
Chapter 1

Representations of
quivers

This chapter opens with the definitions of a quiver Q = (Q0, Q1) and its
representations over a field k as well as a demonstration of the fact that
representations of Q identify with modules for the path algebra k Q. To each
quiver Q with n vertices, we attach an integral bilinear (Euler) form 〈−,−〉
on ZQ0

∼= Zn. The Euler form plays a central role in defining the Weyl group
W (Q) and root system Φ(Q) of the quiver Q. Making use of these important
tools, quivers naturally divide into three disjoint classes: Dynkin, tame, and
wild. Next, we introduce the reflection functors of Bernstein, Gelfand, and
Ponomarev, using them to show that all indecomposable representations of
a Dynkin quiver can be produced from simple ones. This approach provides
an elegant proof of Gabriel’s theorem, which states that Q has finitely many
isoclasses (= isomorphism classes) of indecomposable modules if and only if
Q has Dynkin type. The proof of this result gives a bijection between the
isoclasses of indecomposable representations of a Dynkin quiver and the set
of positive roots in its root system.

The last section treats representation varieties of the quiver Q over an
algebraically closed field K . (Appendix A provides a sketch of the necessary
elementary algebraic geometry.) If a representation V of Q has dimension
vector d, V determines a point in the variety R(d) of all representations
having dimension vector d. The isoclass of V then defines an orbit OV

for a reductive group GLd(k ) in its natural action on R(d). These ideas
are key in a final result on generic extensions of representations which have
interesting applications in Chapter 11.
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44 1. Representations of quivers

1.1. Quivers and their representations

We begin with the following basic definition.

Definition 1.1. A quiver Q = (Q0, Q1, t, h) consists of two sets Q0, Q1,
and two maps t, h: Q1 Q0. The elements in Q0 are called the vertices of
Q, and those in Q1 are called the arrows of Q. For each ρ in Q1, tρ and hρ
are called the tail and head of ρ, respectively. We will indicate an arrow ρ
(between tρ and hρ) as

� �

tρ hρ

ρ or tρ hρ
ρ

An arrow ρ with tρ = hρ is called a loop. A quiver Q′ = (Q′
0, Q

′
1, t

′, h′) is
called a subquiver of Q if Q′

0 ⊆ Q0, Q′
1 ⊆ Q1, and t′ and h′ are the restrictions

of t and h, respectively, to Q′
1. Also, Q′ is called proper if either Q′

0 ⊂ Q0

or Q′
1 ⊂ Q1, and it is called full if, for any vertices i, j ∈ Q′

0, all arrows in Q
between i and j also lie in Q′

1. We often simply write Q = (Q0, Q1) instead
of Q = (Q0, Q1, t, h).

A morphism ϕ : Q Q′ from a quiver Q = (Q0, Q1) to a quiver Q′ =
(Q′

0, Q
′
1) consists of a map ϕ : Q0 Q′

0 and a map ϕ : Q1 Q′
1, satisfying

t′ϕ(ρ) = ϕ(tρ) and h′ϕ(ρ) = ϕ(hρ), for ρ ∈ Q1. The embedding of a
subquiver of Q into Q is an example of a quiver morphism. An isomorphism
of quivers is a morphism of quivers, bijective on both vertices and arrows.
Quivers with automorphisms will be considered in Chapter 3.

A quiver Q is called finite if both Q0 and Q1 are finite sets.
All quivers considered in the sequel are finite, unless otherwise indicated.

(For example, the Auslander–Reiten quivers studied in §3.3 may be infinite.)

Example 1.2. The following are examples of quivers.

(a) � (b)

� �

�

A path of length d � 1 in Q with tail i and head j is a sequence ρd · · · ρ2ρ1

� � � � �
ρ1 ρ2 ρd

i j

of arrows ρs such that tρ1 = i, hρs = tρs+1 (1 � s � d− 1), and hρd = j. In
case i = j, the path p is said to be an oriented cycle. In particular, a loop
is an oriented cycle. A quiver Q is called acyclic if Q admits no oriented
cycles. Besides paths of length � 1, we also consider the “trivial path” ei,
which is the path of length 0 with tail and head i ∈ Q0.
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Definition 1.3. Let k be a field. A representation V = (Vi, Vρ) of a quiver
Q over k consists of a family of k -vector spaces Vi, for i ∈ Q0, together with
a family of k -linear maps Vρ : Vtρ Vhρ, for ρ ∈ Q1. A morphism f : V
W between representations V and W is given by k -linear maps fi : Vi Wi,
for all i ∈ Q0, satisfying Wρ ◦ ftρ = fhρ ◦ Vρ (i.e., making the square

Vtρ Vhρ

Wtρ Whρ

Vρ

ftρ

Wρ

fhρ

commutative), for each arrow ρ ∈ Q1.

A representation V = (Vi, Vρ) is regarded as finite dimensional if all
Vi, i ∈ Q0, are finite dimensional over k . Let Repk Q denote the category
of finite dimensional representations of Q over k . For each representation
V = (Vi, Vρ), the vector dimV := (dimVi)i∈Q0 ∈ Zn is called the dimension
vector of V , and the sum

∑
i∈Q0

dimVi is called the dimension of V . The cat-
egory Repk Q contains a zero object, which is the representation V = (Vi, Vρ)
with all Vi = 0 (and thus all Vρ = 0). One may define a subrepresentation
W = (Wi,Wρ) of a representation V = (Vi, Vρ) of Q. This requires that
Wi is a subspace of Vi, for each i ∈ Q0, and that Wρ : Wtρ Whρ is the
restriction of Vρ to Wtρ, for each ρ ∈ Q1. A representation V = (Vi, Vρ) of
Q is called nilpotent if there is a positive integer n (depending on V ) such
that, for every path ρr · · · ρ1 of length r � n, Vρr · · ·Vρ1 : Vtρ1 Vhρr is the
zero map.

Furthermore, to each j ∈ Q0 we can attach naturally a one-dimensional
representation Sj =

(
(Sj)i, (Sj)ρ

)
such that (Sj)j = k , (Sj)i = 0, for all

j �= i ∈ Q0, and (Sj)ρ = 0, for all ρ ∈ Q1. It is obvious that Sj is a
simple (or an irreducible) representation in the sense that it has no nontrivial
subrepresentation. Also, the Si are nilpotent.

If Q is acyclic, then {Si | i ∈ Q0} is a complete set of all simple repre-
sentations in Repk Q; see Exercise 1.2(1). However, if Q contains oriented
cycles, then there are simple representations of Q other than the Si. Ex-
plicitly, if ρm · · · ρ1 is an oriented cycle, then, for each nonzero λ ∈ k , the
representation V (λ) = (Vi, Vρ) of Q defined by

Vi =
{

k , if i = tρs, for 1 � s � m,
0, otherwise

and

Vρ =

⎧⎨⎩
λ, if ρ = ρ1,
1, if ρ = ρs, for 2 � s � m,
0, otherwise

(1.1.1)



46 1. Representations of quivers

is simple; see Exercise 1.2(2). Clearly, V (λ) is not nilpotent. Nevertheless,
for an arbitrary quiver Q, {Si | i ∈ Q0} forms a complete set of all simple
nilpotent representations in Repk Q; see Exercise 1.2(3).

The direct sum of two representations V = (Vi, Vρ) and W = (Wi,Wρ)
is, by definition, the representation U = (Ui, Uρ), where Ui := Vi ⊕Wi, for
all i ∈ Q0, and

Uρ =
(

Vρ 0
0 Wρ

)
: Utρ = Vtρ ⊕Wtρ Vhρ ⊕Whρ = Uhρ,

for all ρ ∈ Q1. A representation V is said to be indecomposable if it is non-
zero and not isomorphic to a direct sum of two nonzero representations. For
m ∈ N, we will let mV = V ⊕ · · · ⊕ V︸ ︷︷ ︸

m

be the direct sum of m copies of V .

Besides having a zero object, subobjects, and direct sums, etc., the cat-
egory Repk Q enjoys the other properties of an abelian category.1 All of
these properties can be readily checked, but they also follow from the fact,
which we will soon prove that Repk Q is equivalent to the category of finite
dimensional left modules over a k -algebra; see Proposition 1.7 below.

It turns out that a whole range of problems of linear algebra can be
formulated in the context of representations of quivers, as shown in the
examples below.

Examples 1.4. (1) Let Q be the quiver consisting of a single vertex 0
and one loop ρ. Each representation V of Q is given by a k -vector space
V0 together with a k -linear endomorphism Vρ : V0 V0. If V0 is finite
dimensional, by choosing a basis of V0, we can view Vρ as a matrix over
k , and the classification of isoclasses of representations of Q with a fixed
dimension d is equivalent to the classification of conjugacy classes of d × d
matrices over k . In particular, if k is algebraically closed, the classification
is given by the well-known Jordan–Weierstrass theorem which assigns to
each d× d matrix its Jordan normal form.

(2) Let Q be the Kronecker quiver 1 • • 2
ρ

η
. Each representation

in Repk Q is given by two finite dimensional vector spaces V1, V2 and two
linear maps Vρ, Vη : V1 V2. By choosing bases of V1 and V2, Vρ and Vη are
given by matrices over k of the same size. Thus, the problem of classifying
representations of Q with a given dimension vector (m,n) is converted to
that of finding a normal form of a pair of matrices X,Y ∈ Mn×m(k ) under
simultaneous row and column transformations. Here Mn×m(k ) denotes the
set of all n×m matrices with entries in k .

1A detailed discussion of categories, sufficient for this book, is contained in [BAII, Ch. 1 and
6] or [HAII, Ch. 1]. Many of the categories considered in this book are abelian (e.g., module
categories).
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(3) A linear time-invariant dynamical system is a system of ordinary
differential equations

d(x(t))
dt

= Y x(t) + Xu(t), y(t) = Zx(t),

where u(t), x(t), and y(t) are functions of t ∈ R with values in Cl, Cm, and
Cn, respectively, and X ∈ Mm×l(C), Y ∈ Mm(C), Z ∈ Mn×m(C). Thus,
such a system is associated with a representation V of the quiver Q

� � �

1 2 3

ρ η

θ

with V1 = Cl, V2 = Cm, V3 = Cn, and Vρ = X, Vθ = Y , Vη = Z.
Given two linear time-invariant dynamical systems, each isomorphism

between the associated representations provides a bijection between the
spaces of solutions. However, it seems hopeless to give a complete clas-
sification of representations of Q.

We can view representations of a quiver as modules over a k -algebra
k Q, the path algebra of Q over k , which is defined as follows.

Definition 1.5. The path algebra k Q is the k -algebra having as basis the
set of all the paths in Q. The product in the algebra is given by linearity
and the following product rule for paths ρd · · · ρ2ρ1 and ηe · · · η2η1:

(ρd · · · ρ2ρ1) · (ηe · · · η2η1) =

{
ρd · · · ρ2ρ1ηe · · · η2η1, if hηe = tρ1;
0, otherwise.

Clearly, k Q is an associative algebra with the identity 1 =
∑

i∈Q0
ei.

The trivial paths ei, i ∈ Q0, are pairwise orthogonal idempotents of k Q.
Moreover, the algebra k Q is finite dimensional if and only if Q is acyclic.

Examples 1.6. (1) If Q denotes the quiver consisting of a single vertex and
n loops, then k Q is the free k -algebra with n generators; see Proposition
0.11(1). In particular, if n = 1, k Q is the polynomial ring k [T ] with an
indeterminate T ; cf. Example 1.4(1).

(2) Let Q be the following quiver:

� � � � �

1 2 31 n−2 n−1

ρ1 ρ2 ρn−2

(1.1.2)

Then the path algebra k Q is isomorphic to the lower triangular matrix
algebra

A := {(ai,j) ∈ Mn−1(k ) | ai,j = 0 if i < j} .
In fact, under this isomorphism, the standard matrix unit Ei,j , i � j, cor-
responds to the path with tail j and head i.
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The quiver introduced in this example is usually called a linear quiver,
and it is often denoted by Ln−1. We will discuss this quiver again later in
different contexts. (And, to be consistent with later contexts, we consider
here Ln−1 instead of Ln.)

Finally, we denote by k Q-mod the category of finite dimensional left
k Q-modules. We have the following proposition.

Proposition 1.7. The categories Repk Q and k Q-mod are equivalent.

Proof. Let V = (Vi, Vρ) be a representation of Q. Set F (V ) =
⊕

i∈Q0
Vi.

Then F (V ) admits a k Q-module structure defined by

p · v = Vρd
◦ · · · ◦ Vρ1(vtρ1) ∈ Vhρd

⊆ F (V ),

where v =
∑

i∈Q0
vi ∈ F (V ), and p = ρd · · · ρ1 is a path in Q. Clearly, each

morphism ϕ : V W between two representations V and W gives rise to
a k Q-module homomorphism F (ϕ) : F (V ) F (W ). Thus, we obtain a
functor F : Repk Q k Q-mod.

Conversely, for each module M in k Q-mod, define Mi = eiM , for each
i ∈ Q0, where ei is the trivial path at i. The k Q-module structure on M
induces k -linear maps Mρ : Mtρ Mhρ, v ρv, for ρ ∈ Q1. This gives
a representation G (M) = (Mi,Mρ) of the quiver Q. Furthermore, a k Q-
module homomorphism ψ : M N induces a morphism G (ψ) = (ψi) : G (M)

G (N), where ψi : Mi = eiM eiN = Ni is the restriction of ψ, i ∈ Q0.
In this way, we have also defined a functor G : k Q-mod Repk Q.

From the construction, it is easily seen that

G ◦ F ∼= idRepk Q and F ◦ G ∼= idkQ-mod,

where idRepk Q and idkQ-mod denote the identity functors of the categories
Repk Q and k Q-mod, respectively. �

As a consequence of this proposition (or, more simply, by a direct ver-
ification), the category Repk Q is abelian. If k Q is finite dimensional (i.e.,
Q is acyclic), then Repk Q has enough projective and injective objects. In
addition, the Krull–Schmidt theorem [BAII, p. 115] holds for Repk Q, i.e.,
every object in Repk Q has a direct sum decomposition into indecomposable
objects, which are unique up to isomorphism. One of the main tasks in the
representation theory of quivers is to classify all indecomposable represen-
tations, up to isomorphism.

In the sequel, we will always identify k Q-modules with representations
of Q over k .
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1.2. Euler forms, Cartan matrices, and the classification of
quivers

Let Q = (Q0, Q1) be a quiver. This section introduces a bilinear form
on ZQ0, the free abelian group with basis Q0. This form leads to the
definition of Cartan matrix of Q (in the case where Q has no loops), and to
a classification of quivers into three types: Dynkin, tame, and wild quivers.

The elements in ZQ0 will be written as either x = (xi) or x =
∑

i∈Q0
xii.

Define a bilinear form 〈−,−〉 : ZQ0 × ZQ0 Z, called the Euler form of Q,
by

〈x, y〉 =
∑
i∈Q0

xiyi −
∑
ρ∈Q1

xtρyhρ, for x = (xi), y = (yi) ∈ ZQ0.

Its symmetrization
(x, y) := 〈x, y〉 + 〈y, x〉

is called the symmetric Euler form of Q. It is easily checked that

(x, y) = xTCQy,

where elements in ZQ0 are considered as column vectors, xT denotes the
transpose of x, and CQ = (ci,j)i,j∈Q0 is a symmetric |Q0| × |Q0|-matrix with
entries in Z given by

ci,j =
{

2 − 2|{loops at i}|, if i = j;
−|{arrows between i and j}|, if i �= j.

The following easy lemma relates the matrix CQ with Cartan matrix defined
in Definition 0.1.

Lemma 1.8. Let Q be a quiver.
(1) The matrix CQ of the symmetric Euler form is symmetric and inde-

pendent of the orientation of Q.
(2) If Q contains no loops, then CQ is a symmetric Cartan matrix.

Conversely, any symmetric Cartan matrix can be realized in this way.

Proof. Statement (1) is clear. If Q contains no loops, then ci,i = 2, for
all i. This, together with (1) and the fact ci,j � 0, for i �= j, implies that
CQ is a symmetric Cartan matrix. Using the graph realization of Cartan
matrices given in §0.1, we also see that every symmetric Cartan matrix can
be realized as CQ, for a quiver Q, proving (2). �

The Euler form admits a homological description given in (2) of the
following proposition.2

2The group Ext1k Q(V,W ) can be defined by means of a projective resolution of V if kQ is

finite dimensional. In all cases, the theory of Yoneda extensions can be used. See [HAII, §3.4]
for the relevant material on Ext1-groups.
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Proposition 1.9. Let V = (Vi, Vρ) and W = (Wi,Wρ) be finite dimensional
representations of Q.

(1) There exists an exact sequence of k -vector spaces:

0 HomkQ(V,W ) ι
⊕
i∈Q0

Homk (Vi,Wi)

δ
⊕
ρ∈Q1

Homk (Vtρ,Whρ)
ε Ext1kQ(V,W ) 0.

(1.2.1)

(2) We have

〈dimV,dimW 〉 = dim HomkQ(V,W ) − dimExt1kQ(V,W ). (1.2.2)

Proof. We give the definitions of the involved linear maps in (1): ι is the
inclusion map, δ maps f = (fi)i∈Q0 to (fhρVρ − Wρftρ)ρ∈Q1 , and ε sends
(ϕρ)ρ∈Q1 to the equivalence class of the exact sequence 0 W E V

0 with Ei = Wi ⊕ Vi and Eρ =
(
Wρ ϕρ

0 Vρ

)
, for all i ∈ Q0 and ρ ∈ Q1. The

routine verification of exactness is left to the reader in Exercise 1.4.
For (2), since dimVi dimWj = dimHomk (Vi,Wj),

〈dimV,dimW 〉 = dim
⊕
i∈Q0

Homk (Vi,Wi) − dim
⊕
ρ∈Q1

Homk (Vtρ,Whρ),

which, in turn, equals dimHomkQ(V,W )− dim Ext1kQ(V,W ), by taking the
alternating sum of the dimensions of the vector spaces in (1.2.1). �

We deduce, in particular, from the exactness of (1.2.1) that Ext1kQ(V,W )
is finite dimensional, for finite dimensional representations V and W of a
(finite) quiver Q.

Now consider the case V = Si and W = Sj in (1.2.1), for i, j ∈ Q0.
Obviously, ι is an isomorphism, so

dimExt1kQ(Si, Sj) = |{arrows from i to j}|,
yielding the following result.

Corollary 1.10. Let Q be a quiver, and let Si be the simple k Q-module cor-
responding to i ∈ Q0. Then the entries of the matrix CQ can be interpreted
as

ci,j =

{
2 − 2 dim Ext1kQ(Si, Si), if i = j;
−dim Ext1kQ(Si, Sj) − dim Ext1kQ(Sj , Si), if i �= j.

(1.2.3)

The quadratic form

qQ(x) := 〈x, x〉 =
∑
i∈Q0

x2
i −

∑
ρ∈Q1

xtρxhρ =
1
2
(x, x) =

1
2
xTCQx
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associated with the Euler form 〈−,−〉 is called the Tits form on ZQ0. It is
clear that qQ is independent of the orientation of Q.

Recall that a quadratic form q is called positive definite (resp., positive
semidefinite) if q(x) > 0 (resp., q(x) � 0), for all x �= 0 (see, for example,
[BAI, Ch. 6]). We will call a quadratic form indefinite if it is neither positive
definite nor positive semidefinite.

For example, let Q be the following quiver

� � �

�

�
1 2 3

4

5

Then

qQ(x) =
5∑
i=1

x2
i − x1x2 − x2x3 − x3x4 − x3x5,

which is positive definite since

qQ(x) =
1
2
x2

1 +
1
2
(x1 − x2)2 +

1
2
(x2 − x3)2 +

(
1
2
x3 − x4

)2

+
(

1
2
x3 − x5

)2

.

As indicated by the next result (and the remark following it), quivers
can be conveniently classified according to the nature of qQ. The two classes
of graphs given in the theorem (cf. Figs. II and III) turn out to play a
fundamental role in this situation.

� � � � �

1 2 n−2 n−1 n
An (n � 1):

� � � �

�

�
1 2 n−3 n−2

n−1

n

Dn (n � 4):

� � �

�

� �

2

1 3 4 5 6
E6:

� � �

�

� � �

2

1 3 4 5 6 7
E7:

� � �

�

� � � �

2

1 3 4 5 6 7 8
E8:

Fig. II. Dynkin graphs
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Theorem 1.11. Let Q be a connected quiver without loops.
(1) The Tits form qQ is positive definite if and only if the underlying

graph ΣQ of Q is one of the graphs listed in Fig. II. (These graphs are called
Dynkin graphs.)

(2) The Tits form qQ is positive semidefinite, but not definite, if and
only if the underlying graph ΣQ of Q is one of the graphs listed in Fig. III.
(These graphs are called extended Dynkin graphs.)

� �

0 1
Ã1:

� � � �

�

1 2 n−1 n

0

Ãn (n � 2):

�

�

� � � �

�

�

1

0

2 3 n−3 n−2

n−1

n

D̃n (n � 4):

� � �

�

�

� �

0

2

1 3 4 5 6
Ẽ6:

� � �

�

� � � �

2

0 1 3 4 5 6 7
Ẽ7:

� � �

�

� � � � �

2

1 3 4 5 6 7 8 0
Ẽ8:

Fig. III. Extended Dynkin graphs

Proof. Let Q be a connected quiver without loops, and let ΣQ denote the
underlying graph of Q. We first make an easy observation:

Observation: If ΣQ is not a Dynkin graph, it must contain an extended
Dynkin graph as a subgraph.

In fact, if ΣQ has a cycle, it contains a subgraph of type Ã. If ΣQ

contains at most 1 branch vertex (= vertex connected to at least 3 different
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vertices by edges), it must contain a subgraph of type Ẽ, since ΣQ is not a
Dynkin graph. And, if ΣQ has at least 2 branch vertices, then it contains a
subgraph of type D̃.

Next, we describe the radical of a positive semidefinite qQ. Suppose
that Q0 has m vertices. We number vertices of Q in a some fixed order,
and write, for simplicity, Q0 = {1, 2, . . . ,m} or Q0 = {0, 1, . . . ,m− 1} if the
latter is more desirable. (See the extended Dynkin graphs listed in Fig. III.)
Let CQ = (ci,j) be the Cartan matrix associated with Q. Recall that, by
definition, −ci,j is the number of arrows between i and j, for i �= j.

We define the radical of the quadratic form qQ to be

rad(qQ) = {x ∈ ZQ0 | (x, y) = 0, for all y ∈ ZQ0}.

It is easy to see that x = (xi) ∈ rad(qQ) if and only if∑
j

ci,jxj = 2xi +
∑
j 
=i

ci,jxj = 0, for all i.

Call a vector x = (xi) ∈ ZQ0 sincere if xi �= 0, for all i.

Claim: Assume there exists a nonzero vector x = (xi) ∈ rad(qQ) ∩ NQ0.
Then x is sincere and qQ is positive semidefinite. Moreover, in this case,

rad(qQ) = {y ∈ ZQ0 | qQ(y) = 0} = Z(x/d), (1.2.4)

where d is the greatest common divisor of the xi.

In fact, let x = (xi) ∈ rad(qQ)∩NQ0. Assume x �= 0. If xi = 0, for some
i, then ∑

j 
=i
ci,jxj = 0.

This implies xj = 0 whenever j �= i and ci,j �= 0 (i.e., whenever there is
an arrow between i and j). Since Q is connected, this would imply x = 0,
a contradiction. Thus, x is sincere. Since CQ is symmetric, we have, for
y = (yi) ∈ ZQ0, that

0 � −
∑
i<j

ci,j
xixj

2

( yi
xi

− yj
xj

)2

= −
∑
i<j

ci,j
xj
2xi

y2
i +
∑
i<j

ci,jyiyj −
∑
i<j

ci,j
xi
2xj

y2
j

= −
∑
i
=j

ci,j
xj
2xi

y2
i +
∑
i<j

ci,jyiyj =
∑
i

(
−
∑
j 
=i

ci,jxj

)
y2
i

2xi
+
∑
i<j

ci,jyiyj

=
∑
i

2xi
y2
i

2xi
+
∑
i<j

ci,jyiyj =
∑
i

y2
i +
∑
i<j

ci,jyiyj = qQ(y).
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Therefore, qQ is positive semidefinite. It is clear that

Z(x/d) ⊆ rad(qQ) ⊆ {y ∈ ZQ0 | qQ(y) = 0}.

Conversely, let y ∈ ZQ0 satisfy qQ(y) = 0. The above calculation for qQ(y)
shows that yi/xi = yj/xj whenever ci,j �= 0. Since Q is connected, y = ax,
for some a ∈ Q. This implies that y ∈ Z(x/d), hence (1.2.4) holds as does
the claim.

Now suppose that ΣQ is a Dynkin graph. By embedding ΣQ into an
extended Dynkin graph, the claim implies that qQ(x) > 0, for all 0 �= x ∈
ZQ0, that is, qQ is positive definite. Conversely, if ΣQ is not a Dynkin
graph, then Q contains a subquiver whose underlying graph is an extended
Dynkin graph. Thus, qQ cannot be positive definite. This proves (1).

To prove (2), let ΣQ be an extended Dynkin graph. It is easy to check
that

δQ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(1, 1, 1, . . . , 1, 1)T, if ΣQ is of type Ãn;
(1, 1, 2, . . . , 2, 1, 1)T, if ΣQ is of type D̃n;
(1, 1, 2, 2, 3, 2, 1)T, if ΣQ is of type Ẽ6;
(1, 2, 2, 3, 4, 3, 2, 1)T, if ΣQ is of type Ẽ7;
(1, 2, 3, 4, 6, 5, 4, 3, 2)T, if ΣQ is of type Ẽ8,

(1.2.5)

lies in rad(qQ). Hence, by the claim, qQ is positive semidefinite, but not
definite.

Conversely, it suffices to show that if ΣQ is neither a Dynkin nor an
extended Dynkin graph, then qQ is indefinite. In this case, Q contains
a proper subquiver Q′ = (Q′

0, Q
′
1) such that ΣQ′ is an extended Dynkin

graph. If Q0 = Q′
0, then there is an arrow in Q1\Q′

1. It follows that
qQ(x) < 0, for 0 �= x ∈ rad(qQ′) since x is sincere by the claim. Hence, qQ
is indefinite. If Q′

0 is a proper subset of Q0, choose j in Q0\Q′
0 and i ∈ Q′

0

such that there is an arrow between i and j. Thus, ci,j �= 0. Fix a nonzero
x ∈ rad(qQ′) ∩ NQ0, and define y ∈ NQ0 by yj = 1, yk = 2xk, for k ∈ Q′

0,
and yk = 0, for k �∈ Q′

0 ∪ {j}. We get

qQ(y) = 4qQ′(x) + 1 +
∑
k∈Q′

0

2ck,jxk � 1 + 2ci,j < 0.

Thus, qQ is indefinite. This completes the proof. �

A connected quiver whose underlying graph is a graph shown in Fig. II
(resp., Fig. III) is called a Dynkin (resp., tame or affine) quiver. By conven-
tion, tame quivers include the quiver consisting of a single vertex and one
loop. In this case, qQ = 0 identically on Z. A connected quiver which is
neither a Dynkin quiver nor a tame quiver is called a wild quiver.
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1.3. Weyl groups and root systems

In this section, we define the Weyl group W (Q) and the root system Φ(Q)
of a quiver Q = (Q0, Q1). Then we give characterizations of Dynkin, tame,
and wild quivers in terms of root systems.

For simplicity, we write Q0 = {1, 2, . . . , n}, and let α1, α2, . . . , αn be the
corresponding basis for ZQ0(∼= Zn). For each vertex i ∈ Q0, we define an
element ri ∈ Aut(ZQ0) by

ri(µ) = µ− (µ, αi)αi, for µ ∈ ZQ0, (1.3.1)

or, simply by
ri(αj) = αj − ci,jαi, for j ∈ Q0.

Notice that ri fixes the set {µ ∈ ZQ0 | (µ, αi) = 0}. In general, ri does not
have order 2. But, if there are no loops at the vertex i, then ri(αi) = −αi,
and ri does have order 2. In this case, we call ri a simple reflection3 on
ZQ0, and we call αi a simple root, and denote by Π = ΠQ the set of all
simple roots. It is easy to see that, for each simple reflection ri, we have
(ri(µ), ri(ν)) = (µ, ν), for any µ, ν ∈ ZQ0.

For the remainder of this section, we discuss the Weyl group and root
system of a general quiver Q. When Q is a Dynkin quiver, it will be evident
that these two concepts agree with those introduced in §0.6 in the review
there of finite dimensional semisimple Lie algebras. However, the develop-
ment below does not use the material of §0.6. See the remark at the end of
this section for further discussion.

Define the Weyl group W (Q) of the quiver Q to be the subgroup of
Aut(ZQ0) generated by the simple reflections ri. Because the bilinear form
(−,−) is independent of the orientation of Q, the group W (Q) is independent
of the orientation of Q. The set

Φre(Q) =
⋃

w∈W (Q)

w(Π) ⊂ ZQ0

is called the set of real roots of Q. Obviously, each µ ∈ Φre(Q) satisfies
qQ(µ) = 〈µ, µ〉 = 1.

For each µ =
∑n

i=1 µiαi ∈ ZQ0, let

suppµ = {i ∈ Q0 | µi �= 0} (1.3.2)

be the support of µ. We say that suppµ is connected if the full subquiver
of Q with vertex set suppµ is connected.

3In fact, ri extends to a linear transformation of the real vector space ZQ0 ⊗Z R = RQ0,
which is a reflection in the hyperplane perpendicular to αi with respect to the Euler form (−,−).
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The fundamental set FQ of Q is defined to be the set

FQ = {0 �= µ ∈ Nn | (µ, αi) � 0, for all αi ∈ Π, and suppµ is connected}.
Then the set

Φim(Q) =
⋃

w∈W (Q)

w(FQ) ∪ w(−FQ)

is called the set of imaginary roots. Clearly, each µ ∈ Φim(Q) satisfies
qQ(µ) � 0. If Q has a loop at i ∈ Q0, then αi ∈ FQ. Thus, αi is an
imaginary root.

Finally, the root system of Q is defined as

Φ(Q) = Φre(Q) ∪ Φim(Q).

An element µ ∈ Φ(Q) ∩ Nn is called a positive root. We denote by Φ+(Q)
(resp., Φ+

re(Q), Φ+
im(Q)) the set of all positive (resp., positive real, positive

imaginary) roots. In fact, we have

Φre(Q) ∩ Φim(Q) = ∅ and Φ(Q) = Φ+(Q) ∪ (−Φ+(Q)).

(See Exercise 1.9.)

Examples 1.12. (1) Suppose that Q is a quiver consisting of a single loop.
Then CQ is the 1× 1 zero matrix, (α1, α1) = 0 and ΠQ = ∅. Thus, W (Q) =
{1}, the trivial group. In this case, Φim(Q) = Zα1\{0}.

(2) Let Q denote the linear quiver Ln−1 in Example 1.6(2) (see (1.1.2)).
Then Q is a Dynkin quiver having underlying Dynkin graph An−1 in Fig. II,
and CQ is the Cartan matrix of type An−1 defined in Example 0.5. The
Weyl group W (Q) is the symmetric group on n letters. Moreover, let αi,j =
εi − εj for i �= j, in the notation of Example 0.5. Then αj,i = −αi,j and
αi,j = αi + αi+1 + · · · + αj−1, for any i < j. As in Example 0.5, the
αi(= αi,i+1), for 1 � i � n− 1, make up the simple roots. It can be checked
that Φim(Q) = ∅, and that

Φ(Q) = Φre(Q) = {αi,j | i �= j}.

(3) Suppose that Q has underlying graph of type Ã1 shown in Fig. III.
Then W (Q) is the isomorphic to the infinite dihedral group D∞ (i.e., it is
the free product of two cyclic groups of order 2). Also, Φre(Q) = {mα1 +
nα2 |m ∈ Z, n = m± 1}, while Φim(Q) = Z(α1 + α2)\{0}.

We leave the detailed verification of these examples to the reader in
Exercise 1.10.

In general, the root system of a quiver has the following characterization.

Theorem 1.13. Let Q be a connected quiver without loops. Then
(1) Q is a Dynkin quiver Φ(Q) is finite Φim(Q) = ∅;
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(2) Q is a tame quiver Φim(Q) = Zδ\{0}, for some δ ∈ NQ0; and
(3) Q is a wild quiver there exists µ ∈ Φ+(Q) such that suppµ = Q

and such that (µ, αi) < 0, for all i ∈ Q0.

In proving the theorem, we require the following lemma, which is verified
using only elementary calculus. For completeness, we include a proof here;
however, the reader is welcome simply to assume this result and go directly
to the proof of Theorem 1.13.

Lemma 1.14. Given real numbers ai,j (1 � i � m, 1 � j � n), let Xi

denote the linear function

Xi : Rn R, x = (x1, x2, . . . , xn)T

n∑
j=1

ai,jxj.

Then the system of linear inequalities

ai,1x1 + ai,2x2 + · · · + ai,nxn > 0, 1 � i � m, (1.3.3)

has a real solution if and only if the only nonnegative real numbers b1, b2,
. . . , bm satisfying

b1X1 + b2X2 + · · · + bmXm = 0
are b1 = . . . = bn = 0.

Proof. The necessity is obvious. For the sufficiency, consider the subset

∆ =
{ m∑
i=1

biai

∣∣∣∣ bi � 0,
m∑
i=1

bi = 1
}

of Rn, where ai = (ai,1, ai,2, . . . , ai,n)T, 1 � i � m. It is clear that ∆ is a
compact and convex subset of Rn. Now assume that (0, 0, . . . , 0)T does not
lie in ∆. The proof is completed by showing that the inequalities (1.3.3)
have a common solution. The compactness of ∆ implies that there is a
ξ ∈ ∆ such that ‖ξ‖ =

√
ξ � ξ is minimal and positive, where x � y denotes

the usual inner product of x, y in Rn. Write ξ = (c1, c2, . . . , cn)T. We will
show that (c1, c2, . . . , cn) is a solution of (1.3.3) or, equivalently, ai � ξ > 0,
for all 1 � i � m. Since all ai belong to ∆, it suffices to show that x � ξ > 0,
for all x ∈ ∆. Choose an arbitrary x ∈ ∆. If x = ξ, then x � ξ = ‖ξ‖2 > 0.
Suppose now x �= ξ. Since ∆ is convex, tx + (1 − t)ξ ∈ ∆, for all 0 � t � 1.
This implies that

‖tx + (1 − t)ξ‖ � ‖ξ‖.
From equalities

‖tx + (1 − t)ξ‖2 = ‖t(x− ξ) + ξ‖2 = t2‖x− ξ‖2 + 2t(x− ξ) � ξ + ‖ξ‖2,

it follows that, for 0 � t � 1,

t2‖x− ξ‖2 + 2t(x− ξ) � ξ � 0.
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Consider the real function f(t) := t2‖x−ξ‖2+2t(x−ξ)�ξ. Since ‖x−ξ‖2 > 0,
f(t) takes the unique minimal value at the zero t0 = −(x− ξ) � ξ/‖x− ξ‖2 of
its derivative f ′(t) = 2t‖x− ξ‖2 + 2(x− ξ) � ξ. The facts that f(0) = 0 and
f(t) � 0, for 0 � t � 1, force t0 � 0, since the graph y = f(t) is a parabola.
Hence, (x − ξ) � ξ � 0, that is, x � ξ � ξ � ξ = ‖ξ‖2 > 0. This completes the
proof. �

We make some conventions for use in the proof of Theorem 1.13 as well
as later in the sequel. Write x � 0, for a vector x = (xi) ∈ Rn if all xi � 0;
write x > 0 if x � 0 and x �= 0. In the latter case, x is called positive. We
will also use the notation x � 0 when all xi > 0. Thus, x � 0 means that
−x � 0. For two vectors x, y ∈ ZQ0, we write x � y if x− y � 0.

Proof of Theorem 1.13. For simplicity, write Q0 = {1, 2, . . . , n}. Let
C = CQ = (ci,j) be the n× n Cartan matrix associated with Q.

By the proof of Theorem 1.11, Q is a Dynkin quiver if and only if F (Q) =
∅, i.e., Φim(Q) = ∅; see Exercise 1.12. Thus, if Q is a Dynkin quiver,
qQ(x) = 1, for each x ∈ Φ(Q) = Φre(Q). Since qQ is positive definite,
Φ(Q) is finite; see Exercise 1.11. Further, we see from the definition that
x ∈ F (Q) implies ax ∈ F (Q), for all 0 < a ∈ Z. Hence, the fact that Φ(Q)
is finite implies Φim(Q) = ∅. This proves (1).

To prove (2) and (3), we first make some preliminary observations:

(i) If 0 � x ∈ Rn and Cx � 0, then either x = 0 or x � 0. This
statement follows from the definition of C and the fact that Q is connected.
(See the proof of the claim in argument for Theorem 1.11.)

(ii) Suppose that there exists µ � 0 in Rn such that Cµ > 0. Then any
x ∈ Rn such that Cx � 0 satisfies x � 0 or x = 0. This assertion follows
from (i) since, if x �= 0 satisfies Cx � 0 but has a negative component, then,
for some positive real number r, y = x+ rµ satisfies y � 0 and Cy > 0, but
y has a zero component, which contradicts statement (i).

(iii) Statements (i) and (ii) hold if C is replaced by C + rIn, for any
positive real number r. (Here In denotes the n× n identity matrix.)

(iv) If a vector µ ∈ Rn exists satisfying the hypothesis of (ii), then C
is nonsingular. If x �= 0, but Cx = 0, then y = µ + λx has a negative
component for some λ ∈ R, while Cy = Cµ > 0. This contradicts (ii).

(v) Suppose there is 0 �= x ∈ Rn satisfying the hypothesis of (i). Then C
is positive semidefinite. In fact, C + rIn is nonsingular for all r ∈ R+ (the
positive real numbers). Thus, C has only nonnegative eigenvalues, i.e., C is
positive semidefinite.
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(vi) The quiver Q is wild if and only if there exists µ ∈ ZQ0 such that
µ � 0 and Cµ � 0. If such a µ exists, then qQ(µ) < 0, so Q is wild by
definition. Conversely, assume that Q is wild. Given x > 0, if Cx � 0,
then we know by (v) that C is positive semidefinite. So we can assume
that Cx �� 0, for all x > 0. Let {e∗1, . . . , e∗n} be the dual basis of the
standard basis {e1, . . . , en} of Rn and define linear functions χi : Rn R
by χi = −

∑n
j=1 ci,je

∗
j , for 1 � i � n. Now consider the linear map

f : Rn R2n, x (e∗1(x), . . . , e
∗
n(x), χ1(x), . . . , χn(x))T. (1.3.4)

Then Im f ∩ R2n
+ �= ∅, for otherwise, by Lemma 1.14, there exists a vector

x = (a1, . . . , an, b1, . . . , bn)T ∈ R2n such that x > 0 and

a1e
∗
1 + · · · + ane

∗
n + b1χ1 + · · · + bnχn = 0.

Since C = (ci,j) is symmetric, this would imply Cb = a � 0, where a =
(a1, . . . , an)T and b = (b1, . . . , bn)T. Thus, ai = bi = 0, for all 1 � i � n, since
Cx �� 0, for all 0 < x ∈ Rn. This is a contradiction. Hence, Im f ∩ R2n

+ ��= ∅.
Choose an x ∈ Im f ∩R2n

+ . Since f(x) ∈ R2n
+ , x � 0 and Cx � 0. Moreover,

since all the entries ci,j of C are integers, the existence of such an x implies
that there is µ ∈ ZQ0 such that µ � 0 and Cµ � 0, as required by (vi).

Now we prove (2). If Q is tame, then the claim in the proof of Theorem
1.11 implies that Φim(Q) = Zδ\{0}. If Q is wild, let µ be as in (vi). For
any γ ∈ ZQ0, γ − mµ ∈ Φ+

im(Q), for some suitably large positive integer
m. Thus, Φim(Q) cannot equal Zδ\{0}, for any single δ. Thus, the reverse
implication in (2) holds.

Finally, statement (3) is also clear from (vi). �

Corollary 1.15. If Q is a Dynkin quiver, then

(1) the Weyl group W (Q) is finite; and

(2) Φ(Q) = {x ∈ ZQ0 | qQ(x) = 1}.

Proof. (1) By the theorem above, Φ(Q) = Φre(Q) is finite. Thus, each
element in W (Q) induces a permutation on the set Φ(Q) of roots. The fact
that Φ(Q) contains the basis {αi | i ∈ Q0} of ZQ0 implies that W (Q) can
be embedded into the permutation group of Φ(Q). Hence, W (Q) is finite.

(2) Obviously, each α ∈ Φ(Q) satisfies qQ(α) = 1. Now suppose x =
(xi) ∈ ZQ0 satisfies qQ(x) = 1. First, we show that either x or −x is positive.
Otherwise, we define x+ = (x+

i ), x− = (x−i ) ∈ ZQ0 by setting

x+
i =

{
xi, if xi > 0;
0, otherwise;

and x−i =
{

xi, if xi < 0;
0, otherwise.
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Then x+ > 0, −x− > 0 and x = x+ + x−. Since 〈αi, αj〉 � 0, for i �= j,

qQ(x) = 〈x, x〉 = 〈x+, x+〉 + 〈x+, x−〉 + 〈x−, x+〉 + 〈x−, x−〉
� 〈x+, x+〉 + 〈x−, x−〉 � 2,

a contradiction. So, we can suppose x is positive. We now proceed by
induction on lx :=

∑
i∈Q0

xi. If lx = 1, then x = αi, for some i ∈ Q0,
as required. Now let lx > 1. We claim that there is an i ∈ Q0 such that
0 < rix < x. Suppose this is not the case, that is, for each i ∈ Q0, either
0 �< rix or rix �< x. The equalities

2 = 2qQ(x) = 2〈x, x〉 = (x, x) =
∑
i∈Q0

xi(x, αi)

imply that there is an i0 ∈ Q0 such that xi0 > 0 and (x, αi0) > 0. Hence,
ri0x = x− (x, αi0)αi0 < x. This implies 0 �< ri0x, i.e., xi0 − (x, αi0) < 0. On
the other hand,

0 � qQ(x− xi0αi0) = qQ(x) + qQ(xi0αi0) + (x,−xi0αi0)
= 1 + x2

i0
− xi0(x, αi0) = 1 + xi0(xi0 − (x, αi0)).

This forces xi0 = 1 and xi0 − (x, αi0) = −1. Thus, qQ(x − xi0αi0) = 0, i.e.,
x = xi0αi0 = αi0 . This contradicts the fact that lx > 1. Therefore, there is
an i ∈ Q0 such that 0 < rix < x. By the induction hypothesis, rix ∈ Φ(Q)
and, hence, x ∈ Φ(Q). �

Remark 1.16. In case Q contains no loops, the root system Φ(Q) of Q
coincides with the root system Φ(CQ) of the Kac–Moody Lie algebra g(CQ)
associated with the Cartan matrix CQ; see §0.6 and the references given
in the Notes for §§1.2–1.3. Also, the Weyl group W (Q) coincides with the
Weyl group W (CQ) defined through a root datum realization of the Cartan
matrix CQ in §0.1; cf. Remark 4.4(1) and Exercise 4.7. In particular, if Q
is a Dynkin quiver of type An (n � 1), Dn (n � 4), E6, E7, or E8, then the
number of roots in Φ(Q) is n(n+1), 2n(n−1), 72, 126, or 240, respectively.
See [LAII, p. 66].

1.4. Bernstein–Gelfand–Ponomarev reflection functors

A basic tool in the study of the representation theory of a quiver Q is the
notion of a reflection functor. These functors will be denoted by R+

k and
R−
k , for k ∈ Q0. Because they were first introduced by Bernstein, Gelfand,

and Ponomarev, they are commonly called BGP reflection functors. The
representations of quivers considered in this section are defined over a fixed
field k . For a representation V of Q over k , we simply write End(V ) for the
endomorphism algebra EndkQ(V ).

Let Q be a quiver. For each vertex k ∈ Q0, we denote by skQ the quiver
obtained from Q by reversing the direction of all arrows ρ satisfying tρ = k
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or hρ = k. If i • • jρ is an arrow in Q with i = k or j = k, we denote by
j • • iρop the corresponding reversed arrow in skQ.

Example 1.17. Let Q be the following quiver:

� � � �

�

1 2

3

4 5

Then s3Q and s4Q are given as follows:

s3Q
� � � �

�

1 2

3

4 5

s4Q
� � � �

�

1 2

3

4 5

To define BGP reflection functors, we need the notions of a sink and a
source in a quiver Q = (Q0, Q1). A vertex k ∈ Q0 is called a sink (resp., a
source) if there is no arrow ρ with tρ = k (resp., hρ = k).

For example, the quiver Q in Example 1.17 has two sources 3 and 5, and
one sink 4.

Clearly, if k ∈ Q0 is a sink (resp., a source), then it is a source (resp., a
sink) of the quiver skQ.

Now let k be a sink in Q. For each representation V = (Vi, Vρ) ∈ Repk Q,
we define a representation R+

k V = (Wi,Wη) ∈ Repk skQ as follows. For all
i �= k, set Wi = Vi, and define Wk to be the kernel of the map

ξk :
⊕
ρ∈Q1
hρ=k

Vtρ Vk, (xtρ)ρ
∑
ρ

Vρ(xtρ).

For each arrow η in skQ, if tη �= k, set Wη = Vη. If tη = k, then η is realized
by reversing an arrow δ ∈ Q1 with hδ = k, and we define Wη to be the
composition

Wk = Ker ξk
ιk

⊕
ρ∈Q1
hρ=k

Vtρ
πδ Vtδ = Whη,

where ιk denotes the canonical inclusion, and πδ is the canonical projection.
Next, with each morphism f = (fi) : V V ′ in Repk Q, associate a

morphism R+
k f = g = (gi) : R+

k V R+
k V

′ in Repk skQ defined by setting
gi = fi, for i �= k. The gk is defined as a restriction map by the following
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natural commutative diagram:

Ker ξk
⊕
ρ∈Q1
hρ=k

Vtρ Vk

Ker ξ′k
⊕
ρ∈Q1
hρ=k

V ′
tρ V ′

k

ιk ξk

ι′k ξ′k

gk
L

ftρ
fk

In this way, we obtain a functor

R+
k : Repk Q Repk skQ.

Dually, let k be a source in Q. With each representation V = (Vi, Vρ) ∈
Repk Q, associate a representation R−

k V = (Wi,Wη) ∈ Repk skQ as follows.
For all i �= k, Wi = Vi. Define Wk to be the cokernel of the map

γk : Vk
⊕
ρ∈Q1
tρ=k

Vhρ, x (Vρ(x))ρ.

For each arrow η in skQ, if hη �= k, define Wη = Vη. If hη = k, then η is
realized as δop, for some δ ∈ Q1 with tδ = k. Then define Wη to be the
composition

Wtη = Vhδ
lδ
⊕
ρ∈Q1
tρ=k

Vhρ
pk Wk,

where lδ denotes the canonical inclusion, and pk is the canonical quotient
map. Similarly, for each morphism f : V V ′ in Repk Q, we can define
a morphism R−

k f : R−
k V R−

k V
′ in Repk skQ. In this way, we obtain a

functor
R−
k : Repk Q Repk skQ.

It is easy to see that, for a representation V of Q, R+
k V = 0 or R−

k V =
0 if and only if V is isomorphic to a direct sum of copies of the simple
representation Sk.

The following nice result relates the reflection functors R±
k to the reflec-

tion rk defined in (1.3.1).

Theorem 1.18 (Bernstein–Gelfand–Ponomarev). Let Q be a quiver and V
a representation of Q.

(1) Let k be a sink of Q. There is a canonical monomorphism

ϕ : R−
k R+

k V V.

Moreover, ϕ splits, and V is isomorphic to a direct sum of R−
k R+

k V and
various copies of Sk. In particular, if V is indecomposable, then either
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V ∼= Sk or ϕ is an isomorphism with

End(R+
k V ) ∼= End(V ) and dimR+

k V = rk(dimV ).

(2) Let k be a source of Q. There is a canonical epimorphism

ψ : V R+
k R−

k V.

Moreover, ψ splits, and V is isomorphic to a direct sum of R+
k R−

k V and
various copies of Sk. In particular, if V is indecomposable, then either
V ∼= Sk or ψ is an isomorphism with

End(R−
k V ) ∼= End(V ) and dimR−

k V = rk(dimV ).

Proof. (1) The construction gives the following diagram with the top row
exact:

0 (R+
k V )k

⊕
ρ∈Q1
hρ=k

Vtρ (R−
k R+

k V )k 0

Vk

ιk=γk pk

ξk
ϕk

Then there is a unique k -linear map ϕk : (R−
k R+

k V )k Vk such that ξk =
ϕkpk. It is obvious that ϕk is injective and that ϕ = (ϕi)i is a monomorphism
from R−

k R+
k V to V , where ϕi = idVi , for all i �= k. Further, ϕ splits and

induces an isomorphism

V ∼= R−
k R+

k V ⊕mSk,

where m = dimVk − dim Im ξk. Thus, if V is indecomposable, then either
m = 1 and V ∼= Sk or ξk is surjective. In the latter case, ϕ : R−

k R+
k V V

is an isomorphism. This also implies that R+
k ϕ : R+

k R−
k R+

k V R+
k V is an

isomorphism. Hence, the composition of any two maps in

End(V )
R+

k End(R+
k V )

R−
k End(R−

k R+
k V )

R+
k End(R+

k R−
k R+

k V )

is a bijection. Consequently, End(R+
k V ) ∼= End(V ).

Finally, the surjectivity of ξk yields the equality

dim(R+
k V )k =

∑
ρ∈Q1
hρ=k

dimVtρ − dimVk.

This implies that dimR+
k V = rk(dimV ) since dim(R+

k V )i = dimVi for all
i �= k.
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(2) This can be proved in a way similar to the method used in (1) by
considering the diagram

Vk

0 (R+
k R−

k V )k
⊕
ρ∈Q1
tρ=k

Vhρ (R−
k V )k 0

ξk pk

γk
ψk

�

This theorem gives rise to the following two useful corollaries. For each
vertex k of Q, denote by Repk Q〈k〉 the full subcategory of Repk Q consisting
of representations which do not have a summand isomorphic to Sk. The
category Repk Q〈k〉 is an additive category, but not usually abelian, since
morphisms need not have kernels or cokernels.

Corollary 1.19. If k is a sink in Q, then R+
k and R−

k induce mutually
inverse equivalences Repk Q〈k〉 Repk skQ〈k〉. In particular, there is a
one-to-one correspondence between the isoclasses of indecomposable repre-
sentations of Q and those of skQ.

Proof. The first assertion follows obviously from Theorem 1.18. The one-
to-one correspondence is induced by

V R+
k V, Sk Sk,

where V ∈ Repk Q is indecomposable and V �∼= Sk. �

A sequence i1, i2, . . . , im of vertices (possibly with repetitions) in Q is
called (+)-admissible if i1 is a sink in Q, and, for each 2 � s � m, is is a
sink in sis−1 · · · si1Q. A (−)-admissible sequence is defined dually.

Corollary 1.20. Let i1, i2, . . . , im be a (+)-admissible sequence in Q, and
let V be an indecomposable representation of Q. For each 0 � s � m, set

V (s) = R+
is
· · ·R+

i1
V and x(s) = ris · · · ri1(dimV ).

Suppose there is 0 � t < m such that x(t) > 0, but x(t + 1) �> 0. Then,
for each 0 � s � t, V (s) is indecomposable, dimV (s) = x(s), and V (t+1),
. . . , V (m) are the zero representation. Moreover, V (t) is isomorphic to the
simple representation Sit+1 of sit · · · si1Q corresponding to the vertex it+1.
In particular, V ∼= R−

i1
· · ·R−

it
Sit+1.

Suppose that Q is an acyclic quiver. Then Q has a sink, say i1. By
deleting i1 and arrows with head i1 in Q, we obtain a full subquiver of
Q which again admits a sink, say i2. Repeating this process, we finally
obtain a numbering i1, i2, . . . , in of all vertices of Q. Clearly, i1, i2, . . . , in
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is (+)-admissible and in, . . . , i2, i1 is (−)-admissible. Moreover, each arrow
in sin · · · si2si1Q is obtained from an arrow in Q by changing its orientation
exactly twice, so sin · · · si2si1Q = Q. Thus, we obtain two functors

C + := R+
in
· · ·R+

i2
R+
i1

and C− := R−
i1

R−
i2
· · ·R−

in

from Repk Q to Repk Q, called Coxeter functors. The Coxeter functors de-
pend on the orientation of Q, but not on the choice of admissible sequence
(see the example below and Exercise 1.17).

Example 1.21. Let Q be the following quiver

� � � �

�

1 2

3

4 5

It is easy to see that both the sequences 1, 4, 2, 3, 5 and 4, 5, 1, 2, 3 are (+)-
admissible. They give two functors

R+
5 R+

3 R+
2 R+

4 R+
1 , R+

3 R+
2 R+

1 R+
5 R+

4 : Repk Q Repk Q.

Since 1 and 5 are sinks of s4Q and since there are no arrows connecting
them, we have by definition

R+
1 R+

5 = R+
5 R+

1 : Repk s4Q Repk s1s5s4Q.

This implies that

R+
3 R+

2 R+
1 R+

5 R+
4 = R+

3 R+
2 R+

5 R+
1 R+

4 : Repk Q Repk Q.

Repeating this argument, we finally get

R+
3 R+

2 R+
1 R+

5 R+
4 = R+

3 R+
2 R+

5 R+
1 R+

4 = R+
3 R+

5 R+
2 R+

1 R+
4

= R+
5 R+

3 R+
2 R+

1 R+
4 = R+

5 R+
3 R+

2 R+
4 R+

1 .

Finally, we mention that in §11.4 the BGP reflection functors will be
extended to include quivers with automorphisms.

1.5. Gabriel’s theorem

A quiver Q is said to be of finite representation type or representation-finite
(over a field k ) if, up to isomorphism, there are only finitely many inde-
composable representations in Repk Q. Although finiteness is defined with
respect to a specified field k , a famous theorem of Gabriel, Theorem 1.23,
shows that finiteness is independent of the choice of field. More precisely,
Q is of finite representation type if and only if Q is a Dynkin quiver, and
hence if and only if its Tits form qQ is positive definite.

The proof of this theorem will use the BGP reflection functors introduced
in the previous section. Throughout this section, Q is assumed to be a
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connected quiver with n vertices containing no loops. Therefore, for each
vertex i, the simple reflection ri ∈ W (Q) is defined. To begin with, at least,
all representations of Q are defined over a fixed field k .

For any ordered listing i1, i2, . . ., in of the vertices in Q, the element c :=
rin · · · ri2ri1 ∈ W (Q) ⊆ Aut(ZQ0) is called a Coxeter transformation. Of
course, c depends on how the elements of Q0 are listed.

Lemma 1.22. Let Q be a Dynkin quiver.
(1) The Coxeter transformation c has no nonzero fixed vectors; that is,

cx �= x, for every 0 �= x ∈ ZQ0.
(2) For each 0 < x ∈ ZQ0, there is an integer m � 1 such that cmx is

not positive.

Proof. (1) Suppose x = (xi) ∈ ZQ0 and cx = x. Since ri2 , . . . , rin do not
change the i1th coordinate of ri1x, we have (ri1x)i1 = (cx)i1 = xi1 . Hence,
ri1x = x. Inductively, rijx = x, for all 1 � j � n. From the definition of rij
it follows that (x, αi) = 0, for all i ∈ Q0. This implies that x = 0.

(2) By Corollary 1.15(1), W (Q) is finite. Thus, there is some h � 1 such
that ch = 1. If x, cx, . . . , ch−1x are all positive, then y := x+cx+ · · ·+ch−1x
is positive, but cy = y. This contradicts (1). Hence, there is some m � 1
such that cmx is not positive. �

Theorem 1.23 (Gabriel). Let Q be a connected quiver (and let k be an
arbitrary field). Then:

(1) Q is of finite representation type if and only if Q is a Dynkin quiver.
(2) When the equivalent conditions of (1) are satisfied, the correspon-

dence V dimV induces a bijection between the set of isoclasses of inde-
composable representations of Q and the set Φ+(Q) of positive roots in the
root system of Q.

Proof. First, we assume that Q is a Dynkin quiver. We will show that Q
is of finite representation type and that the conclusion of (2) holds.

For simplicity, set Q0 = {1, 2, . . . , n} and assume that the sequence
1, 2, . . . , n is (+)-admissible.

Let V be an indecomposable representation of Q. Then dimV > 0.
By Lemma 1.22(2), there is an m � 1 such that cm(dimV ) �> 0, where
c = rn · · · r2r1 is a Coxeter transformation. Consider the (+)-admissible
sequence

(i1, i2, . . . , in, in+1, . . . , imn) = (1, 2, . . . , n, 1, 2, . . . , . . . , n, 1, 2, . . . , n),
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where the sequence 1, 2, . . . , n is repeated m times. Let 0 � t < mn be such
that ris · · · ri1(dimV ) > 0, for all s � t, but

rit+1rit · · · ri1(dimV ) �> 0.

From Corollary 1.20 it follows that

V ∼= R−
i1

R−
i2
· · ·R−

it
Sit+1 and dimV = ri1ri2 · · · rit(αit+1) ∈ Φ+(Q),

where Sit+1 is the simple representation of sit · · · si2si1Q corresponding to
the vertex it+1. This gives a map

ϕ : I Φ+(Q), [V ] dimV,

where I denotes the set of isoclasses of indecomposable representations V
of Q, and [V ] denotes the isoclass of V .

Now let α be a positive root. Again by Lemma 1.22(2), there ex-
ists an m � 1 such that cmα �> 0. As above, there is a 0 � t � mn
such that ris · · · ri1α > 0, for all s � t, but rit+1rit · · · ri1α �> 0. This
implies rit · · · ri1α = αit+1 , that is, α = ri1 · · · rit(αit+1). Set V (α) =
R−
i1

R−
i2
· · ·R−

it
Sit+1 ∈ Repk Q. Then, by Theorem 1.18, V (α) is indecom-

posable, and dimV (α) = α. Since t only depends on α, we get a map

ψ : Φ+(Q) I, α [V (α)].

It is easy to see that ψ ◦ϕ = idI and ϕ◦ψ = idΦ+(Q). Thus, ϕ is a bijection.
This implies that Q is of finite representation type since Φ+(Q) is finite.

Next, we assume that Q is of finite representation type (over k ). We
will show that Q is a Dynkin quiver.

Observe that, for any subquiver Q′ (not necessarily full) of a quiver Q,
each representation of Q′ can be naturally extended to a representation of
Q by adding zero spaces and zero maps. In this way we can view Repk Q

′ as
a full subcategory of Repk Q; see the details in Exercise 1.1.

Let k [x] be the polynomial ring over k with one indeterminate x. Then
each k [x]-module is given by a pair (U, f), where U is a k -vector space
and f is an endomorphism of U . Denote by k [x]-mod the category of finite
dimensional k [x]-modules. Given a k [x]-module U (with x acting via an
endomorphism f), the indecomposable summands of U correspond to the
Jordan blocks of f ; therefore, k [x]-mod admits infinitely many nonisomor-
phic indecomposable modules, up to isomorphism.

Suppose now that Q is of finite representation type. Then, obviously,
each subquiver of Q is again of finite representation type.

First, the underlying graph of Q contains no cycles, for if it did, Q
would contain a subquiver Q′ of the following form (n � 0, the arrows ρi,



68 1. Representations of quivers

0 � i � n− 1, can have any orientation):

� � � �

�

1
2 n−1

n

0

ρ0 ρn

ρ1 ρn−1

We thus obtain an additive functor

V : k [x]-mod Repk Q
′, (U, f) V = (Vi, Vρ) (1.5.1)

by defining Vi = U , for 0 � i � n, Vρn = f , and Vρi = 1U , for 0 � i � n− 1,
where 1U denotes the identity map on U . Clearly, this functor is fully
faithful; see Exercise 1.21. Consequently, there are infinitely many inde-
composable representations of Q′, a contradiction. This implies particularly
that Q contains no multiple arrows.

Second, Q contains no subquiver of type D̃n (n � 4). To see this, let Q′

be a subquiver of Q of type D̃n. We will show that Q′ has infinitely many
pairwise nonisomorphic indecomposable representations. Using Corollary
1.19 repeatedly, we may suppose that Q′ has the following orientation:

�

�

� � � �

�

�

0

1
2 3 n−2

n−1

n

η

τ
ρ1 ρn−4

γ

δ

Then there is an additive fully faithful functor

V : k [x]-mod Repk Q
′, (U, f) V, (1.5.2)

where V = (Vi, Vρ) is given by

V0 = V1 = Vn−1 = Vn = U,
Vi = U ⊕ U, for 2 � i � n− 2;

Vη =
( 1U

0

)
, Vτ =

( 0
1U

)
, Vγ =

( 1U
1U

)
, Vδ =

( 1U
f

)
,

Vρi =
( 1U 0

0 1U

)
, for 1 � i � n− 4.

See Exercise 1.21. This is again a contradiction.

Third, Q contains no subquiver of type Ẽn (n = 6, 7, 8). Otherwise, let
Q′ be such a subquiver of Q. Again, using Corollary 1.19, we may suppose
that Q′ has the following orientation:

� � � �

�

�

�

�

�

�

0 a1 ar−1 ar

ct
ct−1

c1

bs
bs−1

b1
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where (r, s, t) = (2, 2, 2), (3, 3, 1), or (5, 2, 1), that is, Q′ is of type Ẽ6, Ẽ7, Ẽ8,
respectively. In these three cases, set ω = c1, b2, a4, respectively, and denote
the unique arrow directed towards ω by ω′ • • ωρ . By deleting the vertex
ω′ (hence the arrow ρ) in Q′, we obtain a subquiver Q′′ of Q′ which is of
type En. It is known [LAI, pp. 275–285] that the root system of Q′′ contains
a unique positive root µ = (µi)i ∈ ZQ′′

0 such that µω = 2. (Indeed, µ is
obtained from δQ′ listed in (1.2.5) by deleting the component corresponding
to ω′.) By (1), Q′′ has a unique indecomposable representation Z = (Zi, Zρ)
having dimension vector µ. Thus, dimZω = 2. This gives rise to an additive
fully faithful functor (see Exercise 1.21)

V : k [x]-mod Repk Q
′, (U, f) V (1.5.3)

such that Vω′ = U , Vi = Zi ⊗ U , i ∈ Q′′
0, Vρ = Zρ ⊗ 1U , ρ ∈ Q′′

0, and

Vρ =
( 1U

f

)
: Vω′ = U U ⊕ U = Zω ⊗ U = Vω,

where Vω is identified with U ⊕U by fixing a basis of Zω. This implies that
there are infinitely many nonisomorphic indecomposable representations of
Q′, hence of Q, a contradiction.

In conclusion, we obtain that Q is a Dynkin quiver. �

Remark 1.24. By the theorem, the set of dimension vectors of indecom-
posable representations of a Dynkin quiver Q coincides with the set of pos-
itive roots of Q and, hence, is independent of the ground field k . For each
α ∈ Φ+(Q), let M(α) = Mk (α) be the indecomposable representation of
Q over k corresponding to α. Hence, each representation of Q over k is
isomorphic to

Mk (λ) :=
⊕

α∈Φ+(Q)

λ(α)Mk (α),

where λ is a function Φ+(Q) N.

Example 1.25. Consider again the linear quiver Q = Ln−1 (see (1.1.2)).
For each pair (i, j) with 1 � i < j � n, define a representation Mi,j =
(V i,j

l , V i,j
ρs ) of Q by

V i,j
l =

{
k , if i � l < j,
0, otherwise

and V i,j
ρs

=
{

id, if i � s < j − 1,
0, otherwise.

Then dimMi,j = αi,j = αi + · · · + αj−1; see Example 1.12(2). Moreover,
for 1 � i � j < l � n, there is a canonical inclusion ι = (ιr) : Mj,l Mi,l

defined by

ιr =
{

id, if j � r � l − 1;
0, otherwise.
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If i = j, then ι is the identity map on Mi,l. Dually, for 1 � i < j � l � n,
there is a canonical projection π = (πr) : Mi,l Mi,j defined by

πr =
{

id, if i � r � j − 1;
0, otherwise.

It is easy to check that

HomA(Mi,j ,Ms,t) =
{

k (ι ◦ π), if s � i < t � j;
0, otherwise,

(1.5.4)

where π : Mi,j Mi,t and ι : Mi,t Ms,t. In particular, each Mi,j is inde-
composable since EndkQ(Mi,j) ∼= k . In other words, Mi,j is the indecompos-
able representation of Q corresponding to the root αi,j . Thus, we also write
Mi,j as M(αi,j) = Mk (αi,j). By Theorem 1.23, the Mi,j form a complete
set of indecomposable representations of Q.

Remark 1.26. Gabriel’s theorem was generalized to arbitrary quivers by
Kac in 1980. In the case where Q is not a Dynkin quiver and k is an
algebraically closed field, there is a unique (up to isomorphism) indecom-
posable representation in Repk Q corresponding to each positive real root.
But, there are infinitely many nonisomorphic indecomposable representa-
tions corresponding to each positive imaginary root. (See the Notes at the
end of the chapter for references.)

1.6. Representation varieties and generic extensions

Let K be an algebraically closed field. Given a quiver Q, we construct a
family of algebraic varieties over K , called the representation varieties of
Q. These varieties are indexed by vectors in NQ0 which serve as dimension
vectors of representations of Q. Each representation V of Q determines a
point in the appropriate variety associated with its dimension vector. This
setting suggests the important notion of the degeneration of a representation
of Q, and, when Q is a Dynkin quiver, the notion of the generic extension
of two given representations of Q.

We will make use of elementary algebraic geometry and algebraic group
theory. The necessary material is reviewed in §§A.1–A.3 in Appendix A.

Let Q = (Q0, Q1) be a quiver. For a vector d = (di)i ∈ NQ0, define the
representation variety associated with d to be the affine space

R(d) = R(Q,d) :=
∏
ρ∈Q1

HomK (K dtρ ,K dhρ) ∼=
∏
ρ∈Q1

Mdhρ×dtρ(K ).

Thus, a point x = (xρ)ρ of R(d) determines a representation V (x) of Q in
which V (x)i = K di , for i ∈ Q0, and V (x)ρ = xρ, for ρ ∈ Q1. The algebraic
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group GLd(K ) :=
∏

i∈Q0
GLdi

(K ) acts regularly on R(d), in the sense of
Definition A.27, by conjugation

(gi)i · (xρ)ρ = (ghρxρg
−1
tρ )ρ,

and the GLd(K )-orbits Ox in R(d) correspond bijectively to the isoclasses
[V (x)] of representations of Q with dimension vector d. Since dimGLd(K ) =
d2 and dimMd×d′(K ) = dd′, the Tits form can be rewritten as

qQ(d) = dim GLd(K ) − dimR(d). (1.6.1)

The stabilizer GLd(K )x = {g ∈ GLd(K ) | g · x = x} of any x ∈ R(d)
is naturally identified with the group AutK Q(V ) of automorphisms of V :=
V (x). By Exercise A.10, AutK Q(V ) is a Zariski open subset of EndK Q(V ),
and hence dimEndK Q(V ) = dim AutK Q(V ). It follows from Theorem A.29
that the orbit OV := Ox of V has dimension

dim OV = dim GLd(K ) − dim EndK Q(V ). (1.6.2)

We now use these ideas to provide an elegant proof (due to Tits) of the
necessity of Theorem 1.23(1). Let Q be a connected quiver which admits
only finitely many pairwise nonisomorphic indecomposable representations.
Then, for each 0 �= d ∈ NQ0, there are finitely many isoclasses of represen-
tations having dimension vector d, i.e., GLd(K ) has finitely many orbits
on R(d). Hence, for any fixed d, there exists a dense orbit OV in R(d), so
that dimOV = dimR(d). This implies that

qQ(d) = dim GLd(K ) − dimR(d) = dimGLd(K ) − dim OV

= dim EndK Q(V ) > 0.

Since, for each x = (xi) ∈ ZQ0, qQ(x) � qQ(x′), where x′ = (|xi|), we infer
that qQ is positive definite. By Theorem 1.11, Q is a Dynkin quiver since it
is trivially seen that Q has no loops.

Definition 1.27. Given two representations V,W having the same dimen-
sion vector d ∈ NQ0, we say that V degenerates to W , or that W is a de-
generation of V , and write [W ] �dg [V ] (or simply W �dg V ), if OW ⊆ OV

in R(d), where OV denotes the closure of OV in R(d) with respect to the
Zariski topology.

Note that W <dg V OW ⊆ OV \OV . In fact, the relation �dg defines
a partial ordering on the set of isoclasses of representations of Q, called the
degeneration ordering.

Remark 1.28. In case Q is a Dynkin quiver, the degeneration ordering
�dg on the isoclasses of representations is independent of the field K . More
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precisely, let K ′ be another algebraically closed field and λ, µ : Φ+(Q) N
be two functions. Then, in the notation of Remark 1.24,

MK (λ) �dg MK (µ) MK ′(λ) �dg MK ′(µ).

This fact can be seen as follows. If M,N are K Q-modules satisfying dimM
= dimN , then

N �dg M

dimHomK Q(X,N) � dimHomK Q(X,M), for all X ∈ RepK Q.

See Exercises 1.24 and 11.2 for sketch of a proof. On the other hand, the
dimension of the K -space HomK Q(MK (λ),MK (µ)) depends only on λ and
µ, not on the field K ; see Remark 3.35. Thus, the set P(Q) := {λ |
λ : Φ+(Q) N} admits a partial ordering defined by

λ � µ MK (λ) �dg MK (µ).

We will revisit this ordering in §11.1. This notion turns out to be very useful
in describing monomial bases of quantum enveloping algebras of finite type
in §11.3.

Let d,d′,d′′ ∈ NQ0 with d = d′ + d′′. For subsets X ⊂ R(d′) and
Y ⊂ R(d′′) stable under GLd′(K ) and GLd′′(K ), respectively, let E(X ,Y)
denote the set of all z ∈ R(d) such that V (z) is isomorphic to an extension
of some M ∈ X by some N ∈ Y (i.e., there is an exact sequence 0 N
V (z) M 0 in RepK Q).

Proposition 1.29. If both X and Y are irreducible (resp., closed) varieties,
then E(X ,Y) is an irreducible (resp., a closed) variety.

Proof. Consider the subset of R(d)

Z = Z(X ,Y)

=
{(( yρ ξρ

0 xρ

))
ρ

∣∣∣∣ (xρ)ρ∈X , (yρ)ρ∈Y , ξρ∈Md′′hρ×d′tρ(K )
}
.

Then Z is irreducible (resp., closed) if X and Y are irreducible (resp., closed);
see Exercise A.3(4).

Now consider the map

ϕ : GLd(K ) × Z R(d), (g, z) g · z,

whose image is the subset E(X ,Y). Since GLd(K ) is irreducible, E(X ,Y)
is irreducible if X and Y are irreducible.
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Now let X and Y be closed subvarieties. By definition, Z = Z(X ,Y) is
stable under the action of the parabolic subgroup

P :=
∏
i∈Q0

(
GLd′′i (K ) Md′′i ×d′i(K )

0 GLd′i(K )

)
⊆ GLd(K ).

Thus, by Theorem A.38(3), E(X ,Y) = GLd(K ) · Z is a closed subvariety
since Z is. �

Now assume Q is a Dynkin quiver. For representations M,N of Q
over K , both orbits OM and ON are irreducible. By Proposition 1.29,
E(OM ,ON ) is irreducible, so it contains a unique dense orbit OG. In other
words, among all the extensions of M by N , G is the unique (up to isomor-
phism) one with maximal dimOG or, equivalently, by (1.6.2), with minimal
dimension EndK Q(G). We call G the generic extension of M by N , denoted
by M ∗N . If Ext1K Q(M,N) = 0, then M ∗N ∼= M ⊕N .

Proposition 1.30. Let Q be a Dynkin quiver.
(1) Let M,N,X be representations of Q over K . Then X �dg M ∗ N

if and only if there exist M ′ �dg M,N ′ �dg N such that X is an extension
of M ′ by N ′. In particular, the statements M ′ �dg M and N ′ �dg N imply
that M ′ ∗N ′ �dg M ∗N .

(2) Let M = MQ be the set of isoclasses of representations of Q over
K and define multiplication ∗ on M by [M ] ∗ [N ] = [M ∗ N ], for any
[M ], [N ] ∈ M. Then M is a monoid with identity 1 = [0].

Proof. (1) Consider the closures OM and ON ; they are irreducible. Thus,
by Proposition 1.29, E(OM ,ON ) is closed and irreducible. Since OM ×ON

is open in OM × ON , we have that Z(OM ,ON ) is open, thus dense, in
Z(OM ,ON ). This implies that E(OM ,ON ) is dense in E(OM ,ON ). But
OM∗N is dense in E(OM ,ON ), so we conclude that E(OM ,ON ) = OM∗N .

(2) It suffices to show that the multiplication ∗ is associative, i.e.,
(L ∗M) ∗ N ∼= L ∗ (M ∗ N) for representations L,M,N of Q. The generic
extension (L ∗M) ∗N arises from two exact sequences

0 M L ∗M L 0

and

0 N (L ∗M) ∗N L ∗M 0.
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Form the following commutative diagram:

0 0

0 N E M 0

0 N (L ∗M) ∗N L ∗M 0

L L

0 0

in which E is obtained as the pull-back of M L ∗M and (L ∗M) ∗N
L∗M . (See [HAII, §3.4].) By definition, E �dg M ∗N and (L∗M)∗N �dg

L ∗ E. By (1), we conclude that

(L ∗M) ∗N �dg L ∗E �dg L ∗ (M ∗N).

Dually, L ∗ (M ∗N) �dg (L ∗M) ∗N , and, consequently,

(L ∗M) ∗N ∼= L ∗ (M ∗N). �

Exercises and notes

Exercises

§1.1

1.1. Let Q be a quiver and let Q′ be a subquiver of Q. For each representation
V = (Vj , Vτ ) of Q′, define a representation Ṽ = (Ṽi, Ṽρ) of Q by

Ṽi =
{

Vi, if i ∈ Q′
0;

0, if i /∈ Q′
0,

and Ṽρ =
{

Vρ, if i ∈ Q′
1;

0, if i /∈ Q′
1.

(1) Show that, for a morphism f = (fj) : V W of representations of Q′,
f̃ = (f̃i) defined by f̃i = fi for i ∈ Q′

0, and f̃i = 0 otherwise, is a morphism
from Ṽ to W̃ .

(2) Show that the functor

E : Repk Q
′ Repk Q; V Ṽ , f f̃

is fully faithful (i.e., Repk Q
′ can be viewed as a full subcategory of

Repk Q).

1.2. Let Q be a quiver and let k be a field. Prove:



Exercises and notes 75

(1) If Q is acyclic, then {Si | i ∈ Q0} forms a complete set of simple repre-
sentations in Repk Q.

Hint: Apply the following fact: Let V = (Vi, Vρ) be a representation
of Q. If there is j ∈ Q0 such that Vj �= 0 and Vρ = 0 whenever tρ = j,
then any nonzero vector x ∈ V defines a subrepresentation W = (Wi,Wρ)
by setting Wj = k x, Wi = 0, for i �= j, and Wρ = 0, for all ρ ∈ Q1, and
moreover, W is isomorphic to Sj .

(2) If Q contains an oriented cycle ρm · · · ρ1, then the representation V (λ),
λ ∈ k \{0}, defined in (1.1.1) is simple.

(3) A representation V ∈ Repk Q is nilpotent if and only if all the composition
factors of V have the form Si, i ∈ Q0. Thus, {Si | i ∈ Q0} forms a
complete set of simple nilpotent representations in Repk Q.

1.3. Let Q be an acyclic quiver and let A = k Q be the path algebra of Q over a
field k .
(1) For each i ∈ Q0, let ei be the trivial path at i and put Pi = Aei. Prove

that {Pi | i ∈ Q0} is a complete set of indecomposable projective modules
in A-mod. Moreover, for i ∈ Q0,

radPi
∼=

⊕
arrows ρ with

tρ=i

Phρ,

where radPi denotes the Jacobson radical of Pi.
(2) For each i ∈ Q0, put Ii = Homk (eiA, k ), the dual space of eiA, and

define a left A-module structure on Ii by setting a · f(x) = f(xa), for
a ∈ A, f ∈ Ii, and x ∈ eiA. Prove that {Ii | i ∈ Q0} is a complete set of
indecomposable injective modules in A-mod. Moreover, for i ∈ Q0,

Ii/ soc Ii
∼=

⊕
arrows ρ with

hρ=i

Itρ,

where soc Ii denotes the socle of Ii.

§1.2

1.4. Check the exactness of the sequence (1.2.1).

1.5. Let Q be an acyclic quiver and let A = k Q be the path algebra of Q over a
field k . For each i ∈ Q0, let Si be the corresponding simple A-module and let
Pi be the projective cover of Si. If CA = (c′i,j) denotes the Cartan matrix of
A defined as in the Notes for §0.1 (i.e., c′i,j equals to the multiplicity of Si in
Pj as a composition factor), then

c′i,j = dimk HomA(Pi, Pj) = |{paths from j to i}|.
Moreover, the Euler from 〈−,−〉 of Q can be characterized by

〈x, y〉 = xT(C−1
A )T y, for x, y ∈ ZQ0.

In particular, if CQ denotes the Cartan matrix of Q, then

CQ = C−1
A + (C−1

A )T.
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(See [246, p. 70] and [8, p. 90].)

1.6. Let Σ be a finite connected graph with vertex set Σ0 = {1, 2, . . . , n}. For
i, j ∈ Σ0, let di,j be the number of edges connecting i and j. Assume that Σ
contains no edge loops, that is, di,i = 0, for all 1 � i � n. A function f : Σ0

Z+ = {1, 2, 3, . . .} is called subadditive if, for each 1 � i � n,

2f(i) �
n∑

j=1

di,jf(j).

Such a function is called additive if 2f(i) =
∑n

j=1 di,jf(j), for all i. Prove:
(1) Σ is a Dynkin graph if and only if there is a subadditive, but not additive,

function f : Σ0 Z+.
(2) Σ is an extended Dynkin graph if and only if there is an additive function

f : Σ0 Z+.
(See [145].)

§1.3

1.7. Let Q be a quiver without loops and let CQ = (ci,j) be the associated Cartan
matrix. Take i �= j in Q0. Prove that the order of rirj is 2, 3, or ∞ if ci,j = 0,
−1, or � −2.

1.8. Let Q be a connected quiver without loops. If the Weyl group W (Q) is finite,
then Q is a Dynkin quiver.

Hint: Suppose Q is not a Dynkin quiver. If Q has multiple arrows, it
is easy to see that W (Q) has an element of infinite order. If Q contain no
multiple arrows, then it contains a full subquiver Q′ of tame type Ã, D̃, or Ẽ.
Check in each of these cases that the Weyl group of Q′ contains an element
of infinite order.

1.9. Let Q be a connected quiver without loops. Prove that

Φre(Q) ∩ Φim(Q) = ∅ and Φ(Q) = Φ+(Q) ∪ (−Φ+(Q)).

Moreover, for each α ∈ Φ(Q), suppα is connected. (See [172, Ch. 5].)

1.10. Fill in all the details to Examples 1.12

1.11. If the Tits form qQ of a quiver Q is positive definite, then Φ(Q) is finite.
Hint: Extend qQ : ZQ0 Z to a quadratic form q̃Q : RQ0 R. Then

q̃Q is positive definite. Consider the subset X := {x = (xi) ∈ RQ0 | ‖x‖ = 1}
of RQ0, where ‖x‖ =

√∑
i∈Q0

x2
i . The compactness of X implies that there

exists c > 0 such that q̃Q(x) � c, for all x ∈ X. Thus, for each 0 �= x ∈ RQ0,

q̃Q(x) = ‖x‖2 q̃Q(
x

‖x‖ ) � ‖x‖2c.

Since Φ(Q) ⊂ ZQ0 and q̃Q(α) = qQ(α) = 1, for all α ∈ Φ(Q), Φ(Q) is finite.

1.12. Let Q be a quiver without loops.
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(1) Suppose that µ ∈ NQ0. Let αi be a simple root which does not belong
to suppµ. Use the definition of the (symmetric) Euler form to conclude
that (µ, αi) � 0.

(2) Using the elements δQ′ , for Q′ a tame quiver, as defined in the proof
of Theorem 1.11, verify the claim made in the proof of statement (1) in
Theorem 1.13 that Q is Dynkin F (Q) = ∅. (The implication
is obvious.)

§1.4

1.13. Let k be a source of a quiver Q. Prove that R−
k : Repk Q Repk skQ is a

functor.

1.14. Let k be a sink of a quiver Q. Show that R−
k : Repk skQ Repk Q is the left

adjoint of R+
k : Repk Q Repk skQ.

1.15. Let Q and Q′ be two quivers with the same underlying graph ΣQ = ΣQ′ . If
ΣQ = ΣQ′ does not contain cycles, then there is a (+)-admissible sequence
i1, i2, . . . , im in Q such that

Q′ = sim
· · · si2si1Q.

1.16. (1) Complete the proof of statement (2) in Theorem 1.18.
(2) Fill in the details for the proof of Corollary 1.20.

1.17. (1) Let Q be a quiver. If i and j are sinks of Q, show that

R+
j R+

i = R+
i R+

j : Repk Q Repk sjsiQ.

(2) Let Q be an acyclic quiver. If i1, i2, . . . , in and j1, j2, . . . , jn are two
ordered listings of all vertices of Q both of which are (+)-admissible, then

R+
in
· · ·R+

i2
R+

i1
= R+

jn
· · ·R+

j2
R+

j1
: Repk Q Repk Q.

§1.5

1.18. Let Q be the Dynkin quiver of type D5:

� � �

�

�1 2 3

4

5

(1) Describe the Weyl group W (Q) and the root system Φ(Q) of Q.
(2) Give a complete classification of indecomposable representations of Q.

1.19. Let Q be the following tame quiver:

� �

�

�

(1) Describe the root system Φ(Q) of Q.
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(2) For each λ ∈ k and each m � 1, define V (λ,m) to be the following
representation of Q:

k m

k m k m

k m

Jm(λ) Im

Im Im

where Im is the m×m identity matrix and Jm(λ) = λIm + Jm with Jm

the m×m Jordan block

Jm =

⎛⎜⎜⎜⎜⎝
0 1 0

0

0 10 0

⎞⎟⎟⎟⎟⎠ .

Prove that V (λ,m), λ ∈ k , m � 1, are indecomposable and pairwise
nonisomorphic. (Comparing with the proof of Theorem 1.23(2).)

1.20. Let Q be a Dynkin quiver and let V be an indecomposable representation of
Q over k . Prove that Endk Q(V ) ∼= k .

Hint: By the proof of Theorem 1.23 (1), there is a (+)-admissible sequence
i1, i2, . . . , it, it+1 in Q such that

V ∼= R−
i1

R−
i2
· · ·R−

it
Sit+1 .

Then, by Theorem 1.18(2), Endk Q(V ) ∼= Endk Q′(Sit+1) ∼= k , where Q′ =
sit

· · · si1Q.

1.21. Prove that the functors V defined in (1.5.1), (1.5.2) and (1.5.3) are fully
faithful.

Hint: To prove that the functor V in (1.5.3) is full, make use of the fact
that Endk Q′′(Z) ∼= k by Exercise 1.20, where Z = (Zi, Zρ) is the indecom-
posable representation of Q′′ involved in the definition of V .

§1.6

1.22. Let Q be a quiver, let K be an algebraically closed field, and let d ∈ NQ0.
Show that, for x ∈ R(d), the orbit Ox is open the corresponding repre-
sentation V (x) has no self-extension, i.e., Ext1K Q(V (x), V (x)) = 0.

Hint: By (1.2.2), (1.6.1), and (1.6.2),

dim EndK Q(V (x)) − dim Ext1K Q(V (x), V (x))

= dim EndK Q(V (x)) + dimOx − dimR(d).

This gives the equality

dimR(d) − dim Ox = dim Ext1K Q(V (x), V (x)).

Thus,
Ext1K Q(V (x), V (x)) = 0 dimOx = dimR(d).
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The assertion then follows from the fact that Ox is open in its closure Ox.
(See Theorem A.29.)

1.23. Let Q be an arbitrary quiver and let K be an algebraically closed field.
(1) If there is a nonsplit exact sequence 0 N E M 0 in RepK Q,

then
M ⊕N <dg E.

Hint: Let d′ = dimN and d′′ = dimM and write N ∼= V (x) and
M ∼= V (y), for some x ∈ R(d′) and y ∈ R(d′′). Then dimE = d′ + d′′.
Write E ∼= V (z) with z = (zρ) ∈ R(d′ + d′′) given by

zρ =
( xρ cρ

0 yρ

)
, for each ρ ∈ Q1.

For each t ∈ K , define z(t) ∈ R(d′ + d′′) by setting

z(t)ρ =
( xρ tcρ

0 yρ

)
.

Then M ⊕N ∼= V (z(0)) and V (z(t)) ∼= E, for all t �= 0. Hence, Oz(0) ⊂
Oz, i.e., M ⊕N <dg E.

(2) Let M,N ∈ RepK Q satisfy M �dg N . Then, for each X ∈ RepK Q,

M ⊕X �dg N ⊕X.

1.24. Let M and N be two representations of a quiver Q over an algebraically closed
field K . If N �dg M , then

dim HomK Q(X,N) � dim HomK Q(X,M), for all X ∈ RepK Q. (1.E.1)

Hint (see [242, Prop. 2.1]): Let T be the set of all the triples

T = ((i1, . . . , is), (j1, . . . , jt),Φ),

where (i1, . . . , is), (j1, . . . , jt) are sequences of vertices in Q and Φ = (ϕjl,ik
)

is a t× s matrix with ϕjl,ik
∈ ejl

K Qeik
, i.e., ϕjl,ik

is a linear combination of
paths from ik to jl in Q. For a representation V = (Vi, Vα), set

V (T ) = (V (ϕjl,ik
)) :

s⊕
k=1

Vik

t⊕
l=1

Vjl
,

where V (ϕjl,ik
) : Vik

Vjl
are the K -linear maps induced by the Vα, α ∈ Q1.

Denote the rank of V (T ) by r(V (T )). The assertion is a direct consequence
of the following two claims.
Claim 1: The equalities (1.E.1) hold r(N(T )) � r(M(T )), for all
T ∈ T .

For each i ∈ Q0, let Pi = K Qei. Then each triple T ∈ T yields the
morphism

µ(T ) = (µik,jl
) :

t⊕
l=1

Pjl

s⊕
k=1

Pik
,
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where µik,jl
takes x ∈ Pjl

to xϕjl,ik
∈ Pik

. Setting X = X(T ) = Cokerµ(T ),
we have, for each V ∈ RepK Q, the following commutative diagram with exact
rows

0 HomK Q(X,V )
s⊕

k=1

HomK Q(Pik
, V )

t⊕
l=1

HomK Q(Pjl
, V )

0 KerV (T )
s⊕

k=1

Vik

t⊕
l=1

Vjl

µ(T )∗

V (T )

� ��

Consequently,

r(V (T )) + dim HomK Q(X,V ) =
s∑

k=1

dimVik
.

The claim now follows from the fact dimM = dimN (since N �dg M) and
the fact that each representation of Q is isomorphic to some X(T ).
Claim 2: If N �dg M , then r(N(T )) � r(M(T )), for all T ∈ T .

Let dimM = dimN = d. For each triple T ∈ T , consider the map

f : R(d) HomK

( s⊕
k=1

K dik ,
t⊕

l=1

K djl

)
=: HT , V V (T ).

This is a GLd(K )-equivariant morphism of varieties, where GLd(K ) also
acts on HT by conjugation. For r ∈ N, the set {H ∈ HT | r(H) � r} is a
closed subset of HT , where r(H) is the rank of the matrix H. Hence, the set
{V ∈ R(d) | r(V (T )) � r} is also closed. In particular, if N �dg M , i.e.,
ON ⊆ OM , then r(N(T )) � r(M(T )).

Notes

This chapter is based mainly on [118] and [19]. The material on Weyl groups
and root systems is standard.

§1.1: The graphic method — quivers and their representations — was first
introduced by Gabriel [118]. His work was motivated by the problem of classifying a
certain class of algebras of finite representation type (see [121, §7.8]). The problem
of finding a normal form of a pair of matrices under simultaneous row and column
transformations (Example 1.4(2)) was first considered by Kronecker [185] in the
case where k is algebraically closed; see [121, Ch. 1] for a modern treatment. For
Example 1.4(3), see [121, §2.2].

§§1.2–1.3: The homological interpretation (1.2.2) of the Euler form of Q was
first given by Ringel [244]. Hence, the Euler form is often also called the Ringel
form in the literature. Theorem 1.11 is standard (see [LAI, Ch. VI, §4]). Its proof
as presented here follows [50, §4]. Theorem 1.13 is essentially due to Vinberg [296];
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the proof given here follows [172, Th. 3.4]. The proof of Lemma 1.14 follows [298,
Prop. 2.1].

A further study of Euler forms for general finite dimensional algebras may be
found in [246, 2.4] and [8, III.3].

The fact that the root system Φ(Q) of a quiver Q without loops coincides with
the root system Φ(CQ) of the corresponding Kac–Moody Lie algebra g(CQ) was
shown in [170].

§1.4: BGP reflection functors were first introduced in [19]. The idea of using
them to study quadruples of subspaces in a finite dimensional vector space appeared
in [128]. Theorem 1.18 was formulated and proved in [19].

The Coxeter functors are closely related to Auslander–Reiten translation func-
tors (see [28, 11, 120]). A module-theoretic interpretation of BGP reflection func-
tors was given in [11]. A further remarkable development in this direction was the
introduction of tilting theory in [29, 146].

§1.5: The proof of the first part of Theorem 1.23 given here follows [19],
while the proof of the second part was given in the original article of Gabriel [118].
There is a short proof of this theorem over an algebraically closed field, which
stresses the role of the Tits form and uses elementary facts of algebraic geometry
and homological algebra; see, e.g., [121, §7].

Soon after the work of Gabriel [118], Nazarova [230] and Donovan–Freislich
[85] independently classified indecomposable representations of tame quivers over
an algebraically closed field. By dealing with species and their representations,
Dlab–Ringel [74, 75] generalized the results in [118, 230, 85] to all Dynkin and
extended Dynkin diagrams corresponding to symmetrizable Cartan matrices of fi-
nite and affine type. The general results for representations of wild quivers were
achieved by Kac [170, 171].

§1.6: The geometric proof of the necessity of Theorem 1.23(1) over an alge-
braically closed field is due to Tits; see [118]. The ordering �dg defined here is
the opposite of the degeneration ordering used in some of the literature, see, e.g.,
[22]. We follow a traditional notation for the “Chevalley–Bruhat ordering” of a
Coxeter group. The description of the degeneration ordering in the Dynkin quiver
case in terms of dimensions of homomorphism spaces in Remark 1.28 was given in
[242, 22]. In general, for an arbitrary finite dimensional algebra A over an alge-
braically closed field, Riedtmann [242] and Zwara [309] established the following
nice algebraic characterization of degenerations of finite dimensional A-modules:
for M,N ∈ A-mod, N �dg M if and only if there exists an exact sequence

0 N M ⊕ Z Z 0 or 0 Z Z ⊕M N 0,

for some Z ∈ A-mod.
Propositions 1.29 and 1.30 and their proofs follow Reineke [239]. An earlier pa-

per [22] by Bongartz defined generic extensions in a more general setting. Generic
extensions of nilpotent representations of a cyclic quiver were studied in [57]. How-
ever, if a connected quiver Q is neither Dynkin nor cyclic, generic extension of two
representations of Q may not exist.
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For more on the geometry of representations of algebras, see [51] and the ref-
erences therein.


