiver ) coincides with the set of pos-
itive roots of @) and, hence, is independent of the ground field K. For each
o € H(Q), let M(o) = Mg () be the indecomposable representation of
Q@ over k corresponding to «. Hence, each representation of Q) over £ is
isomorphic to

M\ = @ Ma)M(a)
acdt(Q)
where \ is a function ®*(Q) — N.

Example 1.25. Consider again the linear quiver Q = 2,1 (see (1.1.2)).
For each pair (i,j) with 1 < i < j < n, define a representation M;; =
(V9 V39 of Q by
v [k ifi<i<y, o fid, ifi<s<j—1,
Vit = { 0, otherwise and V' = 0, otherwise.
Then dim M; j = o = o + -+ + oj—1; see Example 1.12(2). Moreover,

for 1 <i < j <1 < n, there is a canonical inclusion ¢ = (¢,): M, — M,
defined by

] id, ifj<r<i-1;
7 o, otherwise.
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If i = j, then ¢ is the identity map on M;;. Dually, for 1 <i < j <1< n,
there is a canonical projection 7 = (m,): M;; — M; ; defined by

o id, ifi<r<j—1
"0, otherwise.

It is easy to check that

(1.5.4)

K(vom), ifs<i<t<y;
Hom (M j, Ms1) = { ()( : otherwise

where m: M; ; — M;; and ¢: M;; — M,;. In particular, each M; ; is inde-
composable since Endgq(M; ;) = K. In other words, M; ; is the indecompos-
able representation of () corresponding to the root «; ;. Thus, we also write
M;j as M(c; ;) = Mg(a; ;). By Theorem 1.23, the M;; form a complete
set of indecomposable representations of Q.

Remark 1.26. Gabriel’s theorem was generalized to arbitrary quivers by
Kac in 1980. In the case where @ is not a Dynkin quiver and K is an
algebraically closed field, there is a unique (up to isomorphism) indecom-
posable representation in Repg(@) corresponding to each positive real root.
But, there are infinitely many nonisomorphic indecomposable representa-
tions corresponding to each positive imaginary root. (See the Notes at the
end of the chapter for references.)

1.6. Representation varieties and generic extensions

Let K be an algebraically closed field. Given a quiver ), we construct a
family of algebraic varieties over X, called the representation varieties of
Q. These varieties are indexed by vectors in N@Qg which serve as dimension
vectors of representations of (). Each representation V' of () determines a
point in the appropriate variety associated with its dimension vector. This
setting suggests the important notion of the degeneration of a representation
of @), and, when @ is a Dynkin quiver, the notion of the generic extension
of two given representations of Q).

We will make use of elementary algebraic geometry and algebraic group
theory. The necessary material is reviewed in §5A.1-A.3 in Appendix A.

Let @Q = (Qo, Q1) be a quiver. For a vector d = (d;); € NQy, define the
representation variety associated with d to be the affine space

R(d) = R(Q,d) := [] Homg (K%, K%)= [ May, xa, (K)-
PEQL PEQ1L

Thus, a point z = (x,), of R(d) determines a representation V(z) of @ in
which V(z); = K%, for i € Qp, and V(x), = x,, for p € Q1. The algebraic
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group GL4(X) = [[;cq, GL4,(K) acts regularly on R(d), in the sense of
Definition A.27, by conjugation

(9i)i - (xp)p = (ghpwpgt_pl)pa

and the GLq (%X )-orbits O, in R(d) correspond bijectively to the isoclasses
[V (x)] of representations of () with dimension vector d. Since dim GL4(X) =
d? and dim Mgy 4 (%) = dd’, the Tits form can be rewritten as

qo(d) = dim GLq(X) — dim R(d). (1.6.1)

The stabilizer GL4(X)z = {9 € GLa(X) | g- © = z} of any x € R(d)
is naturally identified with the group Autg (V') of automorphisms of V' :=
V(x). By Exercise A.10, Autg (V) is a Zariski open subset of Endg ¢ (V),
and hence dim Endg (V') = dim Autg (V). It follows from Theorem A.29
that the orbit Oy := 9, of V has dimension

dim Oy = dim GLq(X) — dim Endg ¢ (V). (1.6.2)

We now use these ideas to provide an elegant proof (due to Tits) of the
necessity of Theorem 1.23(1). Let @ be a connected quiver which admits
only finitely many pairwise nonisomorphic indecomposable representations.
Then, for each 0 # d € NQg, there are finitely many isoclasses of represen-
tations having dimension vector d, i.e., GLgq(%X) has finitely many orbits
on R(d). Hence, for any fixed d, there exists a dense orbit Oy in R(d), so
that dim Oy = dim R(d). This implies that

qg(d) = dim GLgq(X) — dim R(d) = dim GL4(%X) — dim Oy
= dim EndgCQ(V) > 0.

Since, for each x = (x;) € ZQo, q@(x) = qg(x’), where ¥’ = (|z;]), we infer
that qq is positive definite. By Theorem 1.11, @ is a Dynkin quiver since it
is trivially seen that () has no loops.

Definition 1.27. Given two representations V, W having the same dimen-
sion vector d € N, we say that V' degenerates to W, or that W is a de-
generation of V, and write [W] <qq [V] (or simply W <qq V), if Ow C Oy
in R(d), where Oy denotes the closure of Oy in R(d) with respect to the
Zariski topology.

Note that W <45 V <—=Ow C Ov\Oy. In fact, the relation <qg defines
a partial ordering on the set of isoclasses of representations of @, called the
degeneration ordering.

Remark 1.28. In case () is a Dynkin quiver, the degeneration ordering
<dqg on the isoclasses of representations is independent of the field . More
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precisely, let K’ be another algebraically closed field and \, u: ®+(Q) — N
be two functions. Then, in the notation of Remark 1.24,

My (V) <ag My (1) == Myer(N) <ag M (12).

This fact can be seen as follows. If M, N are K ()-modules satisfying dim M
=dim N, then

N <qg M
< dim Homg (X, N) > dim Homg (X, M), for all X € Repg Q.

See Exercises 1.24 and 11.2 for sketch of a proof. On the other hand, the
dimension of the K -space Homg (Mg (X), Mg (1)) depends only on A and
u, not on the field K; see Remark 3.35. Thus, the set P(Q) = {\ |
A: @7(Q) — N} admits a partial ordering defined by

A< =My (A) <dg M (1r)-

We will revisit this ordering in §11.1. This notion turns out to be very useful
in describing monomial bases of quantum enveloping algebras of finite type
in §11.3.

Let d,d’,d” € NQy with d = d’ + d”. For subsets X C R(d’) and
Y C R(d”) stable under GLg/ (%) and GLg» (%K), respectively, let E(X,))
denote the set of all z € R(d) such that V(z) is isomorphic to an extension
of some M € X by some N € Y (i.e., there is an exact sequence 0 — N —

V(z) = M — 0 in Repg Q).

Proposition 1.29. If both X and Y are irreducible (resp., closed) varieties,
then E(X,)) is an irreducible (resp., a closed) variety.

Proof. Consider the subset of R(d)
Z=ZX,))

- {(( %p & ))p‘ (2,),€X, (), €V, gpeMdgpxd;p(K)}-

Lo

Then Z is irreducible (resp., closed) if X and Y are irreducible (resp., closed);
see Exercise A.3(4).

Now consider the map
¢: GLa(X) x Z—R(d), (9,2)—g" 2,

whose image is the subset E(X,)). Since GLq(%X) is irreducible, E(X,))
is irreducible if X and Y are irreducible.
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Now let X and Y be closed subvarieties. By definition, Z = Z(X,)) is
stable under the action of the parabolic subgroup

r=T] ( GLy/ (K)  Mgrxa (X)

0 GLy (K) > < GLa(X).

1€Qo

Thus, by Theorem A.38(3), E(X,Y) = GL4(X) - Z is a closed subvariety
since Z is. u

Now assume @ is a Dynkin quiver. For representations M, N of Q
over K, both orbits Oy, and Oy are irreducible. By Proposition 1.29,
E(On, On) is irreducible, so it contains a unique dense orbit O¢. In other
words, among all the extensions of M by N, G is the unique (up to isomor-
phism) one with maximal dim O¢ or, equivalently, by (1.6.2), with minimal
dimension Endg o(G). We call G the generic extension of M by N, denoted
by M % N. If Extgo(M, N) = 0, then M« N = M & N.

Proposition 1.30. Let QQ be a Dynkin quiver.

(1) Let M,N, X be representations of @ over K. Then X <qg M * N
if and only if there exist M' <qg M, N' <g4g N such that X is an extension
of M' by N'. In particular, the statements M’ <qz M and N' <4y N imply
that M' « N' <qg M % N.

(2) Let M = Mg be the set of isoclasses of representations of Q over
K and define multiplication * on M by [M] = [N] = [M * NJ, for any
[M],[N] € M. Then M is a monoid with identity 1 = [0].

Proof. (1) Consider the closures D), and Oy; they are irreducible. Thus,
by Proposition 1.29, E(Or, On) is closed and irreducible. Since O3 x On
is open in Oy x Oy, we have that Z(On,On) is open, thus dense, in
Z(On,On). This implies that E(Oy, On) is dense in E(Oy, On). But
Oaren is dense in E(Oy, On), so we conclude that (D, On) = Oaren.

(2) It suffices to show that the multiplication * is associative, i.e.,
(Lx M)+ N = Lx (M= N) for representations L, M, N of ). The generic
extension (L x M) x N arises from two exact sequences

0—M-—LxM-—L—0

and

0—N-—(L*M)+*N—LxM-—0.
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Form the following commutative diagram:
0 0

0——=N——(LxM)* N——L+«M——0

0 0

in which E is obtained as the pull-back of M — L M and (L« M) N —
L+ M. (See [HAII, §3.4].) By definition, ' <qg M * N and (L+ M)+ N <44
L« E. By (1), we conclude that

(Lx M) N <qg L+ E <gg L* (M % N).
Dually, L * (M % N) <gg (L * M) * N, and, consequently,
(L*xM)x N = Lx(M=xN). 0

Exercises and notes

Exercises
§1.1

1.1. Let @ be a quiver and let @’ be a subquiver of Q. For each representation

V = (V;,V;) of @', define a representation V = (V;,V,) of @ by
= |V if i € Qp; ~ [V, if i € QY;
VZ—{o, itigqy, M V=0 iri¢q

(1) Show that, for a morphism f = (f;): V — W of representations of @,
f = (f;) defined by f; = f; fori € Qf, and f; = 0 otherwise, is a morphism
from V to W.

(2) Show that the functor

&: RepeQ —RepeQ; Vr—V, fr—7F

is fully faithful (i.e., RepQ’ can be viewed as a full subcategory of

1.2. Let Q be a quiver and let K be a field. Prove:
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1.3.

§1.2
14.

1.5.

(1)

(3)

If Q is acyclic, then {S; | i € Qo} forms a complete set of simple repre-
sentations in Rep;().

Hint: Apply the following fact: Let V' = (V;,V,) be a representation
of Q. If there is j € Qo such that V; # 0 and V,, = 0 whenever tp = j,
then any nonzero vector € V' defines a subrepresentation W = (W;, W)
by setting W; = Kz, W; =0, for i # j, and W, =0, for all p € @1, and
moreover, W is isomorphic to S;.
If @ contains an oriented cycle p,, - - - p1, then the representation V(\),
A € K\{0}, defined in (1.1.1) is simple.
A representation V' € Rep() is nilpotent if and only if all the composition
factors of V' have the form S;, i € Qp. Thus, {S; | i € Qp} forms a
complete set of simple nilpotent representations in RepgQ.

Let Q be an acyclic quiver and let A = KQ be the path algebra of Q over a
field K.

(1)

For each i € Qq, let e; be the trivial path at ¢ and put P, = Ae;. Prove
that {P; | i € Qo} is a complete set of indecomposable projective modules
in A-mod. Moreover, for i € Qq,

radP, > @ Ry,

arrows p with
tp=1

where rad P; denotes the Jacobson radical of P;.

For each ¢ € Qo, put I; = Homg(e;A, K), the dual space of e;A, and
define a left A-module structure on I; by setting a - f(z) = f(za), for
a€ A, fel,and x € e;A. Prove that {I; | i € Qp} is a complete set of
indecomposable injective modules in A-mod. Moreover, for i € Qy,

I;/socI; = @ Iy,

arrows p with
hp=i

where soc I; denotes the socle of I;.

Check the exactness of the sequence (1.2.1).

Let @ be an acyclic quiver and let A = KQ be the path algebra of @) over a
field k. For each i € Qq, let S; be the corresponding simple A-module and let
P; be the projective cover of S;. If C4 = (c] ;) denotes the Cartan matrix of
A defined as in the Notes for §0.1 (i.e., ¢; ; equals to the multiplicity of .S; in
P; as a composition factor), then

¢; ; = dimg Hom4 (P, P;) = |{paths from j to i}|.

Moreover, the Euler from (—, —) of @ can be characterized by

(x,7) =x"(C; ")y, forx, y€ ZQo.

In particular, if Cg denotes the Cartan matrix of @, then

Co=0Cr'+(Cy).
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1.6.

§1.3
1.7.

1.8.

1.9.

1.10.

1.11.

1.12.

(See [246, p. 70] and [8, p.90].)

Let X be a finite connected graph with vertex set ¥y = {1,2,...,n}. For
i,7 € Yo, let d; ; be the number of edges connecting 7 and j. Assume that X
contains no edge loops, that is, d;; = 0, for all 1 <4 < n. A function f: X
— 7+ ={1,2,3,...} is called subadditive if, for each 1 <1i < n,

21 (i) =Y di; f(5)-
j=1

Such a function is called additive if 2f (i) = >-7_, di ; f(j), for all i. Prove:

(1) X is a Dynkin graph if and only if there is a subadditive, but not additive,
function f: g — Z7.

(2) X is an extended Dynkin graph if and only if there is an additive function
f:X0—7Z".

(See [145].)

Let @ be a quiver without loops and let Cg = (¢;, ;) be the associated Cartan
matrix. Take ¢ # j in Qo. Prove that the order of r;7; is 2, 3, or co if ¢; ; = 0,
—1,or < —2.

Let @ be a connected quiver without loops. If the Weyl group W (Q) is finite,
then @ is a Dynkin quiver.

Hint: Suppose @ is not a Dynkin quiver. If () has multiple arrows, it
is easy to see that W (Q) has an element of infinite order. If @ contain no

multiple arrows, then it contains a full subquiver @)’ of tame type ﬁ, D,or E.
Check in each of these cases that the Weyl group of Q' contains an element
of infinite order.

Let @ be a connected quiver without loops. Prove that

D:e(Q) N Pin(Q) =0 and &(Q) = 27 (Q) U (—27(Q)).
Moreover, for each o € ®(Q), supp « is connected. (See [172, Ch.5].)

Fill in all the details to Examples 1.12

If the Tits form qg of a quiver @ is positive definite, then ®(Q) is finite.

Hint: Extend qg: ZQo — Z to a quadratic form dg: RQo — R. Then
dq is positive definite. Consider the subset X := {x = (z;) € RQo | ||x|| = 1}

of RQo, where [|x|| = /3> ,cq, %7~ The compactness of X implies that there
exists ¢ > 0 such that §g(x) > ¢, for all x € X. Thus, for each 0 # x € RQy,

G(x) = 11 aq () > e
Since ®(Q) C ZQo and dg(a) = qg(a) =1, for all a € (Q), (Q) is finite.

Let @ be a quiver without loops.
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§1.4

1.13.

1.14.

1.15.

1.16.

1.17.

§1.5

1.18.

1.19.

(1) Suppose that u € NQo. Let «; be a simple root which does not belong
to supp p. Use the definition of the (symmetric) Euler form to conclude
that (u, ;) < 0.

(2) Using the elements g/, for Q' a tame quiver, as defined in the proof
of Theorem 1.11, verify the claim made in the proof of statement (1) in
Theorem 1.13 that @ is Dynkin <= % (Q) = 0. (The implication =
is obvious.)

Let k be a source of a quiver ). Prove that %, : Rep Q) — RepsxQ is a
functor.

Let k be a sink of a quiver ). Show that %, : Rep;s,Q) — Rep,Q is the left
adjoint of %,j: Rep; Q) — Rep;si ().

Let @ and Q' be two quivers with the same underlying graph Yo = Yq/. If
Yo = ¥ does not contain cycles, then there is a (4)-admissible sequence
11,99, ...,1m in @ such that

Q' =si, 8,8, Q.

(1) Complete the proof of statement (2) in Theorem 1.18.
(2) Fill in the details for the proof of Corollary 1.20.

(1) Let Q be a quiver. If ¢ and j are sinks of @, show that
R R = R K] - ReprQ —Rep;s;8:Q.

(2) Let @ be an acyclic quiver. If iy,4s,...,4, and j1,7J2,...,J, are two
ordered listings of all vertices of @ both of which are (+)-admissible, then

Let @ be the Dynkin quiver of type Ds:
7

o ——>e0e——>0

1 2 3\
(1) Describe the Weyl group W(Q) and the root system P(Q) of Q.

(2) Give a complete classification of indecomposable representations of Q.

® 4

Let @ be the following tame quiver:

N\

\
O/

(1) Describe the root system ®(Q) of Q.



78 1. Representations of quivers

(2) For each A € kK and each m > 1, define V(A,m) to be the following
representation of Q:

A
km

where I, is the m x m identity matrix and J,,,(A\) = AL, + J,,, with J,,

the m x m Jordan block

0 1
0o 0]

0'1
0 0

Prove that V(A\,;m), A € K, m > 1, are indecomposable and pairwise
nonisomorphic. (Comparing with the proof of Theorem 1.23(2).)

K K

Im =

1.20. Let @ be a Dynkin quiver and let V be an indecomposable representation of
@ over K. Prove that Endgq(V) = K.

Hint: By the proof of Theorem 1.23 (1), there is a (+)-admissible sequence
11,992, . ..,10¢, %41 in @ such that
V=R R, Ry, Sy -
Then, by Theorem 1.18(2), End¢o(V) = Endgq/(Si,,,) = K, where Q' =
‘sit e ‘SZIQ'
1.21. Prove that the functors ¥ defined in (1.5.1), (1.5.2) and (1.5.3) are fully
faithful.

Hint: To prove that the functor ¥ in (1.5.3) is full, make use of the fact
that Endgg(Z) = kK by Exercise 1.20, where Z = (Z;,Z,) is the indecom-
posable representation of Q" involved in the definition of ¥.

§1.6
1.22. Let @ be a quiver, let K be an algebraically closed field, and let d € NQy.

Show that, for = € R(d), the orbit 9, is open <= the corresponding repre-
sentation V(x) has no self-extension, i.e., Ext%cQ(V(:c), V(z)) = 0.

Hint: By (1.2.2), (1.6.1), and (1.6.2),
dim Endg o(V(z)) — dim Extge o (V(2), V(z))
=dimEndgq(V(z)) + dim O, — dim R(d).
This gives the equality
dim R(d) — dim O, = dim Ext.(V(z),V(z)).

Thus,
Extho(V(z), V(x)) = 0 = dim O, = dim R(d).
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1.23.

1.24.

The assertion then follows from the fact that O, is open in its closure O,.
(See Theorem A.29.)

Let @ be an arbitrary quiver and let K be an algebraically closed field.

(1) I;there is a nonsplit exact sequence 0 — N — E — M — 0 in Repy Q,
then

Mo N <dg FE
Hint: Let d = dim N and d” = dim M and write N = V(z) and

M = V(y), for some x € R(d’) and y € R(d"”). Then dimFE =d’ +d”".
Write E = V(z) with z = (2,) € R(d’ +d”) given by

Zp = ( 380 ;l: ), for each p € Q1.
For each t € K, define z(t) € R(d’ + d”) by setting
T, tc
(1, = ( ] y: )
Then M @& N 2 V(2(0)) and V(z(t)) = F
9., ie, M® N <q, E.
(2) Let M, N € Repg @ satisfy M <qg N. Then, for each X € RepyQ,

, for all t # 0. Hence, O C

Let M and N be two representations of a quiver @) over an algebraically closed
field K. If N <qq M, then

dim Homg (X, N) > dim Homg (X, M), for all X € Repg Q. (1.E.1)

Hint (see [242, Prop.2.1]): Let 7 be the set of all the triples
T = (i1, --yis) (J1s---+7t), ®),

where (41,...,%), (j1,...,J+) are sequences of vertices in @ and ® = (¢;, ;,)
is a t x s matrix with ¢;, ;, € e;, X Qe;,, i.e., ¢j, i, is a linear combination of
paths from i to j; in Q. For a representation V = (V;, V), set

t
V(T) @Jz lk @ - @ ijv
=1

where V(gj,4,): Vi, — Vj, are the K -linear maps induced by the V,,, a € Q1.
Denote the rank of V(T') by 7(V(T)). The assertion is a direct consequence
of the following two claims.
Claim 1: The equalities (1.E.1) hold <= r(N(T)) < r(M(T)), for all
TeT.

For each i € Qq, let P, = KQe;. Then each triple T € 7T yields the
morphism

S
(1) = (fig,5.): @ - @ P,
k=1
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where p;, ;, takes x € Pj, to x¢j, ;, € P;,. Setting X = X(T') = Coker p(T),
we have, for each V' € Repg @, the following commutative diagram with exact

TOWS
. W A
0 — Homg (X, V) — @D Homg (P, , V) —— €D Homg (P, V)
k=1 =1
z | |
s t
0 — Ker V(T) P T P v
k=1 =1

Consequently,

r(V(T)) + dimHomg (X, V) = Y dim V;,.
k=1

The claim now follows from the fact dim M = dim N (since N <4z M) and
the fact that each representation of @ is isomorphic to some X (7).

Claim 2: If N <4z M, then r(N(T)) < r(M(T)), for all T € 7.
Let dim M = dim N = d. For each triple T' € 7, consider the map

s t
f: R(d) — Homg (@ K bk, @ ;7(de> = Hr, V+—V(T).
k=1 =1

This is a GLgq(%X)-equivariant morphism of varieties, where GLq(%) also
acts on Hp by conjugation. For r € N, the set {H € Hy | r(H) < r}isa
closed subset of Hr, where r(H) is the rank of the matrix H. Hence, the set
{V.e R(d) | r(V(T)) < r} is also closed. In particular, if N <qy M, i.e.,
On € Oy, then r(N(T)) < r(M(T)).

Notes

This chapter is based mainly on [118] and [19]. The material on Weyl groups
and root systems is standard.

81.1: The graphic method — quivers and their representations — was first
introduced by Gabriel [118]. His work was motivated by the problem of classifying a
certain class of algebras of finite representation type (see [121, §7.8]). The problem
of finding a normal form of a pair of matrices under simultaneous row and column
transformations (Example 1.4(2)) was first considered by Kronecker [185] in the
case where K is algebraically closed; see [121, Ch. 1] for a modern treatment. For
Example 1.4(3), see [121, §2.2].

§81.2—-1.3: The homological interpretation (1.2.2) of the Euler form of Q was
first given by Ringel [244]. Hence, the Euler form is often also called the Ringel
form in the literature. Theorem 1.11 is standard (see [LAI, Ch. VI, §4]). Its proof
as presented here follows [50, §4]. Theorem 1.13 is essentially due to Vinberg [296];
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the proof given here follows [172, Th. 3.4]. The proof of Lemma 1.14 follows [298,
Prop. 2.1].

A further study of Euler forms for general finite dimensional algebras may be
found in [246, 2.4] and [8, I11.3].

The fact that the root system ®(Q) of a quiver @) without loops coincides with
the root system ®(Cg) of the corresponding Kac-Moody Lie algebra g(Cg) was
shown in [170].

§1.4: BGP reflection functors were first introduced in [19]. The idea of using
them to study quadruples of subspaces in a finite dimensional vector space appeared
in [128]. Theorem 1.18 was formulated and proved in [19].

The Coxeter functors are closely related to Auslander—Reiten translation func-
tors (see [28, 11, 120]). A module-theoretic interpretation of BGP reflection func-
tors was given in [11]. A further remarkable development in this direction was the
introduction of tilting theory in [29, 146].

§1.5: The proof of the first part of Theorem 1.23 given here follows [19],
while the proof of the second part was given in the original article of Gabriel [118].
There is a short proof of this theorem over an algebraically closed field, which
stresses the role of the Tits form and uses elementary facts of algebraic geometry
and homological algebra; see, e.g., [121, §7].

Soon after the work of Gabriel [118], Nazarova [230] and Donovan—Freislich
[85] independently classified indecomposable representations of tame quivers over
an algebraically closed field. By dealing with species and their representations,
Dlab-Ringel [74, 75] generalized the results in [118, 230, 85] to all Dynkin and
extended Dynkin diagrams corresponding to symmetrizable Cartan matrices of fi-
nite and affine type. The general results for representations of wild quivers were
achieved by Kac [170, 171].

§1.6: The geometric proof of the necessity of Theorem 1.23(1) over an alge-
braically closed field is due to Tits; see [118]. The ordering <qy defined here is
the opposite of the degeneration ordering used in some of the literature, see, e.g.,
[22]. We follow a traditional notation for the “Chevalley-Bruhat ordering” of a
Coxeter group. The description of the degeneration ordering in the Dynkin quiver
case in terms of dimensions of homomorphism spaces in Remark 1.28 was given in
[242, 22]. In general, for an arbitrary finite dimensional algebra A over an alge-
braically closed field, Riedtmann [242] and Zwara [309] established the following
nice algebraic characterization of degenerations of finite dimensional A-modules:
for M, N € A-mod, N <4z M if and only if there exists an exact sequence

0O—N-—->Me&Z—2Z—0 oo 0—>Z—>Z&M-—N—0,

for some Z € A-mod.

Propositions 1.29 and 1.30 and their proofs follow Reineke [239]. An earlier pa-
per [22] by Bongartz defined generic extensions in a more general setting. Generic
extensions of nilpotent representations of a cyclic quiver were studied in [57]. How-
ever, if a connected quiver @) is neither Dynkin nor cyclic, generic extension of two
representations of () may not exist.
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For more on the geometry of representations of algebras, see [51] and the ref-
erences therein.



