Contents of Part III of Volume Two

Well, you know, we’re doing what we can.

— From “Revolution” by The Beatles

Chapter 17. Perelman’s entropy W leads to the p-invariant. We dis-
cuss qualitative properties of the y-invariant such as lower and upper bounds
and we give a proof of the fact that lim,_,g+ p(g,7) = 0. We also discuss
applications of the p-invariant monotonicity formula. This includes the re-
cent classification by Z.-L. Zhang of compact finite time singularity models
as shrinking gradient Ricci solitons. We revisit the proof of the existence of
a smooth minimizer for W, providing more details than in Part I, and we
also show that when the isometry group acts transitively, the minimizer is
not unique for sufficiently small 7. Related to renormalization group con-
siderations, some low-loop calculations are presented.

Chapter 18. We discuss some tools used in the study of the Ricci
flow including the changing distances estimate for solutions of Ricci flow,
point picking methods, rough monotonicity of the size of necks in complete
noncompact manifolds with positive sectional curvature, and a local form of
the weakened no local collapsing theorem.

Chapter 19. With the goal of understanding compactness in higher
dimensions, we introduce the notion of ‘k-solution with Harnack’, which
is a variant of Perelman’s notion of x-solution. In dimensions 2 and 3 we
show that k-solutions with Harnack must have bounded curvature. We
also discuss the construction of Perelman’s rotationally symmetric ancient
solution on 8™, the result that x-solutions with Harnack must have bounded
curvature, the existence of an asymptotic shrinker in a x-solution (correcting
a gap (no pun intended) in Part I), and the k-gap theorem.

Chapter 20. We show that noncompact x-solutions have asymptotic
scalar curvature ratio ASCR = oo and asymptotic volume ratio AVR = 0;
the latter result does not require the x-noncollapsed at all scales assump-
tion. We show that solutions which are almost ancient and have bounded
nonnegative curvature operator are collapsed at large scales and we obtain
a curvature estimate in noncollapsed balls. We prove that the collection of
k-solutions with Harnack is compact modulo scaling. In dimension 3 this is
equivalent to Perelman’s compactness theorem and implies scaled derivative
of curvature estimates.
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Chapter 21. We discuss Perelman’s pseudolocality theorem. Assum-
ing an initial ball with scalar curvature bounded from below and which
is almost Euclidean isoperimetrically, we obtain a curvature estimate in a
smaller ball; this estimate gets worse as time approaches the initial time.
One may consider this as sort of a pseudolocalization of the curvature dou-
bling time estimate. One of the ideas in the proof is that one can localize
the entropy monotonicity formula by multiplying the integrand by a suitable
time-dependent cutoff function. In the setting of a proof by contradiction,
a main idea is to use point picking methods to locate an infinite sequence
of ‘good’ high curvature points and to study a local entropy in their neigh-
borhoods via Perelman’s Harnack-type estimate for fundamental solutions
of the adjoint heat equation coupled to the Ricci flow.

Chapter 22. We discuss tools used in the proof of the pseudolocality
theorem such as the point picking ‘Claims 1 and 2’, convergence of heat ker-
nels under Cheeger—Gromov convergence, a uniform negative upper bound
for the local entropies centered at the well-chosen bad points at time zero,
and a sharp form of the logarithmic Sobolev inequality related to the isoperi-
metric inequality.

Chapter 23. We discuss existence and asymptotics for heat kernels
with respect to static metrics. We follow the parametrix method of Levi
and its Riemannian adaptation by Minakshisundaram and Pleijel. Starting
with a good approximation to the heat kernel, we prove the existence of
the heat kernel by establishing the convergence of the ‘convolution series’.
With this construction we compute some low-order asymptotics for the heat
kernel.

Chapter 24. We adapt the methods of the previous chapter to study
the existence and asymptotics for heat kernels with respect to evolving met-
rics. We consider aspects of the adjoint heat kernel for evolving metrics
related to §9.6 of Perelman’s paper [152]. We also discuss the existence of
Dirichlet heat kernels on compact manifolds with boundary and heat kernels
on noncompact manifolds with respect to evolving metrics.

Chapter 25. We discuss estimates for solutions to the heat equation
with respect to evolving metrics including the parabolic mean value property
for solutions to heat equations and the Li—Yau differential Harnack estimate
for positive solutions to heat equations.

Chapter 26. Applying the estimates of the previous chapter, we dis-
cuss estimates for heat kernels with respect to evolving metrics including
upper and lower bounds and the space-time mean value property. We also
discuss the existence of distance-type functions on complete noncompact
Riemannian manifolds with bounded gradient and Laplacian.

Appendix G. With Perelman’s work, the space-time of a solution of
the Ricci flow is given a quasi-length space structure. This geometric struc-
ture is foundational in the understanding of singularity formation under the



CONTENTS OF PART III OF VOLUME TWO ba

Ricci flow. We discuss notions of (quasi-)metric and (quasi-)length spaces,
Gromov—Hausdorff convergence, and Aleksandrov spaces.

Appendix H. We discuss convex analysis on Euclidean spaces and on
locally convex subsets in Riemannian manifolds.

Appendix I. We discuss the points at infinity for nonnegatively
curved manifolds, the Sharafutdinov retraction theorem, and some conse-
quences.

Appendix J. We provide solutions to some of the exercises in the book.



CHAPTER 17

Entropy, p-invariant, and Finite Time Singularities

I'll tip my hat to the new constitution.

— From “Won’t Get Fooled Again” by The Who

Monotonicity formulas may be used to understand the qualitative be-
havior of solutions of the Ricci flow. As an example, in this chapter we
consider the p-invariant monotonicity formula and its applications to singu-
larity analysis.

In §1 we discuss lower and upper bounds for the p-invariant. As an
application, there is a lower bound for the volume of solutions g (¢) of the
Ricci flow with nonpositive A-invariant. This implies that the corresponding
finite time singularity models are noncompact in this case. As a further
application, we discuss the classification of compact finite time singularity
models as shrinking gradient Ricci solitons with no assumption on the sign
of the A-invariant.

In §2 we prove the fact that lim, g+ (g, 7) = 0. This result was stated
as Lemma 6.33(ii) in Part I but was not proved there. As an application we
show that, for a closed Riemannian manifold on which the isometry group
acts transitively, the minimizer for W is not unique for sufficiently small 7.

In §3 we revisit the proof of the existence of a smooth minimizer for W
while completing some additional details not discussed earlier in this book
series.

One may hope to extend Perelman’s energy and entropy monotonic-
ity formulas. In §4 we discuss formulas relating Perelman’s energy F, the
linear trace Harnack quadratic, Hamilton’s matrix quadratic, the 2-tensor
R} R;kom, and the functional Iy Rm|* e~/ dpu.

Throughout this chapter we assume that M" is a closed manifold unless
otherwise indicated.

1. Compact finite time singularity models are shrinkers

In this section and the next we discuss properties of the u-invariant of a
metric g at a scale 7 > 0. This invariant is the infimum of Perelman’s entropy
functional W (g, f, 7), under a constraint, considered in Chapter 6 of Part I.
In this section we present the results and proofs of Z.-L. Zhang on bounds
for the p-invariant and their geometric application to the classification of
compact finite time singularity models.

1



2 17. ENTROPY, pu-INVARIANT, AND FINITE TIME SINGULARITIES

1.1. Perelman’s entropy and its associated invariants.

In this subsection we recall some basic facts regarding Perelman’s energy
and entropy functionals, including the logarithmic Sobolev inequality, which
shall be used in this chapter.

1.1.1. Energy, entropy, and their minimizers.

Let g be a C°° Riemannian metric on a closed manifold M™, let f : M —
R be a C* function, and let 7 € (0,00). Perelman’s energy functional is
defined by (see (5.1) in Part I)

(17.1) f(g,f)#/ <R+|Vf|2) e_fd,u:/ (R+Af)e fdp.
M M
We may rewrite F as
(172) Flo.h)= [ (Ro+4[902) dn =G (9,0).
M
where v = ¢~//2. The associated A\-invariant is (see (5.45) in Part I)

(17.3) A(g) = inf {}"(g, £ fec=Mm, /M e~ dyy = 1}

— inf {g(g,v) : /M vidp = 1} .

There exists a unique C*° minimizer fo of F(g, f) subject to the constraint
/ M e fdy = 1. Moreover, fy satisfies the Euler-Lagrange equation (see
Lemma 5.23 in Part I)

(17.4) 2Afo = [Vfol>+ R=A(g).

Perelman’s entropy functional W is given by (see (6.1) in Part I)

a5 Wt = [ (r(R+ 9+ 7 - n)udn
M
where
(17.6) w = (dnr) " 2ef = 2.
We may rewrite W as
Ruw? + 4|Vw|®
Wi for) = [ r (4 aivur) dn

M\ — (log (w?) + % log(4nT) 4+ n) w?

(17.7) =K (g,w, ).
Recall that the associated p-invariant is defined by (see (6.49) in Part I)

(17.8) (g, 7) = inf {W(gﬁfm) 1 f el (M), / udp = 1}

M

(17.9) = inf {IC (g, w,7) : /M wdpy = 1} :
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The v-invariant is

(17.10) v(g) =inf {u(g,7): T €R'}.
1.1.2. Monotonicity of Perelman’s entropy.
Under the coupled Ricci flow system

0
(17.11a) agz’j = —2R;;,
af 9 n
17.11 — =—-A — —
dr
(17.11¢c) i -1,
we have
d 1 ]?
(17.12) —W(g(t), f(t),7(t)) = [ 27|Rc+VVf——g| udu>0.
dt M 27’
Indeed, let

v = [7‘ (R+2Af— ]Vf]2> +f—n} u,
which satisfies W (g, f,7) = [, vdu. We have (see Lemma 6.8 in Part I)
2
u?

1
(17.13) O = ~21 Re+VVf — g

where (1* = —% — A + R is the adjoint heat operator. This implies (17.12)
since

dWw 0
ki i — dy = — O*v dp.

We remark that formula (17.13) is central to the proof of Perelman’s differ-
ential Harnack estimate (see Chapter 16 in Part II).
The functional W (g, -, 7) is bounded from below under the constraint

/ udp = 1 and there exists a smooth minimizer f;, which satisfies the
M

equation
(17.14) (280 = [VLP 4 R) + fr = n=p(g7)

(see Proposition 17.24 below). In terms of w, = (4n7)~"/*e= /2, this is
(17.15)

7 (—4Aw, + Rw;) — w, log (w?) — (g log(47T) + n) wr = w(g,T)wr.

1.1.3. Logarithmic Sobolev inequality.

The logarithmic Sobolev inequality is intimately tied to Perelman’s en-
tropy functional due to their related forms. In our discussion of this, we
shall assume n > 3; we leave it to the reader to verify that these results
carry over to the case n = 2 with only minor adjustments. The following is
given as Lemma 6.36 in Part 1.
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LeEMMA 17.1 (Logarithmic Sobolev inequality). Let (M",g) be a closed
Riemannian manifold. For any a > 0, there exists a constant C (a,g) such
that if ¢ > 0 satisfies [,, ©*dug =1, then

a116) [ Plogediy <a [ (Ve +C o).
M M
where!
2
(17.17) C (a,9) = aVol ()%™ + n

4ae?Cys (M, g)

Here Cs (M, g) denotes the L? Sobolev constant, which we define to
be the best (largest) positive constant such that (see Lemma 2 in [114])
(17.18)

n—2

2n n _ 2
/ Vol day > Cs (M, g) ( / cp“dug) Vol (g)"F / m
M M M

for any C'*° function ¢ on M.
We have the following elementary properties.

LEMMA 17.2 (Sobolev constants under scaling the metric). Let (M", g)
be a closed Riemannian manifold.

(i) The L? Sobolev constant has the property that for any A > 0,
Cs (M7 >\29) =Cs (Mag) :

(ii) The logarithmic Sobolev constant has the property that for any a >
0and A >1,

C (a,\?g) < C(a,g).

PROOF. (i) Let § = A2g and ¢ = A\™"/2¢. Then duz = \"du,, ¢*du; =
©*dug, and

-2 Ly 9
‘V<p’~dug =A IVel, dig
M 9 M

>t Ma)( [ o) T -x vl E [ G,
M M
n—2
2n_ " —2 ~
=Cs (M, g) (/ @’”‘Qdﬂg> — Vol (g) ”/ G dg.
M M
From this we can easily deduce that
(17.19) Cs (M, X?g) = Cs (M, g),

i.e., the L? Sobolev constant is invariant under scaling the metric.

In (17.17) we correct formula (6.67) in Part I, where the n?/4 factor originally

appeared in the denominator; after (6.66) it should read ¢, = 5=.
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(ii) Hence
2
C (a,\g) = a'Vol (X*g) '*mé@@MA%)

<C(a,g)
A > 1. 0

1.2. Lower and upper bounds for the p-invariant.

In this subsection we prove lower and upper bounds for the p-invariant
in terms of 7 and certain geometric invariants of (M", g).

1.2.1. Upper bounds for p.

Taking f = ¢ to be constant in (17.5), we obtain the following elementary
upper bound for u:

(17.20) 1(g, 7) < TRayvg + log Vol (g) — glog(élm') —n,

where R,y is the average scalar curvature of g.
On the other hand, we may choose f in terms of the minimizer of F.
The following is inequality (2) in Lemma 2.1 of [197].

LeEMMA 17.3 (Upper bound for y in terms of A, Vol, 7, and n). For any
closed Riemannian manifold (M™,g) and T > 0

(17.21) w(g, 7) < 7TA(g9) + éVol (9) — glog (4wT) — n.

- e’

ProOF. For any w with / w?dy = 1, by (17.7) and log (wQ) w? > -1
M

we have
Wig, f,7)= 7'/ (Rw2 +4 |Vw]2) du —/ log (w?)w?dp — n log(4n7) — n
M M 2
1
<G (g,w) + - Vol (g) — 5 log(4m7) — m,

where G is defined by (17.2). Choosing wy = (477) "/4ef0/2 to be the
minimizer of the functional G (g, w), we conclude that

u@mhﬁN@JmﬂSTMw+éwﬂw—gbﬁMﬂ—n
O

When A (g) < 0, one may apply the scaling property of u to obtain the
following, which is Corollary 2.3 of [197].

COROLLARY 17.4 (Upper bound for p when A <0). If A(g) <0, then

1
(17.22) w(g,7) <logVol(g) — glog (4r7) —n+ =
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PROOF. By the scaling invariance of u (see property (iii) on p. 236 of
Part I) and (17.21), we have for any ¢ € (0, c0),

1
w(g,7) = p(eg,er) < erA(cg) + = Vol (cg) — glog (dwer) — n.
e
Taking ¢ = Vol (g)_g/", we obtain
1
p(g, ) <ecrX(eg) + o glog (477) + log Vol (g) — n

and (17.22) follows from A (cg) = ¢ *A(g) < 0. O

As a consequence of Corollary 17.4 we have that if A(g) < 0, then
lim, o0 it (g, 7) = —o00. This improves Exercise 6.32 in Part I.

1.2.2. Lower bounds for p.

Now we consider lower bounds for p using the logarithmic Sobolev in-
equality; we have the following.

LEMMA 17.5 (Lower bound for p). Let (M™,g) be a closed Riemannian
manifold and let 7 > 0. We have

(17.23) 10(g,7) > 7Ruin (9) — 2C (27, g) — glog(élm') —n,
where Rmin (9) = minge m R (x) and the constant C (27, g) is given by (17.17).

PROOF. By Lemma 17.1, for any w > 0 with [, w?duy = 1 we have
/ w? logwdp < 27’/ IVw|? du + C (27, 9) .
M M
Substituting this into (17.7), we obtain

K(g,w,7)= / (TRU)Q + 47 ]Vw|2) dp — n log(4n7) —n
M 2

—2/ w? log w dp
M

> TR (9) = 2C (27,9) = 5 log(4nr) — n

since / TRde,u > TRuin (¢9). Taking the infimum over w, we obtain the
M
desired inequality (17.23). O

Let Cs(g) denote the L? Sobolev constant: the smallest number such
that
(17.24)

1/2
. 2 2
el 25 ) < Co @) o = e o) [ (196l + ) )
for all ¢ € C*°(M). By (17.18), we have

Cy (9)* < mmax{Vol (g)_% ,1}.
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The following is inequality (3) in Lemma 2.1 of [197] (compare with
(6.63) in Part I); again we assume n > 3 for simplicity.

LEMMA 17.6 (Lower bound for the y-invariant). If 7 > g, then

(17.25) u(g,7) > (T — g) A (g)—g log(4n7)—n—nlog C (g)+%Rmin (9)-

REMARK 17.7.

(1) Note that estimate (17.25) is not true for sufficiently small 7. One
reason is because the limit as 7 — 04 of the RHS of (17.25) is equal
to +o00, contradicting (17.47) below.

(2) We see from (17.25) that if A (g) > 0, then lim, o p(g,7) = o0;
see also Lemma 6.30 in Part 1.

ProOF. We consider the term — [, log (w?) w*dy on the RHS of (17.7).
For any w such that / w?dp = 1, Jensen’s inequality says that if ¢ : R — R

M
is convex and f € L! (w4/”g), then

/M (¢ f) wdu > ¢ (/M wadu> .

In particular, taking f = w2 and ¢ (u) = —logu, we have
-2
—/ w? log (w2) dp = _n / log (wﬁ) wrdp
M 2 Im

_9 n
Z—n log (/ w%du>
2 M

= —nlog ] 2,

(9)
> —nlog (C. (9) wlyrs)

(17.26) = —nlogCs (g9) — glog <1 + /M |Vw|? du) ,

where we used the L? Sobolev inequality (17.24).
Since log (1 + ) < x for x > 0, we have

(17.27) —/ w? log (wQ) dp > —nlogCs (g) — E/ |Vw|® dp.
M 2 /m
Combining this with (17.7), we have

Wig.f.7) 2 7G (g9,w) — 5 log(47) — n — nlog Cs (9)

—ﬁ/ Vw2 d.
2 Jm
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On the other hand,
/ 4| Vw|* du < / (4 IVw|? + (R — Ruin (9)) w2> dp
M M

=G (9,w) = Rumin (9) »
so that

W(g, f,7) > (7‘ — %) G(g,w)— glog(élm-) —n—nlogCs(g) + ngin (9)-

Choosing f; to be the constrained minimizer of W (g, -, 7), we have

u(9.7) = (7= ) G (g.wr) = S log(dmr) = n —nlog Cu (9) + % Run (9).

where w, = (4r7) e 172 If 7 > g, then we obtain (17.25). This
completes the proof of the lemma. O
1.3. Volume lower bound for Ricci flow solutions with A < 0.
As a geometric application of the upper and lower bounds for i, we have
the following, which is Lemma 3.1 in [197].

LEMMA 17.8 (Lower bound for the volume of a solution when A < 0). If
(M™ g(t), t € [0,T), is a solution to the Ricci flow on a closed manifold
with XA (g (t)) <0 forallt € [0,T), then there exists c1, ca € (0,00) depending
only on g (0) such that

(17.28) Vol (g (t)) > cre™ 2!
for allt €[0,T).

PROOF. By taking g = ¢g(0) and 7 = g +¢ in (17.25) and by Perelman’s
p-invariant monotonicity formula (see Lemma 6.26 in Part I), we have

u(g(t),%) 2#(9(0),%+t)
>tA(g(0)) — glog <47T (% —i—t))
—n—nlogCs(g(0)) + ngin (9(0)).

On the other hand, since A (g (t)) < 0, by (17.22) we have

1 (g (t), g) <log Vol (g (t)) — glog (71_;) —n+1.
Hence
log Vol (¢ () > tA (g (0)) — glog (477 (g n t)) Yo
where
c=—nlogCs(g(0)) + ngin (9(0))+ glog (%) —1.

We conclude that

Vol (g (t)) > € (47r (% + t))_n/g eM9(0))

The lemma follows easily. ]
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REMARK 17.9. For an elementary upper bound of the volume of a solu-
tion when A > 0, see the notes and commentary at the end of this chapter.

Recall that a complete (finite time) singularity model (MY, g (1)),
t € (—o00,0], is obtained from taking the limit of rescalings of a finite time
singular solution of the Ricci flow (M", g (t)), t € [0,T), on a closed manifold
(see §1 in Chapter 19 in this volume and Chapter 8 of [45]).

The volume lower bound has the following consequence for singularity
models associated to solutions with A < 0; this is Corollary 3.2 in [197].

LEMMA 17.10 (Finite time singularity models are noncompact when
A <0). If ( M™,g(t)), t € [0,T), where T < oo, is a singular solution
to the Ricci flow on a closed manifold with \(g(t)) < 0 for all t € [0,T),
then any corresponding singularity model is noncompact.

Proor. This follows since by (17.28) there exists ¢ > 0 such that
Vol(g(t)) > c for all t € [0,T), whereas for any blow-up sequence the
dilation factors tend to infinity. More explicitly, suppose that ¢; /T and
p; € M are such that K; = ‘ng(ti)(pi)‘ — oo and suppose that the se-
quence (M™,g;(t),p;), where

t
gi(t) =Ki-g (ti + E) ;
converges to a complete ancient solution (M7, goo(t), Poo) to the Ricci flow
in the sense of C*° Cheeger—Gromov convergence. Then

lim Vol (g;(0)) = lim K Vol (g (t;))
1—00 1—00
= 00
since Vol (g (t;)) > ¢ > 0, independent of i.
Now assume M, is compact. Then
lim Vol (¢;(0)) = Vol (90(0)) < o0,
1—00
which is a contradiction. ]

REMARK 17.11 (Noncompact singularity models have infinite volume).
For any finite time noncompact singularity model (M7, g (t)) with bounded
curvature we have Vol (goo(t)) = co. This is because for each ¢ there exists
x > 0 such that

VOlgoo(t) Bgoo(t) (.CC, 1) > K
for all x € Mo (by Perelman’s no local collapsing theorem).

Lemma 17.10 implies

COROLLARY 17.12 (Compact singularity model implies A > 0). Given
a finite time singular solution (M™, g (t)), t € [0,T), of the Ricci flow, if
some associated singularity model is compact, then X (g (tg)) > 0 for some
to € [0,T); by the A\-monotonicity formula (see Lemma 5.25 in Part I) we
then have A (g (t)) > 0 for allt € [ty, T).
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On the other hand, it is possible for a finite time singular solution on a
closed manifold that A (g (¢)) > 0 for all ¢ € [0,7") and that all singularity
models are noncompact. Such an example on S" is given by Angenent and
one of the authors [7], where a finite time neckpinch (singularity model is
S"! x R) is exhibited for a class of rotationally symmetric solutions with
R (g (t)) > 0 (which implies A (g (¢)) > 0).

1.4. Classification of compact finite time singularity models.

In this subsection we discuss the following application of bounds for the
p-invariant to the classification of compact finite time singularity models as
shrinking gradient Ricci solitons by Z.-L. Zhang (see Theorem 1.1 in [197]).
In the a priori special case of singularity models of Type I singular solutions,
this result was proved earlier by Sesum [169].

THEOREM 17.13 (Compact finite time singularity models are shrinkers).
If (M, 9o (1)), t € (—00,0], is a finite time singularity model, where M
is a closed manifold, then g (t) is a shrinking gradient Ricci soliton.

PrOOF. STEP 1. lim; 7 v (g(t)) exists. By assumption, there exists a
singular solution to the Ricci flow on a closed manifold (M™, g (¢)),t € [0,T),
where T' < oo, and there exists a sequence (z;,t;) with ¢; — T such that

(17.29) (M™, Qig (ti + Q7)) = (M, goo (1))
in the sense of C*° Cheeger-Gromov convergence for ¢ € (—oo, 0] and for
Q; = |Rm| (x,t;) — oo.
By Corollary 17.12, we may assume by translating time that
Alg(t) >0
for all t > 0. By
(17.30) —o0o<v(g(t) <0

(see Remark 17.7(2) above and (17.47) and (17.42) below) and the mono-
tonicity of v (g (t)) (see Lemma 6.35(1) in Part I), we have that

(17.31) vp = th_)rr%u (g(t)) € (—o0,0]

exists.

STEP 2. A (goo (t)) > 0. Since M, is compact, M is diffeomorphic to
M and there exist diffeomorphisms ¢; : My — M such that

@ (Qig (ti + Q') — goo (1)

converges pointwise in C* on My, x [—k,0] for each k& € N. Hence, by
Lemma 5.24 in Part I,

Agoo (1)) = lim A (7 (Qig (i + Q57 't)))
= lim Q7'A (g (i +Q;7't))
> 0.
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We claim that
(17.32) A(goo (t)) >0

for all t € (—o0, 0].
To prove this, suppose by contradiction that A (g (t')) = 0 for some
t' € (—00,0]. Then by the A-monotonicity formula,

AMgoo (1)) =0

for all t € (—oo,t']. This implies that g (¢) is a steady gradient Ricci
soliton for t € (—oo,t] (see Lemma 5.28 in Part I). Since My, is compact,
Joo (t) is Ricci flat for ¢ € (—o0,0] (see Proposition 1.13 in Part I; we also
use uniqueness to extend to the whole time interval). This contradicts the
claim that any compact finite time singularity model cannot be Ricci flat.

To see this claim, recall that (see Theorem 6.74 in Part I) any finite time
singularity model is x-noncollapsed at all scales for some « > 0 in the sense
that if By ) (z,7), 7 € (0,00), is a metric ball such that

Ry ) < =2 forall y € Byt (x,7),

9
then

Voly_ ) B(z,7) > k™.
Since Rey (1) = 0 on M, this implies

Voly__ (1) (Meo) > wr™
for all r € (0,00) and ¢ € (—o0, 0], which is a contradiction since the LHS is
finite. This completes the proof of (17.32).

STEP 3. goo (t) is a shrinker. Now by (17.29) we have (we justify the
first equality in Lemma 17.14 below)

v (900 () = im v (¢} (Qug 1+ Q1))
= lim v (9 1+ Q;'0)
= lim v (g (7))
=uvr

for all t € (—o00,0], where we used the fact that v(cg) = v(g) for any
¢ € (0,00). Since v (goo (t)) is identically a constant and A (g (£)) > 0, by
the equality case of the v~-monotonicity formula (see Lemma 6.35(2) in Part
I), we conclude that g (t) is a shrinking gradient Ricci soliton. O

The following fact is used in the proof above.

LEMMA 17.14. If M7 s a closed manifold and g; — goo pointwise in
C>® on My, where A (goo) > 0, then

(17.33) v (goo) = lim v (g;).
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PROOF. STEP 1. v(g;) is bounded above by a negative constant. By
(17.42) below there exists 7 > 0 such that

ft(goo, 7) < 0.
On the other hand, by Lemma 17.15 below,

lim (i, 7) = 1 (goo, T) ,
1— 00
so that
v (9007 77-) <0

NSRS

v(9i) < plgi,7) <
for ¢ sufficiently large. Thus
(17.34) v (gi) < —eo
for all i € NU {oo} and some g9 > 0.

STEP 2. Properties of p(gi,T).
(i) By Lemma 17.15 again, we have for any C' > 1,

(17.35) 196, 7) = 1 (goos T)

uniformly with respect to 7 € [C’ -1 C’}.
(ii) Since A(¢i) = A(9oo) > 0 and Cs (gi) and Rmin (gi) are uniformly
bounded, Lemma 17.6 implies that there exists C € (%, oo) such that

(17.36) 1 (gis7) > 0

for all 7 > C} and i € NU {oo}.
(iii) By the proof of Proposition 17.20 below, we have that for any se-
quence 7; — 0 there exists a subsequence such that

lim p(gi, 7) = 0.

1—00
This implies that for any & > 0 there exists 7 (¢) > 0 such that
(17.37) w(gi,7) > —¢

for alli € N and 7 € (0,7 (¢)].
STEP 3. Completion of the proof. Equation (17.33) now follows from
combining (17.34), (17.35), (17.36), and (17.37). O
Finally, we give the proof of

LEMMA 17.15 (Continuous dependence of 4 (g, 7) on g). For any n > 2,
C < o0, and € > 0, there exists § > 0 such that if M™ is a closed manifold
and if g and g are Riemannian metrics such that

(1) Ravg (9) < C,

(2) Vol(g) <C,

(3) |Ry — Rsl <30,

4) lg—3l; <9,
then

forT e [Cil, C].
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PROOF. Given 7 € [C™1,C], let w with [, @?duz = 1 be a minimizer
of the entropy K (g, -,7) in (17.7). Note that by (17.20) and assumptions
(1) and (2),

M(E],T) = K(ngvT)
TRavg (§) + log Vol (g) + glogC
< const (n, C)

for 7 € [C‘l, C]. Define ¢ € Ry so that

/ (CUN])Qd,UJg =1;
M

we may make ¢ arbitrarily close to 1 by choosing ¢ sufficiently small. We
have

IN

p(g,7) < K(g,cw,7)

= /M (T (Rg (cw)? + 4|V (cuv)|§) - (log ((cw)2)) (cu?)Q) dpig

- glog(llm') —-n
< p(g,7)+ T/ @? (¢ Rydpg — Rydug)
M
+ 47’/ AV dpy — Vo2 dug
(oo, - v

+ / w? log (12;2) (d,ug — CQd,ug) —?log (02) / 1D2dug
M M

since K (g, w,7) = pu (g, 7). Thus for any € > 0, by taking ¢ sufficiently small
in assumptions (3) and (4) and by making ¢ sufficiently close enough to 1,
we obtain

H(g77—) _:u’(§77—) <e.
Here we used the fact that the logarithmic Sobolev inequality implies that

/ V|2 dpug  and / w? log (w?) dug
M M

are bounded by p (g, 7) + const (n, C'), which in turn is uniformly bounded
(see the proof of Lemma 6.24 in Part I or (17.58) below). O

In dimension 3 any shrinking gradient Ricci soliton on a closed 3-manifold
is a constant positive sectional curvature solution (see Theorem 9.79 in [45]
for example; note that compact quotients of S? xR cannot be x-noncollapsed
at scales), so that we have the following.

COROLLARY 17.16 (Singularity models on closed 3-manifolds are round).
If (M3, 9 (1)), t € (—00,0], is a finite time singularity model on a closed
3-manifold, then g (t) is a shrinking spherical space form.



14 17. ENTROPY, pu-INVARIANT, AND FINITE TIME SINGULARITIES

Sesum [169] considers immortal solutions g () to the ‘Ricci flow with
cosmological constant 1’

d
17.38 —g=—-2R
(17.38) 579 c+g
with
(17.39) IRm| < C and diam <C

on M x [0,00), where C' < co. Making the change of time variable ¢ (£) =
—1In (1 — f), i.e., (t) = 1—et, and rescaling the solution by defining § (f)
(1 — f) g (t (f)), we have

) _
95— 9R
ot ¢

on M x [0,1). The conditions (17.39) correspond to the Type I condition

C
1—#

R (F) <
and the diameter estimate
(17.40) diam < CV/1 — i
This implies
(17.41) max ’1:/{;1‘ (() 500 ast— 1.

For if the (Ricci) curvature were uniformly bounded, then the diameter could
not tend to zero as t — 1.2 Moreover, we then also have

= /- 1

(see Lemma 8.19 in Volume One and Lemma 8.7 in [45]).
In turn, if one does a Type I rescaling by defining

- 1 - R
i (1) = (i + (1 - 1))

)

(7) and diam, (7)

Rm;

for some #; — 1, then one obtains uniform bounds for
for t < 0.

PROBLEM 17.17. Show that if (M", g (t)), t € [0,T), is a finite time
singular solution forming a singularity model on a closed manifold (which
then must be diffeomorphic to M), then g (¢) is Type L.

2This implies

mﬁx‘ﬁ;l (fz) — 0o for some #; — 1,

from which (17.41) follows.
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One could conceivably have the strange situation of a Type Ila singular
solution which forms a Type I singularity model which is a compact shrinking
gradient Ricci soliton. Certainly, one can have a Type Ila singular solution
which forms a Type I singularity model which is a noncompact shrinking
gradient Ricci soliton as evidenced by a degenerate neckpinch which includes
the shrinking round cylinder as one of its singularity models.

MiNI-PrROBLEM 17.18 (Compact factors of singularity models are shrink-
ers). Show that if the universal cover of a (finite time) singularity model
splits as (N, h (t)) x R™™™  where N is compact, then (N™ h(t)) is a
shrinking gradient Ricci soliton.

2. Behavior of y(g,7) for 7 small

In this section we present a detailed discussion of the limiting behavior
of the p-invariant as 7 tends to 0. As a consequence, we shall show that for
a closed Riemannian manifold on which the isometry group acts transitively,
the minimizer f; of W (g, -, 7) is not unique for 7 sufficiently small.

2.1. Behavior of y(g,7) for 7 small.
In the next lemma and proposition we give a belated proof of Lemma

6.33(i), (ii) in Part I regarding the behavior of p (g, 7) for 7 sufficiently small
(this is a result of Perelman; see §3.1 of [152]).

LEMMA 17.19 (u(g,7) is negative for 7 small). If (M",g) is a closed
Riemannian manifold, then there exists T > 0 such that

(17.42) w(g,7) <0 forallT e (0,7).

PRrROOF. Since M is closed, by the short time existence theorem, there
is a 7 > 0 such that a (unique) solution g (¢) to the Ricci flow with ¢ (0) =
g exists for ¢t € [0,7]. Let 7(t) = 7 —¢ and x9g € M and consider the
corresponding fundamental solution

u(z,t) = (4rr (1) 2e @Dz e M, tel0,7),
to the adjoint heat equation
ou
="
centered at (zo,7) (i.e., limy »ru (-,t) = dz,; note that 7 (7) = 0).
As Perelman says in §3.1 of [152] and as we have seen in Chapter 16 of

Part IT (where we discussed Perelman’s differential Harnack estimate v < 0),
we have

Agyu+ Rypyu

(17.43) W (9 (6), £ (6),7 () =0.
Hence, by the monotonicity of the entropy functional,
(17.44)

w(g,7) = u(g,7(0)) <W(g(0),f(0),7(0)) < tlifrr;W (g(@).f(@),7(t) =0.
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We now rule out u(g,7) = 0, from which the lemma follows. Suppose
w1 (g,7) = 0. Since W is monotone, we then have

Wig(t),f(t),(t)=nlg®),7{)=0
for all t € [0,7). Hence, by (17.12) we have
(Rc+vw - i) () =0
2T
for ¢t € [0,7], so that g (t) is a shrinking gradient Ricci soliton with singular
time £ = 7. In particular,
7 (t) max |IRm (g (¢))| = const

for t € [0,7]. On the other hand, since g (7) is a smooth metric (and recall
that 7(7) = 0), we conclude that [Rm (g (¢))| = 0 for t € [0,7]. We obtain

a contradiction because there are no flat shrinking Ricci solitons on closed
manifolds. O

Recall that Gross’s Euclidean logarithmic Sobolev inequality (see Corol-
lary 6.40 in Part I or Theorem 22.15 below) says that if fo : R” — R is a
smooth function with

/ (2m) "2 e o dpgn = 1,

then
1 _
(17.45) / (5 \Vf0’2 + fo— n) (2m) n/2 e odugn >0,
Rn
2
with equality if fo (x) = % for some zy € R™. That is, for Euclidean

space, the entropy is nonnegative and the p-invariant is zero. Note that
if we let wy = (27r)7"/4 e—f0/2 then fR” w%d,uRn = 1 and we may rewrite
(17.45) as

(17.46) / (|vwoy2 — w?log (wo) — (g + %log (277)) wg) dyign > 0.

Roughly speaking, since Riemannian manifolds are almost geometrically
Fuclidean on small scales, the Euclidean logarithmic Sobolev inequality im-
plies that the entropy on small scales (7 small) is almost nonnegative and
the corresponding p-invariant is almost zero. The following is in §3.1 of
[152] (see also Proposition 3.2 in Sesum, Tian, and Wang [170]).

PROPOSITION 17.20 (p(g,7) — 0 as 7 — 0). If (M™,g) is a closed
Riemannian manifold, then

(17.47) lim p(g,7)=0.

707t
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PROOF. Suppose that (17.47) is not true. Then there exist ¢ > 0 and a
sequence {7;};cy with 7; \, 0 such that

M (g7 Ti) S —&.
We assume that 7; < 3. We shall derive a contradiction to (17.46).
Consider the rescaled metrics
1

17.48 = —

( ) i = 27,

(note that (gi,3) = p(g,7) < —¢). By Proposition 17.24 below, there
exists a corresponding sequence { f;},.y of minimizers of

1
W(g7 '7Ti):W(gi7 7§>

subject to the constraints

(17.49) / (477;) "2 e Tidu, :/ (2) /2 e Tidug, = 1.
M M
Then
1
(17.50) Wg, fi,m) =W (gz‘, fi, 5) =p(9,7i) -

Let {2;},cy be a sequence of points in M such that
17.51 i (z;) = min f; .
(1751) Ji () = min (2

The pointed sequence of Riemannian manifolds {(M", g;, z;)},cn converges
in the C* Cheeger—Gromov sense to Euclidean n-space (R", ggn,0). That
is, there exists an exhaustion {U; },c of R™ by relatively compact open sets

(U; C Uiy1) and embeddings ®; : U; — M such that ®; (0) = x; and
(17.52) 9i = ®79i = grn

uniformly in C* on compact subsets of R™.
Consider the positive functions

w; = (277)_”/4 e_fi/Q,

which by (17.15) satisfy

1 n 1
(17.53) _zAgiwi—i-gRgiwi—Zwi log wi—(§ log (27) + n) w; = <gi, 5) Wi

with the constraint (17.49), i.e.,
(17.54) / widpg, = 1.
M
The contradiction to (17.45) is obtained via the following steps.

3See the notes and commentary at the end of this chapter for explicit choices of U;
and ®;.
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STEP 1. For a subsequence, the functions
w; =w; 0oP; :U; - R

converge in C® on compact subsets to a C function @Ws, on R”, for some
a € (0,1). Moreover, s € W2 (R") and

(17.55) / w2 dpgn < 1.
STEP 2. The limit function W, is a weak solution to the elliptic equation
(17.56) 2 Agn i, = — (Moo + glog (27) +n + 2log u?oo) oo

STEP 3. The function 1, is positive (by Step 1, this implies the C'1:®
convergence of 12)1-2 log ; to W2, logWe).

STEP 4. The function W is C*° and from the elliptic equation (17.56)
that W satisfies, we obtain a contradiction to (17.45) since (17.55) holds.

Now we prove Steps 1-4. From (17.50) and (17.7) we have for the min-

imizers w; of IC (gi, - %) that

1 1

1 2 12
(17.57) _ / 3 (Row? + Vil dg,.
M\ — (log (w?) + % log(27) 4+ n) w?

Proof of Step 1. By (17.57) and (17.54) we have
1
2/ |Vwi]3_ dpg, = 2/ w? log widyug, —/ ~Rgwidpy,
M ' M M2
1 n
() ¢ Dz
(17.58) <y,

where (' is independent of i; here we used the logarithmic Sobolev inequal-
ity, Lemma 17.2, and R,, = 27;R,. Hence there exists Cy < oo such that

(17.59) Hwi”lez(M,gi) < CQ
for all i. By the L? Sobolev inequality, i.e., (17.18), we then have?

(17.60) i <Oy

L7 (Mgi)
when n > 3 and we have ||wil|;p(r1g,) < Ca(p) for all p € [1,00) when
n=2.

Now consider

Ji

“From (17.19), the L? Sobolev constant is independent of scaling and Vol (g;)~>/™ <
Vol (g) /™.
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Since g; = ®fg; — grn, by (17.116) below and (17.60), we have for any

compact domain 2 C R™ and any 2 < p < QT"Q (when n = 2, define

2n - "
75 = 00)

(17.61) [@i 1og Wi (), gy < C (2,p) < 0,

grn)
where C (§2,p) < oo is independent of 7. Since (17.53) says
(17.62)
1 n 1
—2A4,w; + §Rgiwi - (5 log (27) + n) w; — [ (gi, 5
by the LP estimate for solutions to second-order elliptic equations (see The-
orem 9.11 in Gilbarg and Trudinger [71]) applied to w; on 2, we have

(17.63) @il [w2p0,g5n) < C (€2, P)

for any 2 < p < % and all i.

By the Sobolev inequality, we have
1

c HWHL"(_%Y(Q,an) : Hwinwl’%(ﬂ,gmn) =¢ HwiHWz’p(Q’gR") ’

) w; = 2w; log wy,

where C = C (2,p) < oo is independent of i (note that n%p > - and
f/v( w?dpug, = 1). Thus, by applying (17.115) with § > 0 arbitrarily small,

we have
/ ”LZ)Z‘ log ﬁ}i|qd/LRn <C (Qa Q)
Q

3
for2<g<?2 (%) , independent of ¢. From this and the standard elliptic

L? estimate for (17.62), we obtain the stronger (as compared to (17.63))
estimate

||wiHW2»‘I(Q,an) <C(Qq)

3
for2 <qg<2 (#) . By iterating the above argument (easy exercise), we

see that for any ¢ € (1, 00)
(17.64) @il o gy < € (2.0).

where C (€2, q) is independent of i.?

Because we have (17.64) with ¢ > n, by the Sobolev inequality it follows
that

@il 1.0 (0, g5m) < C ()
for some a € (0,1) and where C' () < oo is independent of . By the Arzela—
Ascoli theorem and a diagonalization argument, passing to a subsequence,
we have that for some o € (0,1) there is a nonnegative function W in
Ch* (R™, ggn) such that
Wi — Weo

®Note that if ||w; log ’U’:Ji”Lq(ngRn) < Cfor some q € (1,00), then ||wi||W2,q<ngRn) <cC.
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in CL (Q, ggn) for all compact domains Q C R™. Note that now we have
W; 1og W; — Weo log Weo in CO(Q, grn).
Moreover, (17.54) implies

/w?dﬂéi <1
Q

for ¢ large enough, so that

Now by (17.58), we have
/ \Vidoo|? dpgn < C
Rn

for some C < oco. In particular, Wy € W12 (R?).
Proof of Step 2. First we show that, after passing to a subsequence, the
limit
. 1
(17.65) foo = lim p (gi, —) < —¢
1—+00 2
exists. By (17.23),

1 1 n
W (gz', 5) > §Rmin (9:) —2C (1,9;) — 5 log(27) —n

> 7iRuin (9) = 20 (L,g) — 5 log(2m) — n

is uniformly bounded from below since by Lemma 17.2 we have C (1, % g) <

C (1, 9) because 7; < 3.
Now we integrate the equations (which follow from (17.53))
5 1\ _ 1 5 n - - -
20,0 = —p | gis 5 ) Wi + §R§iw¢ - (5 log (27) + n) w; — 2w; log w;

in U; against a compactly supported test function. Taking the limit of the
integrations, we obtain
(17.66)

~ n ~ ~
2/ (Voo, V) dugn = / (Moo + 5 log (27) + n + 2log woo> Woop durn
for all ¢ € C§° (R™) since Rg, — 0. That is, W is a weak solution of (17.56).
Proof of Step 3. By (17.88) below, we have

1 n n 1 1
(17.67) m/\z;mlx w; > exp <ZRmin (9i) — 1 log(2m) — 5 ok <g2-, §>> .

Since ; < %, we have

(17.68) Rumin (9i) = 27 Riin (9) > — [Ruin (9)]
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for all 4. Hence, by (17.67), (17.51), and ®; (0) = a5,

(17.69)
5 (0) = wi (1) = maxw; > exp { — = | Run (9)] — log(2m) — 2
W; = W; :L‘l—/\z}lwl_ep 4 Inlng 4Og T 2 .
Hence

(17.70) oo (0) > 0.

By (17.70) and by the strong maximum principle for weak solutions (Lemma
17.26 below) applied to (17.56), we have

Weo >0 on R"

and We log Weo is contained in the local Holder space C’llo’? (R™).

Proof of Step 4. Since W« is a weak solution of (17.56), where the RHS
is contained in C’llo’f‘ (R™), by the regularity theorem for weak solutions we
have that W is a classical solution of (17.56). Now by Schauder theory, we
have for any k € N

[@os |l (2, gn) < Ok (2)

for some Cy, (Q) < co. In particular, W € W12 (R™) N C* (R™).
Now we complete the proof of the proposition. For any R > 0 let
nr : R™ — [0, 1] be a radial cutoff function with

=1 if 0 < |2| <R,
TRETZ 0 i o) > R+1,

and with —2 < %WR < 0. Then by (17.66) with ¢ = n%We, we have
i (Viboo, V (nhts0) ) dpimn
_ / (52 + 1og (2m) + & + log e ) (e’ dpizen

2 4
so that

0< / IV (niiioe)? dpizn
Rn
n n ~ -
- / (Zlog (2m) + ) + log (anoo)) (NRWoso)” dpign

arm) =t <anw>2duRn+/

2 /. (!sz!Q —nglog 77R) W2 dprn,

n

where the inequality is true by (17.46), which holds since [p, w2 dugn < 1.
Taking R sufficiently large, the RHS of (17.71) is arbitrarily close to

Hoo [ 2 dugn < 0,
2 Jen

where this inequality is true because po, < 0 and fRn w2 dugn > 0. This is
a contradiction. O
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PROBLEM 17.21. In view of Proposition 17.20, can one determine the
more precise asymptotic behavior of p (g, 7) for 7 near 07

2.2. Possible nonuniqueness of minimizers of VW for 7 small.

Proposition 17.20 has the following consequence for the nonuniqueness
of certain minimizers for 7 sufficiently small. This contrasts with the case
of the energy functional F, for which the minimizer is unique.

LEMMA 17.22 (For small 7 the minimizer is nonconstant and may not
be unique). Let (M™,g) be a closed Riemannian manifold.

(1) Any minimizer f; of W (g, -,T) cannot be a constant function for
T sufficiently small.

(2) If the isometry group of (M,g) acts transitively, then for T suffi-
ciently small any minimizer fr of W (g, -,T) is not unique.

Proor. We prove both statements by contradiction.

(1) Suppose that there exists a sequence 7; — 0 such that for each i,
there is a minimizer f;, of W (g, -, 7;) which is constant. Then by (17.14),
i.e.,

T (2Af7’1 - |vf7'z|2 + Rg) + f‘l'i —n= :U’(gvT’L) )
we have that I, is constant. Hence we have for all 1,

1 (9,7) =TiRg + fr, = n
(17.72) =7Ry — glog (47T;) + log Vol (g) — n,
where the second equality follows from the constraint in (17.8).5 We obtain
lim u(g,7;) = lim (TiRg _n log (477;) + log Vol (g) — n) =00
1—00 1—00 2
since 7; — 0. This contradicts (17.47).

(2) Let 7 be sufficiently small so that part (1) holds for (M, g). Then
suppose that the minimizer f, of W (g, -,7) is unique. Since the isometry
group of g acts transitively on M, for every x,y € M there exists an isometry

o: M- M

of the metric g with ¢ (x) = y. By the diffeomorphism invariance of the
W-functional, we have that f; o ¢ is also a minimizer of W (g, -, 7). Thus,
by our uniqueness assumption, fr o ¢ = fr, which implies f (z) = f; (v).
Since x and y are arbitrary, we conclude that f; is constant, a contradiction
to our assumption on 7. O

When f. is constant, the constraint S (Ar7) "2 eIr

— % log (477) 4 log Vol (g).

dp = 1 implies f; =
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Now suppose that (M", g (1), f (7)), 7 € (0,00), is an expanding gra-
dient soliton solution to the backward Ricci flow (i.e., g(t) = g(—t) is a
shrinking gradient Ricci soliton) satisfying

1
Rij + Viij — Zgij =0.

By the proof of Theorem 6.29 in Part I, f (7) is a minimizer for W(g (1), -, 7).
Note that ¢ (7) is isometric to 7¢ (1), so that

p(g(r),7)=mpnlg1),1)
for all 7 € (0, 00).
In the special case of an Einstein solution, where
R;; — 5 9ii = 0,
we have that a minimizer for W (g (), -, 7) is a constant function.” On the
other hand, by Lemma 17.22(1), given ¢ (7), for 7 sufficiently small, any
minimizer fz of W (g (1), -,7) is not constant.

PrOBLEM 17.23. It would be interesting to understand the behavior of
minimizers in some special cases.

(1) For 7 > 0 what are the minimizers of W (gsn, -, 7) on the unit n-
sphere? Are they always radial functions about some point in §™?

How do the cases 7 < ﬁ and 7 > ﬁ compare? (Note that

Rysn
minimizer.)

(2) For which manifolds can one find minimizers with nice properties
such as having a certain amount of symmetry? For example, one
may consider the minimizers on complex projective space CP".

=n(n — 1), so that in the case T = j we have a constant

1
2(n—1

3. Existence of a minimizer for the entropy

In this section we discuss the proof of the existence of a minimizer for
W which supplements the proof of Lemma 6.24 in Part I; we adopt here
the notation used there. Included in our discussion is a proof of a strong
maximum principle for weak solutions. We also consider a lower bound for
the maximum value of the minimizer.

3.1. Proof of the existence of a minimizer for W.

The following result is due to Rothaus and we follow his paper (see §1
of [161]).

PRrROPOSITION 17.24 (Existence of a smooth minimizer for W). For any

metric g on a closed manifold M™ and for any T > 0, there exists a smooth
minimizer fr of W(g,-,T) which satisfies (17.14).

"Note that the scale T is related to the scalar curvature by 7 = Tn().
o(r
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Without loss of generality, we may assume 7 = 1. Recall from (17.8)
and (17.7) that

plact) =t {3 (g, sw e W g), [ wtdu=1},
M
where
H(g,w) = / (4 Vw|? + (R —log (w?) — n log (4m) — n> w2> du
M 2

for w € W2 (M, g). By Lemma 17.5, the functional # (g, -) is bounded
from below.

STEP 1. There exists a minimizer 0 < ws € W12 of H. Let {witien
be a minimizing sequence of W2 functions for the functional # (g, -) with
J M w?du =1 for all ¢ € N. We may assume that w; > 0 for the following
reason. If w € W2, then |w| € W2 and

IV |w]] < [Vw|
(see Corollary 2.1.8 of Ziemer [198]), so that H (g, |w|) < H (g, w). Thus, if
{w;} is a minimizing sequence in W12, then so is {|w;|}.

Recall that we proved that there exists C' < oo (independent of i) such

that

(17.73) lwillwrerg) < C

for all i € N (we leave this as an exercise; see p. 238 in Part I or (17.58)
above). By the Banach-Alaoglu theorem,® there exists

Woo € wh? (M,g)
and a subsequence such that w; converges to ws, weakly in W12 (M, g), i.e.,

for every v € WhH2 (M, g)

B Cwi, )2 (ag,g) = (Woor Vw2 (at,g) -

As a standard consequence, we have (see also p. 205 in Part I)

(1774) ||wm||wl,2(M,g) S hZI'I_l)églf ||w7f'HW1»2(M,g) .
By (17.73) and the Rellich-Kondrachov compactness theorem, for every
2n
e € (0, Z—i‘g] we have that w; converges to we, in Ln»-2"° (M, g). In particu-

lar, fM w2 dp =1 and ws > 0. By this convergence and by Lemma 17.25
below, we have
p(9,1) = H(g,weo) < lim H (g, wi) = pu(g.1).

We conclude that
(17.75) H (9, wo0) = p(g,1).

8See Theorems 3.15 and 3.17 in Rudin [164].
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STEP 2. ws 15 a weak solution of (17.77). Since ws is a minimizer
in Wh2 of H (g, w) subject to the constraint f/v( w?dp = 1, for any WhH?
function ¢ : M — R such that [, we¢du = 0, we have

(17.76)
0= % SZOH(g,wm+S¢)
_ % B /M (41 (wee + 50) ) di
N % » /M (R— log (e + 56)% — glog (47) — n) (oo + 56)* dpu

= 2//\4 <4<Vwoo, Vo) + (R —log (w3,) — glog (4m) — n)wood> - woo¢) dpu.

That is, by definition ws, is a weak solution to the following second-order
elliptic equation

(17.77) —4Awso+Rweo—ws log (w2) — (g log(47) + n) Woo = (g, 1)Weo-

The constant u(g,1) is determined by (17.75) and by substituting ¢ = weo
in (17.76).

STEP 3. we 8 a positive C*° minimizer. Define

(17.78) P (weo) = Rweo — weo log (wl) — (g log(4m) +n + (g, 1)) Woo-

Since woo € L%, by (17.116) below we have P (ws) € LP for any p €
[1,-2%) (here 2% = oo if n = 2), so that we € W?2P by the standard
(interior) LP estimate for weak solutions to second-order elliptic equations
(see Theorem 9.11 in [71]). Bootstrapping, we obtain ws, € W24 for all
q € [1,00). By the Sobolev embedding theorem, this implies that ws, € C1®
for some a € (0,1).

Since woo > 0 everywhere and we, > 0 somewhere (since [, , wl dp = 1),
by the strong maximum principle for weak solutions of (17.77) (see Lemma
17.26 below), we have wo, > 0 everywhere on M. Therefore we, logwe, €

C1, so that
4Aws = P (ws) € C12.

By the regularity theory for weak solutions of the Poisson equation, wy is a
classical solution and we may apply Schauder theory to conclude that we €
Ch@ for all k € N. Hence wo is C™, so that f; = —2log (47) — 2log wee
is a C'*° minimizer of K (g, -,1). This completes the proof of Proposition
17.24. O

To conclude this subsection, we prove the following result, which was
used in the proof of Proposition 17.24 (see p. 112 of [161]).
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LEMMA 17.25. Let (M", g) be a closed Riemannian manifold. The quan-
tity f/\/l w? log (wQ) dp depends continuously on w with respect to the L2>(1+9)-
norm for any 0 > 0. In particular, the dependence is continuous with respect
to the Wh2-norm.

PROOF. To see this, suppose wy,wy € L2(1+9) (M), where § > 0. At
each x € M we have
w% log (w%) — w% log (w%)
lwa| 4

_ /| - (u?1og (u?)) du

wi |
|wa|
= / ’ 2u (1 + log (uz)) du.
w1

Applying the mean value theorem for integrals to this, we have
w3 log (w%) —w?log (w%) = (Jwa| — Jw1]) - 2a (1 + log (a2)) ,

where a : M — [Jwy], |ws|] and a € L2049 (M). Hence

/ (w% log (w%) — w?log (w%)) du
M

(17.79) < </M lwy — wi | du> v (/M 402 (1 + log (a2)) d,L) v

since (Jwa| — |w1])* < |wy — wy|*. Note that

11
(17.80) |aloga| < max {—, —a1+5}
e’ de

since for a,d > 0 we have aloga > —% and loga < éa‘s. Therefore

we can bound [, 4a” (1+ log (a2))2du in terms of [[wi| 2045 (p,4) and
lwal[ 2045 (p1,4)- The lemma now follows from (17.79). O

3.2. Strong maximum principle for weak solutions.

We now give the proof of the strong maximum principle for weak so-
lutions,? which is used in the proofs of Proposition 17.20 and Proposition
17.24. The following proof is on pp. 114-116 of Rothaus [161] (we also
follows his notation for the most part).

LEMMA 17.26 (Strong maximum principle for weak solutions). Suppose
(M™, g) is a complete Riemannian manifold. Let wo, > 0 be a C1 function
which is a weak solution to (17.77). If ws (p) = 0 for some p € M, then
Weo = 0 in a neighborhood of p.

90On the other hand, Calabi [21] proved strong maximum principles for sub- and super-
solutions in the support sense; see also Trudinger [181] and Theorem 2.4 of Andersson,
Galloway, and Howard [5].
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REMARK 17.27. Note that (17.77) is the same as (17.15) with 7 = 1. By
scaling, one sees that the lemma holds for solutions of (17.15) with arbitrary
T>0.

The proof is via a monotonicity formula in the radial direction emanating
from p. Denote by S (p, r) the geodesic sphere of radius r centered at p. Let
J(0,7), where § € S*"1(1) and r € (0,inj(p)), be the Jacobian of the
exponential map in spherical coordinates, so that

du (exp,, (r0)) = J (0,7) (expp)* (dO’Snfl(l)) Adr,
where 8”71 (1) C T, M is the unit sphere and dogn-17) is its volume (n — 1)-

= 1.

form. Note that lim T =

r—0 r"—

Now define
F: (0,inj(p)) = R
by
Fr) = fS(p,r) Weoo do _ fsnfl(l) Weo (0,7) T (0,7) dogn—1(1)
fS(p,T‘) do fsn—l(l) J(0,7) dogn—1(1) ’
where do denotes the induced volume (n — 1)-form on S (p,r).
Woo (p) = 0 and we is continuous, we have
lim F (r)=0.
r—0t
We shall derive a differential inequality for F'(r) to show that F' (r) = 0 for
r sufficiently small. Since ws > 0, this implies wo = 0 in a neighborhood
of p.
If we set

10 Since

Owoe Oweo (8,1
G(r) = Js@n B do _ Jsn—11) 2uel0) 30, 7) dosa- ()
fS(p”.) do fS"_l(l) J (0, T) dUS”—l(l) )

then
_ fs(il’ﬂ“) agf_;o do + fs(p,T) woo% logJ do
Jswn @ Jswn 4o
Js(pry Woo 4o [,y 57 log T do
2
(fs(w) dg)
9 1og J — I e 1087 d7

fS(p,r) do

=G (r)+

Since

9 _fS(PJ") % logJ do B
log J =0(r),
or fs(p’r) do

0That is, F (r) is the average value of we on S (p, 7).
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there exists a constant C' < oo such that
(17.81) F'(r)<G(r)+CrF(r).

Now we proceed to estimate G (r) from above. Let ¢ € C§°(B) be a
radial function (i.e., a function of d (-, p)), where B = B (p,inj (p)). We have

inj(p
/Vwoo Vodu = / dr/ Do o (r) do
S(p,r) 67’
inj(p

=/0 o () A(r) G (r) dr,

where

is the (n — 1)-dimensional volume of S (p,r). Since ws is a weak solution
o (17.77),

inj(p)
(17.82) /0 o' (r)A(r)G(r) dr

1
:—/ Woo 10g (Woo) @ dp
2B

1
+ - / (—R + 2 log(4m) +n + p(g, 1)) Woop dji.
4/, 2

Let

(17.83) L(r)= ;/ Woo log Woo do
2A(r) Jspr

and

(17.84) K (r)= 4A1(r) /S( ) (R — glog(ém) —n— u(g, 1)) Weo do,

so that (17.82) implies that G (r) satisfies

inj(p)
/0 : (@’(r)G(r)—go(r)L(r)+90(r)K(r))A(r) dr=20

for all radial functions ¢ € C§°(B). This implies (Rothaus says, ‘By the
usual one-dimensional regularity result, ...")

(17.85) (@AM = (K ~LE)AG).

Now from definition (17.84) we have
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where C' = i(maxB(pJnj(p)) R — S log(4m) —n — (g, 1)) Moreover, Jensen’s
inequality says that if ¢ : [0,00) — R is convex, then

1 1
A(r) /S(p,m PO tedr 2 (A (r) /s<p,r> e da) —erm.

Applying Jensen’s inequality with ¢ (z) = xlogz to (17.83), we have
2L (r) > F(r)log F (r).

Applying these two inequalities to (17.85), we obtain

(17.86) dir (G(r)A(r)) < (CF (r) — %F(r) logF(r)) A(r).

Since woo > 0, Woo (p) = 0, and ws € CHY, there exists a sequence
r; — 01 such that

lim G (r;) A(r;) = 0.

1—00
Thus integrating (17.86) on the interval [r;, 7] and taking i — oo, we have
1 " 1
S A(r) /0 <CF (s) — §F (s) logF(s)> A(s)ds.

Substituting this into (17.81) yields

G (r)

F'(r)<CrF(r)+ ﬁ /07" <C’F (s) — %F(s) log F (s)> A(s)ds.

Since lim, _,g+ F' (r) = 0, we obtain
F ) gc/o rF () dr+/0 Ad(i) /0 (CF(S)— %F(s)logF(s)) A(s)ds

for t € (0,inj (p)).
Now assume that tg < inj (p) is small enough so that for ¢ € (0, o],

(1) C1t" 1 < A(t) < Cot™ ! where € > 0 and O3 < o0,
(2) 0< F(t)<1.
Then for ¢ € (0, ¢o],

Fl)<cC (/Ot P (r) dr — /Ot Tfffl /0 SLE (s) log F (s) ds)

t d T
+ C/ : / "1 (s) ds
o ™ Jo

for some C' < co. Now for a € (0,%p] there exists b = b(a) < oo (where
lim,_,g+ b (a) = 0) such that

F(s)<b
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for s € (0,a]. If t € (0,a], then
t t T
F(t)gc(/ brdr—i—(l—kb)/ dfl/ s"lds>
0 e o ™ Jo
Lp\ 42
:c<b+e+ )t_
n 2

since —xlogz < % Choosing a small enough, we have

F(t)<t

for t € (0, al.
In general, if we have F (t) < t* on (0, a] for some k > 1, then

F(t)g(}(/ R dr — /0 e 1/ " 1Jrkk:logsds)
+C/ — 1/ n— 1+kd8
,

Applying —zlogz < 1 < again and integrating, we obtain

tk+2 9t
< s
F(t)_c<k+2 /ornl/ d”/ e )

tk+2 k thrl tk+2
17.87 _C al
(17.87) <k+2+e(k+1)(n+k—1)+(l<:—|—2)(n+k:))

provided t € (0,min{a,1/e}], where C is independent of k. Now (17.87)
implies that there exists ag € (0, min{a,1/e}) independent of k£ > 1 such
that!!

F (t) < tk+1/2
for t € (0, ap]. By induction, we have
F(t) <t

for t € (0,a0) and all £ > 1. This implies F' (t) = 0 for t € (0, ap] and Lemma
17.26 is proved. [

3.3. The maximum value of a minimizer.

Under the constraint | M de,ug =1, let w; be a minimizer of the func-
tional C (g, w, T) defined by (17.7). The maximum value of w; is related to
an upper bound for the p-invariant as follows (this is used in the proof of
Proposition 17.20).

"1ndeed, we just need a small enough so that
t? k t t?
c + = + <Vt
(k+2 ek+1)(n+k-1) (k+2)(n+k)>*
for t € (0,a] and k > 1.
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LEMMA 17.28 (Lower bound for the maximum value of a minimizer).
On a closed manifold we have

T n n 1
17. ;> —Rnin (9) — = log(4nT) — = — =p(g,7) | .
(17.88) max w, > exp <2R (9) 1 og(4mT) 5 2,u(g )>

PrOOF. By (17.15), a minimizer w, satisfies
7 (—4Aw, + Rw;) — w; log (w?) — (g log(47T) + n) wr = p(g,T)ws.

At a point z; € M where w; attains its maximum, we have (Aw,) (z;) <0,
so that

TRw; — 2w, log w, — (g log(4nT) + n) wr < p(g, ) ws.

Hence

1
max wr = wr (x7) > exp (gR - %log(élm') - g —5H (g,T)>

and the lemma follows. O

4. 1- and 2-loop variation formulas related to RG flow

In this section we discuss formulas related to Perelman’s energy func-
tional and its variation.!? One may wish that some of these formulas are
related to ‘renormalization group flow’ (RG flow) in physics; the ‘loop’ ter-
minology is from there. However the point of view we take is simply to
calculate first variation formulas for certain Riemannian geometric invari-
ants and to look for structure in these formulas. We leave the calculations
as exercises for the reader.

4.1. Some 1-loop formulas.

Let (M™,g) be a closed Riemannian manifold and let f be a function
on M. Recall from (17.1) that Perelman’s energy functional is

(17.89) Fil(g, f) = /M (R +2Af — |Vf]2) e~ ldu

(we add the subscript 1 to F with the hope that this is the first in an infinite
sequence of functionals). The integrand in (17.89) appears in a contracted
second Bianchi-type identity (see §1.3 of [152]):

(17.90) div ((Re4+VVf)e ) = %e—fv (R+28f-197P).

Let v be a symmetric 2-tensor on M and let X be a vector field on M.
The linear trace Harnack quadratic is given by

(17.91) L (v, X) = div (divv) + (v,Re) — 2 (divv, X) + v (X, X)

12We would like to thank Shengli Kong for helpful discussions.
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(see Theorem A.57 in Part I for the corresponding linear trace Harnack
estimate). When X = Vf, we may rewrite this as

(17.92) L(v,Vf)=(div—tyy)o (div—rtys) v+ (Re+VV [, v)
(17.93) = f (divodiv+Re +VV) (e_f v).
Observe also that

L(2Rc, X) = %—? —2(VR,X) +2Re (X, X)

is Hamilton’s trace Harnack quadratic (see (15.17) in Part II).
Let V' = g"v;;.Two of the above quantities are related by the following
(see also Lemma 6.82 in Part I)

LEMMA 17.29 (Variation of Perelman’s modified scalar curvature). If
%g =v and %f =V (so that % (e=fdp) = 0), then
0
(17.94) p <R+2Af— |Vf|2) — L(0,Vf) -2 (v, Re+VVS).

Integrating the above formula by parts, we obtain (see §1.1 of [152];
compare with Exercise 6.16 in Part I)

LEMMA 17.30 (Perelman’s first variation formula for F). If %g = v and
%f =V, then
0

(17.95) %]-"1 (9,f)=— /M (,Re+VVf)e fdu

(17.96) _ —/ L(v,Vf)e dp.
M

4.2. Some 2-loop formulas.
Let
(ALh);; = Ahij + 2Rijohge — Righyg — Rjkhyi
be the Lichnerowicz Laplacian, which acts on symmetric 2-tensors. Given
a function f on M, define the symmetric 2-tensor Hy s, which is a form of

Hamilton’s matrix Harnack quadratic, by (compare with the expres-
sion in (15.11) of Part II)

(17.97)
Hys (X,Y) = (AL Rc—%VVR+RcQ> (X,Y)
+P(X,Vf,Y)+P(Y,Vf,X)+Rm(Vf, XY, Vf),

where

P(X,Y,Z)=(VxRe)(Y,Z)— (VyRe) (X, 2)
for tangent vectors X, Y, Z (see Chapter 15 in Part II for the proof of Hamil-
ton’s matrix Harnack estimate). This may be rewritten as

(17.98) Hyy = ¢ (divodiv+Re+VV /)4 (¢™ Rm),
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where the subscripts 1,4 denote the components on which the operator is
acting. Note that if Re+VV f =0, then Hyy = 0.
Recall that under

0

17. —g=—-2R
(17.99a) 529 c,
0
(17.99b) 8—{ = —Af - R+|VfP,
we have (see Proposition 6.95 in Part I)

(17.100)
0

(E +Ap —2Vf- V> (Re+VVf)=2Hy; — (Re+VVf) @ (Rc-VV[f),
where, for (1,1)-tensors Ag and sz, we define (A ® B)i = AfBi + BfA{J.
Define
P*(X,Y,Z) = P(Z,Y,X),
so that (see (15.50) in Part II)
div (Rm) = P*,

where div (Rm) = trace;’2 (VRm) and where the superscripts 1,2 indicate
that the first two components are traced.

Under the Ricci flow, the Riemann curvature (3,1)-tensor Rm evolves
by (see (6.2) in Volume One)

0
(17.101) e Rm = — [V, V]Rc +dy P*,
where (dvP*) (X, Y, Z, W)= (VxP*)(Y,Z,W) - (VyP*) (X, Z,W).
Define the symmetric 2-tensor

(17.102) a#ZRm(~,ei,ej,ek) Rm (-, e;,€j,¢€x),

05,k
where {e/} is an orthonormal frame, i.e., a;; = RikepRjiep- Then o satisfies
the contracted second Bianchi-type identity

1
(17.103) div (a 1 |Rm|? g) =Rm (-, e;,¢e5,ex) P* (ej, ej,ex) .
Now we discuss some calculations due to two of the authors [44]. By

(17.101), under the Ricci flow

Lo

40t
(17.104) = (Re,a) 4 div (Rm (-, e, €5, ) P* (ei, e, ex)) — | PJ* .
We then compute that under (17.99)

IRm|* = (Rc, ) + (Rm, VP¥)

(17.105) im* (Rm*ef) = e (<L (@, V1) +|P* ~ 15 Rm[?)



34 17. ENTROPY, pu-INVARIANT, AND FINITE TIME SINGULARITIES

where
0

= —= —A+R
s A

and where (vvyRm) (X,Y,Z) =Rm (Vf,X,Y, 7).
If %g:vand %f:%,then

1d 2
(17.106) 4d8/]Rm] e du
1
= /2} . (—va — 50[ + <Rm(174),Rc +VVf>) e*fd,u,

where the subscript (1,4) denotes the components on which the inner prod-
uct is acting. As a special case, if Re+VV f = 0, then i% i |Rm|2 e fdu =
—1 [ (v,a)e dp.

We summarize the above formulas. For ¢ = 1,2, define the 2-tensors
B the functions v(%), and the functionals F, (g, f) by

(17.107a) BY = —2(Rc+VV/),
(17.107b) B = —a,
(17.107¢) Y =—-R-Af,
(17.107d) ¥ = —% [Run|?,
(17.107¢) Fi(g, f) =/ <R+ |Vf|2) e Ldy,
M
(17.1071) Fa(g.5) =7 [ [RmfeTdp
4 Jm

Given a functional G (g, f), let 5(ﬁ(%(a))g (g, f) denote %Q’ (g(s),f(s))
under %g (s) = B and %f (5) = 7). We have

1 _
(17108) 5(5(1)77(1)) (Z ‘Rm‘g e fdM)

- _i div (e—fV !leg) dp+ L (o, Vf) e dp
—|P* — gy Rm|* e dp
and
(17.109)
02 @) <<R+ 2Af — |Vf|2) e_fdﬂ) =—L(a,Vf)e Tdpu
+2(a,Re+VVf)efdp,
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so that
(17.110)

1 _ _
35w M) <_Z [Rm/e fdﬂ) + 0501 ) ((RJF 2Af - \Vf\2> € fdu)
= —div (ie‘fv \Rm\2) du +2(a,Re+VVf)e ldu

—|P* — vy Rm|* e~ dp.
We obtain
(I7111)  dpm) ) F2 (95 ) + (5@ @) F1 (9: f)

:—/ |P*—vaRm]26fdu+2/ (a,Rc+VVf)e fdpu.
M M

Note that
(17.112)

—O(s) )2 (9, ) (5@ y@)F1 (9, f) = /M |P* — vy Rmf* e /du > 0.

REMARK 17.31. If one defines 52-(](-)) = gij, 7O = 5, and Fo (g, f) =
— [oq fedp, then
(17.113) 050 ) F1 (9, f) + (0 0y Fo (9, f) = 0.

PrROBLEM 17.32. Do any of the above formulas fit into an infinite se-
quence of formulas? One would like to obtain a monotonicity formula ex-
tending Perelman’s entropy monotonicity formula.

In particular, one may wish to consider an expression of the form
(17.114)
95w )1 (g, f) + A (5(5<1>,7<1>)]:2 (9, f) + (2 y)F1 (9 f))

0 (§500,500) P (02 1) + 8oy P2 (9. )+ B0 ) F (9.)
_l’_ SN

where ), (k) Fy are suitably defined for k € N and \ € R,. However it
is not clear whether or not one should introduce new fields in addition to g
and f.

Some related calculations are in Oliynyk, Suneeta, and Woolgar [145];
see also Zamolodchikov [194] and Tseytlin [182].13 In the physics literature
there are various 3- and 4-loop calculations.

13We would like to thank C. Vafa for discussions at the California Institute of Tech-
nology during January and February of 2003. The first author would also like to thank
A. Tseytlin for discussions at Ohio State University during May of 2003.
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5. Notes and commentary

The monotonicity formulas which are applied in this chapter were dis-
covered partly based on the notion of self-similarity.
On a more philosophical note, we venture to ask the following general

question.

PROBLEM 17.33. In Ricci flow some of the guiding ideas and principles,
among others, used to study the geometry of solutions are

(1)
(2)
3)

(4)
()

analogies with the heat equation and its smoothing aspects,
applications of the maximum principle and monotonicity,
self-similar solutions, i.e., Ricci solitons, used to find quantities to
estimate,

natural space-time quantities such as the reduced distance,

point picking and determining location and scale.

Can one discover new guiding principles and ideas?

(A)

(B)

(D)

One goal (espoused by Hamilton) is to localize various formulas.
(Perelman’s pseudolocality in effect does this for the curvature evo-
lution under certain hypotheses.) Can one find new quantities on
space-time (or some larger system) to help accomplish this?

An important problem (espoused by Perelman) is to formulate a
notion of weak solution which enables the flow to continue past
singularities.

Largely uncharted territory is the role of Riemannian Ricci flow
in higher dimensions. Note that Lie algebra aspects of the evolu-
tion of the curvature operator, which began with Hamilton’s work
on 4-manifolds, have been studied by Béhm and Wilking with ap-
plications to the classification of closed manifolds with 2-positive
curvature operator. In addition, Hamilton and Perelman proved a
number of results in arbitrary dimensions in their works.

Is it fruitful to study Ricci flow on spin manifolds or some other
large class of manifolds?

81. In contrast to the lower bound given by Lemma 17.8 for the volume
of a solution g (t) to Ricci flow with A (g (t)) < 0, we have the following.

Upper bound for the volume of a solution with A > 0. Suppose that a
solution (M™, g (t)) of the Ricci flow on a closed manifold and maximal time
interval [0,7") has A (g (0)) > 0. Since %A(g () > 2X(g (t))* (see Lemma
5.25 in Part I), we have

A(g (1))

v

so that T'< S\ (g (0))™! < co. Since

108Vl (9 (1) = ~Rawe (9.(1)) < ~A (9 (1)),
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we also obtain

n/2
Vol (g (1)) < (1 -2 <o>>t) Vol (g (0)) .

§2. (1) The following is used in the proof of Proposition 17.20. From
the formula

d (s 51

= (27 1og ) = 1-41

I (:L’ ogx x ( ogx)
for 6 > 0, we see that the maximum of 2°logz on (0,00) is +e~! which
occurs at & = e!/9. Hence

1
—~ <wlogw < —w' 9.
e de

Thus for any g > 0 and § > 0,

(17.115) / w? (logw)?dp <
M

1 1
q(1+9)
Ge) /Mw dp + - Vol (g) .

Note that we have for any p < %

(17.116) / P (log )P du < (ﬂ — e> —P/ @%d}u
M “\(n-2)p M

1
+ e_PVOl (g),

where we have used logx < éaz‘s with 0 = (nz—g)p —-1>0.
Following the proof of Lemma 6.36 in Part I, we conclude that for a > 0
4

17.117 2 (log 0)2 dyu, < / Vol? dug + ——2
( ) /Mw (log )" dug < a M\ elg “9+ae4cs(M,g)

o1
+aVol(g) " + 3 Vol (g).
(2) We can define U; and ®; in (17.52) explicitly as follows. Let inj (g)

denote the injectivity radius of g (note that inj (¢g;) = % — o0 asi— 00).
Choose orthonormal frames {eg}zzl at x; with respect to g; and let

Yi: (R”, grn) = (To; M, i (i)
be the linear isometry taking the standard basis in R™ to {eg}

U, = B <6, “”2(9)> c R"

T

Let

n
a=1"

and define ®; : U; - M by
q)i = engi 01%
where exp$, denotes the exponential map of g at x;. Then (17.52) holds.
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